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Spectral Properties of Spiral Waves in the Karma Model
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Spiral Waves in Cardiac Arrhythmias Types of Spectra Unstable Eigenfunctions
: | . Re =1.2 Re=1.4 ml
Cardiac Arrhythmia refers to abnormal electrical activity in the heart. Temporal Eigenvalues, A, describe temporal growth of perturbations \ = 0.65 - 80.7i A = 2.6+ 75.9i A = 0.05 + 72.9 .
_ﬁ J - LU = DA, U + wUy + F'(U*)U = \U.
| 1 . Spatial Eigenvalues, v, describe the spatial growth of eigenfunctions.
| ! Tm(\) On the plane:
. = Zpt = Point Spectrum, Zpt Unstable Point Eigenfunction Unstable Point Eigenfunction Rightmost Point in Absolute Spectrum
» Fissential spectrum, > o . . . .
Ventricular Tachycardia: (VT) Ventricular Fibrillation: (VF) Spiral » ’ > obs X | @ A L) islilot Fredholmess Figure: Absolute value of F-component of unstable eigenfunctions for radius 5 cm spiral.
Reentrant spiral waves create selt-sustained wave breakup leads to unorganized : 1 > 4 _ R . . .
P eillations ol f—sustainz 1 clectrical actgivity X Re(\) o g bE ! od d - » Growth toward boundary in Re = 1.2 unstable eigenfunction.
| | () n | ounded doinali: » Unstable point eigenfunction in Re = 1.4 interacts with essential spectrum and has
« VF may lead to sudden cardiac death, which is responsible for > 350,000 deaths/year. % | @ " i%lgljfee(s}geucﬁpu?nptz global behavior.
» Alternans is a marker for sudden cardiac death. x| Rel) Limit of disorete Spe;tma;zs » Eigentunctions in absolute spectrum are localized away from spiral core.
. Yess™ " _;Sﬁ?)?aei?s:a;’zte Point and Absolute Spectrum Leads to Planar Alternans
P nterval) . Figure: Cartoon of essential, absolute, and point spectra. Inserts stable/gunstagle spatial

Membrane Voltage
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) ) show distribution of spatial eigenvalues. cigenvalues N\ Vv
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_J \J \\_J Duraton \J \\ Dispersion relations of spiral, \.(vy), and wave train, Ay(Vy), are related via ' -
Slijgrl;;ieo:nCaarr]tdoc:Iri\a::OelaiI;cei:lZ?;l.I\/Iembrane voltage exhibits periodic variation in length of action potential Mi(Vi) = Aoo(Uso) — Wl Fiwl, L E 7L, V= KlUx. ) \ |

Goals Alternans is Preceded by Meandering

Re=14

The aim of this research is to investigate what spectral properties can tell us about the » Known that Hopt bifurcation leads to meandering.

stability of spiral waves in cardiac arrhythmias, in particular alternans instability:.
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, | | Spectra Tip Motion ,
« Understand and illustrate properties of spiral spectra. 100 : — Time
» Relate spectral properties to alternans instability observed in spirals. r— o Figure: Spiral breakup due to alternans in the Karma Model on a 16 cm x 16 cm square with Neumann
ol o1 ' boundary conditions. Top row shows Re = 1.2, bottom is Re = 1.4. Color-bar indicates the membrane
The Karma Model O - 0.05} : voltage. Solutions evolved on fourth-order finite-difference spatial grid using Crank-Nicholson and
? % . 0 Adams-Bashforth IMEX scheme.
A simple reaction-diffusion cardiac model that exhibits alternans. o —_—— o ' .
, | o 50 f 1 ol | Conclusions
E;y =~vAFE A ( E +[E* — n"][1 — tanh (E — E})] > ——— 0.1 b
. TE 2 RE e 0 e R e e e « Spiral break up occurs as bands collide and form conduction blocks.
n, = 0An + i (1 1_R€9 (E - E,) — n) « Form of unstable eigenfunctions shows expansion/compression of spiral bands
Th \1 —¢€ 100 o - 0.2 . . . associated with alternans.
L s ——— | O ——— . - : . . . .
_ » Alternans instability likely caused by unstable eigenfunctions in the point spectrum.
« F(z,t) describes membrane voltage and n(x,t) provides slower dynamics. ~N
« B, By, E*, 0, Tp, T, € R control excitable threshold and fast/slow timescale. T S i Future Work
« Re € R controls slope of restitution curve. k% Erigm—
Written as a system in polar coordinates, the model is | = Use 1D eigenfunctions to learn about and predict . . .
5 0 o T * o5 . . . the shape of instabilities. 35
U = DA U+ FU), U= ( ) (r,9), D = ( ) . e 6 4 20 2 4 87 : : . « Evaluate contributions to spiral break up from | \ {\ |
) ! n > 0O o Re(\) P P 525¢ :
Rieidl Lot - I " s | o | point and absolute spectrum. o Ll _
: igi (y ;()) i 1(ng¢§1;fr(a ;vavets), (7, 1), are stationary solutions in a rotating polar o . Determine if Hopf bifrucations are super or %5_
HAS, AT HYI=An “ subcritical. = 1
b S B X 50 |
0 = DA U™ +wUy + F(U), : . » Analyze case when one or more variables are O'z || b L]\ b
Spirals tend to 1D periodic asymptotic wave trains, U™ as r — oo g o ' diffusionless. ° b2 04 00 08
U*(r, ) — UX(kr + ) = UX(E), UX(&) = UX(€ +2r). Q - | N | o Invzstligate alternans instability in other cardiac Figure: Alternans in 1D Karma Model.
models.
Wave trains are stationary solutions of
5 100 —————— 0 ) , 05 0.25 0 0.25 0.5
Ui =k°DUg¢e + wU: + F(U). R References
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