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Abstract. This paper studies a new recovery-based a posteriori error estimator for the con-
forming linear finite element approximation to elliptic interface problems. Instead of recovering the
gradient in the continuous finite element space, the flux is recovered through a weighted L2 pro-
jection onto H(div) conforming finite element spaces. The resulting error estimator is analyzed by
establishing the reliability and efficiency bounds and is supported by numerical results. This paper
also proposes an adaptive finite element method based on either the recovery-based estimators or
the edge estimator through local mesh refinement and establishes its convergence. In particular, it
is shown that the reliability and efficiency constants as well as the convergence rate of the adaptive
method are independent of the size of jumps.
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1. Introduction. The a posteriori error estimators of the recovery type have
been extensively studied by many researchers, e.g., [1, 2, 3, 5, 10, 28, 29, 34, 36], due
to their many appealing properties: simplicity, universality, and asymptotic exactness.
(The universality is in the sense that there is no need for the underlying residual or
boundary value problem.) Let uU be the current approximation, then the recovery-
based estimator is defined as the L2 norm of the difference between the direct and
postprocessed approximations of the gradient (∇uU and G(∇uU )):

(1.1) ηG,K = ‖G(∇uU ) −∇uU‖K and ηG =

(∑
K∈T

η2
G,K

) 1
2

.

There are many postprocessing, recovery techniques (see survey article [33] by Zhang
and references therein). A simple one is the projection of the direct approximation
onto vector-valued continuous finite element space with respect to either a discrete
or the L2 inner product. The popular Zienkiewicz–Zhu (ZZ) estimator [35, 36] can
be viewed as one based on the discrete L2 projection (see [28]). For estimators based
on the L2 projection, see, e.g., [10] and references therein. By employing several
multigrid smoothing after this L2 projection, Bank and Xu were able to prove that
the resulting estimator is asymptotically exact in [3] on irregular meshes by estab-
lishing a superconvergence result of the recovered gradient. See also [17, 27, 32] for
asymptotically exact estimators based on different recovery techniques on irregular
meshes. For higher-order elements, Bank, Xu, and Zheng [4] and Naga and Zhang
[21] studied recovery-based estimators and established their asymptotic exactness as-
suming that the solution of the underlying problem is sufficient smooth. A summary
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and bibliographical remarks on the recovery-based error estimators may be found in
[2, 10].

Estimators of the recovery type possess a number of attractive features that have
led to their popularity. In particular, their ease of implementation, generality, and
ability to produce quite accurate estimators have led to their widespread adoption,
especially in the engineering community. However, for applications with nonsmooth
solutions like elliptic interface problems, it is well known [3] that they overrefine re-
gions where there are no error, and hence, they fail to reduce the global error. This is
shown by Ovall in [23, 24] through several interesting and realistic examples. To over-
come this difficulty, one often applies the method on each subdomain separately. For
reasons why this local approach is not favorable, see detailed discussions in [24]. More
importantly, the local approach fails when triangulations do not align with interfaces,
which occurs when interfaces are curves/surfaces or have unknown locations.

One of the purposes of this paper is to develop a new recovery-based error esti-
mator that completely resolve this difficulty for the interface problem using a global
approach. To do so, we notice that the normal component of the gradient and the
tangential components of the flux are discontinuous across interfaces. Hence, recov-
ering either the gradient or the flux in a continuous finite element space means using
a continuous function to approximate a discontinuous function. The error of such
an approximation could be arbitrarily large at where the approximated function is
discontinuous. This is the sole reason for the failure of the existing recovery-based
estimators. In order to overcome this difficulty, we recover the flux in the H(div)
conforming finite element spaces such as those of Raviart–Thomas (RT) or Brezzi–
Douglas–Marini (BDM) [8]. More specifically, we introduce two flux recovery proce-
dures based on the global (weighted) L2 projection onto and on the local averaging in
the RT or BDM spaces. The resulting recovery-based (implicit and explicit) estima-
tors are then analyzed by establishing the reliability and efficiency bounds, where the
efficiency bound for the implicit estimator is global. Both the reliability and efficiency
constants are proved to be independent of the size of jumps, and hence, the estimators
introduced in this paper are robust with respect to the diffusion coefficients. Numer-
ically, for a benchmark test problem, we show that our estimators do not overrefine
regions along interfaces and that they are not subject to the constraint on the mono-
tonicity of the diffusion coefficient in our theory. Moreover, we show numerically that
the implicit estimator introduced in this paper is accurate and robust with respect
to triangulations that do not align with interfaces. Hence, it has a potential to treat
problems with interfaces being curves/surfaces or having unknown locations.

The other purpose of the paper is to study adaptive finite element method through
local mesh refinement based on either the recovery-based estimators or the edge esti-
mator. Recently, there has been intensive study on the convergence of the adaptive
method for conforming finite elements (see, e.g., [16, 20, 22]) and also for noncon-
forming and mixed elements. Dörfler in [16] proved the first convergence result for
the Possion equation under the assumption that the initial mesh is fine enough. His
adaptive method is based on the edge estimator. For the adaptive method using the
residual-based estimator, this fine initial mesh requirement was removed by Morin,
Nochetto, and Siebert in [20] by introducing a marking strategy based on the data os-
cillation. However, to guarantee that the data oscillation monotonically decreases, the
refined element has to contain a node of the finer mesh in its interior. Very recently,
the convergence of the standard adaptive method based on the explicit residual-based
estimator is established by Cascon et al. [13] without the marking strategy on the
data oscillation and hence, without the interior node requirement. In this paper, we
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2134 ZHIQIANG CAI AND SHUN ZHANG

introduce an additional marking strategy based on the weighted element residual and
establish the convergence of the resulting adaptive method based on either the explicit
recovery-based estimator introduced in this paper or the edge estimator in [12]. As-
sumptions on the initial mesh and on the interior node are not required. Furthermore,
the rate of convergence is independent of the size of jumps.

This paper is organized as follows. The interface problem and its conforming linear
finite element approximation are described in section 2. The recovery procedure and
the resulting recovery-based a posteriori error estimator are introduced in section 3.
Theoretical analysis and numerical experiments are presented in sections 4 and 5,
respectively. Finally, the adaptive finite element method is described and analyzed in
section 6.

2. Problem and finite element approximation. Consider the following in-
terface problem

(2.1) −∇ · (α(x)∇u) = f in Ω,

with boundary conditions

(2.2) u = g on ΓD and n · (α∇u) = 0 on ΓN ,

where the symbols ∇· and ∇ stand for the divergence and gradient operators, respec-
tively, f and g are given scalar-valued functions, Ω is a bounded polygonal domain in
�d (d = 2 or 3), with boundary ∂Ω = Γ̄D ∪ Γ̄N and ΓD ∩ΓN = ∅, n = (n1, . . . , nd) is
the outward unit vector normal to the boundary, and α(x) is positive and piecewise
constant on polygonal subdomains of Ω with possible large jumps across subdomain
boundaries (interfaces):

α(x) = αi > 0 in Ωi

for i = 1, . . . , n. Here, {Ωi}n
i=1 is a partition of the domain Ω with Ωi being an open

polygonal domain. For simplicity, we consider only homogeneous Neumann boundary
conditions and piecewise linear data g. Also, we assume that ΓD is not empty (i.e.,
mes (ΓD) �= 0).

We use the standard notations and definitions for the Sobolev spaces Hs(Ω)d and
Hs(∂Ω)d for s ≥ 0. The standard associated inner products are denoted by (·, ·)s,Ω

and (·, ·)s,∂Ω, and their respective norms are denoted by ‖ · ‖s,Ω and ‖ · ‖s,∂Ω. (We
suppress the superscript d because the dependence on dimension will be clear by
context. We also omit the subscript Ω from the inner product and norm designation
when there is no risk of confusion.) For s = 0, Hs(Ω)d coincides with L2(Ω)d. In this
case, the inner product and norm will be denoted by ‖ · ‖ and (·, ·), respectively. We
will also use the energy norm denoted by

|||v||| = |||v|||Ω =
∥∥∥α1/2∇ v

∥∥∥
0,Ω

.

Let

H1
g,D(Ω) :=

{
v ∈ H1(Ω) : v = g on ΓD

}
.

The corresponding variational form of system (2.1) is to find u ∈ H1
g,D(Ω) such that

(2.3) a(u, v) = f(v) ∀ v ∈ H1
0,D(Ω),
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where the bilinear and linear forms are defined by

a(u, v) = (α(x)∇u, ∇v) and f(v) = (f, v),

respectively.
For simplicity of presentation, consider only triangular and tetrahedra elements

in the respective two and three dimensions. Let T = {K} be a finite element partition
of the domain Ω. Assume that the triangulation T is regular (see [15]); i.e., for all
K ∈ T , there exists a positive constant κ such that

hK ≤ κ ρK ,

where hK denotes the diameter of the element K and ρK the diameter of the largest
circle that may be inscribed in K. Note that the assumption of the regularity does
not exclude highly, locally refined meshes. Furthermore, assume that interfaces

F = {∂Ωi ∩ ∂Ωj | i, j = 1, . . . , n}

do not cut through any element K ∈ T . (This assumption is needed for analysis and
for explicit estimators but not for implicit estimators introduced in this paper.)

Let Pk(K) be the space of polynomials of degree k on element K. Denote the
continuous piecewise linear finite element space associated with the triangulation T
by

U =
{
v ∈ H1(Ω) : v|K ∈ P1(K) ∀ K ∈ T

}
.

Let Ug = {v ∈ U : v = g on ΓD}, then the finite element approximation of (2.3) is to
find uU ∈ Ug such that

(2.4) a(uU , v) = f(v) ∀ v ∈ U0.

Define

αmin = min
1≤i≤n

αi and αmax = max
1≤i≤n

αi.

It is well known (see, e.g., [6]) that if the solution u is in Hs(Ω), 1 ≤ s ≤ 2, then the
following a priori error estimate holds:

(2.5) |||u − uU |||Ω ≤ C

(
n∑

i=1

∥∥∥hs−1α1/2∇u
∥∥∥2

s−1, Ωi

)1/2

,

with

∥∥hs−1α∇u
∥∥

s−1, Ωi
=

( ∑
K∈T ∩Ωi

h
2(s−1)
K αK‖∇u‖2

s−1,K

)1/2

.

Here and thereafter, we use C with or without subscripts in this paper to denote a
generic positive constant, possibly different at different occurrences, that is indepen-
dent of the mesh parameter hK and the ratio αmax/αmin but may depend on the
domain Ω.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 
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3. Flux recovery and error estimator. The flux defined by

(3.1) σ = −α(x)∇u in Ω

is an important physical quantity which is often the primary concern in practice. For
the interface problem in (2.1) with f ∈ L2(Ω), it is easy to see that the normal com-
ponent of the flux is continuous, but its tangential component is discontinuous across
the interfaces. This type of vector-valued functions may be precisely characterized by
the following space:

H(div; Ω) =
{
τ ∈ L2(Ω)d : ∇ · τ ∈ L2(Ω)

}
⊂ L2(Ω)d,

which is a Hilbert space under the norm

‖τ‖H(div; Ω) =
(
‖τ‖2

0,Ω + ‖∇ · τ‖2
0,Ω

) 1
2 .

Denote its subspace by

Σ = HN (div; Ω) = {τ ∈ H(div; Ω) : n · τ = 0 on ΓN}.

In (3.1), dividing by α(x), multiplying a test function τ , and integrating over the
domain Ω give the following variational problem: find σ ∈ Σ such that

(3.2) b(σ, τ ) = u(τ ) ∀ τ ∈ Σ,

where bilinear form b(· , ·) and linear form u(·) are defined by

b(σ, τ ) =
(
α−1σ, τ

)
∀ (σ, τ ) ∈ Σ × Σ and u(τ ) = −(∇u, τ ) ∀ τ ∈ Σ,

respectively.

3.1. Flux recovery. The recovery procedure introduced in this paper is based
on the conforming finite element approximation to the variational problem in (3.2).
There are several families of the H(div; Ω) confirming finite element spaces (see, e.g.,
[8, 26]). We consider only RT and BDM elements for simplicity.

Denote the local lowest-order RT and BDM spaces on element K ∈ T by

RT0(K) = P0(K)d + xP0(K) and BDM1(K) = P1(K)d,

respectively, where x = (x1, . . . , xd). Then the standard H(div; Ω) conforming RT
and BDM spaces are defined by

RT0 = {τ ∈ Σ : τ |K ∈ RT0(K) ∀ K ∈ T }

and

BDM1 = {τ ∈ Σ : τ |K ∈ BDM1(K) ∀ K ∈ T },

respectively. For convenience, denote RT0 and BDM1 by V . It is well known (see [8])
that V has the following approximation property:

(3.3) inf
τ∈ RT0

‖σ − τ‖H(div; Ω) ≤ C
(
‖hσ‖2

1,Ω + ‖h∇ · σ‖2
1,Ω

)1/2

for σ ∈ H1(Ω)m×m ∩ Σ, with ∇ · σ ∈ H1(Ω)m and

(3.4) inf
τ∈BDM1

‖σ − τ‖0,Ω ≤ C
∥∥hl σ

∥∥
l,Ω

for σ ∈ H l(Ω)m×m ∩ Σ and l ∈ [1, 2].
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3.1.1. Implicit approximation. Let ūU ∈ U be an approximation of the exact
solution u ∈ H1

g,D(Ω) of (2.3), then we recover the flux by solving the following
problem: find σV ∈ V such that

(3.5) b(σV , τ ) = ūU (τ ) ∀ τ ∈ V ,

with ūU (τ ) = −(∇ ūU , τ ).
Theorem 3.1. Let u and σV be the solutions of (2.3) and (3.5), respectively.

Then there exists a positive constant C independent of the ratio αmax/αmin such that
the following a priori error bound

(3.6)
∥∥∥α−1/2(σ − σV )

∥∥∥
0,Ω

≤ C

(
inf
τ∈V

∥∥∥α−1/2(σ − τ )
∥∥∥

0,Ω
+ |||u− ūU |||Ω

)

holds.
Proof. Denote the true errors of the solution and the flux by

e = u− ūU and E = σ − σV ,

respectively. Difference between (3.2) and (3.5) gives the following error equation:

b(E, τ ) = u(τ ) − ūU (τ ) ∀ τ ∈ V ,

where

(3.7) u(τ ) − ūU (τ ) = −(∇ e, τ ).

Using the above error equation and the Cauchy–Schwarz inequality yields∥∥∥α−1/2E
∥∥∥2

0,Ω
= b(E, E) = b(E, σ − τ ) + b(E, τ − σV )

≤
∥∥∥α−1/2E

∥∥∥
0,Ω

∥∥∥α−1/2(σ − τ )
∥∥∥

0,Ω
+ u(τ − σV ) − ūU (τ − σV )

∀ τ ∈ V . By the Cauchy–Schwarz and triangle inequalities, we have

|u(τ − σV ) − ūU (τ − σV )| = |(∇ e, τ − σV )|

≤
∥∥∥α1/2∇ e

∥∥∥
0,Ω

∥∥∥α−1/2(τ − σV )
∥∥∥

0,Ω

≤ |||e|||Ω
(∥∥∥α−1/2(τ − σ)

∥∥∥
0,Ω

+
∥∥∥α−1/2E

∥∥∥
0,Ω

)
.

Now, the error bound in (3.6) follows from the above inequalities and the ε inequality
(ab ≤ 1

2εa
2 + ε

2b
2).

3.1.2. Explicit approximation. In this subsection, we describe an explicit
approximation of the flux based on the RT0. Denote the set of all edges/faces of the
triangulation by

E := EΩ ∪ E
D
∪ E

N
,

where EΩ is the set of all interior element edges/faces and E
D

and E
N

are the set
of boundary edges/faces belonging to the respective ΓD and ΓN . For each e ∈ E ,
denote a unit vector normal to e by ne. When e ∈ E

D
∪ E

N
, assume that ne is the
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unit outward normal vector. The nodal basis function φe of RT0 corresponding to
e ∈ EΩ ∪ ED is characterized by

(3.8) φe · ne′ |e′ = δe e′ ∀ e, e′ ∈ E ,

where δe e′ is the Kronecker delta. For each interior edge/face e ∈ EΩ , let K+
e and

K−
e be the two elements sharing the common edge/face e such that the unit outward

normal vector of K+
e coincides with ne. Let a±

e be the vertices of K±
e opposite to e.

Then the nodal basis function of RT0 corresponding to e ∈ EΩ has of the form

(3.9) φe(x) :=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

|e|
d |K+

e |
(
x − a+

e

)
for x ∈ K+

e ,

− |e|
d |K−

e |
(x − a−

e ) for x ∈ K−
e ,

0 elsewhere,

where |e| and |K±
e | are the d − 1 and d measure of e and K±

e , respectively. For
boundary edge/face e ∈ E

D
, the corresponding nodal basis function is

(3.10) φe(x) :=

⎧⎪⎨
⎪⎩

|e|
d |K+

e |
(
x − a+

e

)
for x ∈ K+

e ,

0 elsewhere.

Let τ = −α(x)∇ ūU , define its approximation σ̂
RT0

(ūU ) in RT0 by

(3.11) σ̂RT0
(ūU ) =

∑
e∈EΩ∪E

D

σ̂e φe(x),

where σ̂e is the normal component of σ̂
RT0

on e ∈ EΩ ∪ E
D

defined by

(3.12) σ̂e :=

⎧⎨
⎩
γe

(
τ |

K̄+
e

· ne

) ∣∣
e
+ (1 − γe)

(
τ |

K̄−
e

· ne

) ∣∣
e

for e ∈ EΩ ,

τ |e · ne for e ∈ ED ,

for some constant γe ∈ [0, 1]. We choose

(3.13) γe =
√
αK−

e√
αK+

e
+ √

αK−
e

to ensure that the efficiency constant is independent of the ratio αmax/αmin (see
Theorem 4.3).

Remark 3.1. If the normal component of τ is continuously across edge/face e,
then the normal component of its approximation defined in (3.12) equals to the normal
component of τ ; i.e.,

σ̂e = τ |e · ne.

3.2. Error estimators. Let σV be the solution of problem (3.5), for any element
K ∈ T , define the following local a posteriori error indicator by

(3.14) ηV,K
=
∥∥∥α−1/2σV + α1/2∇ūU

∥∥∥
0,K

.
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Then the corresponding global a posteriori error estimator is

(3.15) ηV =

(∑
K∈T

(ηV,K )2
)1/2

=
∥∥∥α−1/2σV + α1/2∇ūU

∥∥∥
0,Ω

.

It is easy to see that

(3.16) ηV = min
τ∈V

∥∥∥α−1/2τ + α1/2∇ūU

∥∥∥
0,Ω

.

This estimator requires numerical solution of a system of linear equations with a
mass matrix. Such a system can be solved very efficiently by several sweeps of the
Jacobi iteration or better by preconditioned conjugate gradient method with the Ja-
cobi preconditioner. Note that this estimator does not require the alignment between
triangulations and the interfaces of the underlying problem. Hence, it can be applied
to problems with interfaces being curves/surfaces or having unknown locations.

Next, based on the explicit approximation in (3.11), we define explicit local a
posteriori error indicator by

(3.17) η̂
RT0,K

=
∥∥∥α−1/2σ̂

RT0
+ α1/2∇ūU

∥∥∥
0,K

for any K ∈ T and explicit global a posteriori error estimator by

(3.18) η̂
RT0

=

(∑
K∈T

(η̂
RT0,K

)2
)1/2

=
∥∥∥α−1/2σ̂

RT0
+ α1/2∇ūU

∥∥∥
0,Ω

.

This explicit estimator is similar to that introduced by Luce and Wolhmuth [19], but
they differ in the recovery procedure. The latter is more complicated, expensive, and
probably accurate than the former. Nevertheless, both the estimators are subject
to the alignment assumption between triangulations and interfaces. We study this
explicit estimator because it is used in our analysis and it is probably appealing to
the engineering community.

4. Reliability and efficiency bounds. In this section, we establish reliability
and efficiency bounds for both implicit and explicit estimators under the assumption
that triangulations align with interfaces.

4.1. Clément-type interpolation. Clément-type interpolation operators have
been intensively studied in the literature (see, e.g., [6, 25]), and they are often used
for establishing the reliability bound of a posteriori error estimators. In this section,
we follow [6] to define a weighted Clément-type interpolation operator and to state
its approximation and stability properties.

To this end, denote by N and NK the sets of all vertices of the triangulation T
and of element K ∈ T , respectively. For any z ∈ N , denote by φz the nodal basis
function, let ωz = suppt (φz), and denote by ω̂z the union of elements in ωz, where
the coefficient αK achieves the maximum for K ⊂ ωz. For a given function v, define
its weighted average over ω̂z by

(4.1) −
∫

ω̂z

v dx =

∫
ω̂z
v φz dx∫

ω̂z
φz dx

.
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Now, following [6], define the interpolation operator I : L2(Ω) → U0 by

(4.2) Iv =
∑
z∈N

(πzv)φz(x),

where the nodal value at z is defined by

(Iv)(z) = πzv =

{
−
∫

ω̂z
v dx z ∈ N \ ΓD,

0 z ∈ N ∩ ΓD.

Note that the weighted average in (4.1) implies

(4.3) (1, φz(v − πzv))ω̂z =
∫

ω̂z

φz(v − πzv) dx = 0 ∀ z ∈ N \ ΓD,

which will be used in the subsequent section in order to handle a term involving the
right-hand side function f .

In this and next subsections, assume that the Hypothesis 2.7 in [6] holds. That
is, assume that for any two different subdomains Ω̄i and Ω̄j, which share at least one
point, there is a connected path passing from Ω̄i to Ω̄j through adjacent subdomains
such that the diffusion coefficient α is monotone along this path. This assumption is
weakened to the quasi-monotonicity in [25].

Lemma 4.1. For any K ∈ T , z ∈ NK , and v ∈ H1
0,D(Ω), there exists a positive

constant C independent of the ratio αmax/αmin such that

(4.4) ‖(v − πzv)φz‖0,K ≤ C hKα
−1/2
K |||v|||ΔK

and that

(4.5) ‖(v − πzv)∇φz‖0,K ≤ C α
−1/2
K |||v|||ΔK ,

where ΔK is the union of all elements that share at least one vertex with K.
Proof. Using the following inequalities

‖∇φz‖∞,K ≤ C h−1
K and ‖∇φz‖0,K ≤ C h

(d−2)/2
K ,

(4.4) and (4.5) can be proved in a similar fashion as that in [6].
Lemma 4.2. For any K ∈ T and v ∈ H1

0,D(Ω), the following estimates hold:

(4.6) ‖v − Iv‖0,K ≤ C hKα
−1/2
K |||v|||ΔK

and

(4.7) ‖∇(v − Iv)‖0,K ≤ C α
−1/2
K |||v|||ΔK .

Proof. Using the identity
∑

z∈NK
φz(x) = 1 in K, we have

(4.8) ‖v − Iv‖0,K = ‖
∑

z∈NK

(v − πzv)φz‖0,K ≤
∑

z∈NK

‖(v − πzv)φz‖0,K

and

(4.9) ∇(v − Iv)
∣∣
K

= ∇
∑

z∈NK

(v − πzv)φz =
∑

z∈NK

φz∇v +
∑

z∈NK

(v − πzv)∇φz .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

RECOVERY-BASED ESTIMATOR FOR INTERFACE PROBLEMS 2141

Equation (4.6) is a direct consequence of (4.8), the triangle inequality, and (4.4).
Equation (4.7) follows from the triangle inequality, the fact that ‖φz‖∞,K ≤ 1, and
(4.5) that

‖∇(v − Iv)‖0,K ≤
∑

z∈NK

‖φz∇v‖0,K +
∑

z∈NK

‖(v − πzv)∇φz‖0,K

≤ d ‖∇v‖0,K + C
∑

z∈NK

α
−1/2
K |||v|||ΔK ≤ C α

−1/2
K |||v|||ΔK .

This completes the proof of the lemma.

4.2. Reliability. Let

Hf =

⎛
⎝ ∑

z∈N∩(F∪ΓD)

∑
K⊂ωz

α−1
K h2

K ‖f‖2
0,K +

∑
z∈N\(F∪ΓD)

∑
K⊂ωz

α−1
K h2

K

∥∥∥∥f −−
∫

ωz

f dx

∥∥∥∥
2

0,K

⎞
⎠

1/2

and

Ĥf =
∥∥∥α−1/2hf

∥∥∥ =

(∑
K∈T

α−1
K h2

K ‖f‖2
0,K

)1/2

.

Remark 4.1. The second term in Hf is a higher-order term for f ∈ L2(Ω) and so
is the first term for f ∈ Lp(Ω), with p > 2 (see [12]).

Lemma 4.3. For any v ∈ H1
0,D(Ω), there exists a positive constant C independent

of the ratio αmax/αmin such that

(4.10) |(f, v − Iv)| ≤ C Hf |||v|||
and that

(4.11) |(f, v − Iv)| ≤ C Ĥf |||v|||.
Proof. Equation (4.3) and the fact that ω̂z = ωz for z ∈ N \ (F ∪ ΓD) give

(1, φz(v − πzv))ωz = 0 ∀ z ∈ N \ (F ∪ ΓD),

which, together with
∑

z∈N φz(x) = 1 in Ω, gives

(f, v − Iv) =
∑
z∈N

(f, (v − πzv)φz)ωz

=
∑

z∈N∩(F∪ΓD)

(f, (v − πzv)φz)ωz +
∑

z∈N\(F∪ΓD)

(f, (v − πzv)φz)ωz

=
∑

z∈N∩(F∪ΓD)

(f, (v − πzv)φz)ωz

+
∑

z∈N\(F∪ΓD)

(
f −−

∫
ωz

f dx, (v − πzv)φz

)
ωz

=
∑

z∈N∩(F∪ΓD)

∑
K⊂ωz

(f, (v − πzv)φz)K

+
∑

z∈N\(F∪ΓD)

∑
K⊂ωz

(
f −−

∫
ωz

f dx, (v − πzv)φz

)
K

.

Now, (4.10) is a direct consequence of the Cauchy–Schwarz inequality and (4.4).
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Equation (4.11) follows from the identity

(f, v − Iv) =
∑
z∈N

∑
K⊂ωz

(f, (v − πzv)φz)K ,

the Cauchy–Schwarz inequality, and (4.4).
Theorem 4.1. Assume that ūU = uU is the solution of (2.4). Then the estimator

ηV defined in (3.15) satisfies the following global reliability bound:

(4.12) |||e||| ≤ C (ηV +Hf )

and the following bound:

(4.13) |||e|||2 ≤ Cr

(
η2
V + Ĥ2

f

)
,

where C and Cr are constants independent of the ratio αmax/αmin.
Proof. It follows from the orthogonality property of the finite element solution,

integration by parts, (2.1), and the Cauchy–Schwarz inequality that

|||e|||2 = a(e, e− Ie) = (α∇ (u − uU ),∇(e− Ie))

= (α∇u+ σV ,∇ (e− Ie)) − (σV + α∇uU , ∇ (e− Ie))

≤ (f −∇ · σV , e− Ie) + ηV |||e− Ie|||,

which, combining with the fact that ∇· (α(x)∇uU )|K = 0 ∀ K ∈ T , (4.7), (4.10), and
the Cauchy–Schwarz inequality, implies

|||e|||2 ≤ (f, e− I e) −
∑
K∈T

(∇ · (σV + α∇uU ), e− I e)K + C ηV |||e|||

≤ C (Hf + ηV ) |||e||| +
(∑

K∈T
h2

K

∥∥∥∇ ·
(
α−1/2σV + α1/2∇uU

)∥∥∥2

0,K

)1/2

(∑
K∈T

h−2
K αK‖e− Ie‖2

0,K

)1/2

.

Using the inverse inequality and (4.6), we then have

|||e|||2 ≤ C (Hf + ηV ) |||e||| + C ηV |||e||| = C (Hf + ηV ) |||e|||,

which leads to (4.12).
Using (4.11) instead of (4.10), one can prove the validity of (4.13) in the same

way.
Theorem 4.2. Under the same assumption of Theorem 4.1, the explicit estimator

η̂
RT0

defined in (3.18) satisfies the following global reliability bound:

(4.14) |||e||| ≤ C
(
η̂

RT0
+Hf

)
and the following bound:

(4.15) |||e|||2 ≤ Cr

(
η̂2

RT0
+ Ĥ2

f

)
,

where C and Cr are constants independent of the ratio αmax/αmin.
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Proof. The reliability bounds in (4.14) and (4.15) are an immediate consequence
of the respective (4.12) and (4.13) and the fact that

η̂
RT0

≥ min
τ∈RT0

∥∥∥α(x)−1/2τ + α(x)1/2∇uU

∥∥∥
0,Ω

= η
RT0

.

This completes the proof of the theorem.

4.3. Efficiency. For any e ∈ EΩ and any vector-valued function ρ that is piece-
wise constant with respect to the triangulation T , denote the jump of the normal
component of ρ across e = K+

e ∩K−
e by

Je(ρ) = [ρ · ne] = (ρ|K+
e
− ρ|K−

e
) · ne |e.

For any e ∈ E\EΩ, set

Je(ρ) = 0.

For any e ∈ E , denote by ωe the union of all elements that share edge/face e. Define
a modification of the edge error estimator as follows:

(4.16) ηE :=

(∑
e∈E

η2
e

)1/2

, with ηe =

(
2he

αK+
e

+ αK−
e

∫
e

|Je(α∇uU )|2 ds
)1/2

,

where he is the diameter of edge/face e. Without assumptions on the distribution
of the coefficient α, it was proved by Petzoldt (see equation (5.7) in [25]) that there
exists a constant C > 0 independent of αmax/αmin, hK , and he, such that

(4.17) η2
e ≤ C

(
|||e|||2ωe

+
∑

K∈T ∩ωe

h2
K

αK+
e

+ αK−
e

∥∥f − f̄K

∥∥2

0,K

)
,

where f̄K is the average of f over K:

f̄K =
1
|K|

∫
K

f dx.

Lemma 4.4. For any element K ∈ T , the constant vector τ on K has the
following representation in RT0:

(4.18) τ =
∑

e∈∂K

τe,K φe(x),

where τe,K = (τ |K · ne)|e is the normal component of τ on edge e.
Proof. Since constant vector on K belongs to RT0(K), τ can be written as

τ =
∑

e∈∂K

τe,K φe(x).

Now, using (3.8) yields τe = (τ |K · ne)|e and hence, the lemma.
Theorem 4.3. There exists a constant C > 0 independent of αmax/αmin such

that

(4.19) η̂2
RT0,K

≤ C

(
|||e|||2ωK

+
∑

T∈T ∩ωK

h2
T

αT

∥∥f − f̄T

∥∥2

0,T

)
,
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where ωK is the union of elements sharing a common edge/face with K and that

(4.20) η
BDM1

≤ η
RT0

≤ η̂
RT0

≤ C |||e|||Ω + C

(∑
K∈T

h2
K

αK

∥∥f − f̄K

∥∥2

0,K

)1/2

.

Proof. For any element K ∈ T and for any edge/face e ∈ ∂K, without loss of
generality assume that ne is the outward unit vector normal to ∂K. Denote by Ke the
adjacent element with common edge/face e. Let τ = −α∇uU , then, for any x ∈ K,
(3.11), (3.12), (3.13), and (4.18) give

σ̂
RT0

− τ =
∑

e∈∂K

(σ̂e − τe,K) φe(x)

=
∑

e∈∂K\∂Ω

(1 − γe) (τe,Ke − τe,K) φe(x)

= −
∑

e∈∂K\∂Ω

(1 − γe)Je(τ )φe(x) = −
∑

e∈∂K\∂Ω

√
αK√

αK + √
αKe

Je(τ )φe(x).

Since Je(τ ) is constant in K and ‖φe(x)‖2
0,K ≤ C|K|, it then follows from the triangle

inequality that

η̂2
RT0,K

=
∥∥∥α−1/2

(
σ̂RT0

− τ
)∥∥∥2

0,K
≤ C

∑
e∈∂K\∂Ω

1(√
αK + √

αKe

)2 ‖Je(τ )φe(x)‖2
0,K

≤ C
∑

e∈∂K\∂Ω

1
αK + αKe

|Je(τ )|2 ‖φe(x)‖2
0,K

≤ C
∑

e∈∂K\∂Ω

η2
e ,(4.21)

which, together with (4.17), implies (4.19).
The first two inequalities in the global efficiency bound (4.20) follow from the

fact that RT0 ⊂ BDM1 and (3.16), respectively. To prove the third one in (4.20),
summing up (4.19) over all K ∈ T gives

η̂2
RT0

=
∑
K∈T

∥∥∥α−1/2σ̂
RT0

+ α1/2∇uU

∥∥∥2

0,K
≤ C

∑
K∈T

(
|||e|||2ωK

+
∑

T∈T ∩ωK

h2
T

αT

∥∥f − f̄T

∥∥2

0,T

)

≤ C |||e|||2 + C

(∑
K∈T

h2
K

αK

∥∥f − f̄K

∥∥2

0,K

)
,

which, in turn, implies (4.20). This completes the proof the theorem.

5. Numerical experiments. In this section, we report some numerical results
for an interface problem with intersecting interfaces used by many authors, e.g., [18,
20, 14], which is considered as a benchmark problem. Let Ω = (−1, 1)2 and

u(r, θ) = rβμ(θ)
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in the polar coordinates at the origin with

μ(θ) =

⎧⎪⎪⎨
⎪⎪⎩

cos((π/2 − σ)β) · cos((θ − π/2 + ρ)β) if 0 ≤ θ ≤ π/2,
cos(ρβ) · cos((θ − π + σ)β) if π/2 ≤ θ ≤ π,
cos(σβ) · cos((θ − π − ρ)β) if π ≤ θ ≤ 3π/2,
cos((π/2 − ρ)β) · cos((θ − 3π/2 − σ)β) if 3π/2 ≤ θ ≤ 2π,

where σ and ρ are numbers. The function u(r, θ) satisfies the interface equation in
(2.1) with ΓN = ∅, f = 0, and

α(x) =

{
R in (0, 1)2 ∪ (−1, 0)2,

1 in Ω \ ([0, 1]2 ∪ [−1, 0]2).

The numbers β, R, σ, and ρ satisfy some nonlinear relations (e.g., [20, 14]). For
example, when β = 0.1, then

R ≈ 161.4476387975881, ρ = π/4, and σ ≈ −14.92256510455152.

Note that when β = 0.1, this is a difficult problem for computation.
Remark 5.1. This problem does not satisfy Hypothesis 2.7 in [6], and the distri-

bution of its coefficients is not quasi monotone.
Starting with a coarse triangulation T0, a sequence of meshes is generated by

using standard adaptive meshing algorithm that adopts the Dörfler’s bulk marking
strategy, i.e., Marking Strategy E described in section 7.1 of [16] with θE = 0.2. The
choice of θE = 0.2 is not critical but recommended in [14] for better performance.
Marked triangles are refined regularly by dividing each into four congruent triangles.
Additionally, irregularly refined triangles are needed in order to make the triangulation
admissible. For more details on adaptive mesh refinement algorithms, see, e.g., [11, 7].

Note that the solution u(r, θ) is only in H1+β−ε(Ω) for any ε > 0, and hence, it
is very singular for small β at the origin. This suggests that refinement is centered
around the origin. The true error can be computed by

err :=
∥∥∥α1/2∇(u − uU )

∥∥∥2

0,Ω
=
∫

∂Ω

α(n · ∇u)(u− 2uU )ds+
∑
K∈T

∥∥∥α1/2∇uU

∥∥∥2

0,K
.

Since the true solution u is very smooth near the boundary, the integrations on the
boundary can be computed very accurately. The relative error estimator will be
calculated as the ratio of the estimator and ‖α1/2∇u‖0,Ω:

eff-index :=
η

‖α1/2∇(u − uU )‖0
,

which is the so-called effectivity index. We will use the following stopping criteria:

rel-err :=
∥∥∥α1/2∇(u− uU )

∥∥∥
0,Ω

/∥∥∥α1/2∇u
∥∥∥

0,Ω
≤ tol.

Denote by k the number of levels of refinement and by n the number of vertices of
triangulation.

Numerical experiments here will also involve the following error estimators:
(1) ZZ gradient recovery-based estimator [35]:

(5.1) ηZZ,f,K = ‖G(∇uU ) −∇uU ‖0, K ,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2146 ZHIQIANG CAI AND SHUN ZHANG

Table 5.1

Comparison of estimators for relative error less than 0.5.

k n Err Rel-err η Eff-index

ηZZ,g 57 1386 0.2697 0.4773 0.0612 0.2271

ηZZ,f 21 150 0.2824 0.4998 1.7886 6.3333

ηC 24 153 0.2786 0.4932 1.8485 6.6337
ηBV 23 242 0.2702 0.4782 0.5976 2.2121
ηRT 27 221 0.2726 0.4824 0.2212 0.8118

ηBDM 18 196 0.2736 0.4845 0.1761 0.6434

where G(∇uU ) ∈ Ud and its nodal value at vertex z ∈ N is defined by

(G(∇uU ))z =
1

|ωz|

∫
ωz

∇uU dx.

(2) ZZ flux recovery-based error estimator [35]:

(5.2) ηZZ,f,K =
∥∥∥α−1/2(G(−α∇uU ) + α∇uU )

∥∥∥
0, K

,

where G(−α∇uU ) ∈ Ud and its nodal value at vertex z ∈ N is defined by

(G(−α∇uU ))z =
1

|ωz|

∫
ωz

−α∇uU dx.

(3) Carstensen flux recovery-based error estimator [9]:

(5.3) ηC = min
τ∈Ud

∥∥∥α−1/2(α∇uU + τ )
∥∥∥

0,Ω
.

(4) Bernardi-Verfürth (BV) error estimator [6] (an improved explicit residual
based estimator for diffusion problems):
(5.4)

ηBV,K :=

(
1
2

∑
e∈∂K

heα
−1/2
e ‖[α∇uU ]e · n‖2

0,e + h2
Kα

−1
K ‖f + ∇ · (α∇uU )‖2

0,K

)1/2

,

where αe = maxK∈ωe(αK).
Since f = 0 in this example, the BV estimator may also be viewed as an edge esti-
mator.

In the first set of numerical experiments, triangulations align with interfaces of
the problem. In particular, we start with the coarsest triangulation T0 obtained from
halving 16 congruent squares by connecting the bottom left and upper right corners.
We report numerical results with the stopping criteria tol = 0.5, tol = 0.15, and
tol = 0.1. For tol = 0.5, Table 5.1 shows that the ηZZ,g estimator needs about six
times as many grid points as the rest estimators. Comparing Figures 5.1 and 5.2, it is
clear that the ηZZ,g estimator introduces unnecessary refinements along the interfaces.

For tol = 0.15, the ηZZ,g estimator will generate too many grid points for com-
puters to handle. Numerical results for the rest estimators are reported in Table 5.2.
Figures 5.3 and 5.4 show that both the estimators ηZZ,f and ηC overrefine regions
along the interfaces. This is because the tangential component of the flux is discon-
tinuous, but the recovered flux has continuous tangential component.
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Fig. 5.1. Mesh generated by ηZZ,g. Fig. 5.2. Mesh generated by ηRT .

Table 5.2

Comparison of estimators for relative error less than 0.15.

k n Err Rel-err η Eff-index

ηZZ,f 137 7593 0.0847 0.1500 0.3818 4.5055

ηC 135 6905 0.0847 0.1500 0.3629 4.2821
ηBV 54 1641 0.0826 0.1462 0.2628 3.1819
ηRT 60 1676 0.0843 0.1491 0.0959 1.1385

ηBDM 54 1652 0.0846 0.1498 0.0695 0.8212

Fig. 5.3. Mesh generated by ηZZ,f . Fig. 5.4. Mesh generated by ηC .

Table 5.3

Comparison of estimators for relative error less than 0.1.

k n Err Rel-err η Eff-index

ηBV 65 3475 0.0542 0.0959 0.1827 3.3723
ηRT 69 3467 0.0563 0.0996 0.0671 1.1930

ηBDM 64 3454 0.0559 0.0989 0.0473 0.8466

For tol = 0.1, both the estimators ηZZ,f and ηC fail. Numerical results for the
rest estimators are reported in Table 5.3 and Figures 5.5–5.10. Meshes generated by
ηBV , ηRT , and ηBDM are similar. By inspecting the effectivity index, both ηRT and
ηBDM are more accurate than ηBV , and they are possibly asymptotically exact.
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Fig. 5.5. Mesh generated by ηBV .
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Fig. 5.6. Error versus estimator ηBV .

Fig. 5.7. Mesh generated by ηRT .
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Fig. 5.8. Error versus estimator ηRT .

Fig. 5.9. Mesh generated by ηBDM .
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Fig. 5.10. Error versus estimator ηBDM .

The BV estimator ηBV is subject to the assumption that the interfaces do not cut
through any element of triangulations and so is the analysis presented in section 4 for
the estimators introduced in this paper. However, it is easy to see that the estimator
ηV defined in (3.15) is free of this assumption. In practice, it is important to consider
the case that triangulations do not align with interfaces because this happens when
interfaces are curves/surfaces or their locations are unknown. Hence, the purpose of
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Fig. 5.11. An initial mesh: Two horizontal
lines are y = 0.5 and y = −0.5.

Fig. 5.12. An initial mesh: Two horizontal
lines are y = 0.31415926 and y = −0.5.

Table 5.4

Estimator ηRT with the initial mesh in Figure 5.11.

k n Err Rel-err η Eff-index

ηRT 59 3831 0.0546 0.0966 0.0644 1.1804

Fig. 5.13. Mesh generated by ηRT with the
initial mesh Figure 5.11.
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Fig. 5.14. Error versus estimator ηRT with
the initial mesh Figure 5.11.

the second set of numerical experiments is to test our estimator ηRT for initial meshes
not aligning with the interfaces. Consider two initial meshes depicted in Figures 5.11
and 5.12, where two horizontal lines, y = 0.5 and y = −0.5 in Figure 5.11 and
y = 0.31415926 and y = −0.5 in Figure 5.12, do not coincide with the interface y = 0.

For the initial mesh in Figure 5.11, several steps of refinements generate a trian-
gulation that aligns with the interface y = 0. Hence, numerical results depicted in
Table 5.4 and Figures 5.13 and 5.14 are in a good agreement with those reported previ-
ously. For the initial mesh in Figure 5.12, we choose the horizontal line y = 0.31415926
so that refinements never generate a triangulation that aligns with the interface y = 0.
Numerical results for this test are reported in Table 5.5 and Figures 5.15 and 5.16.
As expected (see Figure 5.15), the mesh is refined along the interface y = 0 due to
the nonalignment of the meshes and the interface.
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Table 5.5

Estimator ηRT with the initial mesh in Figure 5.12.

k n Err Rel-err η Eff-index

ηRT 78 11249 0.0558 0.0988 0.0641 1.1480

Fig. 5.15. Mesh generated by ηRT with ini-
tial mesh Figure 5.12.

10
1

10
2

10
3

10
4

10
5

10
−2

10
−1

10
0

10
1

η rt
/ |

|A
1/

2 ∇
 u

|| 0   
an

d 
   

||A
1/

2 (∇
 u

 −
∇

 u
h) 

|| 0 / 
||A

1/
2 ∇

 u
|| 0

number of nodes

η
rt
/ ||A1/2∇ u||

0

||A1/2(∇ u −∇ u
h
) ||

0
/ ||A1/2∇ u||

0

reference line with slope −1/2

Fig. 5.16. Error versus estimator ηRT with
initial mesh Figure 5.12.

6. Adaptive method. This section proposes an adaptive finite element method
and analyzes its convergence. Quantities we used for marking elements for refinement
are different from those in [16, 20], and hence, convergence of our adaptive algorithm
is not subject to constraints on either the sufficiently small initial mesh [16] or the
interior nodes in the refined elements [20].

6.1. Adaptive algorithm. Given an initial triangulation T0, a sequence of
nested conforming triangulations Tk is generated through the following loop:

Solve −→ Estimate −→ Mark −→ Refine.

The Solve step solves (2.4) in the finite element space corresponding to the tri-
angulation Tk for the discrete solution uk ∈ Ug(k), where Ug(k) is the finite element
space defined on Tk accordingly. Here and thereafter, we shall explicitly express the
dependence of a quantity on k by either the subscript like uk or the variable like Ug(k).

The Estimate step computes some quantities, and the Mark step is to mark
elements, where those quantities are large, for refinement. The choice of the quantities
used for marking elements is crucial for convergence analysis of the corresponding
adaptive algorithms. For example, Dörfler in [16] uses only local indicators (edge-
based), and convergence of his algorithm is subject to the sufficiently small initial
mesh; Morin, Nochetto, and Siebert in [20] use both local indicators (residual-based)
and oscillations, and hence, their algorithm is no longer subject to the initial mesh
constraint but is under the interior node assumption. In this paper, we propose to use
both local indicators ηK (k) (edge- and recovery-based) and weighted element residuals
‖α−1/2h(k)f‖0,K = α

−1/2
K hK(k)‖f‖0,K ∀ K ∈ Tk. Then the corresponding marking

strategies are as follows:
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• Marking Strategy E : Giving a parameter 0 < θE < 1, construct a minimal
subset T̂k of Tk such that

(6.1)
∑

K∈T̂k

η2
K

(k) ≥ θ2Eη
2(k),

where η2(k) =
∑

K∈Tk
η2

K
(k);

• Marking Strategy R: Giving a parameter 0 < θ0 < 1 and the subset T̂k ⊂ Tk

produced by the Marking Strategy E, enlarge T̂k to a minimal set (denoted
again by T̂k) such that

(6.2)
∑

K∈T̂k

∥∥∥α−1/2h(k)f
∥∥∥2

0,K
≥ θ20

∥∥∥α−1/2h(k)f
∥∥∥2

0,Ω
.

Finally, the Refine step is to refine the elements in T̂k obtained in Marking Strat-
egy R to generate a new triangulation Tk+1 such that U0(k) ⊂ U0(k+1) and that each
of its edges/faces contains a node of the finer mesh Tk+1 in their interior. Note that
some elements in Tk \ T̂k adjacent to elements in T̂k are also refined to avoid hanging
nodes. Note also that new interior nodes in the elements in T̂k are not required.

In summary, the adaptive finite element algorithm may be defined as follows.
Adaptive algorithm. For a given initial mesh T0, choose parameters θE , θ0 ∈

(0, 1). For k = 0, 1, 2, . . . , perform
(1) uk = Solve (Tk, f, g, α(x)).
(2) {η

K
(k), ‖α−1/2h(k)f‖0,K}K∈Tk

= Estimate (Tk, uk, f, g, α(x)).
(3) T̂k = Mark (θE , θ0; Tk, {ηK

(k), ‖α−1/2h(k)f‖K}K∈Tk
).

(4) Tk+1 = Refine (Tk, T̂k).

6.2. Convergence analysis. The analysis presented here is similar to that of
[20]. To establish the convergence of the adaptive method, we start with the following
assumptions on a posteriori error estimators.

Assumption R. Assume that there exists a positive constant Cr such that

(6.3) |||u − uk|||2Ω ≤ Cr

(
η2(k) +

∥∥∥α−1/2h(k)f
∥∥∥2

0,Ω

)

for k = 1, 2, . . . .
Assumption E. Assume that there exists a positive constant Cl such that

(6.4) Clθ
2
Eη

2(k) ≤ |||uk+1 − uk|||2Ω +
∥∥∥α−1/2h(k)f

∥∥∥2

0,Ω

for k = 1, 2, . . . .
The Assumption R is similar to but weaker than the global reliability bound.

This bound is established for the estimators introduced in this paper in section 4.2
and for the edge estimator defined in (4.16) (see the proof of Theorem 5.3 in [25])
with Cr independent of the size of jumps. It also holds for the ZZ estimator, but the
constant Cr depends on the size of jumps (see, e.g., [28]). The Assumption E will be
verified in the next section for various estimators.

Lemma 6.1. Under the Assumptions R and E, we have

(6.5) |||uk+1 − uk|||2Ω ≥ δ1|||u − uk|||2Ω − (1 + δ0)
∥∥∥α−1/2h(k)f

∥∥∥2

0,Ω
,

where δ0 = Clθ
2
E and δ1 = δ0/Cr ∈ (0, 1).
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Proof. Equation (6.5) is a direct consequence of the Assumptions R and E.
Next, we show that the weighted element residual ‖α−1/2h(k)f‖0,Ω as a function

of the refinement level k is monotonically decreasing.
Lemma 6.2. Let 0 < γ0 < 1 be the reduction factor of element size associated

with one refinement step. Let T̂k be a subset of Tk satisfying Marking Strategy R.
If Tk+1 is generated by the Refine step from Tk, then the following element residual
reduction occurs:

(6.6)
∥∥∥α−1/2h(k + 1)f

∥∥∥
0,Ω

≤ ζ
∥∥∥α−1/2h(k)f

∥∥∥
0,Ω

,

with ζ =
√

1 − (1 − γ2
0) θ20.

Proof. Denote the collection of elements in Tk+1 contained in elements of T̂k by

T̃k+1 =
{
K ∈ Tk+1 |K ⊂ K̂ ∈ T̂k

}
.

By the assumption of the lemma, we have

hK(k + 1) ≤ γ0 hK̂(k) ∀ K ∈ T̃k+1,

which, combining with αK = αK̂ for K ∈ T̃k+1, implies∑
K∈T̃k+1

α−1
K h2

K(k + 1)‖f‖2
0,K ≤ γ2

0

∑
K̂∈T̂k

α−1

K̂
h2

K̂
(k)‖f‖2

0,K̂

= γ2
0

⎛
⎝∥∥∥α−1/2h(k)f

∥∥∥2

0,Ω
−

∑
K∈Tk\T̂k

α−1
K h2

K(k)‖f‖2
0,K

⎞
⎠ .(6.7)

Note that

Tk+1 \ T̃k+1 =
{
K ∈ Tk+1 |K ∈ Tk \ T̂k or K ⊂ K̂ ∈ Tk \ T̂k

}
and that for any K ∈ Tk+1 \ T̃k+1,

α
−1/2
K hK(k + 1) = α

−1/2
K hK(k) if K ∈ Tk

or

α
−1/2
K hK(k + 1) ≤ α

−1/2

K̂
hK̂(k) if K ⊂ K̂ ∈ Tk \ T̂k.

Hence, ∑
K∈Tk+1\T̃k+1

α−1
K h2

K(k + 1)‖f‖2
0,K ≤

∑
K∈Tk\T̂k

α−1
K h2

K(k)‖f‖2
0,K ,

which, together with (6.7), yields∥∥∥α−1/2h(k + 1)f
∥∥∥2

0,Ω
=

∑
K∈T̃k+1

α−1
K h2

K(k + 1)‖f‖2
0,K +

∑
K∈Tk+1\T̃k+1

α−1
K h2

K(k + 1)‖f‖2
0,K

≤ γ2
0

∥∥∥α−1/2h(k)f
∥∥∥2

0,Ω
+ (1 − γ2

0)
∑

K∈Tk\T̂k

α−1
K h2

K(k)‖f‖2
0,K .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

RECOVERY-BASED ESTIMATOR FOR INTERFACE PROBLEMS 2153

Combining with the following consequence of (6.2),

∑
K∈Tk\T̂k

α−1
K h2

K(k)‖f‖2
0,K ≤ (1 − θ20)

∥∥∥α−1/2h(k)f
∥∥∥2

0,Ω

gives the validity of (6.6). This completes the proof of the lemma.
Now, we are ready to establish the error reduction property of the adaptive finite

element method. For convenience, we introduce some matrix notations. For a vector
yk = (y1, y2)t and a matrix B = (bij)2×2, denote by

‖yk‖l2 =
√
y2
1 + y2

2 and ρ(B) = max |λ(B)|

the respective l2 norm and spectral radius, where λ(B) denotes the eigenvalue of B.
Theorem 6.1. Let δ = max{

√
1 − δ1, ζ} with δ1 and ζ given in the respective

Lemmas 6.1 and 6.2. Under the Assumption R and Assumption E, the sequence {uk}
generated by the adaptive finite element method satisfies the following error reduction
property:

(6.8) |||u− uk|||Ω ≤ C0δ
k,

with C0 =
√
|||u− u0|||2Ω + ‖α−1/2h(0)f‖2

0,Ω.
Proof. Since U0(k) ⊂ U0(k + 1), it follows from the orthogonal property of the

finite element approximations and Lemma 6.1 that

|||u− uk|||2Ω = |||u − uk+1|||2Ω + |||uk+1 − uk|||2Ω

≥ |||u − uk+1|||2Ω + δ1 |||u− uk|||2Ω − (1 + δ0)
∥∥∥α−1/2h(k)f

∥∥∥2

0,Ω
,

which implies

(6.9) |||u− uk+1|||2Ω ≤ (1 − δ1) |||u− uk|||2Ω + (1 + δ0)
∥∥∥α−1/2h(k)f

∥∥∥2

0,Ω
.

Let yk = (|||u− uk|||Ω, ‖α−1/2h(k)f‖0,Ω)t and

B =

(
1 − δ1 1 + δ0

0 ζ

)
,

then (6.9) and Lemma 6.2 lead to

yk ≤ B yk−1 = Bk y0.

Hence,

|||u − uk|||Ω ≤ ‖yk‖l2 ≤ ρ
(
Bk
)
‖y0‖l2 .

Now, (6.8) is an immediate consequence of the facts that

ρ(Bk) = max
{
(1 − δ1)k/2, ζk

}
= δk and C0 = ‖y0‖l2 .

This completes the proof of the theorem.
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6.3. Assumption E. In this section, we verify the Assumption E for several
estimators. For simplicity, we analyze only problem (2.1) with pure homogeneous
Dirichlet boundary conditions, i.e., g = 0 and ΓD = ∂Ω in (2.2). The extension to
mixed boundary conditions for the estimators analyzed in section 4 is straightforward.

Let ηe(k) be the edge estimator defined in (4.16); the following lemma establishes
a local upper bound. The proof here is similar to those in [16, 20].

Lemma 6.3. For every e ∈ Ek containing a vertex of Tk+1 as its interior point,
there exists a positive constant C such that

(6.10) η2
e(k) ≤ C

(
|||uk+1 − uk|||2ωe

+
∥∥∥α−1/2h(k)f

∥∥∥2

0,ωe

)
.

Proof. For any v ∈ U0(k + 1), the orthogonality property of the finite element
approximation uk+1 implies

a(uk+1 − uk, v) = a(uk+1 − u, v) + a(u− uk, v) = a(u− uk, v),

which, together with integration by parts, (2.1), the fact that ∇ · (α(x)∇uk)|K =
0 ∀ K ∈ Tk, and the continuity of the normal component of the exact flux, gives

(6.11) a(uk+1 − uk, v) = a(u− uk, v) =
∑

K∈Tk

∫
K

fv dx+
∑
e∈Ek

∫
e

Je(α(x)∇uk) v ds.

Since α(x) is a piecewise constant, then Je(α(x)∇uk) on each e ∈ Ek is a constant
denoted by je. Let ψe ∈ U0(k + 1) be the nodal basis function associated with one of
interior nodes on e, then it is easy to see that

supp (ψe) ⊂ ωe, ψe|e′ = 0 ∀ e �= e′ ∈ Ek, ‖ψe‖0,ωe ≤ Che(k),

‖∇ψe‖0,ωe ≤ C, and
∫

e ψe ds ≥ C he(k),

where ωe = K+
e ∪K−

e and C is a positive constant independent of he(k). Choosing
v = jeψe in (6.11), we then have

C he(k) |je|2 ≤
∫

e

j2eψe ds = a(uk+1 − uk, jeψe) −
∫

ωe

fjeψe dx

≤ C
(
αK+

e
+ αK−

e

)1/2

|je|
(
|||uk+1 − uk|||ωe +

∥∥∥α−1/2h(k)f
∥∥∥

0,ωe

)
.

Hence,

ηe(k) =
√

2|je|he(k)(
αK+

e
+ αK−

e

)−1/2
≤ C

(
|||uk+1 − uk|||ωe +

∥∥∥α−1/2h(k)f
∥∥∥

ωe

)
,

which leads to (6.10) and hence, the proof of the lemma.
Lemma 6.4. For all K ∈ T̂k, there exists a positive constant C such that

η̂2
RT0,K

(k) ≤ C

(
|||uk+1 − uk|||2ωK

+
∥∥∥α−1/2h(k)f

∥∥∥2

0,ωK

)
.(6.12)

Proof. Equation (6.12) is a direct consequence of Lemma 6.3 and the respective
(4.21).
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With the local discrete bounds in Lemmas 6.3 and 6.4, it is then straightforward
to show the validity of the Assumption E.

Lemma 6.5. The Assumption E is valid for the estimators ηe(k) and η̂
RT0

(k).
Proof. Since ωK contains at most d + 2 elements, it then follows from (6.1) and

(6.12) that

θ2E η̂
2
RT0

(k) ≤
∑

K∈T̂k

η̂2
RT0,K

(k) ≤ C
∑

K∈T̂k

(
|||uk+1 − uk|||2ωK

+
∥∥∥α−1/2h(k)f

∥∥∥2

0,ωK

)

≤ (d+ 2)C
(
|||uk+1 − uk|||2Ω +

∥∥∥α−1/2h(k)f
∥∥∥2

0,Ω

)
,

which proves the validity of the Assumption E with Cl = (C (d+ 2))−1 for the estima-
tors η̂RT0

(k). It may be proved in the same fashion for the estimator
ηe(k).
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