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Scalar Elliptic Equations

Scalar Elliptic Equations

@ Scalar Elliptic Equations

—V- (AX)Vu)+b-Vu+cu=Ff inQcR?
with boundary conditions

u=0 onlp and n-AVu=0 only

@ Let Xv=Db-Vv+ cv, rewrite the equation as

—V- (AX)VUu)+Xu=Ff inQcRrR?

@ Diffusion Dominant Case only PURDUE
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L2 Projection Recovery Estimators L2 Projection Recovery Estimators

Higher-order Finite Elements?

Projection Recovery

@ The finite element solution uy, € Uy, Uy (k > 1) is the
piecewise continuous k — th degree polynomial finite
element space.

(AVUp, VV) + (Xup, v) = (f,v) Vv e U
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Higher-order Finite Elements?

Projection Recovery

@ The finite element solution uy, € Uy, Uy (k > 1) is the
piecewise continuous k — th degree polynomial finite
element space.

(AVUp, VV) + (Xup, v) = (f,v) Vv e U

@ Quantity to recover: the flux 0 = —AVu € H(div)
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L2 Projection Recovery Estimators L2 Projection Recovery Estimators

Higher-order Finite Elements?

Projection Recovery

@ The finite element solution uy, € Uy, Uy (k > 1) is the
piecewise continuous k — th degree polynomial finite
element space.

(AVUp, VV) + (Xup, v) = (f,v) Vv e U

@ Quantity to recover: the flux 0 = —AVu € H(div)
@ Recovered flux o, lies in H(div) conforming finite element
space RTy_ 1 or BDM.
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L2 Projection Recovery Estimators L2 Projection Recovery Estimators

Higher-order Finite Elements?

Projection Recovery

@ The finite element solution uy, € Uy, Uy (k > 1) is the
piecewise continuous k — th degree polynomial finite
element space.

(AVUp, VV) + (Xup, v) = (f,v) Vv e U

@ Quantity to recover: the flux o = —AVu € H(div)

@ Recovered flux o, lies in H(div) conforming finite element
space RTy_ 1 or BDM.

@ Find oy € RT,_1/BDMj, s.t.

(A 'op, 7) = —(Vup,7) V71 € RTx_1/BDMy
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L2 Projection Recovery Estimators L2 Projection Recovery Estimators

Higher-order Finite Elements?

Projection Error Estimators

@ [? projection error estimator

€2 = |[AY2Vup + A 20400
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L2 Projection Recovery Estimators L2 Projection Recovery Estimators

Higher-order Finite Elements?

Projection Error Estimators

@ [? projection error estimator

€2 = |[AY2Vup + A 20400

@ When Linear Elements and Diffusion Dominated, even for
discontinuous A

€12 ~ ||AV2V (U — un)lo0
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L2 Projection Recovery Estimators L2 Projection Recovery Estimators

Higher-order Finite Elements?

Existing recovery based error estimators for higher
order finite elements

@ (Bank, Xu, and B. Zhang 2007)
Superconvergence, gradient recovery

@ (Naga and Z. Zhang 2005)
Polynomial Preserving Recovery of the gradient on mildly
structured mesh

@ (Bartels and Carstensen 2002)
Averaging Scheme for the gradient, Poisson equations
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L2 Projection Recovery Estimators L2 Projection Recovery Estimators

Higher-order Finite Elements?

Wh recovery works for linear elements?
y y

@ Residual based error estimator:

Nres = Y, el [AVURN] |5 o+ Y hi[|f+V-(AVUp)—Xup|ff
ec& KeT
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L2 Projection Recovery Estimators L2 Projection Recovery Estimators

Higher-order Finite Elements?

Why  recovery works for linear elements?

@ Residual based error estimator:

Nhes = Y helllAVURN (I3 o+ > || f+V-(AVUR)—Xun|1§
ec& KeT

@ (Carstensen and Verfirth 1999), for the linear element
case, edge jump terms are dominant, and element residual
terms are higher order terms.

PURDUE

Zhigiang Cai, Shun Zhang Recovery-Based A Posteriori Error Estimators



L2 Projection Recovery Estimators L2 Projection Recovery Estimators

Higher-order Finite Elements?

Why  recovery works for linear elements?

@ Residual based error estimator:

Nres = Y, el [AVURN] |5 o+ Y hi[|f+V-(AVUp)—Xup|ff
ec& KeT

@ (Carstensen and Verfirth 1999), for the linear element
case, edge jump terms are dominant, and element residual
terms are higher order terms.

® 77edge Zees he||[AVUh n]”o e
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L2 Projection Recovery Estimators L2 Projection Recovery Estimators

Higher-order Finite Elements?

Why  recovery works for linear elements?

@ Residual based error estimator:

Nres = Y, el [AVURN] |5 o+ Y hi[|f+V-(AVUp)—Xup|ff
ec& KeT

@ (Carstensen and Verfirth 1999), for the linear element
case, edge jump terms are dominant, and element residual
terms are higher order terms.

® 77edge Zees he||[AVUh n]”o e

® (2 ~ Nedge
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L2 Projection Recovery Estimators L2 Projection Recovery Estimators

Higher-order Finite Elements?

Why  recovery may fail for higher order elements?

@ (D.Yu 91), for rectangular grids, edge jump terms are
dominant for the odd-order element case, while element
residual terms are dominant for the even-order element
case.
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L2 Projection Recovery Estimators L2 Projection Recovery Estimators

Higher-order Finite Elements?

Why  recovery may fail for higher order elements?

@ (D.Yu 91), for rectangular grids, edge jump terms are
dominant for the odd-order element case, while element
residual terms are dominant for the even-order element
case.

@ Simple L? projection recovery of the flux may fail for higher
order finite elements.

PURDUE
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L2 Projection Recovery Estimators L2 Projection Recovery Estimators

Higher-order Finite Elements?

How to fix it?

Recover a o, such that element residual terms are higher order
terms.

PURDUE

Zhigiang Cai, Shun Zhang Recovery-Based A Posteriori Error Estimators



H(div) Problem Recovery
H(div) Problem Recovery New Error Estimator
Analysis of the New Error Estimator

An H(div) Problem Recovery

@ Find oy, € RTx_1/BDMy, s.t.,

(Alon, )+ (V-0p,V-T)=
(=Vup, 7))+ (f = Xup, V- 7) V7 € RTx_1/BDM
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H(div) Problem Recovery
H(div) Problem Recovery New Error Estimator
Analysis of the New Error Estimator

An H(div) Problem Recovery

@ Find oy, € RTx_1/BDMy, s.t.,

(Alon, )+ (V-0p,V-T)=
(=Vup, 7))+ (f = Xup, V- 7) V7 € RTx_1/BDM

@ Too costly to solve?
Fast Full-Multigrid H(div) Solvers or Direct Solvers
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H(div) Problem Recovery
H(div) Problem Recovery New Error Estimator
Analysis of the New Error Estimator

New Error Estimator

Endiv.k = |A"V2ap + A2V up| o -

Endiv = | A~V 2on + A2V w00
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H(div) Problem Recovery
H(div) Problem Recovery New Error Estimator
Analysis of the New Error Estimator

Analysis

@ e=U— U
@ Notation: [|h g(x)llo = (X ker Mxll9l5 )"/
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H(div) Problem Recovery
H(div) Problem Recovery New Error Estimator
Analysis of the New Error Estimator

Analysis

@ e=U— U

@ Notation: [|h g(x)llo = (Xker Millal§ )2
@ Reliability bound.

A2V ellg < C(&paiv + ||A(f — Xup — V - op)||o)
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H(div) Problem Recovery
H(div) Problem Recovery New Error Estimator
Analysis of the New Error Estimator

Analysis

@ e=U— U

@ Notation: [|h g(x)llo = (Xker Millal§ )2
@ Reliability bound.

A2V ellg < C(&paiv + ||A(f — Xup — V - op)||o)

@ Is |[|h(f — Xup — V - op)l|o is of higher order compared to
Ehdiv?

PURDUE
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H(div) Problem Recovery
H(div) Problem Recovery New Error Estimator

Analysis of the New Error Estimator

@ Since (f — Xup—V -0p,V-7) = (Vup+Alop 7), we can
prove

|f — Xup — V - opllo < Cépaiv + |R — Pk—1R|lo
Where R = f — Xup — V - o, and Py_1 is the L? projection

operator onto the discontinuous piecewise polynomial
space of degree k — 1 with respect to the triangulation 7.

PURDUE
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H(div) Problem Recovery
H(div) Problem Recovery New Error Estimator

Analysis of the New Error Estimator

@ Since (f — Xup—V -0p,V-7) = (Vup+Alop 7), we can
prove

|f — Xup — V - ohllo < Céhaiv + ||R — Pr—1Rllo

Where R = f — Xup — V - o, and Py_1 is the L? projection
operator onto the discontinuous piecewise polynomial
space of degree k — 1 with respect to the triangulation 7.

@ ||h(f — Xup, — V - ap)l|o is of higher order compared to &gy -
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H(div) Problem Recovery
H(div) Problem Recovery New Error Estimator

Analysis of the New Error Estimator

@ Since (f — Xup—V -0p,V-7) = (Vup+Alop 7), we can
prove

|f — Xup — V - ohllo < Céhaiv + ||R — Pr—1Rllo

Where R = f — Xup — V - o, and Py_1 is the L? projection
operator onto the discontinuous piecewise polynomial
space of degree k — 1 with respect to the triangulation 7.

@ ||h(f — Xup, — V - ap)l|o is of higher order compared to &gy -

°
|AY2Ve|g < Cépay + h.o.t
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1-D P2 Element Example
Numerical Examples 2-D P2 Element Example

Two Criteria for Recovery Based Error Estimators
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1-D P2 Element Example
Numerical Examples 2-D P2 Element Example

Two Criteria for Recovery Based Error Estimators

@ Optimality of the mesh

@ Smooth solution and uniform mesh

Poisson equation —Au = fand u € H'*%,

up € Uy is the finite element solution in the piecewise
continuous k-th degree finite element space.

Tr is the mesh with uniform mesh size h

N: Number of the unknowns ~ h=9, d = 1,2, or 3.
[Vello < Ch¥|| D' ullp = CN—*/°.

The slope of log(N)-log(||Vello) lineis —k/d.

e Adaptive mesh generated by error indicators: should have
similar error decay.

PURDUE
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Two Criteria for Recovery Based Error Estimators

@ Optimality of the mesh

@ Smooth solution and uniform mesh

Poisson equation —Au = fand u € H'*%,

up € Uy is the finite element solution in the piecewise
continuous k-th degree finite element space.

Tr is the mesh with uniform mesh size h

N: Number of the unknowns ~ h=9, d = 1,2, or 3.
[Vello < Ch¥|| D' ullp = CN—*/°.

The slope of log(N)-log(||Vello) lineis —k/d.

e Adaptive mesh generated by error indicators: should have
similar error decay.
error estimator .

o Effectivity index  enor is close to 1 PURDUE
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Two Criteria for Recovery Based Error Estimators
1-D P2 Element Example
Numerical Examples 2-D P2 Element Example

A 1-D  element example

—u”=fon(0,1), u(0) = u(1) = 0, with the right-hand side
function f = 30x* — 20x° and the exact solution u = x°(1 — x).

Figure: True solution u PURDUE
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Two Criteria for Recovery Based Error Estimators
1-D P2 Element Example
Numerical Examples 2-D P2 Element Example

projection error estimator fails

up € Us is the quadratic finite element solution.
L? projection recovery:

Find o € Ub,s.1., (O’h, 7') = f(U%, T) V71 € Us
€2 = |lo + ujllo
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Figure: solution Figure: error and
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1-D P2 Element Example
Numerical Examples 2-D P2 Element Example

Error estimator

up € Us is the quadratic finite element solution.
Recover o, € Uy

(oh, )+ (o}, ') = —(up, 7) + (f,7') V7 €l

Error Estimator
Endiv = |lon + Upllo

PURDUE
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Numerical Examples

Two Criteria for Recovery Based Error Estimators
1-D P2 Element Example

2-D P2 Element Example

element, error estimator
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Figure: solution
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2-D  Element Example

@ Interface problem

~V-(aVu) = finQ=(-1,1)3
u g on 022

with a= Rin (0,1)2U (—1,0)2 and 1 in

U
(—1,0) x (0,1) U (0,1) x (—1,0)
@ Exact solution u(r,0) = rou(0) € H'T=¢(Q) with

cos((5 —o)a)-cos((0 — 5 +p)a) if 0<60< 3,

(0) = cos(pa) - cos((0 — m + o)a) if Z<6<m,
7= cos(oa) - cos((6 — 7 — p)a) if m<60<3F,
cos((F — p)a) -cos((6 — 3F —o)a) if 3F<o<2n

@ Example when a = 0.5, then R ~ 5.828427124746190 PURDUE
p =7/4,and o ~ —2.35619449019234438.
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Numerical Examples
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Concluding Remarks

Concluding Remarks

@ An Extension of L? Recovery
@ Flux Recovery for Higher Order Finite Elements
@ No Regularity Assumptions are Required
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