The First Order Asymptotics of Waiting Times
between Stationary Processes under Nonstandard
Conditions

Matthew Harrison

Division of Applied Mathematics
Brown University
Providence, RI 02912 USA
Matthew_Harrison@Brown.EDU

April 2, 2003

Abstract

We give necessary and sufficient conditions for the almost sure convergence of
1 n
~~1og Q(B(XY, D))

when (X,,),>1 is stationary and ergodic and when @ is stationary and satisfies
certain strong mixing conditions. B(z7, D) is the single letter, additive distortion
ball of radius D at the point 27 := (z1,...,z,). The asymptotic behavior of this
quantity arises frequently in rate distortion theory, particularly when looking at
the asymptotics of waiting times until a match (allowing distortion) between two
stationary processes.

1 Introduction

Given two independent processes (X,,),>1 and (Y},),>; with distributions P and @, respec-
tively, we are interested in the behavior of the waiting time until Ykkjl” = Y1y - oy Yiun)
matches X7' to within an allowable distortion D. In particular, we are interested in

W(XP, Y, D):=inf {k>1:Y " " e B(X}",D)},

where B(z7, D) is the set of y7 that match =7 to within distortion D. Typically, we have
a nonnegative function p that measures the distortion between a single x and y and we
define the distortion ball B(x7, D) in terms of the average distortion

B(z}, D) := {Z/f : %Zp(fﬂk,yk) < D} :

k=1

The asymptotic properties of these waiting times as n gets large have applications in rate
distortion theory, analysis of DNA sequences and other areas. They have been studied
in several recent papers [3, 4, 12, 14].



In each of these papers, the authors investigated these waiting times by showing that
asymptotically
log W(X{la }/1007 D) ~ - log Q(B(Xlna D))

and then studying the quantity on the right. We adopt the same approach. All that is
needed is

Proposition 1.1. Suppose (Y,,)n>1 is a random process on TN with distribution Q that
is stationary and v_-mizing.'. Define W,, := inf{k > 1: Y,f*”’l € A,} for a sequence of
measurable sets (Ay)n>1, An € T". If (¢p)n>1 15 a nonnegative sequence with Y e " <
oo, then

Prob{—log, Q(A,) — ¢, <log, W, < —log, Q(A,) + ¢, + log, n eventually} = 1.

With A, := B(z%, D) we can relate waiting times to the probabilities of distortion balls.
Once we note that Prob {logW,, =log Q(A,)} = 1 whenever Q(A,) € {0,1}, then the
proof of Proposition 1.1 follows almost exactly from a similar result in Kontoyiannis
(1998) [11]. We give a proof in the Appendix for completeness.

A common assumption is that the distortion function p is bounded or that it satisfies
certain moment conditions. Unfortunately, the bounded assumption rules out squared
error distortion p(x,y) = ||z — y||*> on R%, which is common in practice, and the mo-
ment conditions depend on the source distribution, which may not be known. This last
shortcoming can be critical when studying universal lossy data compression or statistical
methods in lossy data compression and is our main motivation for trying to relax these
assumptions.

Here we investigate the limiting behavior of

~log Q(B(X}, D))

without restrictions on p. We obtain necessary and sufficient conditions for the a.s. con-
vergence of this quantity and we precisely characterize its behavior when convergence
fails. We also relax several other assumptions that often appear in the literature. The
source (X,),>1 is assumed to be stationary and ergodic, as opposed to independent and
identically distributed (i.i.d.), the reproduction (Y,),>; is allowed to have some mem-
ory, as opposed to i.i.d., both the source and the reproduction take values in arbitrary
alphabets, as opposed to finite alphabets, and the range of distortion values D is not
constrained in the usual manner.

2 Main Results

We begin with the setup used throughout the remainder of the paper. (S,S) and (T,7)
are standard measurable spaces.? (X,,),>1 and (Y,),>1 are independent stationary ran-
dom processes on the sequence spaces (S, SY) and (TV, 7V) with distributions P and
@, respectively. We assume that P is ergodic and that @) satisfies the following strong
mixing condition:
CTIQ(A)Q(B) < Q(AN B) < CQ(A)Q(B)
1Q is ¢ _-mixing if there exists finite C,d > 1 such that Q(A)Q(B) < CQ(AN B) for all A € o(Y{")
and B € o(Y¥ ;) and any n. (See Chi (2001) [3] and the references therein.)

2Standard measurable spaces include Polish spaces and let us avoid uninteresting pathologies while
working with random sequences [8].




for some fixed 1 < C' < 0o and any A € ¢(Y7") and B € o(Y,%;) and any n.*> Notice that
this includes the cases where @ is i.i.d. (C' = 1) and where @ is a finite state Markov
chain with all positive transition probabilities.

Let p: SxT — [0,00) be an § x T-measurable function (S x 7 denotes the smallest
product o-algebra). We define the following standard quantities:

1 n
Bz}, D) =yreT™: - <D
(x17 ) {yl nzp('xkayk) = }7

k=1

1 n
A,(N) = ﬁEp log Ege? 2k=1P(X1Yi) As(A) :=limsup A, (N),
A(D):=sup[AD — A,(N)], n=1,..., 00,
A<0

po(x) = essQinf p(x,Y7), Diyin := Epgo(X1), Daye := Ep(X1,Y7).

We always assume that D € R and log denotes the natural logarithm log,. Notice that
0 < Dpin < Daye < 00. B(z}, D) is called the distortion ball of radius D at z} and p is
called the single letter distortion function.

In the special case where () is i.i.d. it is easy to see that A,, = A foralln=1,..., 00,
and similarly that A7 = A for all n. In the general case we have

A(N) = lim A, (N), A<0,

| (2.1)
A(D) = Tim A;(D),
which we prove in Section 3. We also show that
1
A (D) = R,(Py,Qn, D) := — ngfH(WnHPn X @Qn), (2.2)
n wn

where the infimum is over all probability measures W,, on S™ x T™ that have marginal
distribution P, on S™ and with Ew,n~' >}, p(X}, Yy) < D. P, and Q,, denote the nth
marginals of P and @, respectively. H(u||v) denotes the relative entropy in nats

Eﬂlogfl—fj if p < v,

.mw:@

otherwise.

This alternative characterization of A* is well known [4], although we prove it here without
any restrictions on D. Notice that (2.1) and (2.2) give

R (P,Q, D) := lim R,(P,,Q,,D) = A, (D).

n—oo

We are interested in the asymptotic behavior of —log Q(B(X7, D)). An easy result

1s
Prob {—log Q(B(X7{, D)) = 0o eventually} =1 if D < Dy, ,
Prob {—log Q(B(X7{, D)) < oo eventually} =1 if D > D, .

The main result of the paper is the following:

(2.3)

3In the notation of Chi (2001) [3] this implies that @ is ¥+-mixing, but is stronger because we require
that d = 1.



Theorem 2.1. If D # Dy, or A (D) = oo or po(X1) is a.s. constant then

lim —% log Q(B(XT, D)) 2 A*_(D). (2.4)

n—~oo

Otherwise, 0 < D = D, < 00, and

Prob {—log Q(B(X7, D)) = oo infinitely often} > 0, (2.5a)

Prob {—log Q(B(X7, D)) < oo infinitely often} = 1, (2.5b)
1 a.s.

lim —n—log Q(B(X{™, D)) = AZ (D) < oo, (2.5¢)

where (N, )m>1 1S the (a.s.) infinite subsequence of (n),>1 for which —log Q(B(X}, D))
is finite, or (a.s.) equivalently, the subsequence where Y, _; po(Xx) < nD.

Proposition 1.1 shows that we can replace —log Q(B(X7, D)) with log W (X7, Y™, D)
in Theorem 2.1 and in (2.3). In this case Prob and a.s. will refer to the joint probability of
(X3)n>1 and (Y3,)n>1. Also, notice that (2.5) implies that the limit in (2.4) does not exist
with positive probability, so the conditions for (2.4) are necessary and sufficient (and
similarly with (2.5)). Finally, we point out that (2.4) always holds when D = 0, because
either D < Dy or Dy = 0, which means pg(X;) = 0. This clears up part of the
difficulty mentioned in Dembo and Kontoyiannis (2002) [4][pp. 1593-1594] when trying
to think of (2.4) as a lossy generalization of the lossless AEP (Asymptotic Equipartition
Property).

The generalized AEP (2.4) can be used to show that (a sequence of) random lossy
codebooks generated by () can have asymptotic (pointwise) rates of R (P, @, D). See
Kontoyiannis and Zhang (2002) [12] for the details and for the assumptions that make
all of this precise. Briefly, these codebooks send the index of the first time that a random
Y] is in B(X?, D). This random match is used as the distorted version of X{. These
codebooks enforce the condition that X7 is distorted by no more than D. (2.5) shows
that this will not be possible in certain cases when even when R (P, @, D) is finite.
What does this mean for the intuition that we can always use random lossy codebooks
based on ) to achieve asymptotic rates of Ry (P,Q,D)?

Consider the situation where D = Dy, and R (P, @, D) is finite. Notice that this
includes all situations where (2.4) does not hold. Define the set

1 .l
A(zy) = {y? eT: n Zp(xkayk> = eSSme n ZP(%, Yk)} : (2.6)
k=1 k=1

Suppose that we modify the random coding scheme mentioned above so that the distorted
X7 must match A(X7) instead of B(X7, D). In Section 3.5 we show that

1< 1
inf — X, Y] D in d —-1 A(XT ol P, Q, Duin),
essin an( ks Yi) — an - 0g Q(A(XT)) — Rao(P,Q )

k=1

where in both cases the convergence holds a.s. and in expectation. We also show that

1 n
E inf — Xk, Ye) | = Diin.
P GSSQID n;P( ko Vi)



This random coding scheme ensures that the distortion converges to D = D, al-
though a particular X7 might be distorted by more than D, and the asymptotic rate is
R (P,Q, D). It also ensures that the expected distortion is always D. Thus, it is still
possible to generate codebooks based on ) with distortion D and rate R (P, @, D), but
we must use a weaker notion of distortion.*

The proof of Theorem 2.1 proceeds in several stages. The lower bound in (2.4) is a
consequence of Chebyshev’s inequality. The upper bound for the case Dy < D < De
when @ is i.i.d. follows from a large deviations argument. The outline for this argument
comes from Dembo and Kontoyiannis (2002) [4][Theorem 1], but there they assumed
that D, < oo. The upper bound for the general case when D,,;, < D < D, is derived
from the i.i.d. case with a blocking argument and a result from ergodic theory. The
case where D > D, is a simple application of Chebyshev’s inequality. The behavior
when D = Dy, comes from the subadditive ergodic theorem (pg(X7) a.s. constant) and
from the recurrence properties of random walks with stationary increments (pg(X;) not
a.s. constant).

3 Proof of Theorem 2.1

Throughout the proofs we use the stationarity and mixing properties of () to apply the
bounds

CTl Eof(Y") Eqy(Y{") < Eof (Y1) g(Yi") < CEQf(Y{")Eqg(Y(")
for nonnegative functions f and g. We also make use of the fact that

B(«'™, D) > B(xy, D) N Bz, 1", D),
where here we abuse notation and think of B(z] 1", D) as being an element of o(Y,;™).
Lastly, we make frequent use of the regularity properties of A, and A found in the
Appendices. We do not necessarily point out each place where these ideas are put to use.
Let us first establish (2.1). Define

1 n
An(xrf, /\) = E log EQQA 2k=1P(Tk:YE)

We have

(n 4 m) Ay (277, N) + log C = log Ege* it PewYe) 4 Jog €
= log Ege* D=1 Pk i) ) SR plaeYe) 4 log C
= [nAn (27, ) +log O] + [mAy, (2337, A) +log C .

If A <0, then all of these terms are bounded above by log C' and the subadditive ergodic
theorem gives

lim A, (X7, A) = lim A,(\) = inf [Am()\) + (3.1)

m>M

log C
m

“Notice that A(X7) and B(X}, Dyin) differ by a Q-null set a.s. when pg(X1) is a.s. constant. In this
special case, the modified coding scheme does not change and is why (2.4) remains true.




for any M > 1. This shows that A, = lim, A,,.
We have

A% (D) = sup [AD = lim A,(A)] = sup PD T (Am“) i logcﬂ

A<0 n—00 A<0 m

1 1

= sup sup [[)\D — N (N)] — ogC] = lim {A;(D) - ogC] )
m>M A<0 m n—00 n

since M is arbitrary. This shows that A% = lim, A}.

The proof of (2.2) essentially comes from Dembo and Kontoyiannis (2002) [4]. We
first show that

Ry (Po, @n, D) = A3 (D). (3.2)
Fix any probability measure W,, on S™ x T™ with
. BN
S"-marginal equal to P, Ew, — Z p(Xk, Yi) < D, (3.3)
n
k=1

and with H(W,||P, x @,) < oco. Since all our spaces are standard, regular conditional
probability distributions exist and we have H(W,||P, x @Q,) = Ep, HW,(-|X])||@n),
where W, (-|27) is the conditional probability of W,, on T™ given z} € S™.

Let ¢ : T" — (—00, 0] be measurable. Then [4][pp.1595]

H(Q;zHQn> 2 EQ;L (w(y'ln)) — ]og EQne¢(Y1")

for any probability measure @), on T™. Applying this with ¥ (y}) := AD>_7_; p(@k, yx) for
A <0 gives

H(Wa(la)1Qn) 2 ABuw,(iap) D P21, Ya) — log Eq, e Xim P,
k=1

Taking expected values and using (3.3) gives
n" H(W,||P, x Q) > AD — A, (N).

Taking the supremum over A < 0 and then the infimum over W, satisfying (3.3) gives
(3.2).

(3.2) immediately gives (2.2) whenever A} (D) = co. This includes the case D < Dyp,.
When A% (D) < oo, we will construct W, satisfying (3.3) that have n™H(W,|| P, x Q,,) <
A% (D) to complete the proof of (2.2).

Suppose D > D,.. Then W,, := P, xQ,, satisfies (3.3). Notice that H(W,,||P,xQ,) =
0 < A%(D). Combining this with (3.2) gives (2.2).

Now suppose that Dy, < D < Dy and Af (D) < co. The Appendix shows that we
can choose finite Ap < 0 so that A/ (Ap) = D. Define W,, by

dW, n e D 2k—1 P(Tk k)
{m] (@

1> yl ) = EQn 6)\D 22:1 p(a)k,Yk) :
W,, has S™marginal P, and the Appendix shows that

1 n
B, ~ > p(Xk,Yi) = A, (Ap) = D.
k=1

6



Evaluating H(W,[|P, x Qy) gives
n H(W, || Py X Qn) = ApD — Ay(Ap) < AL(D).

Combining this with (3.2) gives (2.2).
Finally, suppose that D = D, and A% (D) < co. The Appendix shows that AX (D) =
LE[—log Q. (A(XT))], where A(x}) is defined in (2.6). Define W, by

dw, nomy La@n(yt)
D v ('xla 1) T W
d(Pn X Qy) Q(A(27))
I4(2) denotes the indicator function that z € A. Since E[—log Q(A(X]))] is finite, the

denominator is positive P-a.s. and W,, is well defined. The S™-marginal of W,, is P,.
From the definition of A(z}) and the mixing properties of ) we see that

1 n
— Bw,= 3 po(Xk) = Duin = D,
Wa po(Xk)

k=1

1 n
Ew, > o(Xy, Vi) = Ew,

1
inf — XY,
ess in n;p( Ky Yr)

0 (3.3) holds. Evaluating H(W,|| P, x Q) gives
n= H(Wo [P x Qn) = n ' E[=log Qu(A(XT))] = AL(D).

Combining this with (3.2) gives (2.2). This completes the proof of (2.2).
Now we will establish (2.3). We have the following implications:

1 n
inf — Y ) > D — B(z},D)) =0,
essan - ,;1 p(xy, Y) Q(B(zY, D))
= (3.4)

1
inf — Y.)< D — B(z" D)) > 0.
esst - 321 p(Tr, Yi) Q(B(z}, D))

The properties of () show that

esstf - Zp Xk, Yi) = ZPQ (Xk) = Dmin

by the ergodic theorem, so

1 n
Prob inf — Xi,Yy) > D tually p =1 if D < Dy,
1o {essan - ;p( ks Yr) eventua y} i

1 n
Prob {ess inf — Zp(Xk, i) <D eventually} =1 if D > Dyin.
Q n Pt

Combining these with (3.4) gives (2.3).

3.1 Proof: Lower bound

For any A < 0 we have
1
——log Q(B(:L‘Tf, D)) > —— 10g EQBAZJC 1P(@RYe)=AnD Ay A (ff, /\)'
n

7



Taking limits, applying (3.1) and (2.1), and optimizing over A < 0 (\ rational) gives

lim in —% log Q(B(X, D)) > A% (D). (3.5)
The reason we can restrict the supremum to rational A < 0, is that AD — A () is concave
in A. This proves half of (2.4) and completes the proof when A% (D) = co. Note that
this includes the cases where D < D in.

Henceforth we will assume that A% (D) < oo. This assumption implies several things
that are worth pointing out. First, we have

1 n n
AN\ = ~Eplog Eq [[ e < [Eplog EgeM X+ ¥%) +1og C] = Ay (\) +log C.

k=1 k=1

S|

Similarly, we have

SO

A(A) —logC < A,(A) < A(N) +1ogC, 1< n <o

These inequalities immediately imply
Ai(D) —logC < A} (D) < Aj(D)+1logC, 1<n<o0. (3.6)

So A% (D) < oo implies that Af(D) < oo for all n and this implies that A, () is finite
for all A <0 and all n.

3.2 Proof: Upper bound, i.i.d. Q, D, <D < D,y

In this section, we assume that () is i.i.d., that is, it is a product measure. We also assume
that Dyin < D < D,ye. We allow for the case D,y = oo (in which case D < D,.). We
want to prove that

1 a.s.
limsup ——log Q(B(XY, D)) < Aj(D), (3.7)

n—oo

A proof is outlined in Dembo and Kontoyiannis (2002) [4][Theorem 1] under the added
assumption that D < D,, < oo. The proof is essentially an application of the lower
bound of the Gértner-Ellis Theorem [6][Theorem V.6(b)| for large deviations.

Let A*(d) := sup,er[Ad — A1(A\)]. We have A} = A* on (—00, Daye). Notice that

1 . BN s
— log Ege? 2k=1PXi¥i) — — ZlOg EoeM s 25 A (X) (3.8)
n n

k=1

by the assumption that () is a product measure and by the ergodic theorem.

Fix a realization (z,),>1 of (X,),>1 such that (3.8) holds for all A € R. (We can
choose the exceptional sets independent of A since A; is increasing.) Define the sequence
of random variables (W,,),>1 by

1 n
W, = " Zp(a:k, Yy)
k=1

and let R,, denote the distribution of W,,. Note that log Q(B(z}, D)) = log R, ((—o0, D]),
so we are interested in liminf, n™' R, ((—o0, D])).

8



At this point we would like to invoke the Gartner-Ellis Theorem. Unfortunately, not
all of the assumptions are satisfied. We need to verify that the proof of the lower bound of
the Géartner-Ellis Theorem can still be carried through in our case. Here are the details.
They closely follow the proof of the Gértner-Ellis Theorem found in den Hollander (2000)
[6].

For each \ < 0 define the new sequence of probability distributions (R}),>1 by

dRQ ( )'_ e nw
dR, | T Eewwa

Fix € > 0 such that D, < D — € < Dg,.. We have

log Q(B(I?, D)) = log Rn((—OO, D]) > log Rn((D - €7D))

l?eknw%
:log/I(DG,D)(w) T R (dw)

> log Ee*™Wr +1og e 2(P~9 4 1og RN((D — €, D)),

where [4(w) is the indicator function of w € A. Dividing by n, taking limits and applying
(3.8) gives

1
lim inf = log Q(B(z}, D)) > A1(\) — AM(D — €) + liminf — log R}((D — ¢, D))

n—oo M n—oo M

> _AN(D — €) + liminf ~log RX((D — ¢, D). (3.9)

n—oo M

If we can choose \ < 0 such that

1 ~
liminf —log R)((D — ¢, D)) > 0, (3.10)

n—oo M

then we will be finished. To see this, notice that (3.9) and (3.10) give

1
liminf —log Q(B(x}, D)) > —Aj(D —¢).

n—oo M

Letting € | 0, using the fact that A} is continuous at D and noticing that (z,),>1 was
a.s. arbitrary completes the proof of (3.7).
Now we will prove (3.10). Choose A < 0 such that

A*(D —€/2) = N5(D —€/2) = \(D — €/2) — Ay(N).
Define

1 . o1
AQY = lim - log Brye™™ = lim log =0 —

Er AnWn ef\nwn
n

=AM+ A) = A (N

by (3.8). Notice that A is finite on (—co, —\] which includes a neighborhood of 0. Define

A*(d) := sup [)\d — /~\(/\)] = sup [(/\ +A)d — AN+ ;\)] — M+ A (V)

AER AER

— A*(d) — [xd - Al(f\)] .



Notice that A*(D — €/2) = 0.

A* = A7 is strictly convex on (Dpin, Daye), SO A* is also. Furthermore, since A* = A7
is strictly decreasing on (Dypin, Daye) it must have supporting planes with strictly negative
slopes. This implies that A* has supporting planes with slopes strictly less than —) on
(Dumin, Dave).  Recalling that A is finite on (—oco, —\), we can apply the Gértner-Ellis
Theorem [6][Theorem V.6(b)] to get

1 . - -
liminf —log R}(D — ¢, D)) > — inf A*(d) > —A*(D —¢/2) =0
iminf - log 7,((D =€ D)) > = _inf ~AY(d)2-A(D—e/2) =0,
which completes the proof.
Before continuing, we need to modify (3.7) slightly. Let M > 0 be any integer valued
random variable. Then we also have

1 a.s.
limsup —— log Q(B(X /11", D)) < Aj(D). (3.11)
n—00 n

The stationarity of P and (3.7) show that (3.11) holds for any fixed, constant M. So

(3.11) holds for all (fixed, constant) M simultaneously, and therefore it also holds for any
random M independent of n.

3.3 Proof: Upper bound, D,,;, <D < D,

We no longer assume that @) is a product measure, however we still assume that D, <
D < D,y and we want to use (3.7) to derive the general upper bound

lim sup —% log Q(B(XT, D)) £ A*_(D). (3.12)
We first derive some bounds that let us establish (3.13), which essentially says that we
can shift the sequence (X,,),>1 in certain ways without decreasing the above lim sup (or
even the lim sup along a subsequence).

Let @' be the distribution of an i.i.d. process with the same first marginal as ). The
mixing properties of () show that for any set A € o(Y}"), we have C7"Q'(4) < Q(A) <
C™Q'(A). This lets us use (3.7) to immediately see that

1 1
lim sup —— log Q(B(X7", D)) < limsup —— log Q' (B(X}, D)) + log C
n—oo n—oo n

= AX(D) +log C < o0,

since () and @' have the same A; and since A% (D) < oo implies that Aj(D) < co. We
can thus find an integer valued random variable N such that

1 a.s.
sup ——log Q(B(X7', D)) < Aj(D) +logC +1 < o0.

n>N n

Let (an)n>1 be a strictly increasing, positive integer sequence and let M E N be an

10



integer valued random variable. We have

1
lim sup - log Q(B(X{™, D))

a.s. 1
< limsup —— [log Q(B(X{", D)) —log C + log Q(B(X}7.,, D))]
a.s. 1
< lim sup . [—M(A(D) +log C 4+ 1) —log C + log Q(B(X 37,1, D))]
1
= limsup — i log Q(B(X3} 4, D)). (3.13)

Now we will use a blocking argument so that we can apply (3.7), actually (3.11). Fix
m>1and 0 <r <m. Define S:=8" T:=T" p:SxT — [0,00) by

1
m

. L1 <&
B(z?. D) :=<g7eT": — (T, ) < D
(.771, ) {yl n Zp(xkayk) = } )

k=1

@>

Z Ilmyk T (xla"'7xm)7 @:: (y17“‘7ym)7
k=1

A(\) == Eplog EQe’\ﬁ(lel), A¥(D) = sup [/\D - Al(A)] )

A<0

ﬁQ('fj) = eSSQinf /5('@7}}1% Dmin = EﬁQ(Xl)a Daye = Eﬁ(Xla}A/l)a

where P is the distribution of (Xk)kzla X = (Xt 14(b—1)m» - - - » Xrgkm), and Q is the
distribution of (Yk)kzl, Y, = (Yo t14(k=1ym>» - - - » Yotkm). Notice that P, Q and all of the
above quantities do not depend on r (except of course for the specific realizations of
(Xk>k21 and (}A/]g)]g>1) Let (Yk)k>1 be i.i.d. random variables with joint distribution Q
on (TN, 7N) such that ¥; has the same distribution as Y;. Notice that we can replace
Q with Q in the definitions of Aj, Al, Dinin and Dyye without changing anything since
they only depend on the distribution of ﬁ Notice also that Dmin = Dpin (because of
the mixing properties of @) and ﬁave = Dgve.

o

.S,

Choose an integer valued random variable M so that » + Mm > N. Using (3.13)
gives

hfisoljp T T sm log Q(B(X[T*™ D)) < hgiigP "= M)m log Q(B(X,{{fms1: D))
. S ]‘ S
= hmsup—mlogQ( (XMH,D)) hmsup——log@( (X%L,D))
1 Mas slog C
< lim sup —— log Q(B (XM+1, D))+ , (3.14)
$—00 sm sm

where we switched from Q to Q in the last step.
We would like to be able to immediately apply (3.11) to the final expression in (3.14)

to get

a.s. 1 A l
lim sup — log Q(B(X+. DY) < LAn(p) + 08¢

5—00 m m

Unfortunately, unless P is totally ergodic, P need not be ergodic, although it is stationary;,
and we cannot immediately apply (3.7). However, Berger (1971) [2][pp. 278-9] and
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Gallager (1968) [7][pp. 495-497] show that P can be decomposed into m (not necessarily
unique) equally likely, stationary and ergodic components®

P [
P==) PpU.
m 2

Letting J. € {1,...,m} be the random variable that (a.s.) indicates which ergodic com-
ponent generated (Xg)i>1, we can apply (3.11) to (3.14) separately for each ergodic
component to get

_ as. 1 - log C
lim sup — log Q(B(XI**™ D)) < —A%, (D
im sup ———— og Q(B(X ™, ))_m 1.(D) + >

(3.15)

where
A1j(N) == Epg log EQeAﬁ(XI’YI) = Ep log EQGM(XI’%),
/A\ij(D) :=sup |AD — /A\Lj(/\)] :

A<0

Recall that 0 < r < m was arbitrary, so (3.15) gives

—log Q(B(X{™™, D))

1
li __1 X7, D)) = max lim —
im sup og Q(B(XT,D)) = lax Lm sup r+s

n—oo sr<m g o
14 1 1
< max —A%, (D) + 0 _ ax Lo+ Ogo. (3.16)
0<r<m m r m 1<j<m m m
We will now use the same notation and blocking technique to show that
1. log C
max —A} (D) < A% (D) + -2~ (3.17)

1<j<mm m

Indeed, combining (3.16) and (3.17) and letting m — oo gives (3.12) as desired.
Beginning with (3.1) and using the same arguments as before gives (A < 0)

a.s. ].
AOO()\) = lim — log EQe)‘Zk 1 P(Xk,Y)

n—oo M,

= lim

log EQGA 2ok=1 (X5 Yk) A S p(Xk,Ya)
s—o00 T + SM

< lim inf + log Ege? 2k=1PXkYe) 4 1og €' 4 log Eget 2= r+1p(X’“’Y’“)] (3.18)
s—oo T+ Sm
= lim mf— log Ege ASI P(XYi) — iy mfL logE e M k= 1Ak, Yi)
s—o0  SM s—o0 S
s—o0 S sm
logC .. 1 - log C
= liminf — ZlogE mp(Xi¥) 4 08T —Ay g, (mA) + o8 ; (3.19)
s—oo S m m m

Here is an illustrative example: (X1, Xa,...) is equally likely either (0,1,0,1,...) or (1,0,1,0,...),
which is stationary and ergodic (an irreducible, periodic Markov chain). For m = 2, (Xl,XQ, ...) 18
equally likely either ((0,1),(0,1),...) or ((1,0),(1,0),...) for any r, which is stationary but not ergodic
(a mixture of two different constant, and thus stationary and ergodic, sequences).

12



where we are able to ignore the first term in (3.18) because it has finite expectation
(namely A, (X)) and is thus a.s. finite. The last equality comes from the ergodic theorem
applied to each ergodic component of P. As we vary r, the random variables (J,)o<;<m
indicate (a.s.) each of the distinct ergodic components at least once [2, 7]. Thus (3.19)
implies that

Asw(A) < min iAlj(m/\) logC'

1<j<m m m

(3.20)

We can apply this bound to get

A 1.
max A* ;(D) = max sup [ D — —Al,j()\)}
m

1<5<m m 1<j<m A<0

= max sup {/\D — —Alj(m/\)} = sup {)\D — min —Alj(m)\)

1<j<m <o A<0 lsjsmm

log C log C

<sup [AD — A (V)] +
A<0

= A (D) +
This gives (3.17) and completes the proof of the upper bound when Dy < D < Daye.

3.4 Proof: Upper bound, D > D,

In this section we assume that D > D,,, which means that we must have D,,, < oc.
Chebyshev’s inequality gives

1l & 1 <« D
n.Z X >D3y < — Y Eop(X, V) =2 <1
Q{yl an( ks Y) }_nD; oP(Xi Y1) = —5

as n — oo by the ergodic theorem. So
L log Q(B(XT, D)) L log [1-Q<yf L En (Xk,yx) > D
——lo =——1lo — D —
08 1) 08 - 2 P X ks Yk

1 1 <« ,
< —Zlog |1 = — S " Epp(X,. Y| =5 o0.
< nog[ nDkZ:; op(Xi, Y1) | 25

Thus, for D > D, we have

lim sup —~ 1ogc2< (X7, D)) <0< A%(D)

n—oo

and this completes the proof of the upper bound when D > D,..

3.5 Proof: D=D,;,

So far we have established the lower bound in all cases and the upper bound in all cases
except for the situation where D = Dy, and A% (D) is finite. In this section and the
next two subsections we assume that D = Dy, < 0o and A% (Dpin) < co. Define A(x7)
as in (2.6). The mixing properties of @) show that

esstf — Zp Ty, Yy) = Z po(xr), (3.21)
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so the ergodic theorem gives

lim essanf - Zp Xk, Yi) = Duin-

n—00
k=1

The convergence also holds in expectation. (3.21) allows us to compute

—log Q(A(z7*™)) +log C
= —logQ{y”+m cp(x, ye) = po(ze), 1 <k < n+m} +logC
—log Q(A(21)) +log C — log Q(A(x;1")) + log C.

The appendix shows that E[—log Q(A(X}))] = nA (Dmin) which is finite since A% (Dyyin)
is finite. The subadditive ergodic theorem and (2.1) give

lin —— log Q(A(x{)) = A% (D). (3.22)

n—oo

The convergence also holds in expectation.

3.5.1 Proof: D = D,,,, constant pq

If po(X1) is a.s. constant, then Q(A(XT])) = Q(B(X}, Dmin)) and (3.22) gives (2.4).
Notice that we have now completed the proof of (2.4) in each of the cases D # Dy,
A; (D) = 0o and pg(X;) a.s. constant. As we will see in the next section, if all of these
conditions fail simultaneously, then (2.4) fails as well.

3.5.2 Proof: D =D,,,, non-constant pq

Here we investigate the behavior of log Q(B(X7, D)) when D = Dy < 00, A% (Dyin) <
oo and pg(X1) is not a.s. constant. This makes use of recurrence properties for random
walks with stationary and ergodic increments.® What we need is summarized in the
following:

Lemma 3.1. Let (X,)n,>1 be a real-valued stationary and ergodic process and define
= Xg, n>1. If EX; =0 and Prob{X; # 0} > 0, then Prob{Z,, > 0 i.0.} >0
and Prob{Z,, > 0 i.0.} = 1.

Proof. Define Zy := 0. (Z,)n>0 is a random walk with stationary and ergodic increments.
Kesten (1975) [10] shows that {liminf,n"'Z, > 0} and {Z, — oo} differ by a null set.
The ergodic theorem gives Prob{n='Z, — 0} = 1, so Prob{Z,, — oo} = 0. Similarly, by
considering the process —Z,,, we see that Prob{Z,, — —oco} = 0.

Now {|Z,| — oo} is invariant and must have probability 0 or 1. If it has probability
1, then since we cannot have Z,, — oo or Z,, — —oo we must have Z,, oscillating between
increasingly larger positive and negative values, which means Prob{Z, > 0 i.0.} =1 and
completes the proof.

Suppose Prob{|Z,| — oo} = 0. Define

)= Ia(Z,), ACR,

n>0

%(Zn)n>0 is a random walk with stationary and ergodic increments [1] if Zy := 0 and Z,, := > _, Xx,
n > 1, for some stationary and ergodic sequence (X,,)n>1-
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to be the number of times the random walk visits the set A. Berbee (1979) [1][Corollary
2.3.4] shows that either N(J) < oo a.s. for all bounded intervals J or {N(J) = 0} U
{N(J) = oo} has probability 1 for all intervals J (open or closed, bounded or unbounded,
but not a single point). By assumption |Z,| /4 oo, so we can rule out the first possibility.
Since Prob{Z, = 0} = 1, we see that for any interval J containing {0} we must have
Prob{N(J) = oo} = 1. In particular, taking J := [0, c0) shows that Prob{Z, > 0 i.0.} =
1. Similarly, taking J := (0, 00) shows that Prob{Z,, > 01i.0.} = Prob{N(J) = oo} =
Prob{N(J) > 0} > Prob{X; > 0} > 0. O

Returning to the main argument,

k=1

_ {o if 35y pQ(Xn) < nDuin _ {0 it Z, <0 (3.23)

oo if S0 po(Xk) > nDmin oo if Z, >0’

where Z,, ==Y ";_,(po(Xk) — Diin). Lemma 3.1 shows that Prob{Z, > 01i.0.} > 0. This
and (3.23) prove (2.5a).

Lemma 3.1 also shows that Prob{Z, < 01i.0.} = 1. Let (n,)m>1 be the (a.s.) infinite,
random subsequence of (n),>; such that Z, < 0. Note that

k=1
50
— log Q(B(X{™, Diin)) < —log Q {y?m > p(Xiyr) < ZPQ(Xk)}
k=1 h=1
= —log Q(A(X{™)). (3.24)

Now, the final expression in (3.24) is a.s. finite because E[—log Q(A(XT))] = nA (Dmin)
< o0. This proves (2.5b) and shows that (n,,)m>1 satisfies the claims of the theorem.
(3.22) and (3.24) also show that

1 1
lim sup —— log Q(B(X{™, Diin)) < limsup —— log Q(A(X{™))

m—00 ™m m—0o0 m

1 a.s.

< limsup ——1log Q(A(XT)) = AL (Dmin)-
n—oo n

Combining this with the lower bound (3.5) proves (2.5¢) and completes the proof of all

parts of (2.5) and Theorem 2.1.

A Appendix

A common assumption in the literature is that p is either bounded or satisfies some
moment conditions. Since we do not assume these things here, we need to reverify many
properties of A and A* that can be found elsewhere under these stronger conditions. We
also neglected any measurability issues in the main text, but we deal with them here.
Let us begin with the following Lemma which comes mostly from Dembo and Zeitouni
(1998) [5].
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Lemma A.1. [5] Let Z be a real-valued, nonnegative random variable. Define
A(N) == log EeM.
A is nondecreasing and convex. A is finite, nonpositive and C* on (—o0,0) with

EZ VA
imA\) =A(0) =0 and A'(\) = ——u

A0 "B A<0.

N is finite, nonnegative, nondecreasing and C* on (—o0,0) with

lim A'(A) =essinf Z and lmA'(\) =EZ.

pypu: 10
Ifessinf Z < EZ, then A is strictly convex on (—00,0).

Proof. Since Z is nonnegative and real-valued, A is nondecreasing everywhere and A is
finite and nonpositive on (—oo, 0] with A(0) = 0. Dembo and Zeitouni (1998) [5][Lemma
2.2.5, Example 2.2.24] show that A is convex everywhere and C'* on (—o0,0) with A’(\)
as stated. This implies that A’ is nondecreasing and C'* (and thus finite) on (—o0,0).
The dominated convergence theorem shows that A(X\) T0as AT 0.

Clearly A’ is nonnegative. The monotone convergence theorem applied to the numer-
ator and denominator separately in the expression for A" establishes that limyg A'(A) =
EZ.

We have

EZer _ E(essinf Z)eM Eer

N = oz 2 PRy, = (essinf Z)EeAZ

= essinf Z. (A.1)

Since A is convex, differentiable and nondecreasing, we also have (for A < 0)

AO) - A _ AR

NN < % - log [Ee*] VA = —log [E(e_z)‘)‘ql/‘)\| = —log He_ZHW :
where || - ||, denotes the LP norm. Taking limits gives
)\li{n NN < —log [)\lim HeZHAJ = —log He’ZHOO = —logesssupe ?
= —loge ™7 — esginf 7.

Combining this with (A.1) establishes that lim)_,_,, A’(A\) = essinf Z.
An easy application of the dominated convergence theorem shows that %EZ”@AZ =
EZ"eM for A < 0and n > 0. So for A < 0

A'(N) =

EMEZN — EZMNEZN  EZ2N (EZM
[Ee’\Z]Q Y Ee)

The Cauchy-Schwarz inequality shows that A” > 0 with equality if and only if Z is (a.s.)
constant. So A” > 0 on (—o0,0) whenever essinf 7 < EZ. O
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A.1 Measurability issues

Halmos (1966) [9] shows that we can integrate out one variable in a product measurable
function and still obtain a measurable function. It is important that this is the small-
est product o-algebra and not the completion of it w.r.t. some product measure. This
immediately establishes the measurability (in x) of

Q(B(ZL‘, D))7 E’Qe>\p(ac,Y)7 EQP(I, Y)ekp(ac,Y)

and any nice functions of them, where we denote Y := Y] to clean up the notation.
In particular,
(o) = Fapl V)
PQ ’ EQe)\p(x,Y)

is measurable (for A < 0). Lemma A.1 (with Z := p(z,Y") for fixed x so that pj(z) =
A’(X)) shows that pgy(z) | po(x) as A | —oo for each . This implies that pq is measur-
able.

Noting that > ;_, p(z¥, y}) is product measurable on S™ x T™ lets us repeat the above
steps for any n. This clears up the measurability issues that we avoided in the main text.

A.2 Properties of A,

Here we list some properties of A, that hold for any 1 < n < oo. Clearly A,, is nonde-
creasing with A,,(0) = 0. A,, is also convex. From this we see that A,, is either everywhere
—00 on (—o0,0) or it is finite on (—oo, 0]. In the rest of this section we will only be con-
sidering the latter case. Note that if Af(D) < oo for any D, then A,, must be finite on
(—0o0, 0].

A, is a proper (> —oo) closed (l.sc.) convex function [13] and continuous from the
left. It is finite and C' on (—o00,0). A/, the derivative with w.r.t. A, is nondecreasing
and

1 E, " (X5, Y et Dk P(XkY)
N0 = 1y | Be 2 PG ) A<,
" n Eger Xie1 p(Xii)
: AN ALY
sup AL (\) =lim AL (\) = = lim 22 = D, ..,
,\glg 2N i%l 2N ili% A >{T0 A
. . . AN . A (N)
/ _ / . n _ n o )

Furthermore, if Dy < Daye, then A, (+) is strictly convex on (—oc,0).

From the definition it is easy to see that A, will also be nondecreasing and convex
with A (0) = 0. Whenever A% (D) < oo for some D, we must have A, finite on (—oo, 0],
which means A, is continuous on (—o0,0).

A.2.1 Proofs

We will now prove these claims using Lemma A.1. For a fixed 27 € S™, define the random
variable Z(x7) := >/ _, p(ak, Yy). Let

Az}, \) = log BEe* 1)
so that A,(\) = 2EpA(XT, \). Lemma A.1 shows that A(z7,-) has all of the properties

T n

that we want A to have. For example, A(x7,-) is convex for each x7, so A,, is convex also.
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The rest of this proof is justification that these properties continue to hold after taking
expectations (as long A,, is never —oo).
Suppose that A, () is finite for some A < 0. Choose X < A. The convexity of A(zY, )
gives
n WYY A n A vy
Az}, N) < Y (7, \') + (1 - y) A(z?,0) = yA(xl,/\) <0.
Taking expectations shows that A,(\) > —oo. Since X' < A was arbitrary and since
A, is increasing, we see that A, > —oo everywhere and finite on (—o0,0]. Thus A, is a
proper convex function and A,, is continuous on (—o00, 0).

Since 0 > A(z},\) > A(z},8) > —oo for 6 < A < 0, since 0 > EpA(XT],d) =
nA,(d) > —oo and since A(z},A) T 0 as A T 0, the dominated convergence theorem gives
An(A) T A (0) =0 as AT 0. Since A(z?, ) is nonnegative and increasing on (0, 0o0) for
each z, the monotone convergence theorem shows that A, is continuous from the left
on (0,00). So it is continuous from the left everywhere. Since it is nondecreasing, it is
l.sc. and thus closed.

Since A,, is finite and convex on (—o0,0), it has finite and nondecreasing right hand
and left hand derivatives, K; and A, respectively, with the property that K; > A/ and
A (A+e) >N (A) for A< A+e<0. When A — € < A < 0 we have

A(xrlla )‘) — A(xrlla A—

€

0< D1 N7 N), asel O,

so the monotone convergence theorem gives

1
A (N) = —EpN(XT,\), A <O,
n
which is finite. When A < A + ¢ < 0 we have
A(?, A +¢€) — Azt N)

€

0< < AN (2P, N+ e).
Since the right hand side has finite expectation, the dominated convergence theorem
gives
— 1

K,(N) = ZEpN (X7, 0) = AL (A), A<,

n
This shows that A, is differentiable on (—o00,0) and confirms the stated expression for
Al,. Since A,, is convex, the derivative A], is nondecreasing and continuous.

The monotone convergence theorem gives Al(A) 1 2EpZ(X]) = Daye as A 7 0. The
dominated convergence theorem gives A/, (\) | £ Epessinf Z(X]) = Dy (because of the
mixing properties of @) as A | 0. Suppose Dpin < Daye. Then with positive probability
Z(X7) is not a.s. constant and A'(X7,-) > 0 on (—o0,0). Taking expectations shows
that A, > 0 there also, so A, is strictly convex on (—o0,0).

Since A/, is nondecreasing, sup, o Al (A) = limyyo A} (A) and similarly for the infimum.

Noting that
An()‘> B An(o) _ An()‘>
A—0 D)
is the slope of the cord above A,, from 0 to A, we see that this slope is also nondecreasing in
A so we can interchange supremums and infimums with the appropriate limits as before.
As A 70, this slope converges to the derivative at 0 (which we know is D). As A | —00

this slope converges to the limiting derivative (which we know is D).
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A.3 Properties of A}

Suppose 1 < n < oco. A’ is convex, lsc., nonnegative, nonincreasing and continuous
from the right. A%(D) = oo whenever D < Dy, and A% (D) = 0 whenever D > D,.. If
D < Dy, then A (D) = supyeg [AD — A, (V)]. If AX(D) < oo for some D, then A} is
finite and continuous on (Dyyiy, ).

Suppose 1 < n < oo. If Dy, < 0o, then A%(Dp) = n™'E[—log Q(A(X7))], where
A(z7) is defined in (2.6). If A*(D) < oo for some D, then A¥ is C' on (D, 00).
Furthermore, if Dy, < Daye, then AY is strictly convex (and thus strictly decreasing)
on (Duin, Dave) and for each D € (Dpin, Dayve) there exists a unique A\p < 0 such that
AL (D) = pD — A,(Ap).

A.3.1 Proofs

Now we will prove these claims. If D < 0, A*(D) = oco. Otherwise, for D > 0 and

for A < 0, D — AD — A,()) is a nonincreasing linear (and thus convex and l.sc.)

function, so A’ is a supremum of nonincreasing, convex and l.sc. functions which is

always nonincreasing, convex and l.sc. A%(D) > 0D — A,(0) = 0D — 0 = 0, so it is

nonnegative. Since it is l.sc. and nonincreasing, it must be continuous from the right.
Define p(z,y) := (p(z,y) — po(x)) V 0. For n < oo, notice that

3

par, Yi) = Zﬂ(sz, Vi) — ZPQ(%) Q as.
k=1 k=1

k=1
We can write

1 . 1 . N
= —Eploge*Xi=1P0X0) 4 — B log Eget 2k=1PX0Yi) = XD o+ AL (M),
n n

where A, is defined like A, except with p instead of p. This gives

A%(D) = sup | A(D — Dyin) — f\n()\)] . (A.2)

A<0
Since A, ()\) < 0 for A <0, (A.2) gives the bound

A (D) > sup A(D — Dyin)-

A<0

When D < Dy, this supremum is infinite. If n = oo, then we get the same result by
using (2.1). This shows that D < Dy, implies A¥ (D) = oc.
Jensen’s inequality gives
1 n 1 n
An(\) = —Eplog Ege* k=1 XeYe) > — BB log et 2k=1#XeYi) = AD, o (A.3)

n n

for n < oo and the same bound holds for n = oo by applying (2.1). If D > D,., then

necessarily D,y < oo and (A.3) gives

AL (D) = sup [AD — A, (A)] < sup [AD — ADy] = 0.

A<0 A<0
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Since A¥ > 0, this shows that D > D, implies A% (D) = 0.
If Dave = 00, then (A.3) shows that A, (A) = oo for A > 0, s0 AD — A, () = —00 <0
for all A > 0 and all D. If D < D,y < 00 and A > 0, then (A.3) gives

D — An(/\) S /\Dave - An(/\) S /\Dave - /\Dave =0.
So in both cases, when D < D,

sup [AD — A, (V)] <0< AX(D).
A>0
This shows that we can take the supremum over all of R in the definition of A} whenever
D < D,yw. This proof essentially comes from Dembo and Zeitouni (1998) [5][Lemma
2.2.5]. Notice that this means A% (D) is the conjugate of A, at D as long as D < Dge.
Now suppose that Af(D) < oo for some D and that n < co. If we can show that A
is finite on (Dyin, Dave) then we will know that A’ is finite and continuous on (D, 00),
because it is convex everywhere and finite on [Daye, 00). We can deal with the case n = oo
by using (2.1) and the bounds in (3.6). So let us show that A’ is finite on (Duin, Daye)-
We can assume that Dy, < D < D,y. Notice that the assumption A% (D) < oo means
that A,, has all of the nice properties detailed in Section A.2.
In particular, the strict convexity of A, implies that there is a unique Ap < 0 with
Al (Ap) = D. We have just seen that A’ (D) is the conjugate of A,, at D, so Rockafellar
(1970) [13][Theorem 23.5, Corollary 23.5.1, Theorem 25.1] gives

d
A(D)=ApD —A,(Ap) and EA:’(D) = Ap < 0.
This shows that A* is finite, strictly convex and C' on (Dpin, Dayve). Since Ap | 0 as
D 1 D, A is differentiable at 0 and so it is C' on (Dpyiy, 00).
The last thing we have to prove is the claim about A(Dy,) for Dy, < oo and
n < 0o. (A.2) gives

A} (Dpin) = sup —A,(A) = lim —A,(A),

A<0 Al—o0

because A, is nondecreasing. Applying the monotone convergence theorem and then the
dominated convergence theorem and using the mixing properties of () gives

£
5

1 .
N} (Duin) = lim -~ Ep |~ log Ege* iz P015)|

l—oon

Ep l— log (Allinéo EQ@AZZ:I ﬁ(XImYk)):|

Ep [— log Eq ( hm e k=1 ﬁ(XImYk)):|

Al—0o0

SI— 3l 31

n 1 n
Ep [=log Eqliypyy_, sxim=0) (V1)) = —Ep[—log Q(A(XT))]

A.4 Proof of Proposition 1.1

Suppose Q(A,) = 0. Then by stationarity Prob {Ykkfln € A,,any k > 1} =0 and

Prob {logW,, = 00 = —logQ(4,)} = 1.
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Similarly, if Q(A,) = 1, then
Prob {logW,, =0 = —logQ(4,)} = 1.

So whenever A, is trivial, we have Prob {log W, = —logQ(4,)} = 1.
The rest of this proof comes from Kontoyiannis (1998) [11]. Fix (¢,)n>1, ¢n > 0,
Yo, <oo. Forany K > 0 and A, not trivial, we have

Prob{W, < K} < > Prob{W, =4k} < >  Prob{¥™ " € 4,} < KQ(A,).
1<k<K 1<k<K
With K := e~ 198QAn)=cn this gives
0 if Q(A,) is trivial <
e 1s@MAn)=en)(A,) otherwise -

—cn

Prob {log W,, < —log Q(A,) — ¢} < {

Since this is summable, the Borel-Cantelli Lemma shows that
Prob {log W,, < —log Q(A,) — ¢, i.0.} =0
which implies that
Prob {log W,, > —log Q(A,) — ¢, eventually} = 1.

Notice that this only uses the stationarity of Q).

Using the ¥~ -mixing properties of ) to choose d > 1 and C > 1 large enough that
Q(A)Q(B) < CQ(AN B) whenever A € o(Y") and B € o(Y,%,) for some n. Suppose
A, is not trivial. Define K := (K — 1)/(n + d) and By, := {vF=t ¢ A,} to get

Prob {W, > K} = Prob{ N Bk} <Prob{ (] Bjmraq

1<k<K 0<j<K

=Prob{Bi} [] Prob{Bjuia1|Bira+1,0<i<j}

1<j<K
= [1=Prob{B}] J] [t —Prob{B a1 |Bitnsay,0<i<j}]
1<j<K
<H-QA) I -c7'Qn)] < [1-c'QAa)]".
1<j<K

With K := e~ 108QAn)Fentlogn thig oives
Prob {log W,, > —log Q(A,) + ¢, + logn}

< 0 if Q(An) is trivial < &((nfl)ecn)/(C(ner))
= L= C1QUA@U e otherwise

< e for all n large enough,

where a := sup;_,<o-1[1 — 7]'/* < 1. The final inequality is easy to see by taking
logarithms and noting that ¢, — oo.
Again, this is summable by assumption and we can see that

Prob {log W,, < —log Q(4,) + ¢, + logn eventually} = 1.
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