An introduction to dynamical systems

Govind Menon

January 9, 2024






Contents

I —Overview]

12 Well-posedness theory|
2.1 Contraction mappings on a metric spacef . . . . . . . . ... ...

22 A Global Picard Theoreml . . . . . ... .. .. ..........

|3 Phase portraits and the Flow|
3.1 A first glance at phase portraits|. . . . . . . . ... ... ... ..
3.2 Linear autonomous equations| . . . . . . ... .. ...
3.3 Linear systems in 2D|. . . . . ... ... o000,

4__Gradient Flows|
4.1  The fundamental estimate for gradient flows|. . . . . . . ... ..
4.2 Linearization of gradient flows|. . . . . . . . .. ... .. ... ..
4.3 Asymptotic behavior| . . . . .. ... o oL

[ Hamiltonian Systems|
b.1  One dimensional Hamiltonian systems| . . . . . . ... ... ...
b.2  The symplectic form| . . . . . ... ... oo
5.3 Symplectic difteomorphisms| . . . . . ...
b.4  Linearization at critical points|. . . . . . . .. .. ..o
5.5 Lagrange’s Equations|. . . . . . .. ... ... ... ... ... ..

10
13
15
19
21
24
25

33
33
34
36
38
39
44

47
47
49
50
92
93



4 CONTENTS
b.7  Kepler’s problem| . . . . .. ... oo oo 77
B8 Exercised . . . .. oo oo 83
5.9 Solutions to exercises. . . . . . . ... ... L. 85

6  Ergodicity and Mixing| 93
6.1  Weyl’s equidistribution theorem|. . . . . . . ... ... ... ... 93
6.2 Anosov’s Map|. . . . . . . ... 95
6.3 Structural stability of Anosov’s map| . . . . . .. ... ... ... 98
6.4 The Poincare Recurrence Theoreml . . . . . . .. ... ... ... 102
6.5  FExercisesl . .. .. . .. ... 104
6.6 Solutions to exercises|. . . . . . . . . ... 104

|7 Hyperbolicity| 109
[r.1 Hyperbolicity in Maps| . . . . . .. .. ... .. ... ... 109
[7.2  Hyperbolicity in Flows| . . . . . ... .. ... ... ... ..... 111
|7.3  Persistence of hyperbolic fixed points|. . . . . . .. ... ... .. 113
|7.4  Persistence of Hyperbolic Periodic Orbits| . . . . ... ... ... 117

I8 Invariant Manifold Theorems| 119
8.1 _Preliminaries . .. .. ... ... ... .. ... 121
8.2  Statement of the Theoreml . . . . . . . ... ... ... ... ... 122
8.3 Proof of the Theorem| . . ... ... ... ... ... ....... 123
8.4 Exercises . . . . . ... 128
8.5 Solutions to exercises| . . . . . . . ..o 129

19 Dynamics and algorithms| 135
9.1 Introductionl. . . . . . . . . ... 135
9.2 Manifolds, metrics, symplectic forms| . . . . . .. ... ... 135
9.3 The QR algorithm and the QR flow| . . . . ... ... ... ... 138
9.4  Hyperbolic geometry, LP and SDP| . . . . .. ... ... ... .. 142

|LO Symplectic geometry| 147
110.1 Introduction and overview| . . . . . . . . . . ... ... ... ... 147
[10.2 Symplectic geometry| . . . . . . ..o Lo 149
110.3 Symplectic linear algebral . . . . .. ... .. ... ... ... .. 151
110.4 Understanding the symplectic group| . . . . . .. ... ... ... 154
M05 Brackets . . . . . . . . oo 157

|11 Spaces with negative curvature] 161
[11.1 The Lobachevsky Plane| . . . . . . .. ... ... ... ... ... 161
[11.2 Positive Definite Matricesl . . . . . . . ... .. ... ... ... 167
[11.3 The Siegel half-space| . . . . . . .. ... ... 0. 174
[11.4 The symplectic group is transitive] . . . . . . .. ... ... ... 180
015 Thecrossratioon H] . . . . . . . . . . . . . ... .. ... ..., 183
[11.6 The symplectic metricon H| . . . . . . ... ... ... ... 185

[11.7 Gaussian wave packets and the space H| . . . . . .. ... .. .. 187




CONTENTS

[12 Symplectic manifolds|
[T Exterior forms . . . .. .. .. ... ...

[12.5 Symplectic manifolds| . . . . . . ... ... oo 00000
[12.6 Co-adjoint orbits of Lie groups are symplectic manifolds| . . . . .

[13 Algorithms and integrable systems|

|13.1 What is an integrable SyStem?]. . . . . v v v v v
[32 The TodaTatficd . . . . . ... ... ...

[L3.3 Hamiltonian flows on GL(n) orbits| . . . . .. ... ... .. ...
[[34 The QR group| . . . . . . . . . . . i




CONTENTS



Chapter 1

Overview

These lecture notes provide an introduction to the theory of dynamical systems.
The primary audience for these notes are graduate students in the mathemat-
ical sciences. However, I hope these notes will also be valuable to engineers,
physicists and biological and social scientists.

The study of dynamical systems sheds light on several fundamental areas
of science — celestial and classical mechanics, complex systems in biology and
ecology, deep learning, and nonlinear waves to name just a few examples. Yet
the backbone of the discipline remains rigorous mathematical analysis. This in-
cludes, on one hand, the systematic development of ideas in analysis, geometry
and probability theory such as the well-posedness theory for differential equa-
tions, the study of geodesic flow and integrable systems, and ergodic theory. On
the other hand, each of these general theories is often best understood through
the detailed analysis of particular examples such as the restricted three-body
problem, the study of specific spaces of negative curvature, and circle maps. An
introductory class must provide students with a sound understanding of basic
techniques, as well as a sampling of essential ideas in the discipline that are
likely to be of value to them in their careers. It must also provide students
with an opportunity to explore selected topics in depth, either through detailed
calculations or numerical simulations.

The notes are based on an introductory two semester graduate sequence
(APMA 2190-2200) that I have taught several times at the Division of Applied
Mathematics at Brown University over the past twenty years. The topics pre-
sented in these notes, as well as the manner in which they have been covered,
reflect the ability and needs of the students in the audience, as well as the evolu-
tion of my research interests towards an understanding of artifical intelligence.
The topics in these lectures are chosen:

1. To cover as much standard theory as possible, balancing rigorous analysis
with concrete calculations on important examples.

2. To illustrate the utility of the dynamicist’s viewpoint in classical and mod-
ern applications.
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My primary goal is to break new ground in applications. Dynamicists of my
generation grew up with books such as [7] that stress the bifurcation of vector
fields. These studies in turn arose from older investigations of nonlinear oscil-
lations in biological and physical systems. While several of these applications
retain their vitality, the use of dynamical ideas in algorithms, learning theory,
and optimization strike me as fertile new ground for investigation. The main
new feature of these notes is a shift towards the dynamics of algorithms, while
retaining a traditional core.

Ideally, I would have liked to have covered both bifurcation theory and al-
gorithms. But when one is faced with finite time (cover as much as possible in
two semesters!) an emphasis on low-dimensional systems is quite limiting. This
is the main reason for introducing somewhat sophisticated ideas such as ergodic
theory, gradient flows and Hamiltonian systems relatively early in the course.
The later chapters on dynamics and algorithms, especially the study of Hamil-
tonian systems, provide a preview of an interplay between geometric structure
(Riemannian and symplectic) and fast numerical algorithms. These topics touch
on several areas of mathematics and illustrate Vapnik’s maxim that nothing is
quite as applicable as a good theory. Our primary goal here is to use geometry
as a bridge between traditional (classical mechanics) and modern applications
(dynamics of algorithms).

Many of the introductory topics in dynamical systems are covered, but some
important topics have been omitted. The most serious gap in my view is the
omission of a substantive discussion of bifurcation theory. An elementary in-
troduction to bifurcation theory was provided in the classroom, largely follow-
ing [14]. However, these lecture notes do not include a proof of the center man-
ifold theorem, the Hopf bifurcation theorem and related exercises that demon-
strate the richness of bifurcation theory. E| Some standard topics related to the
analysis of two-dimensional phase portraits, such as the Poincaré-Bendixson
theorem and the analysis of relaxation oscillations in the Van der Pol system
have also been omitted. These examples are fun, especially if one’s goal is to use
phase plane analysis in applications, but there are many textbook presentations
of these ideas, in particular the excellent books [10, [14].

The notes were transcribed by a student each week based on my handwritten
notes. They were then edited again for consistency of style and accuracy. I am
deeply grateful to the students at Brown University for participating in this
effort. T hope this exposition will be useful to a new generation of students
with interests in computer science, control theory, optimization and statistical
physics.

IThe center manifold theorem does follow from the invariant manifold theorem proved in
Chapter @ but the Hopf bifurcation theorem does not.



Chapter 2

Existence and uniqueness
theorems for ordinary
differential equations

The main reference for this chapter is Arnold’s book [I]. The main result is
Picard’s theorem on the existence and uniqueness of solutions to the differential
equation

&= f(x) (2.0.1)
with initial condition 2:(0) = x¢. Several analytical techniques will be introduced
to study this question. These include contraction mappings, mollification, and
compactness.

2.1 Contraction mappings on a metric space

Definition 1. A set M is a metric space if it is equipped with a function
d: M x M — [0,00) such that

L d(z,y) = d(y, ).
2. d(z,y) =0 < z=y.

3. d(z,y) < d(z,2) + d(y, ) for all triplets x,y, 2 € M (triangle inequality).

Definition 2. The metric space M is complete if every Cauchy sequence {x,, }22 ;
has a limit in M.

Definition 3 (Contraction Mapping). A map A : M — M is a contraction if
there exists a constant A\, 0 < A < 1, such that

d(A(z), A(y)) < Md(z,y), z,y € M. (2.1.1)

9
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Definition 4. A point © € M is a fized point of the map A if A(x) = x.
Theorem 5 (Contraction Mapping Theorem).
1. A contraction mapping A : M — M of a complete metric space into itself
has a unique fized point.

2. Given any point © € M the sequence of iterates { A" (x)}22, converges to
the fixed point.

Proof. First note that if a fixed point exists it must be unique. Indeed, if z and
y satisfy A(x) =z, A(y) =y, then

d(z,y) = d(A(z), A(y)) < Ad(z,y)
which shows that d(x,y) = 0. (The equality holds by the definition of a fixed
point; the inequality holds by the definition of a contraction mapping. )
Now choose any point z € M and consider the sequence of iterates { A" (x)}22,.

For brevity, let z,, = A"(z) = Ao --- o A(z) denote n-fold iteration. Then

d(l’n, ZL’n+1) = d(A(xnfl)v A(xn))
< M(Tp—1,x4).

Proceeding inductively, we see that
d(Tp, Tni1) < Ad(x0,21), 1> 1.

Since 0 < A < 1, the series

. 1
nz::o)\n:m<00,

and it follows that {z,}52, is a Cauchy sequence. Since M is complete, the
limit exists and is the desired fixed point. O

Remark 6. On the homework, you are asked to verify the Cauchy sequence
property from definitions.

2.2 A Global Picard Theorem

Definition 7. A function f : M — M is an L-Lipschitz function on the metric
space (M, p) if there exists a constant L such that

p(f(2), f(y) < Lp(x,y), @,y € M. (2.2.1)
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We will mainly use this notion for functions f : R™ — R™. But strictly
speaking the notion of Lipschitz functions is part of metric space theory, not
calculus. For vector fields f : R™ — R™ equation ([2.2.1)) reduces to

[f(@) = fyl < Lz —yl, x,yeR™ (2.2.2)

The notation here is |v| := /v + -+ +v2 for v € R™. The norm of a matrix
A :R"™ — R" is defined by

[All = sup [A(x)].

|z|=1

In order to apply the contraction mapping theorem to establish the existence
of solutions to equation we will first rewrite it as an integral equation
and then apply the contraction mapping theorem. In order to explain the setup
of the contraction mapping theorem, we must recall some undergraduate anal-
ysis.

Let T > 0 be fixed and consider the space

M ={z:]0,T] — R™| x(¢)is continuous }.
We equip the space M with the norm

falloe := max [2(0)].

A slightly weaker notion would be

[[2|[oc == sup |z(t)],
0<t<T

but since z(t) is continuous, sup |z(¢)| = max |z(t)| over the interval 0 < ¢ < T.

The functional analytic fact we need is that the space (M, || - ||) is a com-
plete metric space. This follows from Weierstrass’ theorem, which states that
a uniformly convergent sequence of continuous functions has a limit that is a
continuous function. The critical assumption here is uniform convergence. This
prevents counterexamples such as the sequence z,(t) =t", 0 <t < 1.

In order to illustrate the main idea in Picard’s theorem we will first prove
it under the assumption that the vector field f is L-Lipschitz for all z,y € R™.
This is a strong assumption, because smooth functions that grow sufficiently fast
at infinity (say f(x) = 2% on the line) are locally, but not globally, Lipschitz.

However, the main estimate in Picard’s theorem is most transparent under
this assumption, so we will begin with this idea. The argument may then be
modified to obtain the general local existence and uniqueness theorem. The
main ideas in the proof are as follows.

1. Rewrite equation ((10.1.3) as the integral equation

z(t) = z(0) +/O f(z(s))ds. (2.2.3)
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2. For fixed zg and T, we consider the space
My, ={x:[0,T] = R"™ |z is continuous, z(0) = zo },

equipped with the || - [[c norm. We then show that the map A : M, r —
M, 7 defined by

M@Mﬂ:m+éf@®ws

is a contraction mapping on this space for T' < 1/L.

The critical estimate is this: given two continuous functions x,y € M, r we
have

Amxw—A@xwzlkﬂm@y—AMQ»w.

Therefore, taking absolute values

[A(z)(t) = A(y)(1)] = /O(f(x(S))—f(y(S)))ds

gA|ﬂmm—fM$Ws
<L [ lal) ~ sl
T

<L [ lals) - o)lds
0
< LTa — yllee.

Since the bound on the RHS is uniform in ¢, we may take the supremum over ¢
on the LHS to obtain the fundamental estimate

1A(z) = AW)lloo < LT[z = yl|oo-

In particular, choosing T' = ﬁ we have

1
14(z) = AWl < 5lle = ylloo- (2.2.4)
We have thus obtained the following version of Picard’s theorem.

Theorem 8 (Petit Picard). Assume that f : R™ — R™ is L-Lipschitz. Then the
1

integral equation (10.2.4) has a unique solution in the space My, v withT = 5.
Proof of Picard’s theorem. Apply the contraction mapping theorem, noting the
estimate (2.2.4) and the fact that M, r is a complete metric space with this
norm. O
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Corollary 1 (Differentiability of the solution). The solution to the integral
equation (10.2.4) is differentiable at all t € [0,T] and solves the differential
equation (10.1.3). This is written x € C*([0, T]; R™).

Proof. Fix t € (0,T) so that for sufficiently small h we have

1 1 t+h
Lot 4 ) 2t = / F(a(s)) ds.

Now compare this difference with f(x(¢)) (which is what we’d like the time
derivative to be), obtaining the estimate

1 1 t+h
(e o) - @) < [ 1) - fe)] a2

< Lz(t+h) —2@)] < L] fllcoh-

We now let h — 0 to see that equation ((10.1.3)) holds at each ¢ € (0,T). At the
endpoints t = 0 and ¢ = T, the above argument may be modified with h > 0
and h < 0 to see that () is differentiable from the left or right respectively. [

Corollary 2 (Continuation). Assume f : R™ — R™ is L-Lipschitz. Then for
every xog € R™ there is a unique Lipchitz function x : (—oo,00) — R™ with
2(0) = xy such that

x(t) = xo —l—/o f(z(s))ds, te€ (—o0,00).

Proof. Tt follows immediately from the proof of Theorem [§] that by flipping
t — —t, we obtain a solution on the interval [—T,0]. Now “restart” the time
clock at t = T and t = —T to obtain a solution on [-2T,2T]. We can do this
because the Lipschitz constant does not depend on z¢ or (T) or z(—T). Now
keep going to get a solution on (—o0,0). O

Remark 9. This is called a continuation argument. It can also be applied to
the local Picard theorem to extend solutions to a maximal interval of existence.

Remark 10. The above results constitute a well-posedness theory for a differ-
ential equation. The implicit ‘philosohpy’ here is that the initial value problem
& = f(z) was derived within the context of an application. The purpose of
the rigorous argument is to provide a criterion (smoothness of the vector field)
under which the model is consistent. The point of Picard’s theorem is that a
relatively simple hypothesis on smoothness is all that one needs to have a good
model. This is why ODE theory works in practice.

2.3 Local vs. Global Existence

We rarely apply Picard’s theorem in the version above. Usually our function f
is smoother than Lipschitz and usually it is not globally Lipschitz. Here is an
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example of a smooth vector field for which the solution blows up in finite time.

Consider the ODE on the line
i = 2.

We may solve this equation explicitly by separating variables and integrating

/”(”da:_t S S
P xz(t)  xo

— a(t) = —

1—$Uot

The solution blows up at t, = mi (more precisely, lim¢_,¢, 2(t) = +00).

This example is typical. We should not expect the global Lipschitz condition
to hold in general. The best we can hope for is local existence. It is easy to fix
this gap. We first show that smoothness implies the Lipschitz condition used
in Theorem [8] We then reduce the case of local existence to Theorem [§] using
bump functions. First let us show that differentiability implies the Lipschitz
condition.

Theorem 11. Suppose U C R™ is open and f : U — R™ is C' on U. Suppose
V C U is compact and convex. Then f is L-Lipschitz on V with

L = max || Df(@)]]

(Here [|A] is the norm supj,—; |Av]).

Remark 12. The notation and terminology here is as follows. A function is
said to be C! if it is differentiable with a continuous derivative. The derivative
of f at x is a bounded linear mapping Df(x) : R®™ — R™ whose action on a
vector v € R" is defined by the limit

In the more general geometric setting of differentiable manifolds, the derivative
is a linear operator between the tangent spaces T,V and Ty,)R™ (which have
been identified with R™ above. If you find these abstractions confusing, think

for now of the derivative as an n x n matrix with entries gf L (7 indexes rows, j
Zj

indexes columuns).

Proof. Consider two points z,y € V. Let 2(t) = (1 —t)x +ty, 0 <t < 1 be the
line segment joining these points. By the fundamental theorem of calculus

1
)~ ) = [ TG a

= Df( (t ))Cfi—xdt (chain rule)

([ orm)o--
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—

Figure 2.3.1: The convex set V C U.

Now take absolute values to obtain

1
[f(z) = fy)| < (/ ||Df(fﬂ(t))||dt> |z -yl
0
< Llz —y|
since z(t) € V (because V is convex) and L = sup,cy ||Df(x)]. O O

An immediate corollary of this theorem is that the differential equation
has a local solution when f is C'. We will prove this theorem by
reducing it to the Petit Picard theorem using the technique of bump functions.
This is an important technique that merits a digression.

2.4 Mollification and the heat kernel

2.4.1 Mollification with bump functions

A fundamental technique in analysis is mollification (or smoothing). We will
use this technique at several places, including the proof of Peano’s theorem,
the extension of the global Picard theorem to local existence, and the proof of
invariant manifold theorems.

Definition 13. A mollifier is a function @ : R® — R with the following prop-
erties.

1. ¢(z) > 0 for all x € R™.
2. ¢ is C.
3. Jan () de =1.

In the first homework, you are asked to construct such functions with the
additional property that ¢ is compactly supported (that is ¢ vanishes outside
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a large enough box in R™). These are called bump functions. We do not make
this assumption above, since there are natural mollifiers, such as the heat kernel
discussed below, which are not compactly supported.

The main technique for smoothing is convolution with a rescaled mollifier.
The convolution of two integrable functions f, g : R®™ — R is defined by

(f *9)( / flz—y)gly)dy = - f(y)g(x — y)dy. (2.4.1)

Assume given a mollifier ¥». Then for any € > 0, the rescaled mollifier

Ve(x) = Einw (g) : (2.4.2)

remains a mollifier. The factor e~ is included to ensure that fRn e = 1.
Given an integrable function f : R® — R and a mollifier ¢, we define the
mollification

fe(z) = (f *ve)(x). (2.4.3)

Intuitively, this rescaling allows us to smooth a function by replacing it with
averages over regions of size e.

Lemma 1. Assume f is integrable. The function f. is C* for every e > 0.
For every multi-index o, we have

10° Felloe < S 100110 e (24.4)
Remark 14. A multi-index o = (a, ..., @) is a collection of positive integers.
The notation used here is
02 fola) = 051 - 0 £o(0), o] = Z o, Mol = [ lata)l o

Proof. Since
fe(z) = o Ye(z —y)f(y) dy,

we may formally differentiate under the integral sign to obtain
azj fa / ax]wa - )f( ) Y.
Now take absolute values and use (2.4.2)) to obtain the estimate

1
Haxjfs”oo < 87||axjw“Lle”oo

Proceeding inductively, we find as above that formally

0p fe(x) = | 07ve(x —y)f(y) dy,

Rn
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and taking absolute values yields equation .

All that remains is to justify the interchange of limits implicit in differenti-
ating under the integral sign. This may be done with finite differences as in the
proof of Corollary

O

The pointwise convergence of f.(z) to f(z) is a little more delicate and a
stronger hypothesis is necessary.

Lemma 2. Assume [ : R™ — R is continuous and integrable. Then lim._q fc(x)
f(x) at every x € R™.

Proof. Since [p, ¥ = 1, we have the identity

fole) = @) = [ velw) (o =) — f(a) dy.

Now take absolute values and use the fact that . > 0 to obtain the estimate

[fe(x) = f(z)| < o Ve(y) |f(z —y) = f(2)] dy.

In order to see the estimate that follows, assume that 1. is a bump function
with compact support. Then the domain of the above integral is restricted to a
ball with radius O(e) centered at z. Thus,

[fe(@) = f(@)| < max [f(y) - f(z)]-

ly—z|<Ce

Since f is continuous, this quantity vanishes in the limit ¢ — 0.

If one doesn’t assume the mollifier has compact support, a little more care
is needed. This case arises when we consider the heat function. It is left as an
exercise for the reader. O]

An important theme in mollifcation is that while the derivatives of f. diverge
as € — 0, it is still the case that f. satisfies all the estimates we impose on f.
Examples of such uniform estimates are contained in the lemmata below.

Lemma 3. Assume that f : R™ — R satisfies || f||ooc < 00. Then the mollifica-
tions satisfy the uniform estimates

[felloo < 1 fllo, €>0. (2.4.5)

Proof. We use the definition (2.4.3)) and the positivity of the mollifier to obtain

ol =| [ e = | <l [ vete =iy = 1

The right hand side is independent of x. Taking the supremum over x completes
the proof. O
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A variant of the above argument is used to establish equicontinuity of the
mollifications.

Definition 15. Assume w : [0,00) — [0,00) is a monotone increasing function
such that lim, ,ow(r) = 0. A function f : R™ — R is said to have modulus of
continuity w if

[f(@) = f)l <wllz —yl), =y eR™ (2.4.6)

Lemma 4. Suppose f : R™ — R"™ has modulus of continuity w. Then the
mollifications satisfy the uniform estimate

[fe(@) = fe(y)| S w(lz —yl), Ve>0. (2.4.7)

Proof. Fix two points z and y in R™ and let z denote the dummy variable of
integration. We then have

260) = 1200 = | [ ot (rt =) = - o)

<wllr—yl) [ we(z)dz = w(le ).

2.4.2 The heat kernel

Another fundamental example of a mollifier is the heat kernel. The heat kernel
does not have compact support, but it provides concrete formulas and physical
intuition that is valuable.

Definition 16. The heat kernel on R is the fundamental solution to the partial
differential equation

1
Oyu = iAu, reR™ t>0, (2.4.8)

where A denotes the Laplacian 3 7, 02 . The fundamental solution p(z;y)

denotes the solution to (2.4.8) with a singjular (Dirac delta) initial condition at
x =y. It is given by the formula

pe(zy) =gz —y), gulz) = We““z/?t. (2.4.9)

The graph of g; is the well-known bell curve with width /. As t | 0, g;(z)
concentrates at a Dirac delta at 0.

It is not necessary to mollify with the heat kernel, but it is useful to do so,
since it provides a family of smooth approximations that is easily visualized and
is easy to simulate. It is easily checked that the lemmas above continue to hold
with the heat kernel.
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2.5 Picard’s theorem: the local version

We may now finally state and prove the complete version of Picard’s theorem.

Theorem 17 (Picard’s existence theorem). Let U C R™ be an open set. Assume
f:U — R"™is C'. Then for every xg € U there exists T(xg) > 0 and a C* map
x:[-T,T) = U such that

z = f(z(¥)), tel[-T,T)]
and z(0) = xg.

We will prove this theorem by extending the vector field f to all of R™ in
a manner that Theorem [8| and its corollaries apply. This theorem provides a
foundation for phase portraits.

Remark 18. The theorem is not sharp. Examples and counterexamples are
considered in the homework.

2.5.1 Smooth extensions of a function

Bump functions allow us to reduce the analysis on open sets contained within
R™ to analysis on the entire space R™. This allows us to obtain the local Picard
theorem from the glocal Picard theorem. A similar idea will be used in proofs
of the invariant manifold theorems. [

In the following examples, we consider a function defined on an open set
U C R™ and a compact set V' C U. Our goal will be to extend a function
defined on V' to a function defined on all of R™.

Definition 19. Given a measurable set G € R" its indicator function is the
function 14 : R™ — R defined by

, TG

lale) = {0 +dG.

Given a smooth function f : U — R"” the obvious extension of its restriction

to V, flv, is simply
? z), eV
fearl) 2370
0, z¢V

The problem is that this extension is not smooth (i.e. as smooth as f).
Another class of extensions is obtained by using a smooth function ¢ (z) such
that

plx)y=1, ze€V
pl)=0, z¢U.

Such bump functions are constructed in the first homework.

1 This seems counterintuitive. The point is that working on the ‘standard space’ R™ prevents
technical annoyances caused by restrictions on the domain of the function, so global really is
simpler than local!
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2.5.2 Proof of Picard’s theorem

Assuming the existence of bump functions, we may consider the vector field

(2.5.1)

_ ) [(@)e(z), z€U
Jeat ) = {0, xgU

The function f..:+ is as smooth as f. This may be seen by applying the
product rule to f(z)p(z)) to obtain

Dfemt = Df(p(ac) +f(1') ®D90(x)
=Df(x), when xze€V.

The final term on the first line is the matrix with entries fz(m)(%"(x)) We also

see that

fext = f(z), zEV.

Finally, since f.,: vanishes outside a compact set it is globally Lipschitz.

Proof of Theorem[I7. Let V C U be a closed convex set containing the initial
point xg. Choose a bump function ¢ that is identically one on V' and vanishes
outside a second compact set contained within U. Let f.;;+ be the vector field
defined in equation and compare the integral equations

w(t) = 20 + / F(a(s))ds [029)
and .
Zezt(t) = x0 +/ fext(Text(s))ds. (2.5.2)
0
Note that

1. f is defined on U and fe,; is defined on R™ and they agree on the set
VcU.

2. f(x) = fewt(x) provided z € V.
3. Equation (2.5.2)) has a global C! solution by Corollary [1and Corollary

But then it is to immediate that x...(t) is a solution to equation (10.2.4]) as
long as xe.:(t) € V. Let Ty be the first exit times for the positive and negative
time intervals respectively

T, = 225{3:6“(15) isnotin V}, T_=-— tig(f){:z:ext(t) is not in V'}.

Finally, choose T'(zg) = min(7T—,T}). O
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2.6 Peano’s theorem

In this section we investigate what happens when f is not Lipschitz. For the
sake of simplicity, we will assume that f is a bounded and uniformly continuous
function from R™ — R™. In fact, continuity of f on an open set U is all that
is required, but it is considerably easier to illustrate the main idea when f is
globally defined, globally bounded and uniformly continuous.

Recall that f is said to be uniformly continuous if for every € > 0 there exists
d(g) > 0 such that |f(x) — f(y)] < € whenever |z —y| < (). The point here
is that & does not depend on the points z and y. For example, an L-Lipschitz
function is uniformly continuous with § = ;.

Theorem 20 (Peano). Assume f : R®™ — R" is uniformly continuous and
bounded. Then, for every xg € R™ there exists a C* function x : (—oo,00) — R™
that satisfies the differential equation

I:f(x)v ﬁG(*O0,00),
and the initial condition x(0) = xg.

Remark 21. We will establish existence of solutions to the integral equation

£(t) = 2(0) + / f(a(s)) ds.

As in Corollary [I} once we have established the existence of solutions to the
integral equation, a little additional work shows that @ = f(x).

Remark 22. Though Peano’s theorem is not as directly useful to us as Pi-
card’s theorem, the proof of this theorem illustrates a general technique for
the well-posedness of differential equations (including functional, stochastic and
partial differential equations). In each case, we separate the problems of exis-
tence, uniqueness and regularity of solutions. First, by replacing the differential
equation with its integral formulation, we obtain a more forgiving notion of so-
lution (these are called weak solutions in SDE and PDE theory). Second, the
use of compactness theorems in function spaces, along with uniform estimates,
is a general method for establishing existence. Picard’s theorem provides exis-
tence and uniqueness together. This is atypical; for many nonlinear differential
equations, especially in PDE theory, it is relatively straightforward to establish
existence through the above technique, but far harder to establish uniqueness.
Finally, once one has established the existence of weak solutions, it is necessary
to establish their smoothness (or lack thereof) to evaluate the consistency of the
model we began with. This involves a study of the regularity of solutions.

Proof. We will first prove existence for ¢ € [0,1], and then use a continuation
argument to extend the result to the whole real line as we did for Picard’s
theorem. None of the steps in the proof will depend explicitly on xg. The main
abstract idea in this proof is the use of the Arzela-Ascoli compactness theorem
along with an approximation scheme. We separate the proofs of these steps for
clarity.
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Step 1. Approximation. Fix a mollifier ¢ and let f. = f % 1. denote the molli-
fications defined in Section Lemmas [T} [] establish the following properties
of the family {f.}c>o0.

1. fo(x) is a C*° function of .
2. Uniform boundedness: ||f:|locc < ||f]lco for every e > 0.
3. Equicontinuity: |f:(z) — f(y)| < w(|z —y|) for all x,y € R™.

Since f. is C'*°, by Picard’s theorem the integral equation

z:(t) = zo +/(J fe(ze(s)) ds (2.6.1)

has a unique solution for ¢ € [0,1]. We now need to take the limit e — 0. This
requires a new idea beyond Picard’s theorem. O

Step 2. Compactness. . The Arzela-Ascoli theorem provides the following cri-
terion for compactness of a sequence of functions in C([0,1]) (i.e. the space
of continuous functions on [0,1] equipped with the uniform norm ||g|/cc =

maxe|o,1] [9(t)])-
Given a sequence {g,}52; C C([0,1]), there exists a subsequence that con-
verges in C(]0,1]) if:
(1) {gn}22, is uniformly bounded (i.e. sup, ey ||gn|| < o0)

(i) {gn}oey is equicontinuous. That is, for every € > 0 there exist § = d(¢)
such that sup,,~1 |gn(z) — gn(y)| < € whenever |z — y| < . In other words,
each g, is uniformly continuous, and the modulus of continuity is indepen-
dent of n.

We now show that the family {x.(t)}.>0 has these properties.
(i) Since we assumed that || f||cc < 00, Lemmal3]tells us that || fe||oo < || f|oc-
But then for every ¢ € [0, 1]

t
oe®)] < fool + [ 1fe(eo)ds < [ool + 1 fct < o] + o
0

It follows that sup.~g ||Z<||co < |Zo| + || flloo-

(ii) In a similar manner, for any s,t € [0, 1] we have

/s (o)

It follows that for all €, > 0 |2.(t) — z.(s)| < n whenever [t —s| < 75;
thus {z.}.>0 is equicontinuous.

|ze(t) — z=(s)] = < flloolt — 5]
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By the Arzela-Ascoli theorem, there exists a convergent subsequence {x., }22.
We denote the limit of this subsequence, by z(t). O

Step 3. Passage to the limit. All that is left to show is that x is a solution to

x(t) = xo —I—/O f(z(s)) ds. (2.6.2)

It is in this step that we need Lemma [d] Now

z(t) = lim z.,(t) = xo + lim / Je; (e, (s

‘]*)OO ]*)OO

=z + lim [faj (336;( s)) — fs,-( z(s)) + fej (x(s))] ds

J—00 0

t
— a0t Jim [ [ (0, 6) = 1y (0(5) @+1m1/1;

j—oo Jo j—o0

provided we can establish the existence of the two limits in the last line. We
consider these terms in turn.

Since || felloo < [|flloo < o0 for all € > 0, by the Dominated Convergence
Theorem (DCT) and Lemma

t
lim fE (z(s ))ds:/ lim f. (x dsf/ f(z
For the other limit, by Lemma

|fe; (e, (5)) = fe, (2(5))] < w(lae, (s) — x(s)]).
But then another application of the DCT yields:

t
_m/m% — oy ()| ds < lim [ w(lae, (s) — 2(s)])ds

j—o0o j—oo Jo

]A)OO

:/ lim w(|ze,(s) —x(s)])ds = 0.
0

O

These three steps show that the integral equation holds for ¢ € [0, 1].
We may repeat this argument on each time interval [k, k + 1], k € Z. Thus,
equation holds for t € (—o0, c0).

In order to prove that x(t) solves the differential equation & = f(x) we
modify equation as follows. We use the modulus of continuity w to
obtain

s€[t,t+h]

1 t+h
E/t [f(z(s)) = f((t))ds < w( max [z(s) = z(t)]) < w(|[flloch).

This vanishes in the limit h — 0 and we see that = f(xz(t)) as desired. O
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Remark 23. If you haven’t seen the DCT used, that’s fine. You can justify
the interchange of limits using the standard criterion for the Riemann integral.
(Roughly, if f,, — f uniformly in C([0,1]) then lim, oo [ fr = [limy, o0 fn)-
You could also choose to ignore these parts of the proof and focus on other
aspects of it, returning to these arguments when your understanding of analysis
is stronger.

2.7 Exercises

1. Gronwall’s inequality : If T > 0, ¢ > 0, and f,g : [0,7] — [0,00) are
continuous, and f satisfies the integral inequality

ft) <et / o(s)f(s)ds, t€[0,T],

then show that

F(t) < cexp (/Otg(s) ds) CteloT).

2. Complete the proof of the contraction mapping principle, by showing that
the sequence {z,}52, defined by z, = A™(x), n > 1 is a Cauchy sequence.

3(a). Consider the differential equation & = f(x) with z € R and

0, z=0,
fla) = { xlog|z|, x #0.
Does Picard’s theorem apply? Is there a unique solution when zq = 07

3(b). Find a function f(x), € R that is not Lipschitz at 0, but for which the
initial value problem & = f(z) with z(0) = 0 has a unique solution.

4. Continuous dependence on parameters. Let x(t;xg, 1) denote the solution
to the initial value problem & = f(z,u), 2(0) = xo with a C* vector-field
f:R" xR — R" and 2y € R”. Show that x(t; zg, 1) is a C* function of y.

5. The standard construction of bump functions goes as follows. Consider the
function
(2) = e e 1 >0,
P = 0, x <0.
(a) Show that this function is infinitely differentiable at zero. That is, show

that all derivatives of e='/% on the region x > 0 vanish as x — 0.

(b) Given an interval [a,b] show that there is a C* function ¢s that is iden-
tically equal to 1 on [a,b] but vanishes when < a— 6 and = > b+ § for
any 6 > 0.

(c) Extend this idea to R™, constructing a bump function that is identically
equal to one in a box, but vanishes outside a transition layer of width ¢
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6. Consider the initial value problem & = f(x), 2(0) = o with a bounded and
continuous vector field f : R” — R™ and zg € R", and ¢ € [0, 7] for some fixed
T>0.

The forward Euler scheme is an approximation method for this differential
equation of the following form: the approximation (™) (t) is a Lipschitz function
such that (i) 2(V)(0) = zo; (ii) V) (¢) is piecewise linear with slope f(z)(nh))
on the intervals [nh, (n +1)h), n=0,1,...,N —1, h=T/N.

Prove that as N — oo a subsequence converges in C'([0, T]; R™) to a Lipschitz
function x(¢) that solves the initial value problem, thus establishing another
proof of Peano’s theorem.

2.8 Solutions to exercises

1. Gronwall’s inequality : If T > 0, ¢ > 0, and f, g : [0,7] — [0, 00) are continuous,
and f satisfies the integral inequality

foy e [ Cg(s)f(s)ds, te (0,7,

then show that

t
f(t) < cexp (/ g(s) ds) , tefo,T].
0
Proof. Fix € > 0 and let h. denote the solution to the differential equation
he = gh, h(0)=c+e.

The solution to this equation is

haw—<c+amw<[fm$dﬁ.

We will show that the set S = {t € [0,T]|f(t) > he(t)} is empty. First,
it is clear that S is closed. Therefore, its complement is open. Moreover, the
complement includes a maximal, open interval about the origin of the form [0, 7]
because f(0) =c¢ < c+¢e = h.(0). (“Open” here means “relatively open”).

We claim that 7 = T'. Indeed, since since f(¢) < h(¢) for t € [0, 7], if 7 < T
we have

fo et [are s <ctet [ glhiis)ds=halo)

This contradicts the definition of 7. Since € > 0 is arbitrary, we find

r < e ([g1as). tep



26 CHAPTER 2. WELL-POSEDNESS THEORY

2. Complete the proof of the contraction mapping principle, by showing that the
sequence {z, }nZg defined by z,, = A"(zo), n > 1 is a Cauchy sequence.

Proof. Recall that A defines a contraction mapping on the metric space (M, p)
with constant A, 0 < A < 1. This assumption allowed us to obtain the estimate

P, Tng1) = p(A™(z0), A" (20)) < XN'p(x0, 1)

Let n and p be two positive integers; without loss of generality we may suppose
that n < p. We use the above estimate inductively to obtain

p—1

p—1
)\TL
p(en, 2p) < mZ P&, Tmp1) < (; /\m> plzo,21) < 73 plwo, 21).

=n
Since 0 < A < 1, for any € > 0 we may choose n so large that the right hand

side is less than . O

3(a). Consider the differential equation & = f(z) with z € R and

0, z =0,
fl@) = { zlog|z|, x#0.
Does Picard’s theorem apply? Is there a unique solution when zo = 07

3(b). Find a function f(z), x € R that is not Lipschitz at 0, but for which the initial
value problem & = f(z) with x(0) = 0 has a unique solution.

Proof. (a) Picard’s theorem does not apply because f is not Lipschitz at 0. On
the other hand, the solution is unique. This can be seen by explicit integration.
We first assume xy > 0, separate variables, substitute y = logx and integrate
both sides to obtain

a(t) / y(t) 71
t:/ #:/ d@{:log(y(t))
w T'logx vw Y y(0)

Now solve for y(t) and then z(t) = e¥®) to obtain
x(t) — e(logﬂo)et _ (.%'o)et, zo > 0.
There is a similar solution formula for ¢ < 0.
a(t) = —eloglwoDe’,
Both formulas are defined for ¢ € (—o00, 00) and we see that z(t) — 0 ast — —oo.
Uniqueness of solutions originating at o = 0 is obtained from this formula
as folllows: if there is a solution x(t) with xg = 0 such that z(t) is not zero for

all time, then there exists a time ¢; > 0 such that z(¢) = x; # 0. Either z; > 0
or 1 < 0. If 1 > 0 the solution formula above shows that

x(t) = (1)°

t—t
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Similarly, if 1 < 0. In particular, 2(0) # 0 contradicting our assumption.
(b) The explicit solution formula above is nice, but the underlying principle that
guarantees uniqueness is this: the solution to & = f(x) with x(0) = 0 is unique
if [, dz/f(z) is divergent for every e > 0.

Thus to find an example or counterexample, one only has to choose a function
such that f(0) =0and 0 < fOE dx/ f(z) is divergent for every € > 0. The function
f(z) = xlogz is an example, but there are infinitely many choices. O

4. Continuous dependence on parameters. Let x(t;zo, ) denote the solution to the
initial value problem & = f(z, 1), (0) = zo with a C* vector-field f : R® x R — R"
and zo € R™. Show that z(t; xo, 1) is a C* function of .

Proof. The proof is very similar to the proof that the flow defines a diffeomor-
phism. First, we formally obtain a linear differential equation for the vector

(t) = angM ),

Then we show that the solution y(t) is indeed the derivative by working from
the definitions (this is why there is a question mark in the equation above).

First some bookkeeping: Picard’s theorem guarantees local existence of C*
solutions to the differential equation & = f(x,v), x(0) = z(. Since f is at least
C' in both 2 and v, we may choose a neighborhood V' of z, a neighborhood
[¢ — 6, + 6] for the parameter v, and a time T such that there is a unique
solution to this differential equation for all g € V, for all ¢t € [0,7] and all v
in the range [u — d, 4 + 0] (we changed notation a bit here, so that we can do
all the computations at a fixed value p of the parameter). This allows us to say
that the ‘tube’ of trajectories

K ={z(v,t):t€0,t],v € [u—0b u+0]}

is a compact set. When f € CF it follows that the first k derivatives of f in z
and p satisfy the bound

sup DD f(z )|, 100 f(zv)| < C, 0< 1<k,
z€EK,vE[u—0,u+40]

These bounds will be used to justify interchanges of limits below.

Now let us turn to the main ideas. We differentiate the equation & = f(x, 1)
with respect to p, use the chain rule, and denote A(t) = D f(x(t; 1)) and b(t) =
Of (x(t; u), 1) /Ou to obtain the differential equation

y =A@y +0@), y(0)=0,
or equivalently the integral equationﬂ
t t
y(t) = / A(s)y(s)ds + / b(s)ds.
0 0

2Let S(t;s) denote the fundamental matrix for this differential equation, i.e. the unique
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Let us now show that y(t) is indeed the derivative of z(¢; ) with respect
to the parameter p. For brevity, let x,,(t) denote x(t; ) and denote f(z,p) by
fu(x). We compare the solutions z,1(t) and z,(t) to obtain the identity

(@prn(t) = zu(t) = /0 (f@pn(s);p+h) = flzu(s);p) ds. (2.8.1)

By Taylor’s remainder theorem and our a priori bound on the range of x,,(t) for
t €10,T) and v € [u — &, u + 0], there is a constant C' such that

| frrn (@ (8)) = ful@u(s)) — hA(s) (zurn(s) = zu(s)) — hb(s)| < Ch?,

where C' is uniform over the range s € [T, T], |h| < ¢. It follows that we have
the a priori estimate

Tuyn(t) — 2,(t) ‘

h
| 1w
0

As usual, let [|Alloc = supyepo, 77 [[A(s)| and [[b]| be defined similarly. Then we
may apply Gronwall’s inequality to deduce that

_ t
W’der/ Ib(s)| ds + Cht, te [0,T).
0

1
lzen(t) = 2 (B)] < (|[blloo + COT) el AI=T.

The point here is that the bound on the right is uniform in - and ¢. This
allows us to return to the identity (2.8.1]), divide by h, and use the Taylor series
and the dominated convergence theorem to pass to the limit under the integral,

obtaining
00 ) _ [ 4(2%8) 1) g
u 7/0 <A() Tl )) ds. (2.8.2)

Since y(s) is the unique solution to this equation, the proof that z,(¢) is C* in
w is complete.

In summary, the argument has three parts. In the first, we identify a candi-
date equation for the derivative and establish uniqueness for it. In the second,
we use the identity and Gronwall’s inequality to establish an a priori

solution to the matrix valued differential equation
d
@S(t; s) = A(t)S(t;s), S(s;8)=1, t>s.
Then the solution to the differential equation for y(t) is
t
y(t) = / S(t; s)b(s) ds.
0
We won’t need this general solution, but it is useful to understand the difference between

the fundamental solution for linear constant coefficient equations, and linear non-autonomous
systems.
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bound on the finite differences that is uniform for ¢ € [0,7] and the parameter
range v € [ — 6, p+ 6]. In the last step, we pass to the limit h — 0 and we use
the a priori bounds to justify the interchange of limits.

The extension of these ideas to arbitrary & does not require much more than
some careful book-keeping for derivatives. Let us denote the higher derivatives
of the solution by

al
W= 2,0, 2<I<k.
Y a‘u M( )7 ="' =
The structure of the differential equation for y(*) obtained by differentiating the
equation above has the form

Ly = Ay 4100, 40 (0) =0,

where A is exactly as above and b(!) is a polynomial in the first I derivatives of
f with respect to z and the first [ — 1 derivatives of x with respect to u (i.e.
v,y ... y=D). The precise form of this expression is largely irrelevant; what
matters again is that it is bounded for ¢ € [0,7]. It immediately follows that
there is a unique solution yV(¢) for t € [0, T] for 0 <1 < k. A somewhat tedious
finite-difference argument as above is now required to complete the proof that
yW(t) is indeed the I-th derivative of the solution z(t; i) with respect to p. [

5. The standard construction of bump functions goes as follows. Consider the function

e Ve >0,
P =1 ¢ z<0.

(a) Show that this function is infinitely differentiable at zero. That is, show that all
derivatives of e /% on the region z > 0 vanish as = — 0.

(b) Given an interval [a,b] show that there is a C* function ¢s that is identically
equal to 1 on [a,b] but vanishes when z < a — ¢ and > b+ § for any 6 > 0.

(c) Extend this idea to R™, constructing a bump function that is identically equal
to one in a box, but vanishes outside a transition layer of width §

Proof. (a) Let us compute the first two of derivatives of p(z) in the region z > 0.
By the chain rule

/ 2 1 4 4

pl=gpi= a(x)e, ¢'= priche L g2 ().

Proceeding in this manner, we see that ¢(™ the n-th derivative of v, is of the
form q,(z)¢ where g,(z) = 2"272" + O(272""!) as 2 — 0. The exponential
grows faster than any polynomial at infinity; thus, lim,_,o @™ (z) = 0.

(b) We first construct a C'*° function t(z) such that

W(z) >0, |zl<1, $(@)=0, |z|>1, /qu(x) de=1.  (2.83)
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To construct such a function, let us first modify the example of (a) a bit. For
any a € R, let @,(z) = e~ /(#=9) in the region 2 > a and ¢, (z) = 0 for = < a.
Since ¢, (x) is just a shifted version of ¢, it is C*°. Similarly, introduce the
decreasing function ¢, (z) = e/~ for # < a and P,(x) = 0 vanishes for
x > 0. This function is the reflection of ¢,(x) about the point z = a and it is
also C°. Next let

P(x) = Cor(z) @1 (),

and choose the constant C' so that [, ¢ (x)dx = 1.
Once this bump function has been constructed parts (b) and (c) of this
question may be solved by mollification. First (b). For any 6 > 0 let

vt = 50 ()

This scaling factor ensures that iy () is positive only on an interval of size 20
and that its integral remains unity. Now given the interval [a,b] and § > 0
consider the indicator function 1p,_s/2,p45/2], choose any value of § < 6/4 and
then consider the mollification

b+6/2

h(x) = Go(x) % s a2 () = / olz — ) dy.

a—6/2

Since 6 < d/4, when x € [a, b], the support of ¥y(xz — -) is contained within the
domain of integration and the integral is 1. On the other hand, when x < a —§
the support of ¢y(xz — -) is disjoint from the domain of integration and the
integral vanishes.

(¢) The same idea can be extended to R™. First, we construct an n-dimensional
bump function supported in the cube [—1,1]™ by considering the product

W (@) 1= (e)t(@s) - ).
Then .
") (2) da = x;)dz; = 1.
[ 0@ jr_[l/Rzp(J)d] 1

As in the previous example, we may rescale the domain of integration to the
cube [—0,6]™ and normalize accordingly, setting

n 1 y/x
(g )(33) = 51/)( ) (5> .
Given a closed box K = [a1,b1] X [ag,ba] X ... [an,by,] and a positive number

n > 0 define the n-thickened box K,, = [a1 —n, b1 +n] X [as —n,ba+n] X ... [an —
7, b, + n]. Then as in the previous example, for every 6 < §/2 the function

W (2) = v * 1k, , (@)

is identically one on the box K and vanishes outside the box Kj. O
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6. Consider the initial value problem & = f(x), z(0) = xo with a continuous vector
field f : R™ — R™ and zo € R", and ¢ € [0, T for some fixed T > 0.

The forward Euler scheme is an approximation method for this differential equation
of the following form: the approximation a:(m(t) is a Lipschitz function such that
(1) ™ (0) = wo; (ii) ™) (t) is piecewise linear with slope f(nh) on the intervals
[nh,(n+1)h), n=0,1,...,N—1, h=T/N.

Prove that as N — oo this scheme converges in C'([0, T']; R™) to a Lipschitz function
z(t) that solves the initial value problem, thus establishing another proof of Peano’s
theorem.

Proof. The approximation scheme satisfies the integral equation

(N)(4) _ — ' NisVd
(1) — xo /Of (s)ds,

where £ (s) denotes the piecewise constant function that takes the value f () (nh))
on the interval [nh, (n 4+ 1)h). As a consequence:

L 20(t) = 2™ (s)] < |flllt sl 0< s <t < T
2. supyeo ) e (0)] < Lol + Tl .

Thus, the sequence (V) is precompact in C([0,T]; R"). By the Arzela-Ascoli
theorem, we may assume that a subsequence z(N*) is uniformly convergent
to a limit denoted z(t). Moreover, since f is continuous, we also see that the
piecewise constant functions fN (x(N ») (t)) converge uniformly to the composed
function foxz € C([0,T];R™). Thus, we may take limits in the integral equation
above to find

x(t) —xo = /0 f(z(s)) ds.
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Chapter 3

Phase portraits and the
Flow

In this chapter we introduce the basics of phase portraits as well as a rigorous
definition of the flow. Phase portraits are simple geometric caricatures that
capture the essence of the flow. Of course, we can only draw pictures in 1,2
and (occasionally) 3 dimensions, but the use of such geometric intuition greatly
facilitates the study of dynamical systems.

3.1 A first glance at phase portraits

The simplest solutions to differential equations are fixed points. Given f : R™ —
R™ these are the set of points a € R™ such that f(a) = 0. Fixed points are also
termed equilibria or critical points and the solution curves are often called orbits
or trajectories. Note that uniqueness of solutions always means that a trajectory
can never contain a fixed point unless the trajectory consists of solely the fixed
point.

One dimensional phase portraits are almost trivial. Suppose f : R — R,
such that f is C'. Given the graph of f, we first determine its zeros. These
are our fixed points. If we start at (i.e. if we pick z¢ to be ) any a such that
f(a) = 0, we stay there forever.

Next, in the interval between zeros, f(z) > 0 or f(z) < 0. This means that
x(t) is either strictly increasing or strictly decreasing, except that sometimes
one has to be more careful, such as for tangencies. These ideas are illustrated
in Figure [3.1.1

These pictures should be intuitive. Note though that it is because of Picard’s
Theorem that we can say that the trajectories can never pass through zeros.
2D phase portraits have a lot more complexity as can be seen by a glance at
Figure We will build more intuition for these phase portraits by first
studying explicitly solvable linear systems and then interpreting these solution
formulas geometrically in Section below.

33
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Figure 3.1.2: Some phase portraits in 2D

3.2 Linear autonomous equations

Let M, denote the space of n X n real matrices. Assume given A € M,, and
consider the linear ODE
t=Az, ze€R" (3.2.1)

The function f(x) = Az is globally Lipschitz because
|f(z) = f(y)] = [Az — Ay| = |A(z — y)| < [|A[|z — y].

Thus, the initial value problem with the initial condition 2:(0) = x¢ has a unique
solution. Moreover, the solution is given by the formula

z(t) = etay. (3.2.2)

The matrix exponential is discussed in greater detail below. For now, note that

equation ([3.2.5)) shows that the formula (3.2.2)) provides a solution to (3.2.1).
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3.2.1 The matrix exponential

Let us study the exponential of a matrix more carefully E We define it through
the infinite series

oM™

Convergence of the series is established as follows. First, we note the estimate

([ < {[M]™, (M = ISl‘lyllMxl, z €R™

This estimate allows us to bound the finite sums in the series as follows:

m P m s
Z M Z ||M|| Z HMII — Ml < o (3.2.4)
m=0 m=0

m=0

Thus the series (3.2.3) has an infinite radius of convergence and the derivative
of e may be computed by differentiating term by term. Therefore,

%e T dt ml m! -

m)!
m=0 m=1

X im ogm & m—1 gm X imogAm
d 4 d - tmA mt™—1 A (Zt A )A:Ae“‘. (525)

m=0

It was necessary to establish this formula from scratch, because the matrix
exponential has some important differences with the exponential of a scalar. In
particular, eAtB # edef except in the special situation where A and B are
matrices that commute With each other (i.e. AB = BA).

The infinite sum serves as a useful definition of the matrix exponen-
tial. However, in order to compute the exponential, we diagonalize A or (if A is
not diagonalizable consider its Jordan decomposition). For simplicity, we will
focus on the case where A is diagonalizable. We may then write

A=UAU! (3.2.6)

where A is a diagonal matrix of the eigenvalues of A and U contains the eigen-
vectors of A in the same order as the eigenvalues on the diagonal of A. Equa-

tion (3.2.6) yields

A2 =UANU'UANU =UANU!,
and proceeding inductively we find
A" =UA"UY, m=1,2,...
Using the infinite series again we find that

A=yehuL. (3.2.7)

IWe use the phrases “exponential of a matrix” and “matrix exponential” to mean the same
thing.
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tA

The matrix e** is a diagonal matrix with entries

eth = (3.2.8)
t)\n

It is this matrix that determines the behavior of et as t — oo [

Both U and A may be complex even though A is real. However, the complex
eigenvalues always appear in pairs of complex conjugates, and e*4 is always real
as is clear from the infinite series (3.2.3)). For a given eigenvalue \;, we have
three possibilities for asymptotic behavior. If Re(\;) < 0, then |e**| — 0 as
t — oo. If Re()\;) > 0, then |e!| — oo as t — oo. And finally if Re()\;) = 0,
then |e!*¢| = 1 for all values of t.

3.2.2 Linear non-autonomous systems

In general, we call a differential equation of the form & = f(z,t) non-autonomous
because f depends explicitly on ¢, rather than only depending on it via x(t).
Any non-autonomous system can be made autonomous by adding t as a new
variable. We define the ordered pair & = (z,t) and rewrite the differential
equation as follows

{ x:ii(f’t) } = i=f) (3.2.9)
In this setup, f : R*1 — R is defined by 7 — (f(g? ) . This is a valid

construction, but it is not very satisfactory since time plays a special role in
dynamical systems. Linear nonautonomous systems arise when we examine the
linearization about a solution to the equation & = f(x).

3.3 Linear systems in 2D

Let us now use the solution formula(3.2.2)) to draw the phase portraits of some
two-dimensional systems.

-1 0
Example 1. A= (O _2>,

For any initial condition xg = (Z)

eag = ae™? <(1)> + be ((1)> . (3.3.1)

2The following notational convention is used here. Empty terms in a matrix are assumed
to be zero.
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Figure 3.3.1: Example |1} and Example The double arrows correspond to
the eigenvalue —2 and denote a strongly stable direction. This idea will be
reconsidered when studying invariant manifolds.

Both terms decay as ¢ — oo and z(t) — 0 as t — oo. Since the second term
decays much faster than the first, all trajectories with a # 0 are asymptotic to
the z-axis as t — oo.

-1 0
0 -2
dent column vectors ui, us.

Example 2. A=U ( ) U~" where U consists of two linearly indepen-

The phase portrait of Example [1]is linearly transformed into the phase por-
trait of this example through equation (3.2.7]). The critical point in both these
examples is called a stable node.

-1 0
Example 3. A= ( 0 1).

This critical point is called a saddle point or simply a saddle. See Fig-
ure l3.9.2)

0 1
Example 4. A = (_1 0)

In this example, A is not a diagonal matrix, so we need to compute the
eigenvalues. The characteristic polynomial is det(A — A) = i\ _/\1 =A% +1,

which means the eigenvalues are A = +i. The real parts of both eigenvalues are
0, so that |e!*| = 1 for all . We may compute e‘4 directly using the infinite
series (3.2.3)) or compute the eigenvectors to find that

oA < cost smt) . (3.3.2)

—sint cost

This critical point is called a center. See Figure [3.3.2



38 CHAPTER 3. PHASE PORTRAITS AND THE FLOW

Figure 3.3.2: Example [3] and Example [

Example 5. A= (aﬁ g)

This example is closely related system to Example [d] The characteristic
polynomial is (A — «)? + 3% and the eigenvalues are A = a +i3. For a < 0,
the diagram is a stable spiral since the trajectories are spiralling inward to the
critical point. The diagram for o > 0 is an unstable spiral. If o = 0, the critical
point is a center. See Figure [3.3.3]

< > 0D

Figure 3.3.3: Example [3] and Example [4

3.4 Existence of a Lipschitz flow

In Chapter [2| we established well-posedness of the initial value problem

&= f(z)
{ 2(0) = 20 (3.4.1)

The main idea of the flow is to focus not on the initial value problem for a fixed
initial condition, but to think simultaneously about the totality of solutions in
phase space. The examples in the previous section illustrate the utility of this
viewpoint. In this section, we will establish the existence of a flow rigorously.
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We first switch to notation that is more convenient for the geometric view-
point. When discussing equation we use xo to denote the initial condition
and the notation x(t; zo) to denote the solution with initial condition zy. When
discussing the flow it is more convenient to write x instead of xg for the initial
condition and ¢ (z) for the solution with this initial condition. The initial value

problem ([3.4.1)) is then rewritten as

{ Zoi(x) = feu(2)), (3.4.2)

wo(x) = .

As in Picard’s theorem we will first establish the existence and uniquess of
the flow map under a global Lipschitz condition in order to focus attention on
the main new ideas. We will then establish more refined results.

Theorem 24. Assume f :R™ — R" is L-Lipschitz. Then there exists a family
of maps ¢ : R" x R = R, (z,t) = o(x) such that

1. Equation holds for all x € R™ and t € R.

2. The flow maps form a 1-parameter group of transformation of R™ — R™
satisfying
es(pe(r)) = i(ps(x)) = pres(x), st €R. (3.4.3)

3. The maps @y are bi-Lipschitz homeomorphisms of R™. That is, ¢¢ and its
inverse w_; are Lipschitz maps of R™ into itself satisfying the estimate

(@) = e(y)l < "z —yl, @y eR™ (3.4.4)
Proof. The first two assertions of the theorem are consequences of Theorem

The third assertion is seen as follows. We compare the solution with two different
initial conditions

oelz) — oely) =z —y + / (Floa(@) = floaly) ds.  (3.45)

Assume t > 0 to be concrete. The argument for ¢ < 0 is very similar. We take
absolute values and use the Lipschitz condition to obtain

t
o) = @ < o=yl + L [ loda) = o)l dy. (3:40)

0
The inequality (3.4.4) follows from Gronwall’s inequality. O

3.5 Existence of a smooth flow

Definition 25. A C* diffeomorphism of an open set U C R™ is a C* map

¢ : U — U such that ¢ is one-one, onto and has a C* inverse p~1.
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Theorem 26. Assume f : R" — R" is C* and sup,cpn |[Df(z)|| = L < oo.
Then there exists a family of maps ¢ : R x R = R, (x,t) — ¢(x) such that

1. FEquation holds for all x € R™ and t € R.

2. The flow maps form a 1-parameter group of transformation of R™ — R™
satisfying
@s(pt(@)) = @i(ps(@) = Prss(x), st ER. (3.5.1)

3. For each t € R, the map @, is a C* diffeomorphism of R™.

The difference between Theorem [24] and Theorem [26] lies only in the last
assertion concerning the smoothness of the map. A simple argument with Gron-
wall’s inequality sufficed for Theorem [24] But we need a new idea to understand
the smoothness of the flow in the initial conditions.

The main issue is this: how does one compute the derivative of the flow
with respect to the initial conditions? Since the only information we have on
the flow is that it satisfies equation , we differentiate the initial value
problem to get the equation of variations

2 Doi(x) = Df(pi(x) Dy ()
{ o Dolz) = I (3.5.2)

Recall that D f(z) is the n xn matrix with entries defined by (Df);; = %}{;. This
is a linear equation for the matrix Dy () and it is helpful to introduce notation
that makes this transparent. Fix z and let B(t) = Dy (), A(t) = Df(pi(x)),
we can rewrite equation to clearly display its character:

dB
o =AWMB, BO)=1 (3.5.3)

By the definition of A(t), we see that sup, ||A(t)]| < L < oo, which means the
right hand side of equation is Lipschitz in B and therefore has a unique
global solution. Thus, B(t) is a candidate for Dy, (z), and to prove Theorem [26]
we must show that

1. The solution B(t) to equation (3.5.3)) is invertible.
2. The solution B(t) is the derivative Dy (x).

The proofs of these assertions are quite different. The first statement is proven
by deriving an equation for det(B(t)). The second assertion must be justified
from first principles (i.e. starting from the definition of the derivative).

Lemma 5. Suppose the matriz B(t) solves the linear equation B(t) = A(t)B.
Then det(B) solves the linear equation

%det(B) = Tr(A) det(B), (3.5.4)
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. In particular, we have
det B(t) = eJo T(AG)ds qet B(0), (3.5.5)
so that B(t) is invertible if and only if B(0) is.

Remark 27. The trace of a square matrix A, defined by Tr(A) = > | A, is
the sum of the entries along the main diagonal of A.

Remark 28. To get a sense of why the above lemma is tricky, consider 2 x 2
matrices. Let B = (ZH 212>; then det(B) = b11bas — bi2bsy, and correspond-
21 b22

ingly we have det(B) = i)11b22 + blli)gg — i)lgbgl — blgi)gl. ‘We could Supposedly
solve for this by substituting in the derivatives of each b;;, but this is clearly
tedious.

Proof. First we note that the derivatives of the determinant can be computed
at the identity, i.e. if B = I, then det(B +eM) = det(I + eM) for any € > 0
and we can expand in ¢ using the formula for the determinant.

Let S,, denote the permutation group on n symbols and recall that the
determinant of an n X n matrix X is

det(X) = Y (1) X10, X205 - X, (3.5.6)
o€S,

where (—1)? denotes the sign of the permutation. Note also that
(I + EM)ij = 6ij + emy; = emyy, if 4 7é 7.

Here ;5 is the Kronecker delta.

We only need to worry about terms in the sum that are O(e) as
€ — 0, since these terms will dominate the equation. For this, we only need to
consider the identity permutation in the sum, since any o € S,, that is not the
identity will yield terms that are O(¢?). Consider for example the permutation
that only switches columns 1 and 2; then the resulting term is:

((512 + €m12)((521 + €m21)((533 + 8m33)...(6nn + Emnn) = 52m12m21(1 + Emgg)...
(3.5.7)
Since this is O(¢?), we can disregard it and all similar terms as ¢ — 0.
Thus, the determinant of I + €M can be expressed solely as the product of
the terms along its diagonal, with an O(e) error term:

det(I +eM) = (1+emay)...(1 + emp,) + O(E2). (3.5.8)

Taking the derivative of the above with respect to € and evaluating it at € = 0,
we find that

d
7 det(I +eM) =my1 + mag + ... + My, = Tr(M). (3.5.9)
e=0
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This calculation proves Lemma [5] when B = I.

Let us now reduce the general case to this case. Assume ¢ is such that B(t)
is invertible (this is certainly true for ¢ in a neighborhood of 0 since B(0) = I.
Rewrite the B = AB as BB~! = A. Fixing t and B(t), consider det B(t+s); we
can write it as det B(t + s)B~1(t)B(t) = det(B(t + s)B~1(t)) - det B(t), where
B(t+ s)B~!(t) as a function of s. Note

B(t+s)B~'(t)|,_, =1,
and
%B(t +5)B71(1) - A.
Then by the previous calculation, we find that
d -1

T det(B(t+ s)B~(t)) i =Tr(A).
Separating variables and integrating, we find

det B(t) = (efé Tr(A(S))dS) det By (3.5.10)

= eJo T(AG)ds when By = 1. (3.5.11)

We now use a continuation argument to see that this identity holds for the entire
interval of existence of solutions. O

Lemma 6. Assume that f satisfies the hypothesis of Theorem [26 with k = 1.
Then for every t € R, the flow is differentiable and

Dy, (z) = B(t), (3.5.12)
where B(t) is the unique solution to equation (3.5.3).

Proof. Fix an initial point x € R™ as well as a tangent vector v € R". We must
show that

Jim % (or(z + hv) — or(x)) — B(t)o| = 0. (3.5.13)
We know that ¢:(z) and B(t) solve the integral equations
prla o) —ula) = hot [ (Flpula+ 1) = Flpo)) ds(3.5.14)
Bty = v +/ Df(es(2))B(s)v ds. (3.5.15)
0

Now take the difference between these terms and use Taylor’s remainder theorem
and the dominated convergence theorem (as used in Corollary [1]) to complete
the proof of the lemma. O
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Proof of Theorem[26, Lemmalg|suffices to establish Theorem [26]in the situation
when k = 1.

The underlying principles generalize to arbitrary k. We first derive a differ-
ential equation analogous to for the k'" derivative; we then show that
the k-th derivative satisfies the equation from first principles. Since the second
step is a calculus exercise not essentially different from Lemma (@, we won'’t
prove it. We further simplify matters by sketching the proof in R to provide the
main idea - in R™ the higher (say k'") derivatives have k indices and require
careful bookkeeping, but the character of the equation for the k' derivative is
very similar to the one in R.

To this end, assume f : R — R is C* and consider the initial value problem

wo(x) = .
We denote the derivatives of v by f/, f”, and f® for the pt* derivatives with

respect to x; the same notation will be used for ¢;(x). Then taking the derivative
with respect to x of (1.8.22) yields:

0,/ / /

TA (3047
We have already studied this problem in the form B = A(t)B, B(0) = I for
x € R, where B(t) = ¢j(z) and A(t) = f'(¢(z)). Differentiating in = once
again, we obtain the following:

D) = Flolel @) + e @@? (3519

Let By(t) = ¢ (z) and As(t) = f(p+(x)). Then we can rewrite equation (3.5.18)
as the nonhomogeneous linear equation

B
% = A(t)By + As(t)B? (3.5.19)

Equation (3.5.19) can be solved using the variation of constants formula for
linear equations

t
By(t) = edo A By (0) + / el AT 4, (5)B2(s)ds (3.5.20)
0
t
:/ GI:A(T)drAQ(S)B2(S)dS. (3.5.21)
0

because ¢;(0) =  implies that By(0) = 0.

Since f is C* (where k > 2), we have As(s) = f”(¢s(x)), and correspond-
ingly supg<,<; |[A2(s)| = supg<s<s | [ (@s(x))] < 0o. Moreover, the terms A(s)
and B(s) have already been controlled on that same interval of existence by the
first derivative f'(ps(x)). Thu,s By(t) is well-defined.

As with the first derivative Dy (z), this is the critical step to concluding
that D?¢;(x) is well-defined. For higher-order derivatives the algebra gets pro-
gressively messier, but the underlying principles are the same:
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1. Derive a differential equation for D*¢,(z), and observe that it has the
form 4 By, = A(t)By(t)+ N (A, ...Ay, B, ...Bj_1), where the A-terms in N
involve the first k derivatives of f and the B-terms in N involve the first
k — 1 derivatives of ¢¢(x). This gives a linear non-autonomous differential
equation which can be solved by the variation of constants formula.

2. Show that By, is indeed the k' derivative of ¢, in x by using finite differ-
ences and passing to the limit as in Lemma [6]

O

3.6 Asymptotic behavior

A central theme in dynamical systems is to decompose the flow into a ‘few
pieces that matter’. We have seen examples of this above: for linear systems,
what matters are critical points and the stable, unstable and center eigenspaces.
This idea will be extended to nonlinear systems through the use of invariant
manifolds. Similarly, phase portraits are an impressionistic sketch of the global
dynamics which contain a great deal of information.

In this section, we consider the more abstract idea that the asymptotic
behavior of a dynamical system is captured by invariant sets. A fundamental
example of an invariant set is the w-limit set defined below. In order to prevent
technicalities, we make the following standing assumptions in this section.

1. The phase space U is an open set in R™.
2. ¢y : U — U is a C! flow defined for ¢ € (—o0, ).

Definition 29. A set A C U is positively invariant if ¢;(A) = A for all ¢ > 0.
Similarly, a set is negatively invariant if ¢;(A) = A for all ¢ < 0. A set is
inwariant if it is positively and negatively invariant.

Remark 30. The concept of positive invariance requires only that the flow
is defined only for ¢ > 0. An invariant set may exist even under the weaker
assumption that the flow is defined for all initial conditions only for ¢ > 0 (since
this does not preclude global existence for certain special initial conditions).
Thus, our standing assumption on existence of solutions is a little stronger than
necessary. However, it is simpler at the first pass to focus on the concept of
invariant sets without worrying about global (in time) existence of the flow.
When the invariant set is compact, we may always modify the vector field with
bump function so that the assumptions of this section apply.

Definition 31. Suppose B C U. The w-limit set of B is
w(B) ={y € U|3t, = o0, z, € B such that ¢, (z,) — y}. (3.6.1)

When B = {z} we write w(x) instead of w({x}).
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Definition 32. (Positive orbit). The positive orbit y*(z) of z is
v (x) = {y|y = ¢i(x) for some t > 0}. (3.6.2)

Remark 33. When the flow is defined for ¢ < 0 the analogous notions to
the w-limit set and positive orbit are the a-limit set and negative orbit v~ (x)
respectively.

Let us now establish some fundamental properties of these sets.
Lemma 7. w(z) = w(y"(x)).

Proof. Clearly, w(z) C w(y"(x)) since B C B’ implies w(B) C w(B’). On the
other hand, if y € w(y™(x)), then there is {t,,}5°; and {z,}>>, C v (z) with
o, (Tn) = y. But, z, = @, (z) for some s, > 0 since z,, € y*(z). Thus,
©Ot, +s, () — y implies that y € w(x). O

Lemma 8.

w(B) = Je:(B). (3.6.3)

Proof. This is on HW 2. The proof involves checking that w(B) as defined in
Definition [3.6.1] is contained in, and contains, the set on the right hand side
above. A full proof will be added in with solutions to HW 2. O

Theorem 34. w(B) is closed and invariant.

Proof. w(B) is closed by Lemma since an arbitrary intersection of closed sets
is closed. Suppose y € B and choose ¢t € R. We know that there is a sequence
t, — oo and z,, € B such that ¢; (x) — y. Since the flow is continuous,

Jim o, pi(@n) = 1im g (0, (20)) = @0 (nlgrolo P (xn)) = ¢u(y)-
Thus, y € B implies that ¢;(y) € w(B) for every t € R. O

Remark 35. Note that the proof of Lemma [§| requires only that the flow be
defined only for ¢ > 0. If only this hypothesis holds, the above argument
shows that w(B) is closed and positively invariant. In many instances, as in
Theorem |43| this is enough to show that w(B) is invariant.

Theorem 36. Suppose that oy : U — U is defined for allt > 0. Assume B C U
is connected and that w(B) is compact. Then, w(B) is connected.

Proof. For brevity let A = w(B). The intuitive idea here is this. Suppose w(B)
had two disjoint parts, say A; and As. Then both these sets would need to
be closed, thus compact, and we could separate these sets with two disjoint
open sets as depicted in Figure [3.6.1] The image of a connected set under a
continuous map is connected, thus ¢;(B) is always connected. But then since
both A; and A, are part of w(B), we must have points that hop between Oy
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Figure 3.6.1: A;, A separated by open sets O1, 04

and O, and we may thus obtain a limit point outside A; and As. The existence
of such a limit point contradicts the assumption that w(B) is disconnected. Let
us now make this precise by establishing the existence of such limit points under
the assumption that w(B) is disconnected.

First, recall that a set A is disconnected if and only if we can find open sets
01 and O» such that

O1N0y =g
Ay =AN0O, £ 9
Ay :=AN0Oy # 2,

and A C O; U Oy. This formalises the picture above, with A = w(B). Since
A = w(B) is compact, we may choose O; and O3 to be bounded.

Since A; and A, are part of the w-limit set w(B), for any sufficiently large
T, there exist s,t > T such that

0s(B) N0y # @ and ¢y (B) N Oy # 2.

Without loss of generality, suppose ¢ > s (relabel the sets otherwise). Since
B is connected, so are the sets ps(B) and ¢(B). Since Oy and Os are disjoint,
by continuity there must exist 7 € [s,t] and y € ¢, (B) such that y € 90;.
(Intuitively, we're picking a time in between when points travel from O; to Os.)

Now label the above values of s,t, as T s1,t1, T respectively, and similarly
define y; and 71. Now choose T» > max{s1, t1} and repeat the above argument.
Proceeding inductively we obtain a sequence of times 7,, — oo and points y,, €
00, such that y, = ¢, (x,) for some z,, € B. But then, y, € w(B) by
definition. This contradicts the assumption that w(B) C O U Os. O



Chapter 4

Gradient Flows

In this chapter and the next, we will consider two fundamental examples of
flows: gradient flows and Hamiltonian systems. We will work on R™ and R?"
respectively assuming conditions that guarantee global existence of solutions.
Later, we will refine these ideas to gradient flows on Riemannian manifolds and
Hamiltonian flows on symplectic manifolds.

4.1 The fundamental estimate for gradient flows

We assume given a C? function V : R” — R such that the sublevel sets
K, ={xeR"|V(z) <a} (4.1.1)

are compact for all a € (—o00,00). This function will be called the potential, the
energy, or the cost function in different contexts.

Remark 37. Compactness of the sublevel sets always holds if |V (z)| — oo as
|x| = oo. This is sometimes called a coercivity condition.

An intuitive picture of gradient flow is depicted in Figure [4.1.1
The gradient flow with potential V' is defined by the equation

t=-VV(z), zeR"™ (4.1.2)
The vector field VV is given in coordinates by

ov

8301- ’

The intuition of a gradient flow is that ‘trajectories flow downhill’. This
follows from the following

;= 1<i<n. (4.1.3)

Theorem 38 (Fundamental estimate for gradient flows). Assume V(x) € C?
and its sublevel sets are compact. Then the flow

Opt(x)
ot

= —VV(pi()), wo(z) =z, (4.1.4)

47
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Figure 4.1.1: Gradient flow in R™

is defined for all t > 0 and remains within the compact set Ky (y)-

Proof. Since V € C? the vector field VV is C! and by Picard’s Theorem the
solution is defined for a time interval [0,T(z¢)] with T(xzo) > 0. We evaluate
the potential along the trajectory, setting

v(t) := V(pe(x)). (4.1.5)
Then by the chain rule and (4.1.4) we obtain

. 0
v=VV- a@t(x)

= —VV.VV =—|VVJ

Thus,
t

v(t) =v(0) — ; IVV (ps())|ds, (4.1.6)

at least for ¢ € [0,T(z0)]. In particular, v(t) < v(0), so that @r(zg) € K,. But
then we may again use Picard’s theorem and extend the solution to [T, 2T since
the time of existence guaranteed by Picard’s theorem is uniform on a compact
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set. This ensures that the solution is defined for ¢ € [0, 00) and that v(t) < v(0)
on this interval with equality if and only if VV (z¢) = 0.
O

4.2 Linearization of gradient flows

The equation of variations for an arbitrary vector field was discussed in Sec-
tion see in particular, equations (3.5.2)) and (3.5.3)). When the vector field
f(z) = =VV(x) the equation of variations takes the form

B=A(t)B, B(0)=1I, (4.2.1)
where these matrices are related to the flow ¢;(z) and potential V(z) through
B(t) = Dape(z),  A(t) = DV (p()). (4.2.2)

Here the Hessian D?V/ () is the real symmetric matrix with components

0%V
2 L=
<D V)U 5‘:518% ’

Since V' € C? the partial derivatives commute, i.e.

2V PV
8:@8@ o 3@8;@‘

This means that A(t) is a symmetric matrix El In particular, the linearization
at a critical point z, is always of the form

U = Au, where A = DV (z.,).

Since A is real and symmetric, its eigenvalues are real and it admits a diagonal-
ization A = QAQT with an orthogonal matrix Q (i.e. QT = Q') and

M
Ak
Akt1
An

Definition 39. (Nondegenerate Critical Point). We say that a critical point
of a gradient flow is nondegenerate if 0 is not an eigenvalue of A.

Definition 40. (Morse function). A C? function V : R® — R all of whose
critical points are nondegenerate is called a Morse function.

IWe’ll denote this by A € Symm(n).
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Definition 41. (Morse index). The index, or Morse index, of a non-degenerate
critical point is:

#(positive eigenvalues) — #(negative eigenvalues).

Example 6. (Positive Morse index) The matriz

+1 0

0 +1
Example 7. (Zero Morse index) The matriz

+1 0

0 -1
Example 8. (Negative Morse index) The matriz

4

The phase portraits associated with the above three examples are shown in

Figure [£.2.7]

has a Morse index of +2.
has a Morse indez of 0.

has a Morse index of —2.

e

4 ‘\
+ 2

)
/=1
[ / _“\
Py O

Figure 4.2.1: Phase portraits labelled with Morse indices

4.3 Asymptotic behavior

Theorem 42. A gradient flow cannot contain a periodic orbit.
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Proof. Suppose 7(t) is a periodic orbit with period T, that is: v(t +T) = ~(t)
and T > 0is T = il;% {7(s) =~v(0)}. We evaluate v(t) = V(v(t)) along the
orbit. As before, v(t) = v(0) — fot |VV (v(s))|?ds. Thus,

0(0) = v(T) = v(0) — / TV (5(s))Pds < V(0)

since VV'(z) = 0 if and only if z is a critical point. O
Let us now ask the more general question: what happens to ¢;(x) ast — oo?

Theorem 43 (La Salle invariance principle). Assume V : R" — R is C? and
has compact sublevel sets. Then, for any x € R™, v, = liTm V(pe(x)) exists and
tToo

w(z) S {y|V(y) = v, VV(y) = 0}

Proof. If x is a critical point there is nothing to prove. Thus, assume x is not a
critical point. The proof of Theorem [38| shows that v(t) = V(¢:(x)) is strictly
decreasing and that o(z) is contained within a compact set. Thus, v(t) is
strictly decreasing and bounded below so that v, = lim;_, o, v(¢) exists.

Let us first show that w(z) C K, where

K.={yeR"|V(y) = v.}.

Let {t,}52,; be any sequence such that ¢, — oco. Then, {x,} = {¢:, (z)} is
a precompact sequence since it is contained in K, ) which is compact. Thus,
there exists a subsequence T, — T But

lim V(zy,,) = lim v(t,,) = vs.
J—>00 Jj—o0

Thus, lim; o ,; must lie within K, as asserted. (Every subsequence has the
same limit for a decreasing sequence).

Let us next show that VV(z,) = 0 if 2, € w(z). To this end, we first note
that w(x) is a closed subset of a compact set, thus it is compact. Theorem
and Remark shows that w(z) is compact and positively invariant. Thus,
vi(zy) € w(z) for every ¢ > 0 and by the first part of the proof

View(zs)) =V(z.), t20.
On the other hand, by Theorem [38]

t
V() = Vige) = [ [9V(pa(e) ds.
0
The left hand side vanishes, which means that
t
| Ve Pis=o. e
0

which shows that VV (z,) = 0. O
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Remark 44. A sharper conclusion holds for Morse functions. If V is Morse
with compact sublevel sets then w(z) always consists of a single critical point.
You are asked to prove this statement in the second homework. When V is
not Morse, it may have flat regions as shown in Figure Such degenrate
functions are common in gradient flows in optimization.

Figure 4.3.1: K, in the flat part of the potential

4.4 Exercises

1. Suppose # = f(x), z € R*, f € C!, 2(0) = z9. Do not assume that
supgern ||Df(z)|| < co. Let I(xo) denote the maximal open interval that in-
cludes 0 on which the solution z : I(xg) — R™ is defined. If I(zg) = (—o0, )
with 8 < oo, is it necessary that lim;_,g |x(t)| = +00? Prove or disprove.

2. Show that Definition [31] for w(B) is equivalent to
w(B) = NizoUs>tps(B).

Here ;(B) is the image of the set B under the flow ¢, and A denotes the closure
of a set A.

3. Suppose f : R® — R" is a C! vector field all of whose critical points are
non-degenerate. Show that:

(a) Each critical point is isolated.
(b) The number of critical points is countable.

(¢) The set of critical points cannot have an accumulation point within any
bounded set in R™.

4. Suppose V : R" — R is a Morse function with compact sublevel sets. Con-
sider the gradient flow
i =-VV(x).

Show that w(x) for any « € R™ must be a single critical point.

5. We will discuss periodic orbits and circle maps when we study Hamiltonian
systems. This question involves an elementary flow that will help build intuition
for flows on the circle.
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Consider the vector field on the circle § = w — sin # where w is a parameter.
Show that the flow is periodic when w > 1. Let T'(w) denote the period of the
orbit. Show that:

(a) T'(w) is well-defined. That is, the period does not depend on the initial
condition.

(b) Compute the limit lim,, 1 T(w)vw — 1.

(Part (b) is a tricky integral. Use the residue theorem if you know it, feel free
to use a computer package if you don’t.)

6. Lyapunov functions Assume given a global flow on R™ defined by & = f(x).
A function V : R® — R is a Lyapunov function for the flow if V' satisfies the
inequality

VV . f(x) <0, zeR™

(a) Construct a linear system & = Ax that is not a gradient flow, but which
has a Lyapunov function.

(b) Assume that V is a Lyapunov function with compact sublevel sets. Show
that La Salle’s invariance principle holds for flows with a Lyapunov func-
tion in the following form: if w(x) is non-empty and compact then

w(z) C{y eR"|VV - f(y) =0}

4.5 Solutions to exercises

1. Suppose & = f(z), x € R", f € C', 2(0) = 0. Do not assume that sup, cgn | Df(z)| <
00. Let I(xo) denote the maximal open interval that includes 0 on which the solution

x : I(xo) — R™ is defined. If I(zo) = (—o0,B) with S < oo, is it necessary that
lim;, g |£(t)] = +00? Prove or disprove.

Proof. It is necessary that lim, g |z(t)] = +o00. If not, there exists a subse-
quence {t,, 52, such that lim,,_, ¢, = 8 and lim,_,~ x(t,) = a where a € R™.
Since f € C!, there is € > 0 and a time T'(a,e) > 0 such that there is a
well-defined solution ¢, (y) for all initial conditions y in the ball B(a,e¢) for all
se (-1,7).P

Choose N so that 8—t, < T and x(t,,) € B(a,¢) forn > N. By the existence
and uniqueness of solutions with initial conditions in B(a,€), it follows that the
solution ¢s(z(t,)) is defined for s € (=T,T). Using uniqueness again, this
solution must agree with the solution x(¢) on the time interval ¢ € [t,, 8). But
then we see that the interval of existence for #(¢) may be extended to t,+1 > 3,
contradicting the definition of 3. O

2B(a, ) denotes the ball centered at a with radius .
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2. Show that the above definition of w(B) is equivalent to
w(B) = NizoUs> s (B).

Here ¢;(B) is the image of the set B under the flow ¢; and A denotes the closure of
a set A.

Proof. We use the following notation. Let
Ap = Ugs105(B), Ao = Mi>04s.

We must show that w(B) = A. This means that we must establish the inclu-
sions

A Cw(B) and w(B) C Aw.

1. Suppose y € A.. Consider the sequence of integers n = 1,2,... and choose
a sequence g, such that ¢, — 0. Since y € A,, for every n, there is a t, > n
and z, such that |y — ¢, (z,)| < €. In particular,

lim ¢, (z,) =y,

n—00

showing that y € w(B).

2. Now suppose y € w(B). By the definition of w(B), for every sequence &,
such that ¢, — 0, there exists a sequence t, — oo and x,, € B such that
|ot, (zn) — y| < €n. The points ¢y, (zy,) lie in A, . Therefore, the distance

dist(y, A¢, ) < €n,
where the distance between a point y and a closed set K is defined by

dist(y, K) = inf |y — z|.

It follows that
dist(y, Aso) < €n,

for every n, so that dist(y, As) = 0. Since A is a closed set, y € Ax. O

3. Suppose f : R™ — R™ is a C! vector field all of whose critical points are non-
degenerate. Show that:

(a) Each critical point is isolated.
(b) The number of critical points is countable.

(¢) The set of critical points cannot have an accumulation point within any bounded
set in R™.

Proof. (a) Assume z, is a non-degenerate critical point. By definition this means
that f(x.) = 0 and D f(z.) is invertible. By the inverse function theorem, there
exists €, > 0 such that f is a diffeomorphism of B(0,¢) onto its image for all
€ < 4. Since f(x,) = 0 this ensures that for £ < ¢, the image f(B(0,¢)) is an
open neighborhood of 0 and that f takes the value 0 only once in B(0,¢).
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(b) A set S of isolated points in R™ is always countable. Here is one proof of
this statement.

Each point z in S can be contained within a ball B(x,e(x)) such that no
other points of S lie within B(z,e(x)). Since the rational points Q™ are dense in
R"™ we may choose a unique point g(x) € Q" as the label for x € S. This gives
a one-to-one map from S — Q" which is countable. Thus, S can be labeled by
a countable subset of a countable set, which makes it countable.

(c) Suppose there exists a sequence of critical points {x,,}52; with a limit « =
lim,, 0 . By the continuity of f, f(z) = lim, ,f(z,) = 0. Thus, z is a
critical point. But then x cannot be non-degenerate, since this would contradict
part (a). So x is degenrate, which contradicts our assumption that all critical
points of f are non-degenerate. O

4. Suppose V : R™ — R is a Morse function with compact sublevel sets. Consider the
gradient flow
z=-VV(zx).

Show that w(x) for any € R™ must be a single critical point.

Proof. Since V' is Morse, by problem (3), its critical points are isolated. On the
other hand, we know that w(z) is connected. A connected subset of a set of
isolated points must be a single point. O

5. We will discuss periodic orbits and circle maps when we study Hamiltonian systems.
This question involves an elementary flow that will help build intuition for flows on
the circle.

Consider the vector field on the circle § = w — sin § where w is a parameter. Show
that the flow is periodic when w > 1. Let T'(w) denote the period of the orbit. Show
that:

(a) T(w) is well-defined. That is, the period does not depend on the initial condition.
(b) Compute the limit lim,,—1 T'(w)vw — 1.

(Part (b) is a tricky integral. Use the residue theorem if you know it, feel free to use
a computer package if you don’t.)

Proof. (a) We identify the circle with R mod 27. We separate variables and
integrate from 6y to 8y + 27 to find the time taken for an orbit starting at 8y to

loop around once:
Oo+27 do 27 do
0 w — sinf o w—sind

where the second equality follows from the periodicity of siné. Thus, the time
period is independent of 6.
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(b) The integral may be computed using Cauchy’s integral formula (also known
as the residue calculus) or the substitution u = tan /2. We make the substi-
tution z = €% to convert the integral over the interval [0,27] into a contour
integral. Then

dz

1 . .
o= do, sinf=—(¥ —e )= _—(22-1),

27

and we may rewrite

/% do _2% dz
o w—sing " J o =22+ 2iwz+1

The denominator of the integrand may be factorized by the quadratic formula.
We write

—22 42wz +1=—(2—w_)(z —wy), wi:i(wi w2—1).

Of these roots, only w_ lies within the unit disk. Thus, by Cauchy’s integral
formula

27{ dz _ 2% dz _dm 27
2|=1 =22 + 2iwz + 1 B lz1=1 (7 —w-)(z —wy)  wewr V-1

The time period diverges as w — 1. The rate of divergence is computed as
follows

2
lmvw-—1T =limvw —1———— =2m.
Ve ST =iV e T VR
O

6. Lyapunov functions Assume given a global flow on R™ defined by # = f(z). A
function V' : R"™ — R is a Lyapunov function for the flow if V satisfies the inequality

VV.-f(z) <0, z€eR"

(a) Construct a linear system & = Az that is not a gradient flow, but which has a
Lyapunov function.

(b) Show that La Salle’s invariance principle holds for flows with a Lyapunov func-
tion in the following form: if w(z) is non-empty and compact then

w(z) C{y eR"|VV - f(y) =0}
(This is very similar to the proof done in class).

Proof. (a) If Ax = —VV/(x), then V(z) must be quadratic and A must be
symmetric. Thus, to find a flow that is not a gradient flow, it is sufficient to
consider a non-symmetric matrix. We choose

0 1 -1 0
we(B0) (0t %)
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and we set

A=Ao+ A1, V(z)= %xTAx = %xTAlx.

The intuition here is that the first linear transformation Ay gives rise to a
rotation (which is definitely not a gradient flow), whereas the second matrix A;
gives rise to a decay. These effects are orthogonal in the sense that

~VV(z) Az = 2T AT Az = —|Ayz]? <0,

with strict inequality unless x = 0.

(b) We consider the value v(t) := V(z(t)) of the Lyapunov function along the
solution z(t). Then v(t) is a decreasing function of time. If y € w(z) then there
is a sequence t,, — oo such that z(¢,) — y and we find that lim,,_,., V(z(t,)) =
V(y). But since v(t) is a decreasing function it is also true that
tlgglo V(z(t) =V(y) == v..

Thus, w(z) C {y|V(y) = v« }. Finally, since w(x) is assumed compact, it is
invariant. Use y € w(z) as the initial condition for & = f(z) to see that
VV - f(y) = 0 (if not, V would decrease strictly on the solution beginning
at y, contradicting the fact that V' is constant on w(x).). O
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Chapter 5

Hamiltonian Systems

This chapter provides an introduction to Hamiltonian systems. We begin with
examples in one dimension. We then turn to the general structure of Hamil-
tonian systems. The main references for this chapter are [3, Ch.2] and [12
Ch.1].

5.1 One dimensional Hamiltonian systems

5.1.1 A solution formula

Consider a particle on the line with unit mass subject to the effect of a smooth
potential V' : R — R. The equation of motion is given by Newton’s law

i=-V'(z). (5.1.1)

Equation (5.1.1)) is a second order equation for one variable and it may be
rewritten as the system
i o=y (5.1.2)
g = —V'(z) (5.1.3)

One of Newton’s fundamental observations is the principle of conservation of
energy. Define the Hamiltonian

1
H(z,y) = 5y + V(@), (5.1.4)
consider a solution to (5.1.2)) and observe that
d OH oOH
SH®),yt) = =i + =3
=V'(z)z +yy

= y(V'(z) - V'(z)) = 0.

99
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The Hamiltonian is the sum of the kinetic energy and potential energy in the
system. Conservation of energy allows us to solve (5.1.1) almost explicitly.
Suppose that at t = 0, H(zg,yo) = F is known. Then

%# +V(z)=E (5.1.5)

for the interval of existence of the solution. We solve for the velocity to obtain

i =+\2(E - V().

We further separate variables and integrate to obtain the solution in an implicit

form
a:(t) dS

. B Ve

Of course, we’d like to actually express x as a function of ¢, not ¢t = t(x).
Nevertheless, this formula already tells us a great deal about the phase portrait.

5.1.2 Examples

Here are some examples of physical systems that may be solved by the above
method.

1. The simple harmonic oscillator
V(z) = zx*. (5.1.6)

The equation of motion is & = —z, which is exactly solvable.

2. A qualitatively similar model which is not exactly solvable is

1 1
V(z) = 53;2 + Zx4. (5.1.7)

3. The simple pendulum has potential
V(z) =1—cosz. (5.1.8)
Figure illustrates the physical context. The equation of motion
mlf = —mgsin @ (5.1.9)

is obtained by balancing forces. The left hand side is mass times acceler-
ation. This equation may be rewritten

0 =—w?sinf (5.1.10)

where w? = g/I. If we choose units of time so that w = 1 and relabel the
angle 6 by z for consistency with our previous notation, we obtain the

equation & = —sinz, as in (5.1.1)).
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Figure 5.1.1: V(6) = mgl(1 — cos®), where m, g, are physical constants.

5.1.3 Phase portraits
The geometric method for plotting the phase portrait of 1-D Hamiltonian sys-

tems is as follows.

1. Sketch the graph of V(z).
2. Use the formula y = /2(F — V(¢)) to determine trajectories for different

energy levels.

Examples of such phase portraits are shown below.
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Figure 5.1.2: V(z) = a2
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Quakibokvely
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Figure 5.1.3: V(z) = 12? + 1z, Note the qualitative similarity with Fig-

ure [o.1.2i
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Figure 5.1.4: V(x) = 122 — 12* Compare the effect of the minus sign with

2 1
Figure [5.1.3]
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Figure 5.1.5: The simple pendulum. V(z) =1 — cosz.

65
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Figure 5.1.6: Phase portrait of the simple pendulum on S* x R.
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Figure 5.1.7: Modes of oscillation of a simple pendulum. The separatrix corre-
sponds to a critical orbit that takes infinite time to turn once through an angle
of 27, In case 1 and case 3, a periodic cycle takes finite time.
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5.2 The symplectic form

We now turn to the general theory of Hamiltonian systems. The state space S
will be a subset of R?" and we denote points in R?>" by z = (z,y), z,y € R™.
We assume given a C? Hamiltonian H : U — R. Let I,,, denotes the m x m
identity.

Definition 45. The (standard) symplectic matrix J is the 2n x 2n matrix

J= <_‘}n Ig) . (5.2.1)

We will also use the term symplectic form to refer to this matrix, since J
defines a quadratic form on R?" defined by

w(z1,20) = 21 Jza, 21,22 € R®™. (5.2.2)
The symplectic form is skew-symmetric, w(z1, 22) = —w(z2, 21)-
Lemma 9. J? = —1I,,
Proof.
(B () e
O

The state space U in combination with the symplectic matrix J is an example
of a symplectic manifold. We write such manifolds in the form (U, J) when it
is necessary to make the symplectic matrix explicit. The Hamiltonian flow
associated to H on the symplectic manifold (U, J) is

z=JV_H. (5.2.4)
Equation is equivalent to
T =V,H (5.2.5)
y=—-V.H.
We use the following notation for derivatives in these equations:
OH OH
V.H = (%@)

(LH OH OH LH)
w1’ "7 Oy Oy” T Dyn
= (V.H,V,H).

Hamiltonian systems have a structure that is complementary to gradient flows.
In both cases, it is first necessary to understand the underlying structure in
the state spaces R® and R?" equipped with the standard metric and standard
symplectic form respectively. Once the flows have been understood in this set-
ting, the full power of the theory can be realized by studying these flows in
their natural geometric setting. A brief comparison of these ideas is presented

in Table B.11
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Gradient flows Hamiltonian flows
Euclidean Euclidean
V:R*"—= R H:R*™ 5 R
& =-VV(x) z=—-JV.H
Riemannian manifold Symplectic manifold
VMg =R H: (M?™ w) =R

&= —grad,V () w(z,v) =dH (), v € T,(M).

Table 5.1: A comparison of gradient and Hamiltonian flows. The gradient
operator is defined using the Riemannian metric g to convert the 1-form dV
into a vector. Similarly, a Hamiltonian vector field is obtained by using the
symplectic form w to convert the 1-form dH into a vector.

5.3 Symplectic diffeomorphisms

Definition 46. The symplectic group Sp(n) is the set of real matrices S € M,
that satisfy
STJS =J. (5.3.1)

The group operation is matrix multiplication.

The above definition should be contrasted with the more familiar example
of the orthogonal group.

Definition 47. The orthogonal group O(n) is the set of real matrices Q € M,
that satisfy

QT =1 (5.3.2)

The group operation is matrix multiplication.

Both O(n) and Sp(n) are examples of the classical groups [16]. The underly-
ing idea in the definition of the classical groups is the classification of the linear
transformations of R™ that preserve a natural quadratic form. These forms are
the Euclidean inner product (for O(n), m = n) and the symplectic form (for
Sp(n), m = 2n).

Let us check the group axioms for Sp(n). First, it is clear that I € Sp(n).
Second, if S € Sp(n), we note that det(S) is either plus or minus one, since
det(J) = 1, so that equation implies det(S)? = 1. Therefore, S™1 exists.
Now multiply equation on the right and left by S~7 and S~! to obtain

J=8""Tys7t, ST.=(sHT.
Similarly, if S; and Ss satisfy (5.3.1]) so does the product 5752 since
(8185)7 7818y = STST 1SSy = ST TSy = .
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Definition 48. Assume U C R?" is an open set. A diffeomorphism ¢ : U — U
is symplectic if Dp(z) € Sp(n) for each z € U.

It is helpful to contrast this definition with the notion of isometries of R".
A diffeomorphism ¢ : R™ — R" is an isometry if Dyp(z) € O(n) for every
x € R™. This definition and terminology reflects the fact that an isometry
preserves lengths. It turns out that any C' isometry of R™ must be an affine
transformation of the form ¢(x) = Qz + ¢, @ € O(n), ¢ € R*. We often
say for this reason that ‘isometries are rigid’, which means that there isn’t a
great deal of choice in isometries E By contrast, there are many symplectic
diffeomorphisms.

Theorem 49. The flow map ¢; defined by the Hamiltonian system 18
a symplectic diffeomorphism for all t in the interval of existence. Conuversely,
every one parameter family of symplectic diffeomorphisms oy with po(z) = 2z is
generated by a Hamiltonian vector field.

Proof. 1. Fix z € U and write the equation of variations for the Hamiltonian
flow (5.2.4) around the trajectory ¢:(z) as

B=JSB, B(t):=Dyy(z), S:=D?H(pi(z)), B(0)=1I. (5.3.3)

We must show that B(t) € Sp(n) for all ¢ in the interval of existence. By the
product rule

%(BTJB) =BTJB+ BTJB.

We then substitute (5.3.3)) to find

%(BTJB) =B" (STJTJ + J*S) B =0,

because
S =D?H(pi(2))=8T, J?>=—-ILy, JJ'=-J%

Since BT(0)JB(0) = J it follows that BT (t)JB(t) = J for all ¢ in the interval
of existence.

2. Conversely, let us suppose that ¢;(z) is a symplectic diffeomorphism.
Consider the vector field

d

= Jgr—
o) = I )
The reader should now show, using the definition of Sp(n), that this implies
v(z) = V,H(z) for some function H : U — R. (Hint: Use the classical calculus
criterion to determine when a function is a gradient). O

IThis requires a proof, but you can gain an intuitive feel for such rigidity by trying to
construct a diffeomorphism of R? that is a smoothing of a piecewise linear map whose deriva-
tive takes two distinct values Q1 and Q2 in the left and right half planes respectively. These
derivatives must agree on the y-axis.
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Corollary 3 (Liouville’s theorem). Hamiltonian flows on U C R?*™ preserve
2n-dimensional volume.

Proof. Theorem [49] shows that the Hamiltonian flow ¢, is a symplectic diffeo-
morphism. Thus, det(Dy;(z)) = det(Dyo(2)) = 1. O

5.4 Linearization at critical points

This section illustrates the special nature of critical points in Hamiltonian sys-
tems in two-dimensional flows. The general structure is considered in the home-
work. We know that the linearization at a critical point z, for the differential
equation z = f(2) is & = Df(z.)u. (We use z instead of « because we are going
to apply this idea to Hamiltonian systems.)

Now, suppose f(z) = JV,.H. In coordinates,

OH
fiz) = Jikaizk; 1<i<2n,

where we sum over repeated indices. Then

2
(DS = pfi = Tt

ik
Zj 82’]82k

Let us first examine the implications of this structure on the eigenvalues for the
2 x 2 case. Consider a Hamiltonian of the form

H(w,y) = %yz + V() (5.4.1)

with the linearization

9*H 9*H
B = dx0y 621;2 — 0 1
: _9*H 0°H —V"z,) 0)°

Ox2 dxz0y

at a fixed point (z,y) = (z4,0). The eigenvalues of B are

A=+ =V"(x) (5.4.2)
There are two distinct cases to consider, as illustrated in Figure [5.4.1

1. V has a local minimum so that V" (x,) = w?, for some w € R. Then
A = tiw is purely imaginary, implying the critical point is a center.

2. V has a local maximum. Say V" (z,) = —6? for some § € R. Then \ = 460
is real, implying the critical point is a saddle.
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V() Vo

ANV
Ke l

Figure 5.4.1: V has a minimum or maximum.

5.5 Lagrange’s Equations

We have encountered Newton’s laws in the form F = ma, or
for the N-body problem. We used the conservation of energy to define

H(z,y) = T + V

kinetic energy  potential energy

For example, T' = %Zfil m;|i;|? for the N-body problem. Let us consider a
different approach to deriving the equations of motion introduced by Lagrange.
Define the Lagrangian
L:R*"xR"—>R
(z,2) — L(z,z) :=T(2) — V(x)

We define the action of a path x : [0,1] — R™ as follows:

Sla] = /01 L(z, &)t (5.5.1)

We view S as a function from C1[0,1] — R™.
The principle of least action says that the path that minimizes the action,
subject to the boundary conditions

z(0) = o z(1) = xq,

where satisfies the ODE

0 0oL 0L
These equations are known as Lagrange’s equation or the Fuler-Lagrange equa-
tions [

2The variation in terminology depends on the context. In classical mechanics, the term
Lagrange’s equations is used more often. When studying partial differential equations, for
example the equations for minimal surfaces, the terminology Euler-Lagrange equations is
more common.

1< <n.
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When L = %va:l m|i;|* — V(x), we find

0 (s 0 .oV
&(mzxz) - _8xiv(l‘)v or m;xr; = _8761-

which is Newton’s law.

Let us establish the principle of least action. To this end, we need to adapt the
calculus criterion for finding a max or min of a function to infinite-dimensional
spaces of functions. We incorporate the boundary conditions and define the

X ={zeC'([0,1;R")| 2(0) ==z, x(1) =1}

and define the action as in equation . We compute the derivative of S at
the ‘point’ z in the direction of the vector 7 as follows. What these ‘points’ mean
here is the following. The ‘point’ x in X is a function with values z(t) at ¢ € [0, 1].
The ‘vector’ n is a sufficiently smooth function 7 such that 5(0) = n(1) = 0.
The boundary conditions are introduced to ensure that z(t) = x(t) + en(t) is a
fuction in the space X for all e.

These notions allows us to reduce the computations of derivatives to the
standard calculus of functions on the line. We compute

d d oL .
&S[Ie] = a/o L(z +en, & + en)dt = Z/ oz, Pt/ 8:'cini)dt'

Note that in the last equality, the argument of L is (z + en, & + en). At an
extremum

0= —S[ze]

Z/ <axm aLm))d
*Z/ <8mz igf)"dt

where we integrated by parts to get the last equality. Since 7 is arbitrary,
we may choose it to be a non-negative bump function localized at any point
to € (0,1). Then varying this point, we see that in fact

doL oL
dt 8x2 o (9137

1<i<n.

These are Lagrange’s equations.

Remark 50. The main advantage of Lagrange’s method is that it “automates”
the derivation of the equations of motion, avoiding the computation of a force
balance at each point. Typical examples of such Lagrangians arise when one
considers mechanical linkages, as shown in Figure [5.5.1]
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Figure 5.5.1: A planar linkage with free rotation at the joints and fixed rod
lengths. A schematic for a submanifold of R™.

This is especially important when the space variable x lies in a manifold M
that is not R™. In such examples, the admissible positions form a submanifold of
a Euclidean spaces, defined as the solution set to the constraint equations. This
is shown schematically in Figure where M = {x € R™|constraints hold}
and T, M = tangent space.

Example 9. The kinetic and potential energy for the simple pendulum are
1 .
T = im(w)Q, V =mgl(1 — cos®).

The Lagrangian is defined on the tangent bundle TS' = S* x R.

5.6 Riemannian Metrics and Geodesic Flow

One of the most important applications of the principle of least action is to
the derivation of the equations of geodesic flow on a Riemannian manifold.
The complete definition of an abstract manifold requires a little more point-set
topology (and time) than we possess at present. For these reasons, we will define
n dimensional smooth manifolds as subsets of Euclidean space defined by

M = {z € R"|g(x) = 0},

where g : R™ — R™™" is a C*° function such that Dg(x) has rank m—n at each
x € M. Given such a subset, we may define the tangent and normal vectors to
M with vector calculus in the usual way. EI

3A theorem of Whitney allows us to reduce the study of n-dimensional abstract manifolds
to this setting provided m > 2n, so this definition involves no loss of generality, even if it has
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We will develop intuition for manifolds by working with examples. Rieman-
nian and symplectic manifolds are manifolds equipped with additional structure.
In this section, this additional structure is that of a metric.

Definition 51. A Riemannian metric g is a positive definite bilinear form on
T, M, x € M. The length of a vector is defined by

[of; = g(@)(v,0), TEM, veTM. (5.6.1)

For simplicity, we first work with metrics on U C R™. Denote by P,, the space
of n X n positive definite matrices. Then a metric is simply a map g : U — P™.
We assume the map g is as smooth as needed for the calculations that follow.
An important example is the following.

Example 10 (The Poincaré metric on the upper half-plane).
U={y>0|(z,y) eR}

9(z,y) = y% (é (1)) :

Definition 52. A geodesic between z and z1 in (U, g) is an extremum of the
action

1
Sglx] == 5/0 il g(x)x dt

where & = x(t) and & = ().

Remark 53. We do not define the geodesic as being the path of shortest dis-
tance between two points on the manifold. In most cases of interest, the ex-
tremum is a minimum, but the definition and the computation that follows, uses

only a first-order variation (to find an extremum), not a second-order variation
(to determine if the extremum is a maximum or a minimum).

The Lagrangian for geodesics is

. 1, .1
L(z,©) = §$T9($)9C = 51%'%'91']'(1‘)7

where we adopt the Einstein summation convention of summing over repeated
indices. The equations of geodesic flow are

d 0L oL
== 1<k<n.
dt Oy, oxy,

Let’s compute these equations explicitly. On the left hand side
oL 1(81‘, T 6@)
= (g 4+ L
aka 2 8a:k 79ij 8a:k

1/, .

=5 ($j5ikgij + $i5jk9ij)
1 . . .

= 5 (@950, Zigik) = E59jn,

certain conceptual limitations. It is possible to develop many properties of manifolds using
this working definition. The interested reader is referred to [g].
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where we relabeled the dummy index ¢ by j in the last equation. Next, for
3 995
brevity, let g;; r == 5. Then

6Ik :

oL 1 .
Txk = igij,kxixj. (562)

Combining the above equations, we see that Lagrange’s equations are

d,. .
%(xjgjk) = §gij,k9€i$j,

The term within brackets on the left hand side is

9ikTj + GjkiTiTj = gjxTj + i(gjk,i + Gik,j) &5,

so that equation (5.6.2)) may be rewritten as

.. 1 .
9jkTj = —i(gjk,i + Gik,j = Gijk)Tidj (5.6.3)
This is a complete prescription of the equation of motions. In what follows,
we introduce terminology from differential geometry, so that the equations may
be written in the standard form in which they appear in books on differential
geometry.
The components of the inverse of the metric g~
be used to ‘contract’ terms, such as

I are denoted ¢'™. They may

g% gini; = 8% = iy (5.6.4)

The spatial derivatives of the metric reflect the role of curvature. These com-
putations are organized by introducing the Christoffel symbols

1
Cijr = §(gm,j + ik — i), Thy = 9" Dij. (5.6.5)
We multiply equation (5.6.4) on the left with ¢g'™ to obtain the equations for
geodesics

i+ Tai; =0, 1<j<n. (5.6.6)

These calculations may be found in [I2, Ch. 1]. In the homework, you are asked
to solve these equations for the Poincaré half-plane.
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Figure 5.6.1: The role of curvature in geodesic flow is a generalization of the
2

centripetal acceleration a = “- for a particle traveling at constant speed on a

circle of radius r.

5.7 Kepler’s problem

The purpose of this section is to illustrate the role of symmetries and explicit
calculations in the resolution of a historically important problem in dynamical
systems: the derivation of Kepler’s laws of planetary motion from Newton’s laws
of motion and Newton’s law of gravitation.

The 2-body problem is the Newtonian system

{ miTy *vxlv(xhlg) (571)

Mo 7v12V(l‘17£L’2)

where x1, 15 € R? and V (11, 72) = — ;’:1_";22‘ is the gravitational potential.
/’//omz'
V.-
s
W,

Figure 5.7.1: The center of mass in the two-body problem



78 CHAPTER 5. HAMILTONIAN SYSTEMS

5.7.1 Reduction to a central field

The two-body problem has conservation laws that allows a significant reduction
in complexity. These are listed in the lemmas below.

Lemma 10. The velocity of the center of mass is independent of time.

Proof. Let r = |z1 — x2], so that V(z1,22) = ™™, We then compute

Vg, r= Al ;x2 - _ (w2 ; 1) =Va,r (5.7.2)

Let z = Mafitmazs they
m1+ma

m1Zy + moZa

mi + mo
since V,, V = =V, V by (5.7.2)). O

Lemma 11. The center of mass may be assumed to be at the origin for all
time.

Proof. Equations (5.7.1]) are invariant under the following changes of reference
frame ﬂ Fix a vector ¢ € R and a rotation Q € O(3) and change variables to

y=Qu+ct, zeR}teR. (5.7.3)
Since @ is an orthogonal matrix we find that
ly1 — ya| = Q1 — 22)| = |21 — 22 (5.7.4)

Now let us check that Newton’s law continues to hold in the same manner as it
did in the z-frame. We compute

myij = Qmya) + ct (5.7.5)
= _levz1V

- _lew (5.7.7)
Y1 — Y2

= —mi=— (5.7.8)

Since 2 is constant by Lemma we may choose ¢ so that

mig1 + maye
my + mo

—Qi+C=0.

4This is called Galilean invariance.



5.7. KEPLER’S PROBLEM 79

Remark 54. Lemma and Lemma allow us to reduce to the two-body
problem to a one-body problem. By choosing a frame in which z = 0, we use
the conservation law

mixry + moxo =0 (579)

to solve for x5 in terms of x;. Eliminating x5 from the equation of motion for

z1 we find
.. (my + ma) T
r1 = —MmM2 3
mo |£L'1|

This is a vector equation in R® that may be simplified further by additional
conservation laws.

Lemma 12. The angular momentum mixz, X 2,4 conserved.

Here x, X &, is the cross product in R3. See Figure m

o
0
Figure 5.7.2: The angular momentum.

Proof.
d . . . . Ty XXy
*(ﬂxﬂ)zﬁxﬂ+ﬂxﬂ:—w

=0.
dt

5.7.2 Motion in a central field

Let us briefly recall vector calculus with polar coordinates. A point z = (z,y) €
R? may also be written

z=re,
where the basis vectors are shown in Figure[5.7.3] As ¢ varies, the basis vectors
change and it is easy to check that

Doy = €pr Doy = ¢

0 %

The velocity and acceleration are given by

& =re, +roe,, (5.7.10)
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w7
/L

Figure 5.7.3: Basis vectors in polar coordinates.

i=(F—rd®) e, + (rg+27@) e, (5.7.11)

These equations are obtained by differentiating the basis vectors with respect
to ¢ and applying the chain rule.

Definition 55. Assume U : (0,00) — R is a potential. Let x € R?, r = |z|.
The equation of motion of a particle in the central field defined by U is

&= -=VU(|x]|). (5.7.12)
The right hand side simplifies considerably in polar coordinates, since
VU(|lz|) = U'(r)Vr =U'(r)e,.
The left hand side has been computed in equation and balancing the
radial and angular directions we find the system of equations
F— rot=—— (5.7.13)
r$+2r¢ =0. (5.7.14)
Equation may be integrated to obtain the conservation law

.M
$=3 (5.7.15)

where M is the angular momentum E| The value of the constant M is determined
by the initial conditions. Once it is known, we define the effective potential
enerqy

(5.7.16)

5This is nothing but Lemma in disguise. Indeed, observe that
r¢ 4 2r¢o =0
is equivalent to

% log(12) = 0.
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and observe that equation ([5.7.13|) takes the form

ov

- (5.7.17)

’i’::

At this stage we have reduced the two-body problems to the techniques of
Section Let us first analyze this problem qualitatively, before turning to a
more precise analysis.

Figure [5.7.4] illustrates the qualitative nature of the r-orbits for a potential
energy U(r) that grows at infinity. Figure illustrates the qualitative nature
of the r-orbits for the gravitational potential. In this setting, the potential
energy U(r) does not grow at infinity and we see a separation between periodic
r-orbits and orbits that asymptote to infinity.

1
40!

Figure 5.7.4: Periodic r-orbits in a central field.

When considering the gravitational potential, we have used the fact that ]‘T/[—;
dominates as r — 0. Further, since 37+ V(r) = E, 7 ~ v2E when E > 0 since
V(ir) = 0asr— co.

Figureand Figureprovide solutions r(t) that are periodic function
of time. However, our system is two dimensional and this does not suffice to
establish that the orbit of the particle is closed. This is more subtle. To this



82 CHAPTER 5. HAMILTONIAN SYSTEMS

\/ MZ o{ﬁmwj o v —= O
\
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\

l

Figure 5.7.5: Periodic r-orbits in the gravitational field.

end, we express ¢ as a function of r writing

dp dpdr M 1

dr— drdt 12 \PE-V()

This equation follows from the equations
. . M
r=+2(E-V(r)), ¢= =r

Thus, we may integrate to obtain ¢ as a function of r. Let’s first get a feel for
this qualitatively. Figure[5.7.6] plots the particle position in space for a periodic
r-orbit. As r increases from rp;, t0 rpax, ¢ increases monotonically via

m [ ML
P e 2 V2AE -V (9))

The angle between sucessive pericenters and apocenters is given by the integral

ds (5.7.18)

Tmax M 1
P :/ — ———=dr (5.7.19)
rmin 7 V/2(E = V(r))
Whether the orbit is closed or not depends on whether % is rational or

irrational. This idea is illustrated in Figure
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@Focem%\/ ‘

Figure 5.7.6: Orbits in physical space

Theorem 56. The only central force law in which all orbits are closed is:

U=ar?, a>0 (5.7.20)
U= fé, k>0 (5.7.21)

Remark 57. The suprising fact here is that we are not assuming Newton’s law
of gravitation. What we assume is that the orbits are closed (Kepler’s law).
This implies Newton’s law. Note, however, that we do assume Newton’s law
of motion (F = ma) An interesting question here is “how did Newton come
up with the law of gravitation?”. Kepler’s calculations based on Tycho Brahe’s
observations seems to be the essential clue. A more detailed discussion of these
ideas may be found in [3, Ch. 2.8].

5.8 Exercises
1. We say that a matrix A with real entries is Hamiltonian if JA is symmetric.

(a) Show that the sum and commutator of two Hamiltonian matrices are also
Hamiltonian matrices.

(b) Compute the dimension of the space of Hamiltonian matrices.

(c) Show that if A € C is an eigenvalue of a Hamiltonian matrix A, then so is
=\, A" and —\*.
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Figure 5.7.7: Periodic and quasi-periodic motions in a central field.

2. Recall that the symplectic group Sp(2n) is the group of matrices with real
entries defined by the relation:

MTIM = J.

Show that {e*4};cg is symplectic if A is Hamiltonian. _Conversely, given a
smooth path M (t) € Sp(2n) with M (0) = I5,,, show that M (0) is a Hamiltonian
matrix.

3. Consider the equation of the simple pendulum:
0+ sinf = 0.

A critical energy level separates small oscillations with extrema in (—, 7) from
large ‘whirling’ oscillations. Determine explicitly the solution on the critical
energy level as a function of t.

4. Circle maps. Consider the map f :[0,1) — [0,1) defined by f(x) = (z + «)
mod 1 where a € [0,1). Let the sequence {z,}, denote the orbit of a point xg,

ie. 21 = f(xo), x2 = f(x1), ete.
(a) Prove that every orbit is periodic if and only if « is rational.

(b) If « is irrational, prove that the orbit {z,} is dense in [0,1).

5. Geodesics as paths of least action. Assume given a smooth metric g on R™
(i.e. g(z) is a symmetric, positive definite matrix) that varies smoothly with z.
Denote the length of a vector in this metric by |v|, := 1/g(v,v). The length of
a smooth curve v : [a,b] — R™ is the function of v defined by

b
L(y) = / 5] dt.
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The action of this path is the function

1 b
B =3 [ it
a
(Its conventional to use E instead of A because the action is the kinetic energy
of a particle moving in the metric g in this case).
(a) Show that L(vy) is unchanged under a reparametrization of the curve ~.

(b) Show that minimizing the action of a parametrized curve is the same as
minimizing the length, if one makes the additional assumption that the
speed |¥|4 is held constant.

6. Geodesics in the upper half plane. Let H = {(z,y) € R?|y > 0}. Let g be the

hyperbolic metric g = y~2I, where I denotes the identity matrix.
(a) Show that the geodesics are circular arcs perpendicular to the z-axis.

(b) Compute the distance between two points (x1,y1) and (z2,y2).

5.9 Solutions to exercises

1. We say that a matrix A with real entries is Hamiltonian if JA is symmetric.

(a) Show that the sum and commutator of two Hamiltonian matrices are also Hamil-
tonian matrices.

(b) Compute the dimension of the space of Hamiltonian matrices.
(c) Show that if A € C is an eigenvalue of a Hamiltonian matrix A, then so is —A,
A" and —A\".

Proof. (a) Suppose A and B are Hamiltonian matrices. Then (JA)? = JA and
(JB)T = JB. We then compute

(J(A+B)T = (A+B)TJ" = ATJ" + BTJT = JA + JB,
since (JA)T = JA. The commutator is [A, B] = AB — BA. We then compute

J([A,B)T = BTATJT — ATBTJT = BT (JA)T — AT(JB)"
=BTJA-ATJB = —(JB)'A+ (JA)"B = JAB — JBA = J[B, A].

(b) The dimension of the space of real symmetric matrices is n(n +1)/2. If
A is Hamiltonian, we may write JA = S or A = J~1S where S is symmetric.
Thus, the dimension of the space of Hamiltonian matrices is also n(n + 1)/2.

(¢) The condition (JA)T = JA is equivalent to AT = JAJ since JT = J~ 1.
Therefore, the characteristic polynomial satisfies the identity

det(M — A) = det(A\ — A7) = det(A — JAJ) = det(A\J 2 — A) = det(—\I— A),
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where we used the identities det(J) = 1, J=! = —J and J? = —I. It follows
that A is a zero if and only if —\ is a zero. Further, since A is real, the complex
conjugate \ is a zero if and only if A is.

O

2. Recall that the symplectic group Sp(2n) is the group of matrices with real entries
defined by the relation:
M"JM = J.

Show that {etA}teR is symplectic if A is Hamiltonian. Conversely, given a smooth
path M(t) € Sp(2n) with M (0) = Iz, show that M(0) is a Hamiltonian matrix.

Proof. (a) Suppose A is Hamiltonian and consider M(t) = e!4. We use the
definition of the matrix exponential to find that

M =AM = MA.
In order to show that M(t) € Sp(2n) we observe that M7 JM = J at t = 0 and

%MUM =MTIM + MTIM =M™ (ATJ + JA) M.

Since A is Hamiltonian
JA = (JA)T = ATJT = —ATJ.
Thus, the term within the brackets vanishes and MTJM = J for all t. )
(b) Conversely, if M(t) € Sp(2n) and M(0) = I at t = 0, writing A = M(0)
the calculation above shows that JA = (JA)T. O
3. Consider the equation of the simple pendulum:
6 +sinf = 0.

A critical energy level separates small oscillations with extrema in (—, 7) from large
‘whirling’ oscillations. Determine explicitly the solution on the critical energy level as
a function of ¢.

Proof. The Hamiltonian for the simple pendulum is
. 1.
H(6,0) = 59 + 1 — coséb.
Let E denote the value of the Hamiltonian on the critical energy level. This is

the energy of the critical point § = 7, § = 0. Therefore, F = 2. On other points
on this energy level, we have the conservation law

1.
592 =FE—(1—cosf) =1+ cosé.
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We use the trigonometric identity
0
cosf =2cos® = — 1,
separate variables and take square-roots to obtain the identity

/ do _ ¢
— =t
2COS§

The LHS may be further reduced to the standard integral

d 1

cos

We use a table of integrals to find

d
/ LA |sec z + tanz| = 2tanh ™! (tan f) .
cos ¢ 2

Thus, we have found the implicit solution formula
1 0
t —to = 2tanh tani,

where the initial time ¢ plays the role of the arbitrary constant of integration.
We invert the above equation to obtain

t—t
6 =4tan! <tanh 5 O> .

Here we use the branch of tan=! that maps (—oc0,00) to (—7/2,7/2). Thus, as
t — +oo we have §(t) — +7 as desired. O

4. Circle maps. Consider the map f : [0,1) — [0,1) defined by f(z) = (z + «)
mod 1 where a € [0,1). Let the sequence {z,}, denote the orbit of a point zo, i.e.
z1 = f(20), T2 = f(71), ete.

(a) Prove that every orbit is periodic if and only if « is rational.

(b) If « is irrational, prove that the orbit {z,} is dense in [0,1).

Proof. (a) Given zq € [0, 1], let 29 = x¢ and let 2,11 = 2, + a denote a ‘lift’ of
the sequence x,, into the covering space R. The orbit of zy has period ¢ if and
only if 2z, — zp is an integer, say p, and zj, — 2 is not an integer for 1 < k < g—1.
But z; = 2o + ga (this is where it is simpler to work on R). Therefore, ga = p,
or a =p/q.

(b) Now suppose that « is irrational. Since all orbits are rigid translations
of the orbit of xg = 0, let us suppose that o = 0. It is enough to show that
for each € > 0 there is an integer ¢ such that |z, — xo| < e. As in part (a), we
work with the lifts {2, }7°, and it is enough to show that for each € > 0 there
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are integers p and ¢ such that |z, —p| < e. But z; = ga, so what we must show
is that there are integers p and ¢ such that

This follows from the Euclidean algorithm. The continued fraction expansion
of an irrational number provides a sequence of integers (py, ¢,) such that

1

‘a_pn 1
q2

dn

A proof of the Euclidean algorithm may be found in Ch.3 of Arnold’s book
on the Geometric Theory of Ordinary Differential Equations. Part (b) may also
be proved by assuming Weyl’s equidistribution theorem if one wants to avoid
number theory altogether. O

5. Geodesics as paths of least action. Assume given a smooth metric g on R" (i.e.
g(x) is a symmetric, positive definite matrix) that varies smoothly with 2. Denote the
length of a vector in this metric by |v|g := /g(v,v). The length of a smooth curve
v : [a,b] — R™ is the function of v defined by

b
L(y) = / 141 dt.

The action of this path is the function
1% 5
E(v)=5 [ Nl at
a

(Its conventional to use F instead of A because the action is the kinetic energy of a
particle moving in the metric g in this case).

(a) Show that L(7) is unchanged under a reparametrization of the curve +.

(b) Show that minimizing the action of a parametrized curve is the same as mini-
mizing the length, if one makes the additional assumption that the speed |¥|g
is held constant.

Proof. (a) Assume that ¢ : [a,b] — [a,b] is a C! strictly increasing map. Let
t = o(s), n(s) =7(¢(s)) and let n' = dn/ds. We use the chain rule to obtain

/ab ' (s)] ds/ab v’(t)|‘3§‘ ds/abh/(t) dt,

since ¢'(s) > 0.
(b) For brevity, let us denote the two Lagrangians in this problem by

1 1
Lo= ¥, Li==Li==5>
o=l 1=5%0 2|7‘
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Then the Euler-Lagrange equations involve the derivatives
8.[/1 8L1 8L1 aLl
= L - L - . .
BJZZ‘ 0 ((9332 ) ’ 333, 0 (83:1 )

In particular, when we assume that the parametrization is chosen so that Lg is
held constant in time, we find that

d (L) _, d (9L +@8L0_Li dLo
dt \ox; )~ %dt \ oi; dt 0z; Ydt \ oi; )’

and the Euler-Lagrange equations have the same solutions. O

6. Geodesics in the upper half plane. Let H = {(z,y) € R*|ly > 0}. Let g be the
hyperbolic metric g = y~2I, where I denotes the identity matrix.

(a) Show that the geodesics are circular arcs perpendicular to the z-axis.

(b) Compute the distance between two points (z1,y1) and (x2,y2).

Proof. There are two ways to do this problem. The slick solution (which we will
consider in lecture) uses the invariance of the metric under Mobius transforma-
tions. However, in this problem, we do not assume that these invariances are
known: our goal is to discover the exact solution for geodesics by following the
procedure outlined in lecture. First, we derive the equation for geodesics using
Lagrange’s equation. Then we solve these equations explicitly using what we
know about Hamiltonian systems.

1. Equations for geodesics. The Lagrangian in this problem is

. . 1 .92 )
Therefore,

oL L 1,
%_0’ ay_ y3($ +y)’

oL

oL ¥
9r Y2 9y

Thus, Lagrange’s equations are

dfz\N_ d(y\__1 o .o
dt<y2>_0’ dt<y2>_ y3(x 07

2. Integration of the equations of motion. The equation for & implies immedi-
ately that © = ay? for a constant a. The equation for ¢ may be rewritten in the
form L "

vy_ ¥ __ ¥

5
y oy Y

This equation may be simplified by observing that the LHS is the second deriva-

tive of Iny. Thus, let v = Iny and use & = ay? to rewrite the above equation in

the form

2

i = —a?e?™. (5.9.1)



90 CHAPTER 5. HAMILTONIAN SYSTEMS

When a = 0, we find that z(t) = 2(0) and u(t) = ug+ct. Therefore, y(t) = yoe’
and the geodesic is a vertical line in the upper-half plane. It is possible to use
this fact alone, along with the invariance of the metric under Mébius transfor-
mations, to compute all geodesics. However, we will integrate equation
directly by studying the case a # 0. Thus, assume in what follows that a # 0.
Equation is a 1-D Hamiltonian system with a potential V(u) =
a?/2e?*. We have the conservation law
1 2

.o, A7 9y
- il - FE
T :

as well as the integral formula

d
t= / S — (5.9.2)
V2(E =V (u))
Plotting the graph of V(u) we see that for a given energy level, u(t) — —oo as

t — +oo with a maximum value Uy, determined by

a?

E= V(umax) = Eezuxnax'

Let us now return to the earlier variables using this insight. Set

Y

ymax

Ymax — eumax; UV = U — Umax; s=¢" =
Then equation (5.9.2)) can be simplified to

y /1 ds
AYmaxl = T -
Y Sy/1—s?

The indefinite integral on the right hand side can be computed using a standard
trigonometric substitution. Set s = sin#, so that

1 ds g | 0
/Eﬁ_sz __/sin9 = In]tan 5],
using a table of integrals.
3. Parametrized geodesics. We then undo the various changes of variables
to obtain the formula
Y(t) = Ymaxsech(aymaxt)-

Substituting this relation in the conservation law & = ay?, we find after another
integration that
Z(t) — o = Ymax tanh(aymaxt)-

These equations for (z(t), y(t)) parametrize a semicircle of radius ymax centered
at (29,0). The origin in time is chosen so that when ¢ = 0, (20, yo) lies at the tip
of the semicircle. Ast — +oo it approaches the boundary points (2 & Ymax, 0).
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4. The distance between two points. Suppose (z1,y1) and (z2,y2) lie on
the geodesic semicircle with radius ymax centered at (0,0). It will be enough to
assume that one of the points is (0, ymax). Since the geodesic distance is not
independent on the parametrization of time, we choose aymax = 1, so that the
geodesics are

2(t) = ymax tanht, y(t) = ymaxsecht. (5.9.3)

Then the Lagrangian evaluated along the geodesic is

1
E(x2 +y2) = 17

L(z,&,y,9) =
using the identities

i = sech’t, 1y = —sech t tanht, sech? ¢ + tanh? = 1.

Therefore, the geodesic distance between (x1,y1) and (0, Ymax) is simply

t
/ VI@.5,9.3)dt.
0

But this is simply the time taken to get from (0, ymax) to (z1,y1) which is
obtained by inverting equation (5.9.3)

t = cosh™! Ymax.
Y1
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Chapter 6
Ergodicity and Mixing

The primary source for this chapter is [2, Ch.3].

6.1 Weyl’s equidistribution theorem

In this section S' = R/Z. A circle map is a homeomorphism of S'. The
simplest class of circle maps are the rigid rotations. Given a € R define the
rotation R, : ST — S by

r—2x+a (modl) (6.1.1)

The following theorem about rotations was proven in the homework.

Theorem 58 (Jacobi, 1835). Suppose o« € Q. Then the orbit {R}(x)}5, is
dense in S* for every x € S*.
This theorem is related to Hamiltonian systems in the following way. Let wq
and wsy be fixed positive numbers and consider the Hamiltonian H : R* — R,
w1 w2
H(z,y) = 7(93% +uP) + 7(333 +5)-

Then the equations of motion are
T = wiy1, T2 = ways,
U1 = —wiZ1, Y2 = —ways.

This is a system of two uncoupled simple harmonic oscillators. Let r? = 22 +42,
1 = 1,2, denote the radii of individual orbits. The radii are conserved and
the dynamics is determined by the evolution of the angles 6,6y defined by
(4,9;) = ri(cosb;,sin ;). Then we obtain the evolution equation

01 = Wi, 92:(,02,

and all trajectories lie on an invariant torus within R*.
An important idea developed in the 1920’s was the extension of Jacobi’s
theorem to ergodic theorems. Let us illustrate this idea with examples.

93
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Theorem 59 (Weyl). Suppose o ¢ Q. For every x € S' and every interval
I c S' we have

1
le —#{0<k<n-—-1Ry(x) e I} =|I| (6.1.2)

n—oo n
Remark 60. Here |I| denotes the length of I. An equivalent formulation of
Weyl’s theorem is as follows. Suppose f : S' — R is Riemann integrable. Then,

n—1
Jim =S (REG) = [ fs)ds. (61.3)
n =0 St

This is an example of an ergodic theorem. The left hand side is a time average
and the right hand side is a spatial average. The equivalence between the
formulations (6.1.2) and (6.1.3)) is as follows. First, by setting f(z) = 17(x)
in (6.1.3)), we recover (6.1.2). Conversely, every Riemann integrable function

can be approximated with step functions, so that (6.1.2)) implies (6.1.3]). This
approximation argument is presented in the proof.

Proof. 1. We first prove equation (6.1.2]) for trigonometric functions. Suppose
flx)=e*™m*  meZ.
Then we compute

f(Ra(x)) — eQﬂim(z+a) — e?ﬂimme27rima

and by induction

f(R,(lk) (:L')) — e27rimwe27rimozk'
For brevity, let z = z(a) = e?™, Then the left hand side of equation (6.1.3))
is

Mz”fl

n z—1"

n—1 f(;p)
Zf(x)zk = T(1+Z+22+...+2n*1) _
Now, z = €2 £ 1 unless m = 0, since o ¢ Q. Thus, when m # 0,
n—1

lim % > HRP (z) =0.
L —> 00 o

The right hand side of (6.1.3)) for this case is

1 orm(sta) eQﬂ'ima i
e ds = —(e*™™ —1) = 0.
0 2mim

Thus, equation (6.1.3) holds for m # 0. When m = 0, both right and left hand
sides are identically 1 so it holds in this case too.
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2. Suppose f(x) = > s cme?™ ™% wwhere only finitely man c,, are non-

zero. The theorem holds by step 1 and linearity of the left and right hand
sides. Since every continuous function on S! can be uniformly approximated by
polynomials, and the Taylor expansions of €2™™% is globally covergent, we may
uniformly approximate any continuous function by trigonometric polynomials.

Thus, equation (6.1.3) holds for every continuous function.

3. For any € > 0 we choose piecewise linear continuous functions fi that
approximate 1;(z) from above and below and differ from f only on interval of
size €. Specifically, suppose I = (a,b) and choose

(z—a) b—=x

f-(x)= . La,ate) (x) + 1(a+57b_5)($) + ?1(1,_511,) (z), (6.1.4)
a—x x—b
f+((E) = ( c )l(a—e,a) (33) + l(a,b) (IB) + Tl(b,b-‘ra) (l‘) (615)
Therefore, for any = € S,
1 1 n—1 1 n—1
_(s)ds = lim — _(RE(x)) <liminf =) 1;(RE
| -tepds = 1 > - (RE() < limaf 3 1(RE )

n—1 n 1
o ) 1 ) /
< — < — = .
< llrllnjolip - 1;:0 1r(Ra(2)) < lim. - kE:O f+(Rg () ; f+(s)ds

By the construction of fi we also have the matching bound:

1 1
/ fo(z)dz —e <|I| < / fr(x)dz + ¢
0 0

This shows that

n—1
Jim — ;;J 11 (R (@) = [1].

6.2 Anosov’s Map

In this section, we first define ergodicity and mixing in an abstract setting. We
then illustrate these ideas with an important example introduced by Anosov in
the 1960s.

Definition 61. Let (X, B, 1) be a measure space. A map ¢ : X — X is measure
preserving if u(p~1(Q)) = u(G) for every G € B.

The map ¢ defines a discrete dynamical system. The time mean of a function

f e LYX, B, u) if it exists is defined by

n—1
1

F(@) = Tim =37 (@), (6.2.1)
k=0
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The space mean is defined by
= /X f(@)du(x). (6.2.2)

Definition 62. A measure preserving transformation ¢ is ergodic if f* = f for
every f € L'(X, B, u). The transformation ¢ is mizing if
lim p(e™(F)NG) = p(F)u(G)

n—oo
for every pair of sets I, G € B.

Remark 63. The above definition of mixing formalizes our intuitive notion of
the mixing of fluids such as water. In the first approximation, a glass of water
or a cup of coffee is an incompressible fluid with constant density. If one stirs
the coffee a bit and let its go, we obtain a volume preserving transformation.
Thus, when milk is stirred into coffee, it ‘goes all over the place’ while preserving
volume and the end result is a solution where there is an equal amount of milk
everywhere in the coffee.

Remark 64. Theorem shows that the circle map R, with irrational « is
ergodic. However, R, is not mixing.

We now focus on the following transformation introduced by Anosov. The
underlying measure space is (X, B, ) = T? with Lebesgue measure. Consider
the matrix

A= E ﬂ (6.2.3)

and use it to define the transformation on T?
o(xr) = Az mod Z2. (6.2.4)
Lemma 13. ¢ is a measure-preserving diffeomorphism of T2.

Proof. The entries of A are integers. Therefore, Ar € Z? when x € Z?. We
compute det(A) = 1 and

A1 1 -1 _|1 -1
det(A) -1 2 -1 2"
Thus, A~! also maps Z? — Z?2, which implies A~! is well-defined as a map from

T2 — T2. Both ¢ and ¢! are locally determined by A and A~!; thus they are
diffeomorphisms. O

Lemma 14. The matriz A has eigenvalues and eigenvectors

3+V5 1 1
P 5 and w4 = [)\+ _2] , [A_ _ 2} . (6.2.5)
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Proof. This is a computation with the characteristic polynomial det(A—A). O

Remark 65. Note that 0 < A_ < 1 < Ay and that both these numbers are
irrational. Therefore, the eigendirections in R? ‘wrap around’ into dense orbits
in T2. We call these curves F, and F, respectively. At each x € T? the lin-
earization Dep(z) splits into two invariant subspaces parallel to these directions.
The effect of these transformations is to stretch and squash a neighborhood of
z into a long skinny region that follows F.

Theorem 66. The diffeomorphism ¢ has a countable number of cycles. All
rational points in T? and only such points are part of cycles.

Proof. 1.  Here and in what follows we adopt the convention that when a
rational number is written as p/q it is in reduced form, i.e. ged(p,q) = 1.
Consider points of the form = = (%1, %2) for an integer ¢ and integers p1, p.
Then

2 — — 2
sz( P1+p2,p1+p2>’ Alx:(pl PQ’ p1+ pz)
q q q q

Thus, the set of points with denominator g is preserved by . There are only
finitely many such points in T2. Thus, ¢™(x) = z for sufficiently large m so
that z is part of a cycle.

2. Conversely, suppose ¢?(z) = z for x € T?. Now lift = into R2. We see
that there must exist m € Z? such that

Alz)=xz+m, or (A?—Iz=m.

Lemma [14| below shows that det(A? — I') # 0. Thus, we may invert the above
equation to obtain x = (A9—1I)~!m. Further, since A is integer valued, det(A9—
I) is an integer. Thus, x is rational in R? and also Z2. O

Theorem 67. The diffeomorphism ¢ is mizing.

Proof. 1. We must show that for all measurable sets F,G, € B

lim |¢"(F) NG| = |F||G|. (6.2.6)

As in Weyl’s theorem, we separate the proof into two parts: (i) approximations
and measure theory; (ii) a computation. Part (i) allows us to simplify the proof
to a calculation with a dense class of functions. Roughly, measurable sets may
be approximated by open sets and equation may be rewritten in terms
of the indicator functions of the sets F' and G. Indicator functions allow us to
approximate any function in L!(T?). Thus, equation is equivalent to

[ st @ataris = ([ ras)( [omar) w2

for every f,g € L*(T?).
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2. All functions in L'(T?) may be approximated (in L') with Fourier series.
This is a subtle statement on spaces such as R; however the torus is compact, so
every L? function is automatically in L' too (use the Cauchy-Schwarz inequal-
ity). The reason for being so fussy here is that L?(T?) is the ‘obvious’ space
for Fourier series because the functions ™%, p € Z? constitute an orthonor-
mal basis for L?(T?). On the other hand, L' is the natural space for ergodic
theorems.

3. This leads us to the actual computation at the heart of the proof. Choose
f(z) = 2™ P2} and g(x) = €>7(9%) where p,q € Z2. Equation is trivial
if either p or ¢ = 0, so let us assume both these vectors are non-zero. Then
the right hand side of is zero and we must show that the left hand side
vanishes too. By the periodicity of e27P®

f((pn(l‘)) — eZwi(p,A”:r) _ e27ri(A"p,z).
For n large enough, A™p # ¢, so that the left hand side of (6.2.7]) vanishes. O

Remark 68. This proof of Theorem [67] demonstrates the application of a pow-
erful analytical method, but it does not convey the underlying intuition. This
is discussed in Remark The origin of mixing is stretching by Ay > 1 in the
u4 direction, and contraction by 0 < A_ < 1 in the u_ direction in a manner
that the total volume stays constant. See Figure[6.2.1

6.3 Structural stability of Anosov’s map

An central theme in dynamical systems theory is the stability of dynamical
behavior with respect to perturbations. Sometimes the underlying dynamic
behavior may be simple; for example, we expect an attracting fixed point to
remain attracting if we change the parameters of our system a bit. On the other
hand, circle maps and Anosov’s map show that systems that are relatively simple
to define, may have complex dynamic behavior. Perhaps the most striking
feature of Anosov’s map is not the fact that it has complex behavior such as
the coexistence of infinitely many periodic orbits with dense invariant orbits,
but the fact that this behavior is robust to perturbations. This idea is called
structural stability. Rather than define it precisely, we will illustrate it with an
important example.

Theorem 69 (Anosov’s theorem). There exists € > 0 such that if B : T? — T?
is a diffeomorphism satisfying ||B — A||c1 < € then there is a homeomorphism
H :T? - T? such that B=Ho Ao H™'.

Remark 70. The C! norm of a map f: T? — T? is

Ifller = max [f(2)] + [Df ()]

The map H is said to conjugate B to A. Observe that H is a homeomorphism,
even though B is assumed to be C'. This too is a general theme in structural
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Figure 1.17

Figure 6.2.1: Mixing in Anosov’s map. This image is taken from Arnold and
Avez []. A minor difference with the text is that the underlying transformation
flips the roles of the x1 and x5 axis. Our choice is more common.

stability theorems. The choice of topology for the perturbation determines the
behavior of the conjugacy.

We will solve the functional equation
BoH=HoA (6.3.1)

with a fixed point argument. This functional equation is simplified by working
over R? instead of T2. Let us write

B(z) = Az + f(z), H(z) =z + h(z), (6.3.2)
where both f and h are Z?-periodic functions. Then the equation (6.3.1) may

be rewritten as

h(Az) — Ah(z) = f(z + h(x)). (6.3.3)
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We assume that f is given and we must solve for h. Let us Taylor expand the
the right hand side so that the first order and second order (in ||B — Al/c1)
become clear. We have

fla+ h(x)) = () + Df(x)h(z) + O(|hl). (6.3.4)

If | B—A|lc1 < € then both || f||co and || D f||co are less than . Equation (6.3.3)
suggests that ||h||co is of the same order as || f||co. Therefore, || D fh||co is O(?).
This suggests that we should first replace ((6.3.3]) with the linear equation

h(Az) — Ah(z) = f(a). (6.3.5)

This is called the homological equation. Let L : C°(T?) — C°(T?) denote the
linear operator
h+>hoA—Aoh, (6.3.6)

so that the homological equation is equivalent to
Lh=f. (6.3.7)

Composition with the linear transformation A is a bounded linear transforma-
tion on C° that is easily controlled.

Lemma 15. Define S : C°(T?) — C°(T?) by g — go A. Then S is invertible
and

] = 15 = 1. (6.3.8)

Proof. 1t is clear that S is a linear operator. By definition, the norm of S is

S
”SHZZ su H gHCO.
lgllco=1 llgllco

On the other hand,

159llco = max|g(Az)| = max|g(z)| = [lgllce
Similarly,
1S~ glloo = max|g(A™"z)| = max |g(z)| = ||g]|co-
z€eT €T
O
The main observation underlying Anosov’s theorem is the following
Lemma 16. The operator L : C°(T?) — C°(T?) is invertible with
A p— (6.3.9)
1=

where \_ is defined in equation .
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Proof. Let U = (uy,u_) be the matrix of eigenvectors in Lemma Let us
express [ and h in this basis, writing

f=frup+fu_y h=hyur+h u_, A= upul + I u_u’.
Then equation (6.3.7)) is expressed in coordinates as
hi(Az) = Aphy(z) = fi(@) (6.3.10)
h_(Az) = A_h_(x) = f_(x). (6.3.11)

Let E : C%(T?) — C°(T?) denote the identity operator. We rewrite the above
equations using the operator S of Lemma [15] as

(S—AsE)hy = fr, (S—A_E)h_=f_. (6.3.12)

Since neither A nor A_ lies in the spectrum of S, both these operators may be
inverted using the Neumann series. First, since A_A; =1 we have

-1

- (E_Lg)fl =A (T4+AST+A2872+ ...
+

i -1 —
(S — A\, E) »

The infinite series is convergent by Lemma [15] since

o0 oo o0 A7
n —n < n —n — n — . 3.
DS SN AST =D A" o (6.3.13)
n=1 n=1 n=1
Similarly, we use equation (6.3.12]) to obtain
(S—AE) ' =511-A8) =51 Ams, (6.3.14)
n=0

which is convergent by an argument similar to (6.3.13). We also obtain the

bound
1

—-ME)<
IS =2 B) Y <

(6.3.15)

Finally, we obtain

-+l < = (=4 2211 < e (-2 + 15 12).

since 0 < A_ < 1. O

Let us now return to the fixed point equation (6.3.3). We add and subtract
f(z) to the RHS and use equation (6.3.7)) to rewrite equation (6.3.3)) as

Lh(z) = f(z) + (f(z+ h(z)) — f(2)). (6.3.16)
Let @4 : C® — C° denote the map h(z) — f(z + h(z)) — f(x). Note that

125 (R)llce = max|f(z + h(z)) — fl@)] < [[Dfllcollhlco-
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We have a solution to (6.3.16)) if and only if
h=L"'®;h)+L"f.

Treat the RHS as a map from C° into itself and observe that it is contraction
if ||Df]|co is small enough. This proves the following

Lemma 17. There exists € > 0 such that if B : T?> — T2 is a diffeomorphism

satisfying ||B — Allcr then there is a unique Z*-periodic continuous function
h : R?2 = R? that solves the fized point equation .

Lemma 18. The map H(z) = x+ h(z) defines a homeomorphism of the torus.

Proof. We must show that H is one-to-one and onto.

We will lift the maps to R? and use hats to denote these lifts. First, if H(x) =
H(y) then since BoH = Ho A we also have H(A(z)) = H(A(j)). By induction,
we also find H(A"2) = H(A™j). If & # § then lim, 1o |A"Z — A™j| = 4o00.
This contradicts the boundedness of h (which is bounded on R? since it is Z?2
periodic). This must mean that & = § in R?, so that x =y on T?.

The fact that the range of H is all of T? is left as an exercise. O

6.4 The Poincare Recurrence Theorem

Ergodic theorems have their origin in subtle paradoxes in the relation between
classical mechanics and macroscopic phenomena. The underlying questions is
this: do Newton’s apply to arbitrarily small particles and if so, how does one
scale up this behavior to macroscopic matter (i.e. the scale on which we live)?
To this end, we first assume that the physical world is described by finite-
dimensional Hamiltonian systems. If so, the following theorem holds.

Theorem 71 (Poincaré recurrence). Assume U C R? is bounded and g : U — U
preserves volume and is continuous. Then, for every x € U and every € > 0
there exists n such that g"(B(z,€)) N B(x, &) # 0.

Proof. Since U is bounded vol(U) < oo. Consider the images A,, := ¢"(B(x,¢))
of a ball B(x,e) C U. Since g is volume preserving, Vol(4,,) = Vol(B(z,¢)).
Thus, if A,, were disjoint, we would find that ) > | Vol(A,,) = co. On the other
hand, U2 ; A,, C U, so that Vol U2 ; A,, < Vol(U) < cc.

It follows that A, N Ag is non-empty for sufficiently large n. O

The connection to Hamiltonian systems is as follows. Assume ¢; : R?" —
R?" is the flow of a Hamiltonian system. Then ¢, is a symplectic diffeompro-
phism and it preserves volumes (see Corollary . In fact, a finer version of
this theorem holds: the volume form restricted to a constant energy surface is
preserved. In particular, Poincare recurrence holds if {z € R?"|H(z) = E} is
compact.

This theorem also applies to singular limits of Hamiltonian systems. A cele-
brated example is the hard sphere gas. This is a ‘minimal’ particle system that
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was introduced in the mid-1800s by Maxwell and Boltzmann to address a funda-
mental scientific question: why is the macroscopic world so clearly irreversible,
when Newton’s laws are invariant under time reversal?

The hard sphere gas is a system consisting of N small particles that move
freely, except when they meet at collisions, when they exchange momentum in a
manner that conserves energy. For simplicity, we ignore boundaries, assume the
centers of the particles, z; € T¢ and that the radius of each particle is § < 1.
We denote the phase space

M = {(z,y) € TN x RN |z, — 2| > 6,i # j}. (6.4.1)
The equations of motion consist of free streaming

i.Ci:’UZ'
v; =0

when |z; — x;| > . At the boundary points of M where exactly one pair of
particles meet we impose the “collision rule”

v +v; = v; + V]
[oil? + [ |* = [oi]* + 0]

Here v; and v; are the incoming velocities, whereas v; and v} are the outgoing
velocities. There are also boundary points where more than two particles meet;
however, this is a measure zero set within the set of all boundary points.

In the homework, you are asked to find v/, v; given by v;,v; and to show that
the Jacobian of the transformation (v;,v;) — (vj,v}) is unity. Thus, at each
collision we obtain a measure preserving transformation of the compact energy

sphere
N
1
E={(z,y) e M ﬁZWZ —E <o}
=1

We have normalized the energy by a factor of 1/N so that the average energy
per particle remain E in the limit N — oc.

When the Poincare recurrence theorem is applied to this problem, we obtain
the following assertion which contradicts our everyday experience. Assume we
choose an initial configuration where all of the particles are contained within
a small region of space, but such that the initial velocities are random. We
expect that as time evolves the particles will become distributed evenly in space,
equilibrating in some way. But the Poincaré recurrence theorem tells us that
the system must always keep returning arbitrarily close to its initial condition.

This argument is called the Loschmidt paradox. It shows that our naive ex-
pectation of irreversible behavior in such a system is false. One of the resolutions
of this question relies on a sharp understanding of mixing in measure-preserving
transformations and the construction of higher-dimensional analogues of Anosov’s
construction. A central result of this type is Sinai’s proof of the ergodicity of the
hard-sphere gas extending Anosov’s work on geodesic flow in negatively curved
spaces.



104 CHAPTER 6. ERGODICITY AND MIXING

6.5 Exercises

1. Complete problems 1 through 6 on p.37 of Arnold’s book “Mathematical
methods of classical mechanics”. These problems culminate in Problem 6. How-
ever, the solution to Problem 6 is almost completely described in the hint, so
there is no need to turn it in. The treatment of Kepler’s problem in Section [5.7]
follows [3] very closely.

2. Consider the collision rule in the hard-sphere gas. Assume given two ‘in-
put’ velocity vectors u,v € R? and impose the conditions of conservation of
momentum and energy at a collision:

u v =u+v, [P = e+ |

(a) Show that these conditions determine two ‘output’ vectors u’ and v’ € R?
that are unique upto permutation.

(b) Compute the Jacobian of the transformation from (u,v) to (v, v’).

3. Consider the Gauss map G : [0,1) — [0,1) defined by

Glz) = % ~ floor <i> .

Show that the probability density

1 1
~log21+x

p(x)

is invariant under G.

6.6 Solutions to exercises

2. Consider the collision rule in the hard-sphere gas. Assume given two ‘input’
velocity vectors u,v € R? and impose the conditions of conservation of momentum and
energy at a collision:

w4 =utu, )PP = ul )

(a) Show that these conditions determine two ‘output’ vectors u’ and v’ € R? that
are unique upto permutation.

b) Compute the Jacobian of the transformation from (u,v) to (v, v").
( P ; ;

Proof. (a) The trick in this problem is to recognize that in an elastic collision
between two identical spheres with radius ¢ there are three vectors in play: the
input velocities v and v and the unit vector [ € S?~! along the line joining the
centers of the two spheres.

Let’s build some intuition for the process of collision. Assume at first that
the spheres have a head-on collision. This means that the vectors u,v and [ are
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all parallel. Since the spheres are identical, they simply exchange velocities and
v’ = v and v = u. On the other hand, if the spheres have a glancing collision,
that is v and v are parallel, but both u and v are perpendicular to I, then there
is no exchange of velocity, so v’ = u and v/ = v.

The general situation can be decomposed into these two extreme cases. The
particles exchange the head-on component of their velocity and they retain the
glancing component of the velocity. We separate the two components to obtain
the relation

W=u—((u—v)-0)l, v=v+((u—-2)-1)I

(b) Given a unit vector [ € R?, the rank-one matrix /I is the orthogonal
projection onto the span of [ and the matrix I, —IT is the orthogonal projection
onto its complement. Let L : R2¢ — R2? denote the map (u,v) — (u/,v’). Then
we see that

I—ut ur 1
L‘(zsz Id—uT>_Ide“’T’ ““_( z>'

This allows a direct computation of the determinant using the Sherman-Morrison-
Woodbury formula

det(L) = det(Irg — ww?) = (1 —wPw) det(ly) = -1, since ww = 2.

3. Consider the Gauss map G : [0,1) — [0, 1) defined by

Glz) = i — floor (i) .

Show that the probability density

1 1
log21+=x

p(z) =
is invariant under G.

Proof. Let u denote the measure with density p. We must show that u(G~1(4)) =
w(A) for every Borel set A C [0, 1). Since Borel sets may be approximated with
open sets, which in turn may be approximated by intervals, it is enough to prove
invariance when A = (a,b) is an interval contained within [0, 1).

Let £ € N index the natural numbers. The transformation G maps each
interval [k+1’ 1) to the interval [0,1). Thus, the pre-image G~'(a,b) consists of
a countable collection of disjoint intervals

1 1
Uffk;yk xk:m, yk:a+k~

Therefore, the measure of the inverse image is

1 1+ 4
log2 / +s log2 P L+ 5%

w(G(a,b
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The infinite sum is convergent since p is a probability measure. We may rear-
range the terms, recognizing that it is a telescoping sum with value

1 1 14+b
log 2 %\1¥a)"

But this is exactly the measure p(a,b). O

Problem 1, p. 37, Arnold. This problem is straightforward. Follow the hint and
substitute z = M /r into the integral on. p.36 to obtain

Tmax dl'

B eoin V2B —W)

)

Problem 2, p. 87, Arnold. Figure 31 provides the essential hint. Let r, denote
the point where V(r) is at its minimum. Then for r close to r,

1
V(r)~=V(r.) + §V"(r*)(r —r.)2
For brevity, ler ryax —7"min = 2a and r—rp, = S. Since V(rmin) = V(rmax) = E,

we may also write

E— V(T) = V(rmax) - V(T') = %V”(T*)(GJQ — 82).

We substitute this expression in the formula for ® on p.35 to obtain

D ~ /T"‘ax M dr
- 2 1 2 2\\1/2
Tmin | (V (T*)(a - (’/‘ - T*) ))
M @ ds M

~ =m :
r2\/V"(r.) J—a Va2 — s 23/ V7 (r.)

On the other hand, V (r) = U(r)+ M?/2r? and V'(r,) = 0. Therefore, U’(r,) =
M?/r3. Thus, a couple of lines of algebra yields

M \/ U'(r.)
A\ o) 300
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Problem 3, p. 37, Arnold. Following Arnold, let us use r instead of r,. The
angle ® is independent of r for circular orbits when

U'(r)
rU"(r) + 3U'(r)

is a constant. We rewrite this equation in the form

rg”
U/

=r(loglU’) =a—1,

(This choice of notation for the constant is only for consistency with the answer
in Arnold.) We integrate the above differential equation to find that

Ulr)=ar®, «a#0 and U(r)=blogr, a=0.

The condition a@ > —2 is imposed by the restriction that the rotational kinetic
energy M?/2r? dominates U(r) as 7 — 0 (see p. 34). O

Problem 4, p.37, Arnold. Since U(r) — oo as r — 00, it is either U(r) = ar®
with o > 0 or U(r) = blogr. The maximum value of x is given by

1 M
r2a +U(

5 max

E =W (zmax) =

).

xmax

Then, as E — 00, Tmax ~ V2E, so that z,,x — co. We now make the suggested
change of variable x = yx .« to obtain

1 2
d 1 M
Ymin \/2(” *(1) -0 *(y)) 2 Tmax YTmax

The value of zi, (and thus ymin) is determined by

1 M
EZQﬁm+U< )

Lmin

Since U(r) — oo as 7 — 00, when E — oo we find that z,;,, = Ma®*E~® or
Tmin = MeP/? depending on whether U(r) = ar® or U(r) = blogr. In either
case, Tmin — 0 as F — co. We now let £ — oo and interchange the limits in
the integral to obtain

T

@—/1‘@—
0o V1-y? 2
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Problem 5, p.87, Arnold. Assume that U(r) = kr—# with k > 0 and 0 < 3 < 2.

Consider the energy level with £ = 0. Then W(z) = E if and only if

ozkﬁ,xj_
MP 2

This equation has two solutions

1
2k \ =7
Tmin = 07 Tmax = (W) .

The angle along this orbit is

™

B — /* dr /1 ds
=/, VR2W o Jo VsBP—s2 2-f

min

Here we used the fact that the second integral is a standard integral that can
be found in tables of integrals, as well as the substitution z = z,.«s along with

the above formula for .-
O



Chapter 7
Hyperbolicity

A fundamental idea in dynamical systems is the “persistence of hyperbolic struc-
tures”. We have encountered an example of this idea in our proof of Anosov’s
theorem (Theorem . In this chapter, we explore this idea systematically for
flows and maps.

7.1 Hyperbolicity in Maps

Assume U C R? is an open set. Every smooth map f : U — U defines a discrete
dynamical system. The orbit of a point zy € U is the sequence of iterates

Tnt1 = f(zn), n>0. (7.1.1)
We denote k-fold composition by the following notation
ff=fofo...of k— times.
Thus, equation implies

zn = f"(xg), n>0. (7.1.2)

When f is a diffeomorphism this dynamical system is well-defined for all n € Z.

However, several interesting maps, especially some measure preserving transfor-

mations, are not invertible. Our goal is to introduce the concept of hyperbolic

fixed points. To this end, let us begin with the simplest class of maps: invertible
linear transformations of R¢.

Suppose U = R? and f(z) = Ar where A is an invertible matrix. Then

x, = A™x, and the asymptotics as n — oo are determined by the spectrum of
A. Assume A is diagonalizable and A = UAU ! where

A1
A= (7.1.3)
An

is the matrix of eigenvalues. We divide the eigenvalues into 3 subsets:

109
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(a) Stable: all X’s such that |A;| < 1.
(b) Unstable: all X’s such that [A;| > 1.
(c) Center: all N’s such that |X\;| = 1.
This classification reflects the fact that
n—oo
If |\;] >1 then 1i_>m [Ai|" = +o0.
If |A;] =1 then |[N|" =1 forall n.

The concept of hyperbolicity is introduced to rule out the borderline case be-
tween stability and instability.

Definition 72. A fixed point z, of a C! map f : U — U is hyperbolic if D f(z.)
has no eigenvalues on the unit circle.

Let us now extend this concept to cycles.

Definition 73. An orbit {z¢,z1,... 241} is a cycle of length ¢ if o = z, and
X9 £ xp forl <n<qg-—1.

We note that if f defines a cycle of length ¢ then o = f9(x¢). Thus, xq is
a fixed point of f9.

Definition 74. The cycle {xo, 21,...24_1} is hyperbolic if each zy, is a hyper-
bolic fixed point of f9.

Remark 75. The linearization around a cycle has an interesting structure. By
the chain rule

Df%xo) = Df(f9  (x0))  Df(f**(x0)) ... Df(xo)
Df(xq-1)  Df(zg-2) ... Df(zo)
C Ay1Ags ... Ao,

where we introduced the notation A; to make the structure of the formula clear.
Similarly, since zy = x4, we also have

qu($1) = AoAqflAq,Q Al.
Proceeding inductively, we find that
qu(ﬂjk) = Ak—l AoAq_1 Ak.

We cannot assume that the matrices commute.
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7.2 Hyperbolicity in Flows

Let us now extend these ideas to flows. Consider the flow ¢; defined by an ODE
& = g(x). As our first example, let g(x) be linear, so that we have the equation

i = Br, xR (7.2.1)

Assume that B is diagonalizable with diagonalization B = UAU ™!, so that

z(t)=eP =U U tay. (7.2.2)
ethn

The role of the unit circle (for maps) is now replaced by the imaginary axis. Let
A=a+if, i=+v-1.

Then

t)\| — etRc()\) to

le (for real t) = €',

and we have

0 ifRe(\) <0,
lim [ = ¢ 400 if Re(A) > 0,
1 if Re(A) =0.

Definition 76. A fixed point z, for & = g(z) is hyperbolic if Dg(x.) has no
eigenvalues on the imaginary axis.

7.2.1 Periodic Orbits

In order to determine the persistence of periodic orbits under perturbations we
must extend the criterion of hyperbolicity to periodic orbits. This requires a
new concept: the Poincaré map. Consider a periodic orbit I' with period T" > 0.
At any point zg € T' we define a section S transverse to the tangent vector 7
to T at zy (see Figure [7.2.1). Transversality means that 7 does not lie in the
section S (in R? one may always choose S to be the hyperplane orthogonal to
T at S).

Since T is periodic with period T', we have @r(x¢) = xo. By continuity in
initial conditions, for all x € S that are sufficiently close to z¢, say within the
region

D=5n Ba (1‘0),

there is a well-defined first-return time T'(x), such that @7,y = x. The Poincaré
map at zq is the map

Pyy:D =D, x @pe(x). (7.2.3)

A proof of the existence and regularity of the Poincaré map is outlined in the
homework. The main advantage of the Poincaré map is that it reduces the
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Figure 7.2.1: Periodic Orbit

question of persistence of periodic orbits, which is a global question, to the
persistence of fixed points for the Poincaré map, which is a local question.

Informally, a periodic orbit is hyperbolic if and only if the Poincaré map
is hyperbolic. This reduces hyperbolicity of periodic orbits for flows to the
analogous concept for maps. The weakness in the above definition is that we
must show that it does not depend on the choice of section S or initial point
xo. For these reasons, we return to the linearization of the ODE & = g(z) with
the above intuition.

Assume z,(t) is a periodic orbit with period T' > 0 for & = g(z). The
linearization about x, is

4= Dg(z.(t))u. (7.2.4)

To simplify notation, let us write this equation in this form:
w=B(t)u ; Bt+T)=DB(t). (7.2.5)

i.e. B is a periodic function of t. (We assume T > 0 to prevent trivialities).
Denote the fundamental solution to as Y(¢). Then, Y (¢) solves the
(matrix) equation
Y()=B@#)Y, Y(0)=1I. (7.2.6)

Definition 77. The Floguet matrixz for the periodic orbit x.(t) with period
T > 01is Y(T) where Y solves equation (7.2.6)) with B(t +T) = B(t).

Definition 78. The periodic orbit I' is hyperbolic if the Floquet matrix has
only one eigenvalue on the unit circle.

Here’s what’s going on: the Floquet matrix always has 1 as a trivial eigen-

value. Let
1

Y(T)=U non | | U™? (7.2.7)
trivial

Once one removes the trivial eigenvalue at 1, the rest of the spectrum of Y(T')

is exactly the spectrum of the linearization of the Poincaré map.
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Figure 7.2.2: Floquet spectrum for a hyperbolic orbit

The "metatheorem” of hyperbolic dynamical systesm is that ”hyperbolic
structures persist under small perturbations”. Here are some examples:

(i) Persistence of hyperbolic fixed points for maps and flows.
(ii) Persistence of hyperbolic periodic orbits.
(iii) Persistence of a hpyerbolic foliation (Anosov’s theorem).

(iv) Stable and unstable manifold theorems.

The key assumption in all these theorems are
(a) A spectral gap between stable and unstable directions.
(b) A careful choice of topology for perturbation.

We will first illustrate these ideas for fixed points. We then consider invariant
manifold theorems in Chapter

7.3 Persistence of hyperbolic fixed points

Theorem 79. Assume g(x;p) is a C vector field on U C R? that depends
smoothly on a parameter u € (—1,1). Suppose g(x.;0) = 0 and x,. is hyperbolic.
Then there exits € > 0 and a C* curve of hyperbolic fized points x(u) for p €

(—¢,¢€).

Proof. Our assumption is that Dg(z,,0) has no eigenvalues on the imaginary
axis. In particular it is invertible. By the implicit function theorem, there exists
e >0and amap (¢,e) = R%, i+ x(u) with 2(0) = z, such that

g(z(p); ) =0. (7.3.1)

The smoothness of the map p +— z(u) is the same as that of the map g. O
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Remark 80. Here is the intuition behind the proof. Suppose equation (|7.3.1)
holds. Then differentiate it with respect to u to find

de 0

dr 0y _
dy - Ou
When p = 0 we know that Dg(z.,0). Therefore, we can solve for

dx 199

dn —Dg(x(p); p) o

Dyg(x(p); 1) 0.

(7.3.2)
where g—z is known in a neighbourhood of (z.,0). The flaw in this argument is
that we don’t know that this curve exists without the implicit function theo-
rem. But once existence of the curve has been obtained, we can determine the
dependence of z, on pu through equation

The map x — x(u) is as smooth as g. If g is C!, then so is p — x(u) and if
g is CF then so is u — x(u). Consequently the map pu — Dg(x(p), u) is CF~1
when ¢ is C*. Thus, the eigenvalues change continuously and the spectral gap
persists for sufficiently small e.

Example 11. The eigenvalues cannot be assumed to vary smoothly, even if the
map p — Dg(x(p), 1) is as smooth as desired (say C*°). The problem is that
when Dg(x,0) has repeated eigenvalues, a small perturbation can the situation

depicted in|7.5.1}

The persistence of hyperbolic fixed points for maps is similar. We must now
solve the fixed point equation z = f(x; 1) given x, = f(x;0) and z, hyperbolic.

We may reduce this problem to Theorem [79] by writing the fixed equation as
F(xz; 1) def f(z; u) — z and then applying the implicit function theorem.

Here are some examples of what could go wrong.
Example 12. Simple Pendulum: The linearization of the flow at two distinct

fized points are [_01 (1]] and E é] . The corresponding eigenvalues are £+/—1

and +1, respectively.
The dynamics of the simple pendulum are defined by:

0 +sinf = 0. (7.3.3)

With the simple pendulum we may perturb by adding damping, resulting in the
following equation:

0+ af +sinf =0. (7.3.4)
Now the linearization at (0,0) is [_01 —1CJ . Therefore, the characteristic poly-
nomial for this matriz is
AA+a)+1=0 (7.3.5)
M +al+1=0 (7.3.6)
—a =+ m
2

— A= (7.3.7)
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Figure 7.3.1: Continuous, but not differentiable, variation of eigenvalues with
parameters.
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Figure 7.3.3: Phase diagrams for the perturbed simple pendulum
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Figure 7.4.1: Phase diagram for the perturbed simple pendulum

The phase diagram in the neighbourhood of (0,0) for this perturbed system
is shown in Figure[7.3.3

A more subtle issue here is that the perturbations don’t respect the Hamilto-
nian structure. Really the question is: if we understand the flow for 2 = JV . H,
then what can we say about Z = JV,H, such that

H, = H,+ pH, (7.3.8)

where H; is the perturbation. In this case, the origin perturbs to a center. This
example shows that the topology of the perturbation is important.

7.4 Persistence of Hyperbolic Periodic Orbits

7.4.1 Persistence of Cycles

We now turn to cycles in maps and periodic orbits in flows. Cycles are easy to
deal with.

Consider the map = — f(z;u) and assume that when p = 0, we have a
hyperbolic cycle of period ¢g. Denote this cycle by {z¢, 1, ..., xg—1} with z, = xo.
We observe that f9(x;) = z;, 0 < j < ¢ — 1. This leads us to the following
observation, a cycle is hyperbolic <= z; is hyperbolic for 0 < j < ¢ — 1. But
then the implicit function theorem may be used as in Theorem [79] to show that
x;j(p) persists for small p.

7.4.2 Persistence of hyperbolic periodic orbits

We know that a periodic orbit I' is hyperbolic if and only if its Floquet spectrum
has a single eigenvalue at 1. This in turn is true if and only if every Poincaré
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map on I' has a hyperbolic fixed point. When p = 0, we have the picture for
the periodic orbit I' as in Further, we know that x, is a hyperbolic fixed
point.

Now, we observe that if ¢ depends smoothly on a parameter p, then we
obtain a smooth family of Poincaré maps

P,:D— D, (7.4.1)

simply by continuity in parameters (this is illustrated in homework 1). Then we
find, from the implicit function theorem, that P, has a hyperbolic fixed point
x(p) for |u| < e. Again the simple pendulum with damping shows that the
theorem is false without assumption of hyperbolicity.

7.4.3 The Grobman-Hartman Theorem

The above example shows the persistence of a global structure (periodic orbits).
We reconsider persistence of hyperbolic fixed points from this point of view.
Consider a linear map A : R? — R? where the map is 2 — Az such that 0
is a hyperbolic fixed point. The eigenspaces of A form invariant subspaces for
the map. We next consider a family of non-linear maps B(u) with B(0;0) = 0
and DB(0;0) = A. The following theorem provides the persistence of the phase
portrait of the map A near 0.

Theorem 81 (Grobman-Hartman). Assume U € R? is an open set containing
the origin. Assume the function f

fUx(-1,1)—=>U
(w, ) — fu(x)v

W o
R

is a 1-parameter family of C1 diffeomorphisms such that f(0,u) = 0 for all
and x = 0 is hyperbolic for y = 0. Then there exists € > 0 and a 1-parameter
family of homeomorphisms

h:B(0,e) x (—e,e) = B(0,¢) (7.4.4)
(@, 1) = hu(x) (7.4.5)

such that the following diagram commutes

B(0,¢) %5 B(0,¢)
e 1 T hy
B(0,e) 3B(0,¢)

with A = Dy fo(0)



Chapter 8

Invariant Manifold
Theorems

The main reference for this chapter is [0, Ch.4.1]. Let us first illustrate the idea
of an invariant manifold with an example from [9]. Consider the 2D system

i=ux (8.0.1)

y=—y+a (8.0.2)

This system has a fixed point at (0,0), and its linearization at (0,0) is

or equivalently

Cﬁ) B ((1) —01> @ (8.0.5)

Thus (0, 0) is a saddle-point. The subspace {u = 0} is invariant under the flow
and as t — oo, each trajectory (0,v(¢t)) — (0,0). This subspace is the stable
subspace. Similarly, the subspace {v = 0} is invariant and is called the unstable
subspace. Equation is chosen so it is exactly solvable. Clearly

z(t) = e'z,

119
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where we use the slight abuse of notation of writing « for 2(0) and y for y(0).
Using the method of integrating factors, we can also solve equation (8.0.2)

t
y(t) =ety +/ e~ )3 (5)ds (8.0.6)
0
t
=ely+et / et 2ds (8.0.7)
0
t
=ety+ate! / e**ds (8.0.8)
0
At 1
=ely+ate? <€ 1 ) (8.0.9)
3t —t
=ely+ <646> z? (8.0.10)
3 3
= ety — %) + %e?’t. (8.0.11)

We now look for the nonlinear analogue of the linear phase portrait. We note
that a trajectory z(t) = (x(t),y(t)) lies on the stable subspace if and only if
z(t) — 0 as t — oo. Similarly, z(¢) lies on the unstable subspace if and only
if z(t) — 0 ast — —oo. We use these asymptotic properties, to define find
nonlinear analogues of the stable and unstable spaces. Let us define the sets
W, and W, respectively to consist of 29 € R? such that the trajectory z(t) with
2(0) = 2z tends to 0 as t — 400 and t — —oo respectively. From the solution
formula

w(t) =e'w, ylt)=e'(y— =)+ e (8.0.12)
we see that:

o 2(t) = 0 as t — oo if and only if = 0; and
. z(t)—>0ast—>—ooifandonlyify:%.

Thus, we have found that the stable set W is actually the manifold {z = 0}
and that the unstable set W, is the manifold

y=7

Observe that these manifolds are tangent to the stable and unstable spaces
at z = 0. The stable and unstable manifold theorems formalize this intuition
for hyperbolic fixed points. As in Picard’s theorems, we will first establish the
theorem under strong global hypotheses, then obtain local versions using cut-off
functions.

Wu{zeR2
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8.1 Preliminaries

The main assumption in these theorems is the existence of a spectral gap. We
consider equations of the form

&= Sz+ F(x,y)
y=Uy+G(x,y),

—
—_ =
[N
=

where 2 € R¥, y € R'. We may make an affine change of variables to reduce a
given vector field to this form. For brevity, we set z = (x,y), writing F'(z) and
G(z) for F(z,y) and G(z,y) when this helps.

The matrices S (for stable) for stable and U (for unstable) are assumed to
satisfy

Re o(S) <0 (8.1.3)
Re o(U) > 0.
Here o(M) = {A\1, -+, A\n} when M is an n xn matrix, and we write Re o(M) <

a if and only if Re \; < a for 1 <i<n.

8.1.1 Manifolds

Despite the terminology, almost all we need of manifold theory is the fact that
graphs of smooth functions are also (abstractly defined) manifolds. Given a
function o : R¥ — R!, its graph is the set

W, = {(z,y) € R* x Rl|y = a(x)}. (8.1.5)

When a € O, W, is a C* manifold; analogously, W, is a C* manifold when
a € C*, and W, is a Lipshcitz manifold when « is Lipschitz.

Intuitively, a manifold is a space that locally looks like Euclidean space. In
the case of graphs, this is obtained by the above parameterization.

8.1.2 Linear Estimates

Lemma 19. Assume Re o(M) < a. Then for every X\ > a, there exists a K)
such that ||eM || < Kxe* fort > 0.

Proof. We use the Jordan decomposition over C, writing M in the form M =
UAU~! where the matrix A is block diagonal with

Ay
Ay
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where each Ay is either diagonal or of the form

ap 1
A =
1
ag
Given the m x m matrix
a 1
A= R : (8.1.6)
o
Q@
we can write (ry? o
at at)™ ™
Loat == - oy
1 at - <(at)”2‘)f
et = : : (8.1.7)
at
1
Therefore,
ta m—1
e < ettt It 8.18)

where c¢ is a universal constant. Thus, for any A with A > Re «, we have

||etA’“|| < cket’\, (8.1.9)

since Re av — A is strictly positive so e(Re a=Nt «heqts” the polynomial growth.
Taking K = ¢, + - + ¢, we find

et < Ket. (8.1.10)

O

8.2 Statement of the Theorem

Assume we are given a system

=S+ F(x,y)

J=Uy+ Gloy). (8.2.1)

We make several assumptions:
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e Assume the spectral gap condition is satisfied:

Re o(S) <a<A<b<Reo(U). (8.2.2)

e Assume small nonlinearity:
F(0,0)=0 G(0,0)=0

DF(0,0) =0 DG(0,0) = 0 (8.2.3)

e Assume F' and G are Lipschitz continuous, with Lipschitz constant ¢ con-
trolled by the spectral gap.

Finally, we recall that a set S C R¥ x R! is invariant under the flow defined by
equation (8.2.1) if z(¢) € S for all t € R if z(¢g) € S for some t; € R.

Theorem 82. There is a unique C' function o : RF — R! with o(0) = 0,
Da(0) = 0, sup,cpx |a(z)| < oo, whose graph W, is an invariant manifold for
18.2.1)).

The proof will rely on:
1. geometric intuition about cones, and
2. a fixed point equation.

The proof itself is a sequence of estimates that show that the fixed point equation
may be solved by the contraction mapping principle.

8.3 Proof of the Theorem

Our first task is to derivate a fixed point equation for a. A preliminary step is
an a priori estimate assuming that y = a(z).

Lemma 20. Assume y = a(x) where o is a Lipschitz function from RF to R,
Then for every A > Re(co(S)) and t > 0, we have |x(t)] < KyePTEAD ||
where L is defined in below. In particular, L < C(X\)J.

Proof. We rewrite the differential equation

&= Sz+ F(x,y) (8.3.1)
as the integral equation
z(t) = ez + / =95 (x(s), y(s))ds. (8.3.2)
0

Since F'(0,0) = 0, we have
|F(x,y)| = |F(z,y) — F(0,0)] (8.3.3)
< Lip(f) (|2l +1y1*)* (8:34)
< Lip(f)(|=] + |yl) (8.3.5)
— Lip(£)(1 + Lip(a)) 2] (8.3.6)
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when y = «o(r) and « is Lipschitz. Now we use the linear estimate (for A >

Re(a(55))

¥ < Ke (8.3.7)
to obtain .
lz(t)| < K (e’\t +L/ e)‘(t_s)|a:(s)|ds) (8.3.8)
0
where
L = Lip(f)(1 + Lip(«)). (8.3.9)

Multiply through by e~* to obtain
t
e Mz(t)| < K + KL/ e x(s)|ds. (8.3.10)
0

Apply Gronwall’s inequality to h(t) = e *|z(t)| to obtain

e Ma(t)] < Kef ). (8.3.11)

Therefore,
lz(t)] < KeEEHM 5] (8.3.12)
0

We will generally assume that Lip(f) is small. (This is the “small nonlin-
earity” assumption.) Therefore, the dominant term in A + KL is A.
We now explore the restrictions on y = a(z) imposed by invariance. Since

y(t) solves (8.2.1)) we have
e Wy(t) — y(0) = / e*UG(z(s),y(s))ds. (8.3.13)
0

Lemma 21. Assume y = a(x). Then if Lip(F) is small enough,

lim e~ "Yy(t)| = 0. (8.3.14)

t—o0

Proof. First by the spectral gap estimate (now applied to —t and 6 < b <
Re(o(U)),

le || < Kpe™®  fort>0. (8.3.15)
Also,
ly(#)] < Lip()|a(t)] < Lip(a) Kxe Ttz (8.3.16)
Therefore, we find that
ey ()] < lle™ Iy (t)] (8.3.17)
< Kpe "'Lip(a) KyeP D ) (8.3.18)

= KpKye tO-O+KL) 20 (8.3.19)
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Now we use the spectral gap. We see that if L is small enough (which may be
achieved by controlling Lip(F')) we may choose 6§ and A so that

tliTm le"Uy(t)| = 0. (8.3.20)

O

Lemma allows us to return to (8.3.13)), use yo = a(xp), and rewrite it as
the fixed point equation

azg) = _/000 e UG (x(s), a(z(s)))ds. (8.3.21)

This puts us in familiar territory. We must show that the RHS defines a contrac-
tion mapping on a space of Lipschitz graphs. Let us first discover this structure
and then formalize it.

As in the previous lemma (21, we find that

G(z,a(x)) < Lip(G)(1 + Lip(a)|z|. (8.3.22)
Similarly, if we have two graphs «a; and asg, we find that
G2, 01(2)) — G(w, a3(@))] < (LipG)ln (2) — az(@)]. (8.3.23)

Now we may define the contraction mapping principle more carefully.

Definition 83. Assume f : R¥ — R* has f(0) = 0 and set || f||e = sup,cg» ‘ﬁ(ﬁ)‘-
Let
& ={f € C°(R*,R)|f(0) = 0, flle < o0}

Further, for p > 0, let
X, ={f € &lLip(f) < p}.

We define a map T : X, — X, as follows: For every z¢ € R*. define x(t; x, f)
as the unique solution to

&= Sz+ F(z, f(x)), «(0)=xo.
We define -
T == [ VGl fals))as. (8.3.24)
Lemma 22. ||Tf| ¢ < C(LipG) for C = C(p,b,a) when f € X,.

Proof. This is a sequence of estimates.

1.
|G, f(2))] < (LipG) (=] + [ f(2)]) (8.3.25)
< (Lip@)(1 + Ul(:j)')u (8.3.26)

< (LipG)(1 + p)|x|. (8.3.27)
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2. Now assume z = z(t; zo, f). Then by Lemma 7
|2(t)| < KreHALPA A+t 0. (8.3.28)

3. Now we return to the definition of 7" in (8.3.24)) and compute (for z¢ # 0)

T o i
i)l g, | 1e I winG) 0 + e HALPDE g (5.3.20)
Zo 0

< KoK\ (LipG)(1 + p) / et OHILIDMN+0) gy (8.3.30)
0

Note again 6 is close to b, A ic lose to a and Lip(f) is small (< §).

Thus we have an estimate of the form

T
sup | {x(ﬁoﬂ < C(LipG) < C6. (8.3.31)
0
This shows that the norm ||Tf||¢ < oco. O

Lemma 23. Assume f € X, and x1,72 € RF are initial conditions for the
original system . Then

|21 (t) — 22(t)] < KnePTEPHOT 30— ). (8.3.32)

Proof. Let 1,75 € R* be initial conditions for # = Sz + F(x, f(x)). We then
have

25(t) = e'Sz; + / =3 B (gi(s), f(wi(s)))ds. (8.3.33)
0

Therefore, using Lip(f) < p, the difference is controlled by

|1 (t) — 22(2)] < |l€"¥ ||y — 2 +/0 e =) ||(Lip F)(1 + p)|a1(s) — w2(s)|ds.

As in Lemma , we find that we may apply Gronwall’s lemma to (5330
h(t) = e M|z (t) — 2o(t)] (8.3.35)

deducing that
|21(t) — 22(t)] < KpePHOLPWO O+t g, (8.3.36)
O

Lemma 24. T maps X, to X, if LipF' and LipG are small enough.

Proof. We consider two initial conditions 27 and x2 and consider |Tf(z1) —
Tf(z2)|. The estimates are very similar to Lemma (22)), with minor modifica-
tions. We produce the analogous sequence of estimates.
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G (21, f(z1(1))) = G(@2(t), f(z2(1)))] < (Lip G)(1 + p)|w1(t) — z2(t)].
(8.3.37)

2. By Lemma (23), we control |z1(¢) — 22(t)| in terms of z; — z. In effect,
the role of |zg| in Lemma 3 is now replaced with |z; — 23| and we find

T f(z1) — Tf(x2)

|71 — 22

< C(LipG) <C§<p (8.3.38)
if ¢ is small enough. Here C' depends on the spectral gap and p (in an
explicit, though slightly messy way).

O

The last variation on this line of reasoning is the contraction mapping argu-
ment.

Lemma 25. T : X, = X, is a contraction mapping when § is small enough.

Proof. The proof relies on a modification of Lemma and Lemma . First,
consider the solutions to

&; = Sx+ F(z, fi(z)), i=1,2 (8.3.39)

with the same initial condition xo. We have
t
zi(t) = / e3P (x5(s), filzi(s)))ds. (8.3.40)
0

Now, at any time s, writing x; for z;(s),

[F (21, f1(21)) = F (2, fa(22))] < (Lipf)(Jer — x| + [f1(21) — fa(22)]- (8.3.41)

On the other hand,

|fi(z1) = fa(a2)] < [fi(z1) — fa(z)| + [ f2(21) — fa(22)] (8.3.42)
< fl(x1)|x_1|f2(x1)| (1| + (Lipf)or — o] (8.3.43)
< i = fellelza] + plor — 22]. (8.3.44)

To summarize,

|F (21, f1(x1)) — F(x2, f2(z2))| < [[f1 = fallelz1] + (1 + p)d|ay — 22| (8.3.45)

Substitute back in (8.3.40]) and use Gronwall’s inequality with h(t) = e~ |z (t)—
29(t)| to obtain

[21(t) = w2(t)] < K|l fr = falleeMTHOFAD ). (8.3.46)
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Now apply this estimate to T'f; and T fs:

T fi(wo) = — /0 " eV G (), filwils)))ds. (8.3.47)

‘We now have
|G (21(5),f1(x1(5))) — G(22(8), f2(22(5)))] (8.3.48)
< (LipG)(z1(s) — 22(s)| + | fr(21(8)) — fal@2(s))] (8.3.49)
< (LipG)(|z1(s) — 2(s)| + | f1(21(s)) — fa(z2(5))]) (8.3.50)
<6(Jzi(s) — xa(s)| + | f1 — fallelzi(s)] + plzi(s) — 22(s)] (8.3.51)
<01+ p)|ra(s) — z2(s)| + 8|l fr — fellelzi(s)]- (8.3.52)

The term |21(s) — 22(s)] is controlled in terms of || f1 — falle|zo| by (8.3.46)), and
|z1(s)| is controlled by Lemma (20)). Using the spectral gap again, we have

1T f1(x0) — T f2(x0)|

< Ol fr = felle- (8.3.53)
ol
Now take the sup over zg to obtain
T f1—Tfalle <Collfr — falle- (8.3.54)
Thus for ¢ small enough, this is a contraction mapping. O

In summary: Lemmas . . . . , and . show that there is

a unique fixed point for T'. This establishes the ex1stence of a Lipschitz invariant
manifold.

8.4 Exercises

1. We will use the following notation. B, (0,¢) is the ball of radius € > 0 in
R™. The rectilinear flow in R™ x R is the flow generated by the constant vector
field (0,...,0,1).

Prove the rectification theorem: If x € R™ is not a critical point of a flow @,
then there is a neighborhood of z (say U), positive numbers £ > 0 and ¢ > 0
and a homeomorphism G from the cylinder B,,_1(0,¢) x (=4, ) to U such that
the image of the trajectories of the flow ® under G~! are trajectories of the
rectilinear flow.

2. Consider the linear system in R? given by & = Ax where A is the diagonal

matrix
-A 0
A—(O _M>, A, > 0.

Any orbit x(¢) with x(0) = (a,b) approaches the origin. Consider the curve in
the plane obtained by piecing together the orbits with initial conditions (a,b)
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and (—a, b) where a,b > 0. How smooth is this curve? Precisely, find a condition
on the eigenvalues that guarantees that this curve has exactly k derivatives at
the origin.

3. Consider a C* vector field f in 2D such that f(0) =0 and

_ (o B
pro=( 5 ).
for fixed a > 0,8 > 0. Show that all trajectories near 0 spiral into 0 in the sense
that they cross each line through the origin infinitely often.

4. Provide a complete proof for the existence of Poincaré maps in the following
setting. Assume we have a globally defined flow ¢, : R? — R? for the differential
equation & = f(x). Suppose the flow has a periodic orbit I' with period T.
Consider a point x, € I, let 7 denote the tangent vector to I' at = and let .S be
a hyperplane in R? normal to 7. Show that there is ¢ > 0 and a neighborhood
D C S such that the map P : D — D defined by P(z) = ¢p(y), where T'(z) is
the first return time to D, is well-defined.

(Hint: Use the implicit function theorem to solve for T'(x) knowing that x.
returns to D after time T'.)

5. Assume f : R? — R? is a C! vector field such that: (i) f(0) = 0; (ii) the
linearization A = Df(0) has two real eigenvalues A_ < 0 < Ay. Show that
there are open neighborhoods of 0, denoted U and V, and a C! diffeomorphism
g : U — V such that the vector field h = g o f has the standard linearization

Dh(O):(é (1))

6. Generalize the above assertion above to a C! vector field f : R® — R™ when
D f(0) has n distinct, real eigenvalues A\ < Ag... < Ap <0< Agy1 < ...\, for
some integer 1 < k < n. In this case, first aim for a transformation of the lin-
earized matrix to diag(A1, ..., A,) (i.e. do not rescale as in question (1)). Next,
try to rescale to a standard form, say diag(—k,—(k—1),...,—1,1,2,...,n—k).

8.5 Solutions to exercises

1. We will use the following notation. B,,(0,¢) is the ball of radius € > 0 in R™. The
rectilinear flow in R™ X R is the flow generated by the constant vector field (0, ...,0,1).

Prove the rectification theorem: If x € R"™ is not a critical point of a flow ®,
then there is a neighborhood of z (say U), positive numbers € > 0 and § > 0 and a
homeomorphism G from the cylinder B,,—1(0,¢) x (=4, d) to U such that the image of
the trajectories of the flow ® under G~ ! are trajectories of the rectilinear flow.

Proof. When smoothness assumptions are not stated explicitly, assume that the
vector field is C'. Let us write x( instead of z for the point under considera-
tion where the flow is non-singular. We may translate, rotate and rescale the
coordinate system so that g = 0 and f(xg) = €.
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1. Let us write x = (z1,y) to distinguish the transverse coordinates from
the coordinate parallel to e;. The first coordinate x; is strictly increasing and
may be used to reparametrize time as follows. For fixed 6 > 0 and € > 0 define

the neighborhood of xg
[t]<d |yl<e

Since f € C', we may choose § > 0 and € > 0 so that i; > 1/2 for every
x € U. This ensures that each z € U has a unique representation of the form
x = D4(0,y).

2. We define the map G : (—6,9) x B,_1(0,¢) — U through

<t7 y) = (bt (07 y)

The map G is differentiable in both ¢ and y and at t = 0 we have DG(0,0) = I,,.
Reducing ¢ and § if necessary, we can ensure that DG(0, 0) is invertible in the
domain (—6,0) x B,—1(0,¢). In particular, G is a diffeomorphism from this
domain onto U.

3. Observe on the other hand, that U;(0,y) := (¢,y) is the rectilinear flow
defined through the differential equation

=1 g =0, 2<j<n

Thus, G(V;(0,y)) = ®.(0,y), t € (—6,6). Thus, G~! rectifies the flow. O

2. Consider the linear system in R? given by © = Az where A is the diagonal matrix

-2 0
A_(O _M), A, > 0.

Any orbit z(¢t) with 2(0) = (a, b) approaches the origin. Consider the curve in the plane
obtained by piecing together the orbits with initial conditions (a, ) and (—a,b) where
a,b > 0. How smooth is this curve? Precisely, find a condition on the eigenvalues that
guarantees that this curve has exactly k derivatives at the origin.

Proof. The explicit solution to the system is

z(t) = e Mag, y(t) = e Myp.

Assume xy and yo do not vanish. We eliminate ¢ from the equation above to
obtain
5
x
Y=Y () =Cx% a= g
o A

Let k = floor(a). The curve y = Cz® has k derivatives at z = 0, but it does
not have a k + 1 derivative. O



8.5. SOLUTIONS TO EXERCISES 131

3. Consider a C* vector field f in 2D such that f(0) = 0 and

_( o B
pro)=( 25 2.
for fixed a > 0, 8 > 0. Show that all trajectories near 0 spiral into 0 in the sense that
they cross each line through the origin infinitely often.

Proof. Let us first understand the problem completely when f is linear. That
is, first consider the system

t=—-ax+ Py, y=-Pr—ay (8.5.1)
Switch to polar coordinates, setting x = rcosf, y = rsinf. We then find that
R . S S
r= (xz +yy), 0= ) (xy — y) . (8.5.2)
Therefore, for the linear system we find that
i=—ar, 0=—0.
This system has the exact solution
r(t) = roe”*,  0(t) = 6y — ft.

We may eliminate ¢ from these equations to obtain the parametric form of a
logarithmic spiral

r
0 log(—

r:roexp(%w*t%)), 0(r) :90+a -

).

Asr — 0, 8 - —oo, showing that each ray § = c is crossed infinitely many
times.
Now consider the nonlinear system

mz—am—i—ﬁy—i—g(m,y), y: —ﬁx—ay—f—h(m,y), (853)
where
9(0,0) = h(0,0) = 0 = 8,9(0,0) = 8,g(0,0) = 8, h(0,0) = d,h(0,0) = 0.

By Taylor’s remainder theorem, for any € > 0 we may find a ball of radius rg
about the origin such that the nonlinear system satisfies the inequalities

—(a+e)r <r < —(a—e)r —(5+5)§é:—(ﬁ—5),

when r < rq. It follows that r(¢) and 0(t) decreases exponentially fast according
to the estimates

r(t) <roe” I 0(t) < b — (B —e)t.

Again we see that r(t) decreases monotonically towards 0, whereas 0(t) decreases
monotonically to minus infinity, showing that each ray # = c is crossed infinitely
many times. O
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4. Provide a complete proof for the existence of Poincaré maps in the following
setting. Assume we have a globally defined flow ¢ : R? — R? for the differential
equation @ = f(z). Suppose the flow has a periodic orbit I' with period T'. Consider
a point z, € I', let 7 denote the tangent vector to I" at « and let S be a hyperplane in
R? normal to 7. Show that there is € > 0 and a neighborhood D C S such that the
map P : D — D defined by P(z) = @1(x), where T'(x) is the first return time to D, is
well-defined.

(Hint: Use the implicit function theorem to solve for T'(z) knowing that =, returns
to D after time T'.)

Proof. Correction. A typo in the problem statement is that P : D — S,
not P : D — D. Further, the hint appears to have been misleading, since
the problem can be solved directly by combining the rectification theorem with
continuity in initial conditions.

1. Asin problem 1, we can assume that z,. = 0, f(0) =e; (i.e. 7 =e1) and
S ={(0,y) : y € R1}; here and below y will denote the transverse coordinate.

By the rectification theorem, we know that there are parameters e > 0, § > 0
and a neighborhood U of 0 in which the flow can be rectified to U.(0,y) = (¢, y)
on (—9,0) x B4_1(0,¢).

2. Let D. be the ‘time zero slice’ of U, that is D. = {(0,y) : |y| < e}.
We must show that by reducing e if necessary, the Poincaré map from D. to
S is well-defined. This follows from continuity in initial conditions and the
rectification theorem.

First, we recall the global condition that ¢7(0) = 0. Since 0 € U, by conti-
nuity in initial conditions, it follows that there is > 0 such that ¢ ((0,y)) € U
when |y| < 7. Next, we use the rectification theorem. Since G : U —
(=4,8) x Bg—1(0,¢), it must be the case that G(pr(0,y)) = (¢,y’) for some
t(y) with |[¢t] < 6. But then the definition of the rectification map ensures that
G(er—+(0,)) = (0,y'), so that @_4(,)(0,y) lies on the ‘time zero slice’ of D..
This provides the desired Poincaré time T'(y) = T — t(y).

3.The flow map @7 is C! as is the rectification G. It follows that T'(y) is C*
in y completing the proof. O

5. Assume f : R® — R? is a C' vector field such that: (i) f(0) = 0; (ii) the
linearization A = D f(0) has two real eigenvalues A\_ < 0 < A\;. Show that there are
open neighborhoods of 0, denoted U and V', and a C* diffeomorphism ¢ : U — V such
that the vector field h = g o f has the standard linearization

Dh(O):( *é (1))

Proof. Correction. Unfortunately, there is a mismatch in this problem and the
next between what I thought I was asking and the actual question. If one follows
the question as stated, the answer is trivial. We must find a transformation g
such that Dg(0) satisfies the equation

Dh(0) = ( 0y ) — Dg(0)A.
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Clearly, all that is required is that
Dg(0) = Dh(0)A™",

and this condition in turn can be obtained by choosing ¢ to be a linear trans-
formation g(z) = Dh(0)A™ . O

6. Generalize the above assertion above to a C' vector field f : R® — R™ when
Df(0) has n distinct, real eigenvalues A1 < Az... < Ap <0 < Apg1 < ...Ap, for some
integer 1 < k < n. In this case, first aim for a transformation of the linearized matrix
to diag(A1,...,An) (i.e. do not rescale as in question (1)). Next, try to rescale to a
standard form, say diag(—k,—(k—1),...,-1,1,2,...,n — k).

Proof. Correction. FExactly the same argument as in Problem 5 works. Neither
problem is satisfactory. What I was actually after here is the proof of a lemma
that nonlinear systems can be reduced to a standard form for the stable manifold
theorems by suitable preprocessing. O
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Chapter 9

Dynamics and algorithms

9.1 Introduction

The purpose of this chapter is to provide an introduction to the interplay be-
tween dynamics and numerical algorithms. We will provide representative ex-
amples of numerical algorithms that have an unexpected gradient or Hamilto-
nian structure. The use of this structure provides important insights into the
behavior of the algorithm. We consider two such examples:

1. The QR algorithm for computing eigenvalues of real symmetric matrices.

2. Interior point methods for linear and semidefinite programming (abbrevi-
ated LP and SDP respectively).

We will introduce the QR algorithm and a related Hamiltonian system called
the QR flow. For LP and SDP, we illustrate the role of Riemannian gradient
flows. In both these instances, we must generalize the concepts of gradient and
Hamiltonian flows from the naive structure on R”™ or R?” to manifolds as stated
in Table B.11

9.2 Manifolds, metrics, symplectic forms

In keeping with the minimalist approach to manifold theory discussed in Sec-
tion we will focus on manifolds which are subsets of familiar spaces such
as R™ or a suitable space of matrices. This means that we can continue to
use familiar tools of calculus while developing a geometric intuition for certain
algorithms.

9.2.1 The Frobenius metric

Spaces of matrices will play an important role in our work. The following
notation will be used.

135
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M,,: real n x n matrices.

Sy: real symmetric matrices in M,,.

A,,: real antisymmetric matrices in M,,.
e P,: positive semidefinite matrices in S,,.
o P, positive definite matrices in P,,.

These spaces may be equipped with many metrics. The generalization to M,
of the Euclidean metric on R"™ is called the Frobenius metric

|M||% := Te(MT M). (9.2.1)

The Frobenius metric is natural because it has a group invariance that is anal-
ogous to the rotational invariance on R™. The singular value decomposition of
a matrix M € M, is the factorization

M =UAVT, (9.2.2)

where U and V are orthogonal matrices and A is a diagonal matrix of non-
negative singular values. Then its Frobenius norm

M]3 =Te(MTM) = Te(VTA?V) = Tr(A?) = Te(MMT) = |MT|3. (9.2.3)

We will construct other metrics on subsets of M, (such as A,, S,, and P,)
by modifying the Frobenius metric. Note for example that S, and A, are
orthogonal spaces with respect to the Frobenius metric. Indeed, if S = ST and
K = —KT7, then

Tr(KTS) = —Tr(KS) = — Tr(SK) = — Tr(STK) = — Tr(KTS).

When S,, is equipped with the Frobenius norm, the diagonal and off-diagonal
terms carry different weights, since

Tr(STS) = Y SH =) Si*+2)> S5 (9.2.4)
i,j=1 i=1 i<j
This separation of diagonal and off-diagonal terms reflects the fact that dim(S,,) =
n(n +1)/2, so that only the terms in the upper-triangular part of S determine
the matrix.
When studying LP and SDP we will need to impose positivity constraints.
When z € R™ the condition z > 0 means that

x1>0,20>0,...,2, > 0. (9.2.5)

Similarly for S € S,, we write S = 0 to mean S € P,,. This redundancy in
notation is for consistency with the literature on SDP [5].



9.2. MANIFOLDS, METRICS, SYMPLECTIC FORMS 137

9.2.2 Gradient flows and Hamiltonian flows

The basics of differentiable manifold theory are roughly as follows. A manifold
M is first defined as an abstract topological space (i.e. a set with a collection
of neighborhood) along with an atlas, which is a collection of coordinate maps
defined on charts. On each chart N coordinates are maps ¢ : N — R"™. Thus,
the study of functions from M — R is reduced to a study of functions from a
neighborhood in R™ to R. The main requirement of the charts is that they be
consistent with one another, i.e. they must agree on the overlap IV; N N; for any
two distinct charts IV; and Nj.

The advantage of working in this abstract setting is that the manifold is
defined intrinsically. On the other hand, when we define manifolds as subsets
of R™, we are imposing an additional structure of an extrinsic space. In the
examples we consider, we first assume the structure of a differentiable manifold.
We then equip this manifold with addition structure, a metric or a symplectic
form, and then define gradient and Hamiltonian dynamical systems with respect
to this structure. This provides a unifying approach to many problems.

Given a manifold, M, a C! curve is a continuously differentiable map x :
(-1,1) = M, t — =(t). Let us fix a point 2 and (with abuse of notation),
consider curves z(t) with 2(0) = . The tangent space to M at x consists of the
set of derivatives (0) for all smooth curves x(t) with #(0) = 0. This definition
seems unecessarily complicated: it is introduced so that the tangent space T, M
may be defined using the primitive concept of smooth functions on a manifold
and nothing more. In particular, this definition ensures that the tangent bundle
T M, consisting of T, M, x € M, is an intrinsic concept.

Given a manifold M a 1-form is a smooth linear functional on T M. Every
smooth function V : M — R defines a 1-form, dV the differential of V', whose
action at any x € M and v € T, M is

AV (z)(v) :== diiV(:c(s)), z(0) =z, z(0)=w. (9.2.6)

A metric or a symplectic form is an additional structure on a differential
manifold M. A metric g is a positive definite 2-tensor. At each point x € M,
g(x) : ToM x ToM — R. Given z € M and u,v € T, M,

g(x)(u,v) = g(x)(v,u), g(x)(u,u) >0, when u#0. (9.2.7)

A variety of different metrics on R™ may be generated by defining smooth maps
g:R" = P," and setting g()(u,v) = vTg(x)u.

A symplectic form w is a closed, non-degenerate skew-symmetric 2-form.
Closed means that dw = 0 in the sense of differential forms. Non-degeneracy
means that for each z € M, if u € T, M and w(z)(u,v) = 0 for every v € T, M
then v = 0. Skew-symmetry means that for u,v € T, M we have

w(z)(u,v) = —w(z)(v,u). (9.2.8)
A dynamical system on a manifold is a differential equation of the form

z=v(x), x€M, (9.2.9)
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where v(z) € T, M for each x € M. Gradient and Hamiltonian systems use the
metric and symplectic form respectively to ‘convert’ a 1-form into a vector field.

First, let us consider gradient flows. Assume (M", g) is a Riemannian man-
ifold and assume that V' : M — R is a potential on M. The gradient of V,
written grad, V' is the vector field defined implicitly by

g(x)(grad,V (z),v) = dV(z)(v), zeM, veT, M. (9.2.10)

Since g is positive definite, the vector grad,V () is well-defined. The associated
Riemannian gradient flow is

&= —grad,V(z), z€M. (9.2.11)
The fundamental estimate for gradient flows now takes the form

%V(a:(t)) = — |grad, V(2)|*. (9.2.12)

A symplectic form may be used to convert a scalar field H : M — R. We
define the vector field X g by

w(Xpy,v)=dH(z)(v), zeM, veT,M. (9.2.13)

The vector-field Xy is well-defined because w is non-degerate. The associated
Hamiltonian system is
z=Xpy(x), xeM. (9.2.14)

As in our discussion of Hamiltonian systems on R", it is immediate that when
x(t) solves equation (9.2.13)

d

dt

Now that gradient flows and Hamiltonian flows have been defined, let us

consider some interesting applications of these structures. In the sections that

follow, we will first introduce a numerical algorithm. We then discuss its (un-
expected) connection with a dynamical system.

H(z(t)) = 0. (9.2.15)

9.3 The QR algorithm and the QR flow
9.3.1 The QR algorithm

One of the fundamental problems of numerical analysis is the symmetric eigen-
value problem. We assume given a matrix L € S,; our task is to compute the
eigenvalues of L. It is possible to pre-process the matrix L so that we may
assume that it is tridiagonal. That is, L is of the form

al b1 O

bl as bg
L=\ . (9.3.1)
L T b

b1 an—1
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A central theme in numerical linear algebra is the use of matrix factoriza-
tions [I5]. One of the most fundamental of these is the QR decomposition,
which is a numerical description of the Gram-Schmidt procedure for determin-
ing an orthogonal basis for a matrix L. Given a matrix L we write

L=QR (9.3.2)

where @ is an orthogonal matrix such that span{ly,...,l;} = span{q,...,qx},
1 <k <n, where {/;}7_, and {g;}}_; denote the column vectors of L and Q
respectively. Fast and stable methods for computing the QR decomposition of a
matrix are available in all standard software libraries for matrix computations.

The QR algorithm is an iterative scheme for computing the eigenvalues of a
given matrix Lg. Given Lg, k = 0,1,..., the scheme produces the next iterate
L1 as follows:

1. Factor the given matrix Ly = QyRy.
2. Intertwine the factors to determine Lg11 = Ry Q.

The sequence of iterates is isospectral, that is they have the same eigenvalues.
Indeed, since @y is orthogonal, Q! = Q7 and we find that

L1 = Q¢ LiQk = Uy LoUk,  Up = QoQ1 -~ Q. (9.3.3)
Theorem 84. Assume Lg is a tridiagonal matriz with distinct eigenvalues.
Then
A1
A2
lim Ly =A:= ] , (9.34)

k—oc0

An
where Ay < Ao < ... < A\p.

Note that the algorithm computes the eigenvalues of the matrix Ly and sorts
them too!

The rate of convergence of the QR algorithm is important. Practical imple-
mentations include an additional shifting step to accelerate convergence of the
scheme. This is an important augmentation of the QR algorithm, but we will
ignore it so that we can explain the connection with Hamiltonian flows in the
simplest setting.

9.3.2 The QR flow

How does one obtain interesting symplectic manifolds? Of course, what is in-
teresting depends in large measure on the context, so it is helpful to take a long
historical view of such questions.

The development of classical mechanics has involved a sequence of reformu-
lations of Newton’s laws since the publication of the Principia in 1687. The



140 CHAPTER 9. DYNAMICS AND ALGORITHMS

first significant reformulation is Lagrange’s mechanics in 1788. The use of a
Lagrangian replaced a detailed analysis of forces in a mechanical system with a
general recipe for applying Newton’s laws that reduces to computations with a
single function, the Lagrangian. This work also contains the seeds of the modern
idea of a manifold: the configuration space of a mechanical system, for example
a kinematic linkage, is an early example of the idea of a manifold. In geometric
terms, Lagrange’s equations take place on the tangent bundle TM of a mani-
fold M. Hamilton reformulated Lagrange’s equation in 1835, constructing the
Hamiltonian of a mechanical system as the convex dual of the Lagrangian. The
importance of this idea for fundamental physics became apparent only in the
1920s with the creation of quantum mechanics. While the structure of Hamilto-
nian systems is easiest to see in R?", the natural geometric setting of Hamilton’s
equations is the cotangent bundle T* M, consisting of the pairs (x,p), © € M,
p € T, M*.

While mechanical systems constitute a historically important class of Hamil-
tonian systems the exact solution and range of applicability of Hamiltonian sys-
tems has been significantly expanded through the use of Lie groups. In partic-
ular, most of the fundamental examples of symplectic manifolds, are coadjoint
orbits of Lie groups. We will develop this concept systematically in Spring
20202, but first let us illustrate its utility by studying an example, the Toda
lattice, that may be approached in two different ways.

First, the traditional description. The Toda lattice is a system of n particles
with identical masses at positions x1 < x2 < ... < x, on the line, subject to
the Hamiltonian

1 n n o
H(z,y) =5 Dy +) et (9.3.5)
j=1 j=1
The Toda lattice equations are the Hamiltoniam system
b=y, g =P e TN, 1< <, (9.3.6)
with the boundary conditions xy = —oc0, 41 = +00, e> = 0. Note that we

have used the standard symplectic structure (R*",.J).

Everything so far suggests that this is a Hamiltonian flow with the ‘usual’
structure. However, the Toda lattice has several unexpected integrals and a
systematic understanding of these integrals follows from a different description
of the Toda system as a Hamiltonia flow. The following change of variables was
introduced by Flaschka in 1975. Define the variables

1 1
ar = =5 Yk, by = 56%@’“7@“*'1), 1<k<n, (9.3.7)
as well as the tridiagonal matrices
a1 b1 e 0 b1
b1 a9 b2 —bl 0 b2
L= . . . ) K =

: A : bn—1

bn—l Ap—1 _bn—l Ap—1

(9.3.8)
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The matrices K and L have the following properties
L=1" K=-K' K=LT-L_, (9.3.9)

where L_ denotes the lower-triangular part of L. In these variables, the Toda
lattice equations (|9.3.6]) take the simple form

L=[K, L], (9.3.10)

where [A, B] = AB — BA denotes the Lie bracket of two matrices. This change
of variables converts the Toda lattice equations into an ezxactly solvable system.
A key lemma is the following feature of differential equations such as (9.3.10)

Lemma 26. Assume t — K(t) is a smooth map from (—1,1) — A,,. Then the

solution to equation (9.3.10) is
Lit)=U®)TLO)U(t), where U=KU, U(0)=1I. (9.3.11)
In particular, equation determines an isospectral flow.

What Flaschka achieved through this change of variables is to reveal an
unexpected set of conserved quantities for the particle system . The
eigenvalues of L(t), or equivalently, all the Hamiltonians Hy(t) := Tr(L"(¢)) are
conserved.

What matters for the purposes of eigenvalue computation is that equa-
tion ([9.3.10) is itself a Hamiltonian flow on a symplectic manifold. That is,
equat is a Hamiltonian system in every sense that equation ((9.3.6))
is a Hamiltonian system. Here is the form in which the relation to the QR
algorithm is transparent. Define a Hamiltonian Hqgr on the space S,, as follows:

Hqr(L) = Tr(LlogL — L). (9.3.12)

Then define the QR flow

L =[Kqr(L),L], Kqr=dHqr(L)T —dHqr(L). (9.3.13)

The comparison between this flow and the QR algorithm is as follows. Assume
that Lo is tridiagonal. Let L(t) denote the QR flow with this initial condition
and let Ly denote the iterates of the QR algoritm.

Theorem 85 (Stroboscope theorem). The iterates of the QR algorithm agree
with the solution to the QR flow at integer times

Lk)=Ly, k=12... (9.3.14)

This is a striking and unexpected result that is typical of several iterative
algorithms that are built around matrix factorizations. We will approach these
results systematically in Spring 2020.
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9.4 Hyperbolic geometry, LP and SDP

Optimization theory is primarily the study of fast methods to determine the
minimum of a given function. It is further possible to reduce the complexity of
this problem by studying the minimization of linear functions on convex sets.

9.4.1 Linear programming

A linear program (LP) in standard form is as follows. Assume z € R, x > 0
and assume given m constraint equations

alz=b;, 1<j<m, (9.4.1)

where m < n and a; € R", j =1,...,m are linearly independent vectors. This
constraint equation may also be expressed in the form

Az = b, (9.4.2)

where A has m rows a?, j=1....,mand b= (by,...,by) € R™. We assume
that the set P of solutions to has a non-empty interior of dimension
n —m. This may always be achieved by increasing the dimension n by adding
new variables to the LP. In the terminology of LP, we are assuming that the
constraint set is feasible.

In addition to the constraints, we are given a cost vector ¢ € R™. An LP in
standard form is then the problem:

min{c’ 'z |: 2 >0, Az = b} (9.4.3)

The polytope P is convex as is the linear cost function. Since a convex function
on a convex set achieves its minimum, there is at least one point on P that
solves the minimization problem. The task in LP is to find numerical methods
that solve this problem fast (which is quantified precisely with the notion of
polynomial time algorithms).

There are two fundamentally distinct classes of algorithms to solve LP. The
first of these, the simplex method, is an iterative method that ‘walks along’
the vertices of the P. At each vertex z € JP, the simplex method chooses a
neighboring vertex on which the value of the cost function goes down, or returns
the value ¢”2. The simplex method was developed independently in the West
and in the Soviet Union beginning in the 1940s. It was applied to problems
of logistics and resource allocation during the second world war and was the
foundation of the newly created field of operations research.

The simplex method was largely unchallenged for about forty years until in-
terior point methods were shown to be successful in the 1980s by Karmarkar [I1].
His pioneering work was followed by several developments that led to a system-
atic understanding of interior point methods. As one may expect from the
terminology, in an interior point method the argmin of the cost function is ap-
proached by an iterative sequence {z,}52, that lie in the interior of P and
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approach the boundary P as n — co. In practice, the sequence {z,} is de-
termined through the use of Newton’s method. We will consider the discrete
sequence more carefully in Spring 2020; for now we will explain the connection
with Riemannian geometry and gradient flows by restricting attention to a con-
tinuous time variant of Karmarkar’s method. In another parallel with the QR
algorithm, the study of the algorithm leads to a fundamental geometric question:
how does one construct interesting Riemannian metrics on a manifold?

The key new structure is the following: suppose we had a convex function
F : P — R such that lim,_,sp F'(z) = +00. Such a function is called a barrier
in the terminology of interior point methods. Given a barrier on P, we define a
new Riemannian metric on P by setting

g(xz) = D*F(x). (9.4.4)

Such a metric is called a Hessian metric. The continuous time variant of interior
point algorithms is the following. For ¢ > 0 define the central path

z(t) = argmin,cp (F(s) + tc’'s) . (9.4.5)

The parameter ¢ penalizes the relative strength of the barrier and the cost
function. Since F'(z) diverges as @ — 0P, the barrier serves to keep x(t) within
the interior of P for all ¢.

When ¢ = 0, the point z¢p =: argmin,pF(s) is called the center of the
polytope, relative to the barrier F. The central path is the solution to the
following gradient flow

i =—grad,c’z, x(0)= . (9.4.6)

Observe that the complexity of the problem arises from the structure of the
barrier, not the structure of the cost function.

9.4.2 Semidefinite programming

A broader class of problems that is of similar character is semidefinite program-
ming (SDP). The orthant € R, x > 0 is replaced with the set X € P,,. The
linear constraints are described as follows. Assume given m matrices 4; € S,
and b € R™ and consider the constraint set

The set P is a convex polytope with respect to the geometry on S, given
by the Frobenius norm. As with LP, interior point methods again rely on
the construction of barriers. A barrier is a convex function on P such that
limxﬂap F(X) = 400.

The cost function is prescribed by a matrix C' € S,,. The SDP is then

min, Tr(CX). (9.4.8)
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The central path associated to a barrier F' is the parametrized path for t > 0

determined by
X (t) = argmingcp (F(S) +tTr(CS)). (9.4.9)

It should be apparent that the structure of the SDP is completely analogous
to LP. The structure of SDP may be further generalized to a class of convex
optimization problems called conic programs. LP is obtained from SDP by
restricting attention to diagonal matrices. However, such theoretical unity must
also be contrasted with the fact that for practical implementations, it is quite
wasteful to use methods for SDPs to solve a given LP.

9.4.3 Barriers and hyperbolic geometry

We have been ignoring one of the most important questions in the theory. How
does one find barriers in the first place? And how does one choose between
barriers to find the ‘right’ barrier for a given SDP. This is a question with some
depth, since it requires a balance between a deeper understanding of the hyper-
bolic geometry of P,, and the pragmatic considerations of fast computation. To
get started, here are some examples of barriers:

1. f P=R%, F(x) = —log(xy - xy).
2. If P =Py, F(X) = —logdet X.

Let us verify convexity of the barrier in these examples. The barrier for LP
is obtained from the barrier for SDP by setting X = diag(x1,...,x,), but it
is simpler to verify convexity through a direct computation. First, for LP we
differentiate F'(x) = —log(xy - - x,) to obtain

or 1 0*F 1

e — = 7(51--, .4.].
(9331‘ xi’ (9%1(958] TiZ J (9 0)

For SDP, the calculation reduces to understanding how to compute the first
and second derivatives of the determinant at the identity. Assume given a path
X(s) € S, with X(0) =1, X(0) =V and X(0) = 0. To leading order

2 .o ..
det(X(s)) ~ det(I+sV) = 1+sTrV+2 S det (Vi Vi )4 (9.411)
2 — Vii Vij

Therefore,

% det(X (s)) =TrV, % det(X(s))

= (ViiVj; = Vi Vi)
5=0 izj

s=0

(9.4.12)
Next let us compute the first and second derivatives of f(s) = —logdet X(s).
Since X (0) = I and X (0) = V we have

d2
=T —
vV, 5 ()

= (V)= (ViVi; = V3).  (9.4.13)

d
gf(s) S -
5= i

s=0
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In order to get a feel for the last term, let us write it out explicitly when n = 2.
We then obtain the sum

(Vi1 + Vag)? = 2(Vi1Vag — Via)2 = VA +2VA + V4 = Te(V?).  (9.4.14)
This calculation generalizes to the identity

d2
@f(s)

= Tr(V?). (9.4.15)
s=0

The general calculation may be reduced to the above. Suppose that X € P,
is fixed and consider a path X (s) € P, ™ with X (0) = V. The first derivative of
the determinant is []

4 Get(X(s))

= 4.1
Is (9.4.16)

s=0

= det(X) % det(X 12X (s)X1/?)

= det(X) Tr(X V).
s=0

In a similar manner, the second derivative of det X (s) is obtained from equa-
tion (9.4.12) by replacing V with X~'/2VX~12_ Finally, writing f(s) =
—log det X (s) we find that

= Tr((X~'V)?). (9.4.17)

d B I d?
B =)= s

s=0

The last identity shows that the barrier F/(X) = —logdet X is convex, so that its
Hessian determines a metric on P,, ™. This metric is of fundamental importance
in hyperbolic geometry.

Definition 86. The trace metric on P, is defined as follows. Suppose X €
P,* and V,W € TxP,,". Then

gx(V,W) =Te(X'VX'W). (9.4.18)

This metric has many properties that are analogous to the hyperbolic geom-
etry of the upper half plane equipped with the Poincaré metric. The geodesics
may be computed explicitly by analyzing the underlying group invariance and
the curvature tensor may be computed explicitly.

Let us now return to an SDP with feasible polytope P. In this setting,
a barrier that generalizes —logdet X is defined in the following way. Given
X € P, define the polar set

P(X)={yeS,|Tr((Z-X)Y)<1foral Z e P}. (9.4.19)

IMultiplying on the left and right with X ~1/2 ensures that X~1/2V X~1/2 ¢ S,, when
X € P,T. This is not true if we write X ~1V. This distinction does not matter for the
formulas above since we also take a trace.
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The universal barrier on P is the function
F,(X) = —logvol(P*(X)). (9.4.20)

This barrier has many deep and interesting properties. For example, it may
be expressed in terms of a generalization of the Fourier transform to convex
cones and it admits several geometric interpretations. We will consider these
characterizations in depth in Spring 2020.



Chapter 10

Hamiltonian systems and
symplectic geometry

The main reference is Chapter 1 of Moser’s book [12].

10.1 Introduction and overview

AM220 focuses more narrowly than AM219 on three related dynamical systems:
1. Gradient flows on Riemannian manifolds;
2. Hamiltonian flows and symplectic manifolds;
3. Geodesic flow on Riemannian manifolds.

These are the three main ”structures” we consider (physicists call these
"formalisms”). We will consider an interplay between theory and examples.
While this class involves abstract machinery (manifolds and Lie groups) we will
adopt a minimalist strategy and focus on learning through examples.

For example, regarding (1) and (3) our favorite example will be the Poincare
(or Lobachevsky) plane

H={(z,y) € R*|y > 0} (10.1.1)

with metric

g(z,y) = % ((1) (1)) (10.1.2)

or

(dz? + dy?) (10.1.3)
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Geodesics were computed for (H, g) in AM219 using ODE theory. In AM220
we will study this example using Mobius transformations and Lie groups.

The importance of this example is that its study extends to other manifolds,
especially subsets of matrices. Let P, be the set of n X n (real, symmetric)
positive definite matrices. We equip it with the metric

ds* = Tr(P~*dPP~'dP) (10.1.4)

which should be compared with equation

The unifying feature is that both these spaces are manifolds of negative
curvature. We will consider exact formulas and inequalities that generalize
these ideas.

The above space and geometry is fundamental for semidefinite programming
(SDP). This is a fundamental class of optimization problems with the following
character. We are given

1. m constraint equations of the form Tr(A4;X) = b;, 1 < i < m, where
b € R, A; € S, (real symmetric matrices)

2. a cost matrix C' € S,,

The SDP is then

min Tr(CX)
subject to Tr(A4;X) =b;,1 <i<m
and X € P,
The set
P ={X €P,| Tr(A4X) =b;,1 <i<m} (10.1.5)

is a convex polytope. The metric
ds? = Tr(P~'dPP~'dP) (10.1.6)

is a Hessian metric. This means that there is a function F' : P,, — R such that
the quadratic form

g(P)(S,S8) =Tr(P 'SP~'S) (10.1.7)
d?F
def O*F
= 5 A Vi Okl
In fact, F(P) = —logdet P. This fact generalizes to P. We will show that
there is an analogue function Fp(P) defined on P whose Hessian provides a
metric on P.
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The solution of the SDP is then given by the gradient flow
X = —grad, Tr(CX) (10.1.8)

The importance of this example is that it provides direct connections be-
tween important mathematics (spaces of negative curvature) and important
applications (SDP, optimization, learning theory).

We will approach the study of P, in two ways. The group theoretical ap-
proach to (H, g) will be generalized using symplectic transformations. On the
other hand, we will also study matrix inequalities and norms.

10.2 Symplectic geometry

The above examples illustrate the interplay between gradient flows and the
geodesic flow. Let us now turn to Hamiltonian systems and symplectic geometry.
First, let us recognize that the geodesic flow is a Hamiltonian system. More
precisely, in AM219 we derived the ordinary differential equations

B+ Y Digdjip =0,1<i<n, (10.2.1)
J.k

for geodesics on a manifold (M, g). Here the F;k are Christoffel symbols com-
puted from the metric g. The equations for geodesics were derived by applying
the principle of least action to the Lagrangian

. 1 .. of 1,
L(z, ) = 59(.’17)(37,.%‘) = §|$|3(I) (10.2.2)

Thus, the geodesic flow for (H,g) and (P,, g) is an important example of a
solvable Hamiltonian system.

However, the importance of symplectic geometry is more subtle. Some his-
torical context may be helpful, since the evolution of these ideas are best seen
as an interplay between mathematics and physics (and other sciences). A rough
timeline of is as follows.

e 1687: Newton’s laws F' = ma.
Classical application are to gravitation, especially planetary motion.
e 1788: Lagrange’s equation

A oL, oL
dt " di;

1<i<n (10.2.3)

for system with n degrees of freedom.

Applications: mechanics of linkages, constrained systems (leading in par-
ticular, to the idea of a manifold).
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e 1833: Hamilton’s equations.

& = gg (position)
Yi = — %, (momentum)

(10.2.4)

H(z,y) = sup{y"v— L(z,v)}
veERM

s (Legendre dual)

The structure of Hamiltonian system provided the formalism for quantum
mechanics in the 1920s (Dirac).

The modern form of Hamilton’s equations require a generalization of equa-
tion to a natural geometric setting. Following Lagrange, one such
example of a geometric approach is the formulation of the phase space for a
Lagrangian system as the tangent bundle T M of a manifold. A Hamiltonian
system may be obtained from a Lagrangian system using convex duality and
the analogous setting is T* M, the cotangent bundle. This space is an example
of a symplectic manifold.

Why would one introduce such abstraction? Aren’t Newton’s laws enough
to understand all mechanical systems? Well, actually no. Each reformulation
includes the examples that motivated it, provides new solution techniques and
unifies what appear to be distinct models. Here is such an example involving
two classical mechanical systems:

1. Rigid body dynamics and the motion of a spinning top (gyroscope)

2. The dynamics of incompressible flow (the Euler equations of fluid mechan-
ics).

In the 1960s, Arnold showed that both these examples can be formulated as
geodesic flow on Lie groups. What changes between these examples is the
underlying group, even though they describe the motion of different physical
states of matter.

These examples reveal that an important example of a symplectic manifold
is the coadjoint orbit of a Lie group. We will define and study the equation

showing that it is a Hamiltonian system that includes examples [I] and [2} This
equation also describes several numerical algorithms in common use for some
of the fundamental problems in applied math such as eigenvalue and singular
value computation.

In summary, we pursue increased abstraction because it expands the range of
applications of the theory. For these reasons, we begin AM 220 with symplectic
geometry and examples of Lie groups, building intuition for later examples.

IThese are the group of rotations SO(n), and the group of volume preserving diffeomor-
phisms SDiff (M) respectively).
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10.3 Symplectic linear algebra

This lecture introduces the abstract structure of symplectic geometry in the
simplest setting. Riemannian geometry is based on inner products (or vector
spaces with an inner product). Symplectic geometry is based instead on an
antisymmetric, bilinear, nondegenerate form.

Assume V is a finite-dimensional vector space over the reals. A bilinear form
is amap V x V — R that is linear in each coordinate. We denote our form by
w.

Definition 87. w is a symplectic form on V if w is antisymmetric and nonde-
generate. More precisely,

1. w(u,v) = —w(v,u) for all u,v € V;
2. w(u,v) =0forallu eV & v=0.

Example 13. The standard symplectic space is R®™ with the form

w(u,v) =ul Ju, (10.3.1)

where

J— (_(}n Iél) (10.3.2)

It is helpful to contrat a vector space with a symplectic form with an inner
product space (V, (-, )). Here (-, -} is a symmetric, positive definite bilinear form.

1. (u,v) = (v,u);
2. (u,u)y > 0 with equality if and only if u = 0.

The example (R™,I) is a particularly useful example of an inner product
space with

(u,v) = uTv (10.3.3)

The Gram-Schmidt procedure tells us that any inner product space (V, (-, -))
with dim(V') = n can be reduced to (R™,I) by a suitable choice of basis. Let us
understand its symplectic analogue.

Definition 88. Assume (V,w) is a symplectic space. Assume E C V is a
subspace of V. Define

E+ = {v| w(u,v) =0 for all u € E}. (10.3.4)

Lemma 27. The space (E,w|g) is symplectic < EN E+ = {0}.
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Remark 89. Here w|g is the restriction of w from V to E. The lemma is
nontrivial for the following reasons. Unlike an inner product space, we may
have E C E+ in symplectic geometry. Consider E = Span{u} for some u # 0
in V. Then E C E+. Indeed w(u,u) = 0 by antisymmetry.The critical part of
the lemma is the assumption of non-degeneracy.

Proof. Assume w|g is a symplectic form. Then consider v € E N E+. Then
w(u,v) = 0 for all w € E (because v € E+). But then v = 0 because w|g is
nondegenerate and v € E. Thus, E N E+ = {0}. The converse just requires
that we reverse these steps. O

A similar lemma (HW) is: for any subspace E C V we have dim F +
dim B+ = dimV and (E+)t = E.

The analogue of the Gram-Schmidt process for a symplectic space is the
following lemma.

Lemma 28. For a symplectic space (V,w) we must have that dim(V') is even.
Say dim(V) = 2n. There exists a basis uq, ..., Up;V1,...,0, such that

w(us, u;) =0 1<4,j<n (10.3.5)
W(Uiavj):() 1§Z,]§TL
w(ui,vj) = 51‘3' 1 < i,j <n.

Remark 90. We call such a basis the canonical basis. In this basis, the space
(V,w) is isomorphic to (R*",.J)

Corollary 4. If (V,w) and (V,@) are symplectic spaces of equal dimension,
then there exist a linear isomorphism T : V. — V such that

w(u,v) = O(Tu, Tv) for allu,v €V (10.3.6)

Proof. We have the canonical isomorphisms

S: (V,w) — (R*",.J) (10.3.7)
S:(V,0) = (R™,)) (10.3.8)
weset T =818 O

The notion of orthogonality in symplectic geometry will recur in many ways.
We say a subspace E C V is Lagrangian if £ = E+. This concept has no analog
in inner product spaces.

Definition 91. A linear map U : R?” — R?" is symplectic if
urtgu =17 (10.3.9)

Lemma 29. The subset of symplectic matrices is a group. This group is denoted
Sp(2n,R) or simply Sp(2n)
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The point here is that these transformations preserve the standard symplec-
tic form on R?". Further, they should be contrasted with the act of matrices
such that QTQ = I. This is the orthogonal group. Both these groups can be
understanded in a very explicit manner. Let us establish some basic properties.

1. Suppose Uy, Uz € Sp(2n,R). Then U U; € Sp(2n,R). Indeed,

(U U) T T Uy = U (UL JU) U, = U JU, = T (10.3.10)
2. The identity in Sp(2n,R) is the usual identity matrix.

3. The matrix J € Sp(2n,R). Indeed, JT = <IO _OI") =J!

Check:

(0 —-L\[(O0 I,
JTT <In 0><—In o> (10.3.11)

4. If U € Sp(2n,R), then U~! € Sp(2n, R).

Proof. First note that det(U)? = 1 since UTJU = J = det(U)?det J =
det J = det(U)? = 1 since det J # 0 by inspection. O

Thus U~! is well-defined and we have

JWuty=U-1 (10.3.12)
or U l'=JTUTg
Therefore
wo-Hrgu-t =J'uJju-t (10.3.13)
=—J'yu—! since J? = —T
——Jr =y

Thus U~! € Sp(2n,R) when U € Sp(2n,R). This verifies the standard

group axioms.

What matters to us is that Sp(2n,R) is a Lie group. This means that it is
a group that is also a smooth manifold. This follows from that fact that

Sp(2n,R) = {U € M, |UT JU = J} (10.3.14)

The above description shows that the set Sp(2n,R) is an embedded manifold
in M, = R2n)*,
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10.4 Understanding the symplectic group
Definition 92. We define
Sp(2n,R) = {M € M,,|MTJM = J} (10.4.1)
The symplectic group is a Lie group. This may be seen by noting that
1. M, =R"™.
2. Sp(2n,R) is defined above as the solution set.

3. This solution set is locally the graph of a smooth function whose dimension
is computed below.

We will assume this fact for now and present a set of calculations and examples
that explain the nature of Sp(2n,R).
For comparison, first consider

O(n) ={M e M,|MT"M =T} (10.4.2)
Consider a curve
(-1,1) — O(n) (10.4.3)
t — M(t)

such that M (0) = I and M(0) = A. Since M ()" M(t) = I, MTM+MTM = 0.
At T = 0, this gives us AT + A =0 = A = —AT (or A is antisymmetric).
The lienar space

A, ={neM,|A=-AT} (10.4.4)
is identified with the set of tangent vectors
T;0(n) % o(n) = A, (10.4.5)

where 2 stands for an isomorphism.
Conversely, given an antisymmetric matrix A, the solution to

M = AM (10.4.6)
MO) = I
is M(t) = e!“. We then find that
MOTME) = ()" () (10.4.7)
= (etAT) (etA) Series expansion of e!4.
— ) )
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since —A and A commute.
Sp(2n,R) may be analyzed similarly, though it is a bit more subtle.
First, the Lie algebra

Sp(2n,R) & T;Sp(2n, R) (10.4.8)

Now let’s compute the algebra. Assume M (t) € Sp(2n,R) is a smooth curve
with M (0) = I. Then

MOTIMt)=J = MYJ+JM=0 (10.4.9)

which is differentiable and we evaluate it at ¢ = 0. Let us consider the set of

solutions to [[0.4.9]

ATJ=—-JA (10.4.10)
Write

A= (Z; Zj) (10.4.11)
Then

(10.4.12)

Note that implies

aipa§01+01
al al)\-I 0 -1 0

We compute the product to obtain

)
(Z; Zi) = (8 8) (10.4.13)

T T
—a3z aj as as \ (0 O
(—@Z ag)+(_al _a2)<0 0> (10.4.14)
Thus,
a = —al (10.4.15)
Ay = ag
az = ag

Then the general formula for A € Sp(2n,R) is

o a1 a9
A = (as —a1T> (10.4.16)
where a; is arbitrary (so dim = n?).
1
as = al = dim = @ (10.4.17)
1
o=al =  dim="2FD

2
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Thus,

dim(Sp(2n,R)) = n?+n(n+1) (10.4.18)
= 2% +n (10.4.19)

Let’s simplify further and understand some curves in Sp(2n,R).
Ex1: a9 = ag = 0.

a 0
A = <O —aT) (10.4.20)
Then the solution to
M = AM (10.4.21)
M(0) I

is

M(t) = eth = <e;a e_ota> - <Gét) (G(t(;)—T) (10.4.22)

where G(t) is the invertible matrix e®.
If we further simplify to the case when a is (real) symmetric, we obtain

M(t) = <G((f) G(l?)—l) (10.4.23)

where G(¢) is positive definite.
Ex2: Similarly consider a; = 0 = a3, then

A= (8 g) (10.4.24)
where @ = a”. Then
o e tmA™
AN (10.4.25)
= m!
but note that
0 a 0 a 0 0
A? = (o 0) (0 o) = (0 0) (10.4.26)

Thus, A% = A*=... =0 and

tA . I ta
e =T+tA= <0 ; (10.4.27)
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where a is a symmetric matrix.
Ex 3: Polar decomposition.
Every matrix

M = PQ (10.4.28)

where P is positive semidefinite and @ is orthogonal. Since every M € Sp(2n,R),
the matrix P is invertible when M € Sp(2n,R).

Lemma 30. Assume M € Sp(2n,R). Then its polar factors P and @ also
belong to Sp(2n,R).

Proof. Let’s first show that P? € Sp(2n,R). First M € Sp(2n,R) = M7T ¢
Sp(2n,R) (use the Lie algebra). Thus, MMT = PQQTP = P? is also in
Sp(2n,R).

Now if a matrix P is positive definite then log Pisa symmetric matrix. That is
P = ¢5 with S = ST. On the other hand, if P € Sp(2n,R), then we also have

P = ¢4 with A = <Zl a;T> with as = af and a3 = aZ. But
3~
L T T
Ao AT e (Z; —a;{) _ <Z;T _“21) (10.4.29)

so that a; = af and ay = 23. Therefore, we find that P = et with A =

(a% a2T> real symmetric and lies in Sp(2n,R).
ay  —ay
Apply the above with P = P2 to see that P? = ¢? with A as above. This
implies that P = e*/2. Hence, P is also in Sp(2n,R). But then since M = PQ
and both M and P € Sp(2n,R). We also see that @ € Sp(2n,R).

O

10.5 Brackets

There are three distinct types of brackets when considering Hamiltonian flows.
Let us first see these in examples.

1. The commutator of matrices.
Given A, B € M,,, we set

[A,B] = AB — BA (10.5.1)

2. The commutator of vector fields: (Lie bracket)
On R", suppose

X(z) =) Xi(x)0, (10.5.2)
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where 0,, is the basis vector in R", is a vector field in R™, and similarly let Y (x)
be a vector field. Then for f: R” - R

def - N of
(Xf)(x) = ;xl(m . (10.5.3)
Then set
[(X,Y](f) = X(Y[) =Y (Xf) (10.5.4)
In coordinates,
X(Yf) = > XiOu | D Y0, f (10.5.5)
i=1 j=1
= > (X2, Y)) O, f + Y XiY;02, f
=i =1
Therefore,
(Yf (Xjawjy; - }/JaacJXz) 81Jf (1056)
i=1 \j=1
Thus, define
= (X;0,,Y: — Y;0,, X,) (10.5.7)
j=1
and
(X, Y)(f) =D X, Y)i0u, f (10.5.8)
i=1

3. The Poisson bracket. )
This is specific to Hamiltonian systems. On (R?*", J) we define {;} : C°°(R?") x
> (RQ") — 0> (RQ")

OH 0K OH 0K
dz; dy; Oy, Ox;

{(H, K} (grad, H)" J(grad, K) Z (10.5.9)

These three brackets are related in several ways.

Lemma 31. Suppose H, K : R?® — R are smooth Hamiltonians. Let Xy, Xk
be the associated Hamiltonian vector fields, then
—— "5

Lie bracket

Poisson bracket
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Lemma 32. (Jacobi identity)
(1) {F’ G} = _{G7F}'
(2) {({F, Gy HY + {({G HY, Fy + {({H, F}L,GE =0

Proof. This is a calculation. (HW 2) O

The above calculations provide a concrete set of examples related to flows
on (R?".J). The group theoretic origin of these commutators is discussed in
Section [12.6]
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Chapter 11

Spaces with negative
curvature

11.1 The Lobachevsky Plane

Definition 93. We define the Lobachevsky Plane (or the Poincaré Plane) as
follows:

H={z=z+1iy|y >0} (11.1.1)

The metric we use on on H is:

_1/1 0 o da? 4+ dy?
g—y2<0 1) or ds =7 (11.1.2)

We now consider curves in H. These can be parametrized by z(t) for ¢ in some
interval. Now consider the vector Z € T,H and we set:
. 2 . 2 P
.12 e +y zz
12| = 5 = 5 (11.1.3)
Y Y

We also write the following:

o dzdz
=

ds (11.1.4)

Now the equations of the geodesics can be directly obtained from the La-
grangian:

1
L(z,2) = @W (11.1.5)

We have computed these equations and their solutions in AM219. Our goal here
is to integrate these equations in a simpler, but conceptually more sophisticated

161
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way, using symmetries. We study the following group:

SL(2,R) = {(z Z) ad — bc = 1,a,b,c,d€R} (11.1.6)
A closely related group is:
PSL(2,R) & SL(2,R)/{£1} (11.1.7)

That is, M and —M in SL(2,R) are identified.

The Lie Algebra of SL(2,R) is computed by taking a curve M (t) such that
M(0) = I If we have:

M(t) = (‘283 28) with a(t)d(t) — b(t)e(t) = 1 (11.1.8)

Thus we have:

sI(2,R) déf{(f; ?)

We consider some example curves in SL(2,R):

o= —5} (11.1.10)

Example 14.

t
A= <é _01> — = (% el) (11.1.11)

A= (0 0) — e = (0 1) (11.1.12)

The relationship between SL(2,R) and (H, g) is based on the following ob-
servations:

Example 15.

1. The isometry group of (H, g) may be identified with SL(2,R).
2. The geodesics may be explicitly computed using this correspondence.

Some background is necessary to understand these results. The following theo-
rem from complex analysis is the foundation of what follows:
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Theorem 94. The only conformal maps of H — H that are onto are of the
form:

az+b
cz+d

fu(z) = for M € SL(2,R) (11.1.13)

We check the easy direction. That is, if fj; has the form above, then it maps
H — H in a conformal way. To this end, we require the following lemma:

Lemma 33. Suppose M; € SL(2,R) for i = 1,2 and let fp;, denote the corre-
sponding Mobius Transformations. Then we have:

Ians 0 vy = farn (11.1.14)
Proof. We have the following:

az far, (2) + ba
cafu, (2) +do

az (%) + bo
a1z+by
C2 (clz+d1) +d2 (11.1.15)
as(a1z 4+ b1) + ba(c1z + dy)
co(arz +b1) + da(c1z + dh)
(
(

sz ofMl(Z) =

- (a2a1 + bQCl)Z + a2b1 + bgdl)
(02a1 + dQCl)Z + (eob1 + dgdl)

Now we notice:

(a2 bz ap b1 [ aza1 + b201 a2b1 + b2d1
Ma My = (CQ dz) <Cl dl) B <02a1 + doby  coby +d2d1> (11.1.16)

Comparing terms, we get far, © far, = fanan O

Now we check that f = fyy = fis 1 — 1, onto, and conformal as follows.
We first consider the following elementary maps:

1. fm(z) =2+ b, where m = ((1) l{)
2. fu(z) = a®z, where m = a 0
. M I 0 1/(1

3. fum(z) = —1/z, where m = (_01 é)
We note that 1) and 2) are conformal maps from H to H. As for 3), it has a
pole at z = 0, but is analytic in H and:

—Zz —x + 1y
= = 11.1.17
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So that Im(fas(2)) > 0 for y > 0.

It is enough to check for these three maps since every M € SL(2,R) can be
obtained by composing these transformations.

Lemma 34. Every M € PSL(2,R) defines an isometry of (H, g)

Proof. Consider M € PSL(2,R) and let w(z) = %2t% denote the corresponding

Mobius transformation. Write w = u + iv. We mcli;_tdshow that:
d“;fw - dzfz (11.1.18)
First we compute v as follows:
w (az +b)(cz+d) _ ac|z|? + bez + adz + bd (11.1.19)

lez + dJ? lez + dJ?
Since M € SL(2,R), we have:

bez + adz = (ad + be)x + i(ad — be)y = (ad + be)x + iy (11.1.20)

So we have:
Y
=1 =—7>>0 11.1.21
v = Im(w) ot 2 > ( )
Next we have:
dv  a  claz+b) alcz+d)—claz+b) 1 (11.1.22)
dz  cz+d (cz+d)? (cz +d)? ~ (cz+d)? o
Again, using ad — bc = 1. Now finally,
dwdw | dw|® dzdz 1 ez + d|? dzdz
- == = . dzdz = 11.1.23
v2 ’ dz| 2 |z + d|? y>? a0z y? ( )
O

We now compute geodesics using the group action. Let:

aealt 0)ea(S (0 0) 1120

This describes the most general element of s[(2,R). Every A € sl(2,R) defines
a curve M(t) = et4, t € R of SL(2,R). By the previous lemma, we obtain an
isometry z + far(4)(2) where:

a(t)zo + b(t)

c(t)zo + d(t) (11.1.25)

2(t;20) =
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Let us first compute the path associated to a = 1,8 = 0,y = 0. Then we have:

A= <(1) _01> — M(l) = (%t el) (11.1.26)

Giving us:
2(t; 20) = €*'2 (11.1.27)
In particular, if zo = i, we have z(t;29) = €?'i. An initial tangent vector

vo € T, H is mapped to v(t) = e€*'vg € T (4,5 H. Then:

1 1
o(t)]5 = E [()]* = — - €"[vol* = [vo|” = Jvolg  (11.1.28)

| Im 2 (¢; 20) ett
Since zy = i. Thus we see that with v(t) = 2(t; 20), we have |v(t)|, = 1. Fix
y > 1; note that the time it takes to get from ¢ to iy is obtained from:
2t . 2t 1
2(t;20) = €'z = iy =€t = t= ilogy (11.1.29)
More generally, for two points iy; and iys with y; < yo, we find:
1 Y2
t=-log 2 11.1.30
5los ( )
But since |£(¢; 20)|q = 1, we have that time and distance have the same magni-
tude, giving us:

Y2

11.1.31
n ( )

. . 1
d(iy1,iy2) = 3 log

Let us now extend this calculation to all geodesics. In order to do so, we first
map vertical lines to circles perpendicular to {y = 0} with radius r. We first
choose a, b, ¢, d such that r — 0 and —r + oo, and ad — bc = 1.

1. 7+ 0: This gives us:

ar +b
cr+d

=0 = ar+b=0 = b= —ar (11.1.32)

2. —r +— oo: This gives us:

—ar+b

=00 = —ar+d=0 = d=cr (11.1.33)
—cr+d

Then since ad —bc =1 = r(ac+ ac) = 1, we have:

1
S 11.1.34
ac o ( )
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Finally, we choose ri + 4 to normalize:

L+ b ;— 1
aritb _arG—1) _, a_, _ a_, (11.1.35)
eri+d  er(i+1) c c

Thus we have:

1
a’=c* = > (11.1.36)
This gives us:
<“ b> (g v (11.1.37)
¢ d V2 % T o

Then the image of the circle e with 0 < 6 <  is the line {iy},~o. Since f is
an isometry:

. , 1 0
d(re'®t  rei®) = d(iy(6,), iy(62)) = = log y(62) (11.1.38)
2 T yo)
We further have:
P 2ret® — \fr e? — 1 0
0) = i = — = cot — 11.1.
y(9) r=12rei +\/r e +1 oty ( 39)
Thus we have:
, , 1 t %2
d(rei®  rei®?) = log 2 (11.1.40)
cot 71

Now let us obtain all geodesics through the points z = i. Each geodesic through
z = 14 is given by a tangent vector v. On the other hand, it is also given by a
curve e for A € sl(2,R). So with M(t) = e’ and z — far4)(2) with:

Fay(2) = m and M(t) = (‘zg; Zgg) (11.1.41)
Then we have:
Sy = az+b  a(t)z+b(1)
O etz +d(t) (e(t)z +d(t))?
At t =0, we have M = I. Also evaluating at z = i, we get:

(¢z +d) (11.1.42)

im0 = (@i +b) —i(¢i+d) = (a—d)i+ (b+¢) (11.1.43)
But since we have:
1 0 0 1 0 0
A=« <0 _1> +4 (O O) + <1 O> (11.1.44)
This means ¢ = «, d= foz,l.) = (,¢ =y, and the given direction is:
v=2ai+ (8 +7) (11.1.45)

We have three parameters «, 3,7, and only two equations to determine the real
and imaginary parts of v. So given v, we can find the geodesic.
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11.2 Positive Definite Matrices

In this chapter we will use the following notation:
e M, is the set of n x n real matrices.
e PP, is the set of n x n real symmetric positive definite matrices.
e S, is the set of n X n real symmetric matrices.
e GL(n) is the set of n x n invertible matrices.
We call a matrix positive if it is real symmetric positive definite.
Lemma 35. The exponential mapping A to e* maps S, to P,,.

Proof. We have e = e4/2¢4/2 fromt the series expansion. Thus e is a product
of two invertible symmetric matrices. O

We can also see this from the spectral theorem.
Lemma 36. Fvery P € P,, has a unique positive square root.

The natural inner product on S,, is

(A, By, & Tr(ATB) = Te(AB) = > Ay Bij. (11.2.1)
,J

Definition 95. The trace metric on P, is defined (for A, B € TpP,) to be
(A,B)p = Te(P~'AP™'B) = Tr((P~Y2AP~1/2)(P~1/2BP~Y/2)). (11.2.2)
Thus (A4, A)p > 0 unless A = 0.

Definition 96. The GL(n) action on P, is defined as follows. For each g €
GL(n) we define [g] : P, — IP,, mapping P to gPg’.

Check symmetry, then positivity:
T (gPg")x = (g7 x)" P(g"2) > 0 (11.2.3)
with equality only if = 0.

Lemma 37. The GL(n) action is transitive: for every Py, P, € P, there is
g € GL(n) such that [g|P; = Ps.

Proof. Assume that P; = I and write P for P,. We want g such that [g]] = P,
that is, g¢g7 = P. Clearly g = /P satisfies this equation. Next, in general to

solve gP1 g7 = P, we choose g/P; = /Py or g = /Po(v/P1)™L. 0

Theorem 97. [g] is an isometry of (P,,Tr) for each g € GL(n).
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Figure 11.2.1: The [g] action.

Proof. Let us first compute the derivative of [g]. Consdier P € P, and a curve
P(t) through P (i.e. P(0) = P) with P(0) = X € S,,. Then

d

FYlPQ)| _ = gP(t)g" 0T 9Xg". (11.2.4)

Therefore, we need to check that X +— gXg” preserves lengths. (See Figure
11.2.1]) We compute

(9Xg",9XG")g(p) = Te(([g)P) 9] X ([91P) 9] X) (11.2.5)

Here ([g](P))~" = (gPg") ' =g TP 'g7", s0
([9P) g X =g TP g tgXg" =g TP Xg". (11.2.6)

Thus

(9Xg",9Xg" ) gp) = Tr(g TP ' XgTg TP Xg") (11.2.7)
=Tr((P'X)(P1X)) (11.2.8)
= (X, X)p. (11.2.9)
O

Now let us turn to the computation of the distance between given P; and Ps.
We first consider rays obtained by the exponential map. (See Figure [11.2.2})
Consider the curve P(t) = e*4. Its tangent vector at any t is P(t).

Theorem 98. (P, P)p = ||A|2 for all t.

Proof. We compute )
P = Ae!t = AP = PA. (11.2.10)

Then
def=

(P,P)p =Tr(P~'PP1P) = Tr(4%) || A2 (11.2.11)
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Figure 11.2.2: The exponential map on a line {¢A} through the origin.

Thus the exponential map is metric preserving on lines through the origin.

Theorem 99. Let Pi, P> € P,. Let 1, -+ ,v, denote the roots of det(AP; —
P,) =0. Then

n

dist(Py, P2) = » _(log );)>. (11.2.12)

j=1
Proof. Suppose P, = I, P, = A, where

A1
A= . (11.2.13)
An

We have det(A— P) = 0. Let A = log A and consider the line through the origin
{tA}. We have seen in the previous theorem that

(P, P)p = |AJI3 (11.2.14)

Thus, dist(7, P) = ||A||3t where !4 = P. Sot =1 and ||A|j3 = Z?Zl(log )2
Now let us reduce the general case to this calculation. First, given P, P, choose
g= Pfl/2. Then

[9](P1) = gPig" =1 (11.2.15)
and
Gl(Py) = P 2P, (11.2.16)
We thus have that
dist(Py, Py) = dist(I, P /2P, P ?). (11.2.17)

Then we diagonalize: suppose P, = I, P, = QAQT. We would like to say
that dist(I, P») = dist(I,A). Let’s look at the role of rotations more carefully.
The group action [g] : P, — P, acts on the identity by e ~ geg? = gg*.
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In particular, when Q € O(n), e — e. So the map D[g](e) has a nullspace
consisting on A, the antisymmetric matrices at I (HW). We then compute
that if P = QAQ” then choose g = @, and we have

[gl(A) =P, [gl(1) =1, (11.2.18)

thus dist(Z, A) = dist(I, P). Combining the calculations, we find that

dist(Py, Py) = dist(I, P~'/2P,P™/2) = dist(I,A) = > (log A;)?, (11.2.19)

j=1
where PP, P=1/2 = QAQT with Q € O(n). O

Now, we will further consider the space (P,,tr), that is, P,, equipped with
the trace metric ds?> = tr(P~'dPP~'dP). For a path v : [0,1] — P,,, we define
its length

1 L 1 )
L) = [ GOyt = [l )k (1220
0 0

If A,B € P,, we define

85(A, B) = inf L(v) (11.2.21)
y€ES
where

S={y:00,1] = P,y € C*,v(0) = A,¥(1) = B}. (11.2.22)

Note that for each ¢ € GL(n), the group action [¢g] : P,, — P, defines an
isometry because

L([g](v)) = L(v). (11.2.23)

This follows from Theorem [97] We now approach the formula for geodesics
differently. Recall that for each f: R — R we define f : S,, — S, by f(A) =
Qf(M)QT when A = QAQT. The derivative of f is computed as follows:

d

Df(A)(B) = d—f(a(T)) (11.2.24)
T 7=0

where A(0) = A, A(0) = B. The following formulas for the derivative were

shown in the homework. Diagonalize A = QAQT = Z;‘L:1 A;jP; where P; =

qjqu, the g; are the columns of (), and the ); are the diagonal entries of A.

Then:

Lemma 38.

Df(A)(B) = zn: Wpizapj. (11.2.25)

ij=1
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Figure 11.2.3: The exponential map.

If we define fI)(T") as the matrix with entires %/\J(A’) for i # j and f'()\;)
for ¢ = j, then we find that

7

Df(A)B) = f(4) o B, (11.2.26)

where o denotes the Schur or Hadamard product in the diagonal basis for A.
We will use this lemma, applying it to f(z) = e®. We recall that ||S]|3 =
Z" Sij for S € S,. We have the IEMI lemma, where IEMI stands for

3,j=1

Infinitesimal Exponential Metric Increasing (see Figure[11.2.3)):

Lemma 39. For all R,S € S,

le=% Def(s)e™ 7 ||a > ||S]o- (11.2.27)

Proof. Choose a basis in which R is diagonal. Then with

Al
R= (11.2.28)
An
we have
_ A1
e 2
e = (11.2.29)
_An
e~ 2

Let P, = eieiT where e; is the vector with a 1 in the ith place and a 0 everywhere

else. Then

A by

Defl(s);; = <e i

A—%) (esei) Se e, (11.2.30)
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g | g

Figure 11.2.4: The log map.

R
2

where (e;e] )Sejel = S;;. Therefore, the (i,j) entry of e~ FDe(s)e” 2 g

A\ et — et X e*i;*j - Ai;Aj

) T ij 11.2.31

e ()\,L—)\]>€ SJ )\l_)\] SJ ( 3)
h(2iAs

- (Sm@(k))> Sij (11.2.32)

2
<1841, (11.2.33)

where the last inequality follows from |bmhs| < 1. This proves the lemma when
R is diagonal. The || - ||2 norm is invariant under rotations (HW) so this also
deals with the general case. O

Corollary 5. Let S(t), 0 <t <1 be a C* path in S, and let v(t) = e5®). Then

1
/ 1S/ (1) lladt < L(~). (11.2.34)
0
Proof. We have
def [ 3
L) ™ [ 2 / 150t (11.2.35)
0
Here the IEMI is applied with R = S(t), S = S(t). O

We now have the EMI Theorem (see Figure
Theorem 100. For every A, B € P,,, we have
|[log A —log Bl|2 < d2(A, B). (11.2.36)
Equivalently, for every R,S € S, we have
IR = S|l2 < ba(e", e”). (11.2.37)

Note this theorem says that the exponential map from S,, to P, is metric
increasing.
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Figure 11.2.5: The exponential map on a geodesic for commuting A and B.

Lemma 40. Suppose A and B commute. Then exp maps the line segment
connecting log A and log B to the geodesic connecting A and B in P, (see Figure

[7:33). and
53(A, B) = ||log A — log B| . (11.2.38)

Proof. We have
v(t) = 5 = (11 log Attlog B (11.2.39)

In general, e 7K £ ¢HeK but this is true for commuting matrices. Thus

y(t) = el 1osAgtlos B _ pl-tpt (11.2.40)
and
4(t) = (log B — log A)~(t). (11.2.41)
Therefore,
(1 4)y = Tr(y /24y~ 2y 7124712 (11.2.42)
=Tr(iv " 977) (11.2.43)
= Tr((log B — log A)?) (11.2.44)
= ||log B — log A||3. (11.2.45)
Thus, we have
L(v) = || log B — log AJ|3. (11.2.46)
On the other hand, the EMI says that
L(3) > || log B — log Al2, (11.2.47)
so we see that this length is achieved and the path ~(¢) is a geodesic. O

The next theorem gives a formula for geodesics.
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Theorem 101. Let A, B € P,,. Then there exists a unique geodesic joining A
and B. This geodesic is parametrized by

Y(t) = A2(A"2BA2) A1/? (11.2.48)
for 0 <t < 1. This is the natural parameterization in the sense that
02 (A, v(t)) = td2(A, B). (11.2.49)

Further,

52(A, B) = || log A"Y2BAY2|,. (11.2.50)
Proof. We reduce to the case of commuting matrices as follows: First, I and
A~Y2BA-Y/2 commute, so

6o(I, A7V2BA™Y2) = ||log A=Y/2BA™1/2||, (11.2.51)

and the geodesic parameterizing this is vo(t) = (A~Y2BA~1/2)t. Now choose
g p g 8l

[g] = A'Y/2 to find that the path [g]yo = A=/2(A"1/2BA~1/2)t A'/2 joins A and

B and is a geodesic. Then

62(A, B) = 6,(I, A"Y/2BA™1/2) (11.2.52)
= ||log I —log A=Y/2BA~Y/2|, (11.2.53)

= ||log A=Y2BA7Y2||,. (11.2.54)

O

11.3 The Siegel half-space

Definition 102. A complex matrix Z = X + Y, where X, Y € M, (R) is
said to be Hermitian if Z = Z* = XT —iYT namely we have X = X7 (real
symmetric) and Y = —Y7T (antisymmetric). We denote the set of Hermitian
n X n matrices by H(n). The dimension of H(n) is calculated as follows:

n(n+1)+n(n—1) .

dim (H = 11.3.1
im(H(n) = " . (113.1)
Lemma 41. Suppose M € H(n), then M € U(n).
Proof. _ ' _ _ o
(elM)*(elM) _ e*lM ezM _ eszeUVI =7 (1132)
Example: Consider
e 0 ... 0
0 e 0 ...
U=1] . ) where (0y,...,0,) € T"
0 0 eifn
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Definition 103. A complex matrix Z = X +14Y, where X, Y € M, (R) is said to
be symmetricif Z = ZT = XT+iYT namely we have X = X7 (real symmetric)
and Y = Y7 (real symmetric). We denote the set of complex symmetric n x n
matrices by §. The dimension of S is calculated as follows:

n(n+1) N n(n+1)

dim(S) = 5 5 =n(n+1) (11.3.3)
Definition 104. The Sigel upper half-space is defined as
H={ZecSlY >0 whereZ=X+iY} (11.3.4)

In other words, the imaginary part of Im(Z) =Y is an element of P,,. We note
that H is the matrix analogue of the Poincaré upper half-plane H.

Let us recall some important properties of the Poincaré upper half-plane H:

1. The set of analytic maps from H — H that are one-one and onto is given

by
{fM(z) _aztbly (z Z) c IPSLQ(R)} (11.3.5)

cz+d
2. The Poincaré upper half-plane H is endowed with the hyperbolic metric
given by

_ dzdz
y2
with respect to which each fj; is an isometry.

ds?

3. For each A € SL(2;R), the flow z — f.1a(z) generates geodesics on H. It
can be shown that between any two points z1, zo, such that x; # x5 the
unique geodesic connecting the two points is a semi-circular arc with center
zo lying on the z-axis. If we rewrite in translated polar coordinates, i.e.,
21 = xo + e’ and 29 = xg + re'?2, then the hyperbolic distance between
z1 and zy is given by d(z1,22) = (1/2)(log cot(f2/2) — log cot(61/2)).

Let us recall the definition of the symplectic group
Sp(n) = {M € My, (R)|MTJM = J}

A B
C D

(5 o) (5 o) (e 5)=(% o)

A B
C D
of the Mobius transformation for the Siegel upper half-space (known as the
symplectic transformation) as follows:

fvMH—>S (11.3.6)

Z— (AZ + B)(CZ +D)™* (11.3.7)

Equivalently, if M = ( ) € Sp(n), then we have

Definition 105. Given M = ( ) € Sp(n), we can define the analogue



176 CHAPTER 11. SPACES WITH NEGATIVE CURVATURE

Lemma 42. The transformation fy; maps the domain H onto itself. In other
words, Im(fa(2)) € Py, or far is a map from H — H.

Now, we state Siegel’s theorems [13]:

Theorem 106. Every analytic mapping of H onto itself is a symplectic trans-
formation.

Definition 107. For any two points Z, Z; € H, we define the analogue of the
cross-ratio as

R(Z,2,) = (Z = Z0)(Z = Z)"NZ = Z)(Z - Z1) ™} (11.3.8)

Theorem 108. There exists a symplectic transformation mapping a given pair
Z, 71 of H into another given pair W, W1 of H, if and only if the two matrices
R(Z,Zy) and R(W,W1) have the same eigenvalues.

Definition 109. We can define a metric on H given by
ds®> = Tr(Y~'dZY'dZ) whereZ = X +iY € H (11.3.9)
Lemma 43. The metric defined above is invariant under the Sp(n) action.

Theorem 110. There exists a unique geodesic arc connecting Z,Z, € H, whose
length p is given by

1 R1/2
P2 = Tr <1og2 1:121/2) (11.3.10)
where R = R(Z,Z1) and
2
1+ RY/? . Rk
log? ——— =4 — 11.3.11
% T_R1? R ];)%Jrl (11.3.11)

Theorem 111. All geodesics are images under symplectic transformations of
curves of the type Z(s) = idiag(psi,...,ps) where p1,...,p, are arbitrary posi-
tive constants satisfying Y, _,log”py = 1.

All these theorems (and more) were proved in a single paper by Siegel in
1943 [I3]. They provide a very different approach to symplectic geometry from
the material discussed in Arnol’d’s and Moser’s books. We take a look at some
of the proofs below.

We first find the analogue of the standard conformal map in complex analysis
that maps the unit disk to the upper half-plane. The conformal map from
D — H is given by

(1+2)
= 11.3.12
wl2) =iy (113.12)
We define the analogue of the unit disc for complex matrices as follows:
D={ZeS|I-27Z>0} (11.3.13)

Note that since Z = ZT, we have Z* = ZT = Z. Thus, ZZ = ZZ* is a
Hermitian positive definite matrix and the inequality is well defined.
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Figure 11.3.1: The conformal map from D — H for the one-dimensional case.

Lemma 44. The map W(Z) =i(I + Z)(I — Z)~! is an analytic map from D
onto H.

Proof. The proof of this lemma provides a good introduction to the calculations
that underlie Siegel’s work. We first show that (I — Z)~! is well defined for all
ZeD.

Suppose Z € D, and there exists v € C™ such that (I — Z)v = 0. Clearly,
we have Zv = v and Zv = v. Thus, vT(I — ZZ)v = |v|* — |v|> = 0, and since
7 € D, we have v = 0. Thus, (I — ZZ)~! exists and is well defined.

Next, we show that W(Z) € H. In other words, we need to show that
W =WT and Im(W) = (1/2i)(W — W) € P,. First, note that by expressing
(I — Z)~! as a Taylor series, we have commutativity as follows: W = i(I +
ZYI—2Z)"t =i(I - 2)"Y(I + Z). Thus,

Wt =i(l+2)"(1-2)"" (11.3.14)
=i(I+ 271 -2")"! (11.3.15)
=i(l+2)I-2)'=W (11.3.16)
Finally, we write
%(W Wy = %(1(1 )N+ Z)—(I+2) I - 2)7Y (11.3.17)
= T2y (4 20T~ 2) ~ (1= 2)(I+ 2)(T ~2)""
(11.3.18)
= %(I—Z)’l(Q(I—ZZ))(I—Z)’l (11.3.19)
=(I-2)'"I1-22)(1-2)"! (11.3.20)
Thus, if v € R™, then
lUT(W Wy =0T(I-2)"YI-22)IT-2)" (11.3.21)

27
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Choosing u = (I — Z)~'v, we get

%’UT(W ~Wy=a"(I-ZZ)u>0 (11.3.22)
Note that we choose v € R™ because (1/2i)(W — W) € P,(R), whereas (I —
ZZ7) € P,(C). Thus, we have shown W € H.

Finally, to show that the image of this map is all of H, we first define a
formal inverse and show that it is well defined. For the one-dimensional case, if
z €D, and w=14(1+ 2)/(1 — 2z), then we have z = (w —4)/(w + 7). Thus, for
the general matrix case, we define the formal inverse Z = (W — il)(W +4I)~L.
It is left as an exercise to show that this is a map from H — D. O

We now turn to the proof of theorem The proof requires a generalization
of Schwarz’s lemma from complex analysis, which is outside the scope of this
course. However, we shall prove the following lemma.

A B
Lemma 45. Suppose M = (C D

B)(CZ + D)™, then far : H — H.

Proof. We need to show that (1/2i)(W — W) € P,,. Let us build up to this in
steps.
Since M € Sp(n), we have MTJM = J, or

) € Sp(n), and let W = fy(Z) = (AZ +

AT T 0 I\N\/A B 0o I

(BT DT) (I 0) (c D) - (I 0) (11.3.23)
—CT AT\ (A B 0o I

— CTA=4A"c, D'B=B"D, A'TD-C'B=1 (11.3.25)

On the other hand, M7T € Sp(n), and we also have MJM?T = J, or

A B 0 I\ /AT CT 0 I
(c D) <I 0) (BT DT) = (I 0) (11:3.26)
—-B A\ [AT CT 0 I
(B A (D .
— ABT =BAT, oD =DC?, ADT -BCT =1 (11.3.28)
Suppose Z € H, then we have Z = Z7 and (1/2i)(Z—Z) > 0. We claim that

we can rewrite these conditions as (Z7, T J(Z,I) = 0 and (1/2i)(ZT, )T J(Z,1) >
0 respectively. Let us check this:

(Zz" 1) <_OI é) (?) (11.3.29)

= (-1 Z7) <?> =-Z+27Z"=0 (11.3.30)
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and
%(ZT N (—OI é) (f) (11.3.31)
211( 17 (f) :%(Z—Z)>O (11.3.32)

Consider the matrices P and @ defined by M(Z,I) = (P,
the identities: (PT,QT)TJ(P,Q) =0 and (1/2i)(PT,QT)TJ (

Q) >
(P QT)< I é) (g>(zT I)MT< )M() (11.3.33)

,Q), then we have
J(P,

= (-1 z7) <§> =-—7Z+272"=0 (11.3.34)

and similarly,
%(PT o7) ( ] é) (g) (11.3.35)
211 (-1 z7) ?) = %(Z— Z)>0 (11.3.36)

Further, we have the identities PTQ = QTP and (1/2i)(PTQ — QT P) > 0.
PTQ-Q™TpP
=(AZ+B)T(CZ+D)-(CZ+D)T(AZ + B)
= (ZTAT + BTY(CZ + D) - (z'C" + DT)(AZ + B)

78 ATC - 0T A Z + ZT(AT™D - CT'B) + (BTC - DT A)Z + (B"D — D' B)
=7"-7Z=0

where we have used that M and M7 are both symplectic, in particular Egs.

[[1.3.25] and [I1.3.28] Similarly,
PTQ-Q*TP
= (AZ+B)T(CZ+D)-(CZ+ D) (AZ + B)
= (ZTAT + BT (CZ + D) - (z"C" + DT)(AZ + B)
78 (ATC -0TA)Z + Z"(A"D - CT'B) + (BTC - DT A)Z + (B"D — D' B)
=7z - Z2=2-2

where we have Eqgs. [11.3.25/and|11.3.28|again. Thus, we have shown (1/2i)(PTQ—
QTP)=(1/2i)(Z — Z) > 0 for Z € H.

Next, we show that @ is invertible. Suppose there exists r» € C™ such that
Qr = 0, then Q7 = 0 and r7QT = 0. This implies that (1/2i)rT(PTQ —
QT P)7 = 0. Since we have positive definiteness, that implies » = 0 and thus @
is invertible.




180 CHAPTER 11. SPACES WITH NEGATIVE CURVATURE

Thus, wrapping everything up, we have shown that W = PQ~! = (AZ +
B)(CZ + D)7! is well defined. Further, we have shown that W — W71 =
QT(QTP—PTQ)Q" = 0and (1/20)(W—W) = (1/20)Q T (PTQ-QTP)Q~* >
0. Thus, W € H.

We finally need to show that the map Z — W maps H onto H. We leave this
an exercise to the reader. The idea is similar to that of Mdbius transformations,
i.e., to define a formal inverse symplectic transformation and check that it is
well defined and maps H — H. The formal inverse is given by Z = fy,—1(W) =
(DT™W — BT)(=CTW 4 AT)~1.

O

11.4 The symplectic group is transitive

Lemma [45] allows us to define a symplectic mapping of the upper half-space H
into itself. The main result of this section is

Theorem 112. The action of 2 := Sp(n)/{x} defined in Lemma|4d| is transi-
tive.

We will approach this theorem in a roundabout way, first characterizing
the automorphism group of the Siegel disk D. The main reason for working
with the disk D is that the generalized Schwarz lemma is more transparent on
D. This lemma sserts that every analytic map from D onto itself is given by
a symplectic mapping. While we will not prove the lemma in its entirety, it
becomes more plausible for maps of D. Since Lemma [44] provides an invertible
symplectic mapping between D and H, application of the generalized Schwarz
lemma yields the proof of Theorem [106

We begin by rewriting Lemma[d4]in a form that parallels Lemma[45] Define
the matrix

_ o il . Y [T i
L_(I I)’ with L _Qi(I iI)’ (11.4.1)

and the associated symplectic map fr : D — H given by

W =f(Z)=(GZ+il)(-Z+1)"', ZeD. (11.4.2)
Lemma 46. The matriz L satisfies the following identities
1 . -1 0
T = 3 — T = =
L*JL = 2iJ, 22_L JL=R, R ( 0 I ) . (11.4.3)

These are direct computations that are left to the reader. The conditions in
equation (|11.4.3]) allow us to define the natural symplectic automorphisms of D
as follows. Assume M € Sp(n) and define

A B
1 . 0 0

The matrix My is also symplectic, but now in Sp(2n;C), not Sp(n).
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Lemma 47. Assume M € Sp(n) and My is given by (11.4.4). Then
ML JMy=J, MIRMy=R, FMy=MyF, F=JR. (11.4.5)

Proof. The proof is again a set of direct computations, but let us work out some
of the steps. It is immediate that

M JMy=L"M"L="JL'ML.
We use the formula for L~ in equation (11.4.1)) to obtain the identity 2iL~7JL~! =
J. Therefore, since M € Sp(n)
1 1
Mg TMy = ?LTMTJML = ?LTMTJML =J,
i i

where we have applied the first identity in Lemma in the last step. This
shows that M, € Sp(2n;C). B
The proof of the second identity is similar. Since M = M we have
My RMy=L"M"L""RL™'ML.
We then use the definition of L and R to compute

L TRL™! = iJ

21

and another application of Lemma establishes the identity M{ RMy = R.
The proof of the third identity in equation (11.4.5) is similar and is omitted. [

In the above lemmas, we have used the group Sp(n) to define a new set of
matrices My € Sp(2n; C) using equation . However, the second and third
conditions in equation restrict the set of complex matrices in Sp(2n; C)
so that we obtain a subgroup of Sp(2n;C) that generates automorphisms of D.
Let us approach these restrictions more directly, writing

[ A By
My = ( o b ) (11.4.6)

where Ag,By, Cy and Dy are complex valued matrices. The first set of equations
in equation (11.4.5)) implies the usual conditions

Alcy=cfAy, BIDy=D{By, AlDy—CIBy=1I. (11.4.7)

What is new is the use of the second and third equations in (11.4.5). The
condition M{ RMy = R yields the additional equalities

ATAy—c¥Cy=1, DIDy—BIBy=1 AT"By=ClDy. (11.4.8)
Finally, we use the relation FMy = MyF to obtain the additional criteria

By =Cy, Ao = Dy,
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so that the above matrices satisfy the equation [13] cf.(9)]
ATAy - BI'By =1, AlB,= Bl A,. (11.4.9)

Thus, the set of matrices My given by Lemma [47] takes the form

(A Bo
My = ( oA ) (11.4.10)

where Ag and By satisfy equation (11.4.9)).
We now see that the automorphism group of the Siegel disk D may be defined

in two equivalent ways.

Definition 113. Let Q : D — D be the group of symplectic mappings of the
form

Wo = fam, (Zo) = (AoZo + Bo)(B()ZO + A())_l, (11.4.11)
where M, satisfies (11.4.9)—(11.4.10). Equivalently, define
Qp =L7'QL, Q= Sp(n)/{+}. (11.4.12)

We now prove Theorem by establishing
Theorem 114. The action of Qg is transitive on D.

Proof. Fix Zy = ZI € D. We must find My such that fa,(Zo) = 0. This
implies immediately that

AQZQ + BO = 0, or B() == —AQZO.
We also need equation (11.4.9)) to hold. Therefore, Ay must satisfy
Ao(I — ZoZy VAT = 1.

The matrix I — ZOZ_OT is Hermitian positive definite because Zy € D. Call it
PPT and set Ag = P~'. The matrix M, defined by this choice of Ay and By
provides the desired transformation in Qg. O

The proof reveals the following feature of Qp. Assume that Zy = 0, then
By = 0 so that

Wo = Ao ZoAgt, Ayt =Ap=AL. (11.4.13)
Thus, the set of maps in Qg that fix the origin are defined by
My = Ao 0 , Ay eU(n). (11.4.14)
0 Ao

This leads us to the natural form of

Lemma 48 (Generalized Schwarz lemma for D). The only analytic maps of D
onto D that fir the origin are of the form Wy = AgZo AL with Ay € U(n).

The proof of this lemma may be found in [13, pp.11-15].
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11.5 The cross-ratio on H

The notion of the cross-ratio of four points may be generalized from the Lobachevsky
plane to H as follows. Define

R(Z,72))=(Z - Z\)(Z - Z,)"YZ - Z\)(Z — Z,) " (11.5.1)

Theorem 115. There exists a symplectic mapping taking a pair (Z,Z1) into
another pair (W, W1) of H if and only if R(Z,Z1) and R(W,W1) have the same
etgenvalues.

The proof of the theorem is an immediate consequence of the following

Lemma 49. Suppose M = (AB;CD) € Sp(n) and W = fp(Z) is the associ-
ated symplectic mapping. Then for any Zy € H and Wy = fy(Z1) we have

R(Z,Z1) = QR(W,W)Q ™",

where
Q=(CZ + D)T.

Proof. We observe that

Zi-2-( 2, 1)(21 é)(f)

The matrix product on the RHS is

(7 1)J(f)=(z1 I)MTJM<f),
since M € Sp(n). Now we observe that the last line may be rewritten as
(CZy + D)T'(Wy — W)(CZ + D).
This is an interesting computation and it is helpful to check all the details.
W =(AZ+B)(CZ+ D)™, W, =Wl =(CZ +D)""(AZ, + B)T.
Thus, we may rewrite the product (CZ; + D) (W; — W)(CZ + D) as
(AZ,+B)'(CZ + D) — (CZ, + D)'(AZ + B).
On the other hand,
W(£)-(:8). w(1)-(413)
so that
(2 I )MTJM<

z ) — (AZ + B)"(CZ + D)~ (CZ + D)"(AZ + B).
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Now let us turn to the cross-ratios. Notice that the imaginary part
Im(Z —Z1)=Y +Y; >0,

since both Y and Y; are positive. Therefore, (Z — Z;)~! exists. This yields the
identity

(Z - 2Z\)(Z — Z,)"' = (CZ, + D)T (W — W)(W — W)~ (CZ, + D)~ T.
Similarly,
(Z - Z2\)(Z — 7)) =(CZy + D)Y (W — Wy)(W — W) (CZ, + D)~ 7.
We combine the above terms to find
R(Z,7)) = (CZ, + D)TR(W,W1)(CZ, + D)~ ™.
O

We illustrate Theorem [IT5| with an important example. Suppose Z = I and
Z1 = 4T where T = diag(tq,...,t,) is a diagonal matrix with increasing entries

1<t <... <ty
Since diagonal matrices commute, we find that

(tp — 1)

2 2 :
R(Z,Zl) = (T—l) (T+1) =d1ag(r1,...,7‘n), Ty = m

Clearly, 0<r <...<r, <1.
This computation covers the general case.

Lemma 50. Let Z and Z; € H. There exists a symplectic matriz M such that
fum(Z) =il and fp(Z1) =iT with T as above.

This lemma is proved in [I3] Lemma 2]. The main ideas in the proof are as
follows. First, it is somewhat simpler to understand the lemma in the setting
of the Siegel disk D, rather than the half-plane H. For each T as above and let

. tp — 1
P = dlag(ph e apn)7 P = Tk = .
tr +1

Then 0 < p; < ...p, < 1. Conversely, every such choice of P determines
a matrix 7. The matrix P determines a matrix W = UTPU € D for each
U € U(n). Indeed, WT =W and

I-WW=1-U"PU=UT(I-PU)>0

since 0 < pp < 1. Conversely, every W € D admits a representation W = UT PU
(this requires a proof; see [I3, Lemma 1]). We then find from Lemma
that the transformation Z = i(I + W)(I — W)~! maps D — H and the pair
(0,UTPU) — (iI,UT(it)U). Finally, the transformation H — H, Z — UL ZU
is symplectic, so that it does not affect the cross-ratio.
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11.6 The symplectic metric on H

The goal of this section is to explain the main ideas in the proofs of Theorem [110]
and Theorem [T11] By Lemma [50] we see that it is enough to understand these
theorems in the standardized setting where Z = il and Z; = T with T =
diag(tl, . ,tn) with 1 S tl S .. .tn.

Let us first relate the cross-ratio to the symplectic metric in Definition [109
Fix a point Z = X +¢Y € H and consider a smooth curve Z(7) with Z(0) = Z
and Z(0) = A. We then find that

d*R(Z,Z (1))

1 _
=AY tAYy L 11.6.1
dr? 2 (11.6.1)

7=0

This identity is seen as follows. Write Z(7) &~ Z + 7 A and substitute Z; = Z(7)
in equation (|11.5.1)) to find

R(Z,Z(1)) = (-TA)(Z - Z2) N (—7A)(Z - 2Z)"' = TZQAY*AY_P (11.6.2)

By Lemma [49] the trace of the cross-ratio is invariant under any symplectic
mapping fys : H — H with M € Sp(n). Thus, so is the metric .

Recall that geodesics are critical points of both the length and action func-
tionals defined as follows. Fix endpoints Zy and Z; in the Siegel half-space H,
consider Lipschitz paths Z : [0,1] — H with Z(0) = Zy and Z(1) = Z; and the
functionals

L[Z] = /1 (Tr(Zy—léy—1)1/2 dt, (11.6.3)
0

A[Z]:/lT‘r(ZY‘lZY‘ldt. (11.6.4)
0

Lemma 51. The differential equation for geodesics is
Z=—izY'Z. (11.6.5)

Proof. This equation is obtained by computing the first variation of the action
functional. The proof is left to the reader. O

We first solve equation (11.6.5) under the initial conditions
Z(0)=il, Z(0)=R=R" Tr(RR)=1. (11.6.6)

The condition R = RT is necessary since Z(t) = Z7. The condition Tr(RR) = 1
is a normalization so that geodesics are traveled at constant speed.

Equation may be solved by analogy with the solution for geodesics
in the upper half plane.
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Lemma 52. Assume G = diag(gi,...,gn) s a real diagonal matriz such that

E;l:1 gjz = 1. Then the curve

Z(t) =i, teR (11.6.7)
s a geodesic.
Proof. The proof is a computation. We find that Z = iY with Y = ¢/“ and
Z=GZ=27G, 7 =GZ.

Therefore, ) ) )
—iZY ' Z = —iGZ(iZ YGZ =G*Z = Z.

O

Now we construct all geodesics through Z = iI using the following observa-
tion.

Lemma 53. Assume M € Sp(n) is such that the associated symplectic map
f]y[ (ZI) =1I. Then
M= ( an ) . A+iBeU(n). (11.6.8)

Proof. Let us write

M= ( g 5 ) FailZ) = (AZ + B)(CZ + D)™

as usual. Since M € Sp(n), we know that ATC and BT D are symmetric and
ATD — CTB = I. Now impose the condition fys(iI) = il to find
tA+ B=1i(iC+ D), sothat A=D B=-C.
The above conditions then also imply
ATA+B"B=1, ATB=B"A,
which is equivalent to A +iB € U(n). O

We combine Lemmas [52] and [53] to obtain

Lemma 54. Fvery unit speed geodesic through Z = il is parametrized by a
unitary matriz by A+iB € U(n) and a real diagonal matriz G with Tr(G?) = 1
through the implicit formula

(AZ(t) + B) (~BZ(t) + A)~' =idiag (¢¢,...,4%), teR. (11.6.9)

Finally, Sp(n) acts transitively on H, geodesics through any point Z € ‘H can
be obtained by moving Z to the initial point ¢/ and using the above parametriza-
tion.
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11.7 Gaussian wave packets and the space H

In this section, we explore a connection between the Siegel half-space and the
Schrédinger equation.

Given a parametrized curve Z(t) € H, t € R, define the Gaussian wave
function ¥ : R x R — C by

det Y)1/* ;
o t) = VT g zrgiotn, (11.7.1)
ﬂ-TL

where ¢ : R — R is called the phase. Since Z = Z1 we see that
(2T Z22)T =27 270 = 27 Zx
is well-defined. The magnitude of the wave-function is

(det Y>1/2 e—xTYx.

[0, OF = v, i, 0) = <) (11.72)
The normalization factor is chosen so that
det Y)1/2
/ [ (x,t)|? dx = %/ e YTy = 1. (11.7.3)
n T n

The function ¢ describes a quantum wave packet in the following sense.

Theorem 116. The wave function ¥ solves the Schrodinger equation
O = %Ad;, teR,z € R", (11.7.4)

if and only if Z and ¢ satisfy the ordinary differential equations

: 1
Z=-7? ¢= -3 Tr(Y). (11.7.5)

The real and imaginary parts of equation (11.7.5)) are
X=Y?-X? Y=—-(XY+YX). (11.7.6)

Proof. We assume the ansatz (11.7.1) and compute the terms on the LHS and
RHS of (11.7.4)). First, the spatial derivatives. By definition Ay = V - V.
When 1) satisfies (11.7.1)) the chain rule implies

Vi = w(%x%) — Y Zz. (11.7.7)
Therefore, we differentiate again to find that

A=V -Vip =9 (—a" 2%z +iTr(Z)). (11.7.8)
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On the other hand, the time derivatives are given by

1d i o7 .
o = 1d logdetY + 5% Zx + ch] . (11.7.9)

Further, we have the identity

d .
—logdet(Y (1)) = Tr (Y*ly)). (11.7.10)
In order that (x,t) solve equation (11.7.4), we must balance terms in equa-
tions (11.7.8) and (|11.7.9). The quadratic expression in x yields the first identity
in equation (|11.7.5)), and thus, equation ((11.7.7)). The evolution equation for Y’
now implies that

Tr(Y V) = - Tr(YIXY) - Tr(Y 7Y X) = -2 Tr(X). (11.7.11)

We now balance the remaining terms in (11.7.8) and (|11.7.9)) to obtain the

second equation in equation (11.7.5)).
U



Chapter 12

Symplectic manifolds

The previous chapters have provided some fundamental examples of Rieman-
nian manifolds. In this chapter, we turn to Hamiltonian flows on symplectic
manifolds. While we continue to stress the role of important examples, we can
no longer avoid a rigorous study of differentiable manifolds and the calculus of
differential forms. As in Chapter [L0| we begin with the algebraic structure.

12.1 Exterior forms

This section follows [3] Ch.7].

Definition 117. A 1-form on R” is a linear function w : R® — R such that
w(au + bv) = aw(u) + bw(v), a,beR, wu,veR™ (12.1.1)

Definition 118. An exterior form of degree k, or a k-form, is a k-linear and
antisymmetric function. That is,

wlaiug + ajul, ug,. .. ug) = ayw(us, . .. ug) + ajw(ul, .. ug),  (12.1.2)
and

Wiy sy, ) = (=) w(ug, ..., ug), (12.1.3)

where v is zero if the permutation i1, ..., is even and v is one if the permu-

tation is odd.

A k-form measures the oriented k-volume of a parallelopiped. Let us illus-
trate this idea with examples.

Example 16. The following expression defines a 2-form

uyp v

u vy | UVy — U] . (12.1.4)

w(u,v) =

189
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Example 17. Let v € R3 be a fized vector. Then for every pair of vectors
w,u’ € R3 we set
U1 U1 Uy
wlu,u')=1| va wug uh |. (12.1.5)

V3 U3 Uy

This 2-form measures the fluz of the vector v across the plane spanned by the
vectors u and u’.

Example 18. Let k = n and assume given n vectors u; € R™ each of which
may be written in the standard basis {e;}7_; as

ui:Zej, 1 <1< n.
,J

We define the n-form

U1,1 ... Upjl
w(ug, ..., u,) = det

Un,1 cee Unpn

This n-form measures the oriented volume of the parallelopiped spanned by
the vectors w1, ..., ug.

Example 19. Ezample[1§ may be extended to k-forms as follows. Let S C R™
be an oriented k-dimensional subspace and let P : R™ — S denote the orthogonal
projection onto this subspace. We set

w(ug, ..., ug) = volg(Puy, ..., Pug), (12.1.6)

where volg denotes the volume of the k-dimensional oriented parallelopiped spanned
by the vectors Puq, ..., Pug.

12.2 The exterior product

We begin by defining the exterior product of monomials.

Example 20. Assume given two 1-forms wy, and wo. Define their exterior
product wi A wo by its action on pairs of vectors

w1 (ul) OJQ(U/)

w1 Awa(u,u') = (i) walu (12.2.1)

)

It is immediate that wy A wy is a 2-form.

The above example has a natural extension to k-forms.
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Example 21. Assume given k 1-forms wy,...wy. Define the exterior product

wi(uy) .. wr(uy)
wl/\...wk(ul,...,uk): . (1222)

wi(ug) ... wi(ug)

It is again immediate that wy A...wy is a k-form. In particular, we observe that

the map Ty, : (w1,...,wg) = w1 A ...wk is k-linear and skew-symmetric. That
is,
Iy : (awy + d'wi,wa, ... wi) = a1l (wy - .o wg) + a) g (w) .. wg),  (12.2.3)
and for each permutation o of indices (iy,...,1i)
Wiy Avcowi, = (=1)%w1 AL A wg, (12.2.4)

where o is zero or one depending on whether the permutation is even or odd.

The standard coordinate system {x1,...,z,} on R® may now be recognized
as a system of 1-forms. Indeed, if u = (u1,...,u,) € R, then xx(u) = ug
denotes the k-the component of the vector u. We will also use the notation
{0zyy-+.,0x,) for the standard basis of vectors in R™ (think of this as nothing
more than a convenient shift of notation that is better suited to differential
geometry).

Example 22. Ezample shows that the ezterior product xz;, ...x;, mea-
sures the oriented k-dimensional volume on the subspace spanned by the vectors
{0z, 5 s Og,, . Observe that x;, A... A, =0 if if two indices agrees and that

two such forms are linearly independent when their index sets are not related by

a permutation. Thus, the number of such forms is (2) These forms constitute

the standard basis for the space of k-forms.

Once the exterior product is defined for monomials it may be extended to a
product of k and I-forms which are themselves products of monomials as follows.
Suppose given

WP =wi N... N\ wg, Wt = W1 N - o Wk,
where w;, 1 < i < k + [ are monomials. We then define
wk/\wl:Wl/\.../\Wk/\Wk+1.../\CUk+1. (12.2.5)

Lemma 55. The product defined in equation satisfies

A = (D)MW AW, (12.2.6)
WFAWHAW™ = WFA (W AW™). (12.2.7)

Finally, we define the exterior product of arbitrary forms.
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Definition 119. Suppose given k and [ forms on R™ denoted w* and w' respec-
tively. Then w* A wt is the k + I-form on R™ defined by

WP AW (g, ) = Z(—l)"w’“(ui17 ot )W (g, ug,),  (12.2.8)

where i1 < ... <igand j; <...<j and (i1,...,0k,J1,--.,J1) Is & permutation
of the integers (1,...,k 4+ [) such that o is zero or one depending on whether
the permutation is even or odd.

12.3 Differentiable manifolds

So far we have been content to work with manifolds embedded in Euclidean
space. Now we turn our attention to abstractly defined differentiable manifolds.

Definition 120. A C* n-dimensional differentiable manifold M is a topological
Hausforff space with a collection of charts and coordinate maps {(Uy, ¥a)}aca
such that

1. U, is an open subset of M for each « in the index set A.

2. Each coordinate map ¢, is an invertible map from U, to an open set
Vo C R™.

3. The map gpgl 0 ¢o is a C* diffeomorphism between ¢ (U, N Us) and
wgl(Ua N Ug) whenever U, N Ug is non-empty.

When no explicit value of k is stated the phrase ‘smooth’ means C'*.

Definition 121. Assume M™ and N'™ are smooth m and n dimensional man-
ifolds. A map f : M™ — N™ is C* if for each p € M there are coordinate
charts (U, ¢) and (V, 1)) containing p and f(p) respectively such that

v rofop:o Y (U)CR™ - (V) CR"
is a C* function.

Definition [[20]is subtle. It formalizes the idea that a differentiable manifold
is a space that locally looks like Euclidean space without assuming that such
a space admits a familiar description, for example as the graph of a smooth
function. It is necessary to proceed carefully from definitions when defining
basic concepts such as the tangent space, vector fields and smooth maps between
manifolds. We must also balance the use of coordinates with coordinate free
notions. We provide some examples of this interplay. For a complete treatment,
see [?].

First, let us explain how the tangent space T, M at a point p € M is defined
intrinsically. Each curve p(t) is a map p from an interval of the line, say (-1, 1),
to M. The smoothness of this curve is determined using coordinates. Consider
a chart U, that contains p(0) = p and define a curve z,(t) € p_1(U,) by setting
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7o (t) = oL op(t). We say that p(t) is C* at p if the curve z,(¢) constructed
in this manner is C* at t = 0 for every chart containing p. When we consider
two such charts, say ¢, and ¢g, we find two different vectors

d d

Vo = %za(t) y U= %Iﬁ

However, the compatibility between charts ensures that

vg = D(@Elgpa)(xa(O))va,

for every such pair of curves. Thus, the set of all tangent vectors v, and vg at
the points z,(0) and x3(0) is isomorphic.

The tangent space T},M is defined to be the equivalence class of vectors
under this isomorphism. Thus, we may speak of the tangent vector p € T, M
for a C! curve p(t) in M with p(0) = p. The tangent bundle, denoted T'M, is
the set

TM= | T,M,

peEM

which becomes a differentiable manifold when equipped with the set of charts
(Ua, ¢o) inherited from the differentiable structure on M, (extended so that
each open neighborhood of a point p € T M is mapped to an open neighborhood
of R™ x R™).

It is also possible to define the tangent space T, M functorially by treating
vectors as linear operators on C*°(M).

Definition 122. A C* vector field X on M is a C¥ map p — T, M.
A vector field may also be characterized by its action on smooth functions.

Assume (U, ) is a chart containing the point p and ¢ € C®°(M). In this
coordinate chart, the action of X on 1 is defined by

(XO)0) =Y fle)gevor), ree ). (231)

Here (f1,..., fn) are the components of the vector field and we may identify X
with the differential operator given in coordinate charts by

- 0
;fj(f)gj-

This expression should explain why it is natural to use {0, }/_; as the canonical
basis on R".
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12.4 Differential forms

We now extend exterior algebra to the setting of differentiable manifolds. A
differential k-form is a k-form on each space T, M, p € M given in coordinates
by equation below. We build up to this equation from simpler notions.
In what follows, the term k-form is now used to mean a differential k-form.

Assume M is a C* manifold and let f € C*°(M). We define the differential
df : TM — R by its action

df (p)v = %f(p(t)) , peM,veT,M, (12.4.1)
t=0

where p(t) is a smooth curve such that p(0) = p and p(0) = v.
In order to compare this idea with classical notions, let us assume that

M = R", write x for p, and consider the standard bases {0y, }7_; and {dzy}}_,
for T,R™ and (T,R™)* at each x € R™. We then have

df(x) = > () dz;. (12.4.2)

Definition 123. A differential 1-form on M is a map w : TM — R.

Not every differential 1-form is of the form w = df. For example, w = dz is
not the differential of a smooth function on S'. However, we have

Theorem 124. Fwvery differential 1-form on M can be written uniquely in each
coordinate chart (Uy, a) as

w(z) =a1(x)dry + ... an(x) da,, (12.4.3)

where {dx,...,dx,} denotes the dual basis to {Dy,,...,0x,} in the open set
—1
@a (UOt)

The reader is invited to prove this theorem (it amounts to checking consis-
tency of definitions; or see [3, §36]). We say that a differential form w is C* if
the functions {a;(z)}}_, are C* in each chart. These notions extend naturally
to differential k-forms.

Definition 125. A differential k-form w* on M is an assignment of an exterior
k-form w*(p) on T, M for each point p € M. The space of differential k-forms
is denoted Q% (M).

Remark 126. It is common practice to use the term differential form, rather
than differential k-form, when the dimension k is clear from context.
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Theorem has the following natural extension to differential k-forms.

Theorem 127. Every differential k-form on M can be written uniquely in each
coordinate chart (Uy, ©q) as

w(z) = Z aiy . (@) dag, AL day, (12.4.4)

i1 < .. <ip

We say that the form w* is C" if each function a;, ; (x) is C" for every
coordinate chart (Uy, o). A smooth k-form w* acts on a collection of smooth
vector fields X1,..., X on M to yield a smooth function that is antisymmetric
under permutations

(K X)) = (C)76H (X, X,

17"

Definition 128. Suppose f : M™ — N™ is a smooth map between two smooth
manifolds. The pullback of a differential k-form w® on N is the differential k-
form on M that acts on a collection of vectors fields X1, ..., X; on M as follows

(ffw)(p) (X1, X)) =w(f()(Df(p) X1, ..., Df(p)Xk), peM. (12.4.5)

The definitions upto this point have used only the exterior algebra of forms
and the differentiable structure of the manifold M. A new notion is the exterior
derivative of a differential form.

Definition 129. The exterior derivative of a k-form w* € QF(M), is the k + 1-
form dw* € QFF1(M) given in each coordinate chart by

. 0
dwk(m) = Z ((%ail,,,ik (a:)) dmj A\ da?il N... dSCZk (12.4.6)
i1 <...<in J

The exterior derivative has the following fundamental property: for any
differential form w
d*w = 0. (12.4.7)

Equation ((12.4.7) follows immediately from equation (12.4.6) and the anti-

symmetry of the exterior product.

Definition 130. A differential form w is closed if dw = 0.

12.5 Symplectic manifolds

Definition 131. A symplectic structure on an even dimensional manifold M?"
is a 2-form w € Q%(M) such that

1. w is closed, i.e. dw = 0.

2. w is nowhere degenerate.
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The pair (M, w) is a symplectic manifold.

Hamiltonian flows and the Poisson bracket on symplectic manifolds may be
defined naturally. A Hamiltonian is a sufficiently smooth function H : M —
R. The symplectic form w allows us to define a natural duality between the
differential dH and a vector field Xy as follows

w(Xpg,v)=dH), veTM. (12.5.1)
The Poisson bracket between two Hamiltonians H and K on (M, w) is

{H7K} :w(XH,XK) (1252)

We have suppressed the dependence on p € M in equations (12.5.1)) and (12.5.2)).

Nondegeneracy of the symplectic form is necessary to ensure that Xy and
X are well-defined. The role of closedness is more subtle. It implies that the
Poisson bracket satisfies the Jacobi identity

{{H,K}, L} +{{K,L},H}+{{L,H},K} =0, H,K,LecC®M). (12.5.3)

Example 23. Let us revisit the standard example (R*",.J) in light of the new
concepts. Consider the symplectic form

w= Zdyj Adx;j. (12.5.4)
j=1
This form is closed since
w=df, 0=> y;dz;. (12.5.5)
j=1

Assume given a pair of vectors u = (q,p) and v = (s,r) € R®*™ where p,q,r and
s lie in R™. Then by definition

drj(u) =qj, dyj(u) =pj, dr;(v)=s;, dy;(v)=rj,

and we have
" P " T s
w(um)deet(ij S;>:ijsj—quj:—(p q) J(r)'
j=1 j=1

The form in equation differs by a minus sign from our standardization
of J. This could be fixed by choosing w = Z?Zl dx; Ndy; instead. However, the
convention in equation 1s better suited to the standard form of Theo-
rem [132 below.

Theorem 132. Assume M is a smooth manifold. The cotangent bundle T* M
is a symplectic manifold with the form w = df, given in coordinates by )
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Proof. Example (23)) shows that this form satisfies the local criterion for sym-
plectic form ( skew-symmetry and non-degeneracy). What we must show is that
0 has a natural global definition on M.

The proof is almost tautological. Let’s recall the basic structure

™ =) oM, T«M=[] ;M.
peEM pEM

Each a € T* M may be written as

a=(p,ap)

where p denotes the base point on M and ), denotes the exterior form «, €
TyM. Let I1: T* M — M denote the projection II(«) = p to the basepoint.

We use the coordinate system on M to define a natural coordinate system on
T*M as follows. Any chart (U, ) containing p provides a coordinate system for
the base points, via p — (1,...,Zp). Theoremprovides the complementary
coordinates for a;,, through the map

(Pyap) = (T1, - Ty Y1y Yn), Y = ap(0z;), 1<j<n. (12.5.6)

(We've switched notation from Theorem writing «, for w(z), to avoid
notational conflict with the symplectic form w).

Now suppose X is a vector field on T*M. Then we may write it in local
coordinates as

X =" aj(@,9)0a, + bj(2,)0,,.

j=1

We use IT : T* M — M to push forward the vector field X on T* M to obtain
the vector field DIIX € T M. This vector field is given in coordinates by

DIX = a;(x,0)d,,. (12.5.7)
j=1

We now define the 1-form 6 on T* M by setting
X (o) = o, (DII(X)).

This form is globally defined by construction. In local coordinates we have

ap(DIN(X)) = Zyj%

because of equations ((12.5.6) and (12.5.7). But this is exactly the same as

writing 6 = E?Zl y;dz; in local coordinates. O
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12.6 Co-adjoint orbits of Lie groups are sym-
plectic manifolds

There are three main categories of symplectic manifolds. The first of these, the
cotangent bundle of a manifold, has been studied in Theorem [132] The second,
coadjoint orbits of Lie groups, is studied in this section. The third category,
complex projective spaces, is not studied in these notes (see [3, Appendix 3]).

Our treatment of Lie groups thus far has been restricted to important ex-
amples. In this section, we assume only that G is a Lie group with finite rank.
This means that G is a differentiable manifold that is also equipped with a
multiplication operation G x G — G, (g,h) — gh that is as smooth as the
differentiable structure on the manifold. Since we do not assume that G is a
matrix group, we must define the Lie algebra and Lie bracket in an invariant
manner. We introduce these ideas below. This is followed by the main theo-
rem, due to Kostant and Kirillov, which asserts that coadjoint orbits of such
Lie groups carry a natural symplectic structure. The abstract treatment in this
section is matched with examples that illustrate the power of this viewpoint in
later sections.

Notation . The following notation is used in this section. The underlying group
is G. Elements of G are typically denoted by g and h; the letter e denotes
the identity element of G. The Lie algebra of G is denoted g and elements of
g are typically denoted by = and y. The dual space to g (as a vector space)
is denoted g* and its elements are typically denoted by a and 8. The duality
pairing between g and g* is denoted (o, z), z € g, a € g*. The role of inner
products on g is discussed later. The space of linear transformations on a vector
space V is denoted L(V). We will use V =g and V' = g* below.

12.6.1 The adjoint and coadjoint representations

We first define the inner automorphisms of G. Fix an element g € G and define
the smooth maps corresponding to left and right multiplication by g

Ly:G— G, hw gh, (12.6.1)
R;:G— G, hw hg. (12.6.2)

We use these operations to define the inner automorphism
Ag=LyR,~1, hv+— ghg " (12.6.3)

Observe that Ay(e) = e. The Lie algebra of G is the tangent space at the
identity, T, G, equipped with a commutator that is obtained by differentiating
Ay twice as follows. We fix elements  and y in g and consider differentiable
paths g(s) and h(t) such that

9(0) = h(0) = e, %g(s) _=n ) — (12.6.4)
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Definition 133. The adjoint representation of the Lie group G is the map
G — L(g), g — Ad, defined by

d
Adg:g—g, y— —Ah() . (12.6.5)
dt i—0
The bracket on the Lie algebra g is obtained by differentiating along the
curve g(s).

Definition 134. The adjoint representation of the Lie algebra g is the map
g — L(g), © — ad, defined by

da

ad, :g—9g, y+—
ds

Adg(s)y . (12.6.6)
s=0
We have used curves through the identity to define Ad, and ad,. The reader
should verify that these definitions do not depend in an essential way on the
curves; Ad, is the first derivative of the inner automorphism A, and ad is the
derivative of Ad.

Example 24. When G is a matriz subgroup of GL(n) we may choose g(s) = e%*
and h(t) = et¥. We fir s and differentiate with respect to t to obtain that

o =gygt (12.6.7)
t=0

d _
Adgy = agetyg

Neat we differentiate g = g(s) with respect to s to obtain

ST

=zy —yr = [z,y]. (12.6.8)
s=0

d _
ad,y = $e”ye

Thus, we recover the usual Lie bracket on GL(n). Observe that we do not assume
the usual matriz bracket is given; it is obtained from the inner automorphisms.
Thus, a different group multiplication rule could give rise to a different bracket,
even for matrix groups. This idea will be utilized in the Adler-Kostant-Symes
theorem below.

The duality pairing (-,-) between g and g* may be used to define Ad*, the
co-adjoint representation of G, by

(Ad*ga, x) := (o, Adyz), g€ G, xe€g,a€g”. (12.6.9)
Similarly, the co-adjoint representation of g is given by
(ad*za,y) := (a,ady), =,y €g,acg. (12.6.10)

The Ad mapping is a representation of the group G in the linear space L£(g)
because of the identity

Adg, = Ad,Ady, g,h€G. (12.6.11)
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On the left hand side we have the product in G; on the right hand side, we have
the composition of two operators in £(g). Similarly, we have

Ady, = AdjAd,, g,heq. (12.6.12)
The Ad-operation is also an algebra homomorphism
Adgadxy = adAdngdgy. (12.6.13)

For a matrix group, the right hand side takes the more intuitive form [Adg,z, Adgy].
The routine verification of these identities is left to the reader.

12.6.2 The Kostant-Kirillov form

Definition 135. The adjoint and co-adjoint orbits of a Lie group are the sub-
manifolds of g and g* defined by

O, :={Adyz, g€ G}, O}, ={Ad,a, g € G}. (12.6.14)

The tangent space to OF is computed in equation (12.6.15) below. The
tangent space to O, may be computed similarly.

Theorem 136 (Kostant-Kirillov). Assume G is a finite-dimensional Lie group.
The co-adjoint orbit O, is a symplectic manifold for each o € g*

This is a striking result because of the minimal assumptions and the strong
consequences. For example, we know that a symplectic manifold must be even-
dimensional. Yet the theorem makes no assumptions on the dimensionality of
G, except for the assumption that G is a finite-dimensional manifold.

Proof. The proof consists of two steps. First, we compute the tangent space to
0% . Then we show that it carries a natural 2-form which is non-degenerate and
closed.

1. The tangent space to O}, is computed as follows. Consider a point 8 € O,
By definition § = AdZoz for some g € G. The tangent space TgO}, is the push-
forward of T,G. It may be computed by differentiating curves g(t) € G written
in the form )

g(t) =gh(t), h(0)=e, h(0)==ze€g.

We use identity ((12.6.12)) to parametrize curves
and we differentiate with respect to t to obtain the identity

150}, = {ad,p, z € g}. (12.6.15)

2. A symplectic form on TgO}, is a closed, non-degenerate 2-form. The
existence of such a form requires an inspired guess. What we’re seeking is a
skew-symmetric map from T30}, x TgO} — R. The natural skew-symmetric
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construct in Lie theory is the ad-operation. Equation (|12.6.15)) suggests the
form

w(ad, 8, ad,f) := — (B,adsy) = — (ad;B,y), zyeg, BeO0;. (12.6.16)

The minus sign is chosen for convenience in the definition of the associated

Hamiltonian flows (see equation (12.6.21)) below).

We must now check that w is a symplectic form on O}. Skew-symmetry
follows immediately

w(ady B, ad, B) = w(ad, 3, ad; ).

We must also check that w is non-degenerate and closed. The reason non-
degeneracy is not immediate is that the linear map g — T30}, given by z —
ad}, 8 may have a non-trivial nullspace Ng = {z € glad} 8 = 0}. If w is degener-
ate, there exists z € g such that ad}8 # 0 and

w(ad;f,v) =0, veTgO;. (12.6.17)

Since every v € T30}, is of the form v = adZﬁ for some y € g, equation (|12.6.17))
implies that

= w(a’dzﬁ7ad26) = _<ﬁ’ad:ﬂy> = _<adw * B7y>

The first equality holds by assumption, the second by the definition of the
Kostant-Kirillov form and the third by the definition of the ad*-action. Since
the duality pairing between g and g* is non-degenerate, it follows that ad; 3 = 0,
contradicting our assumption that w is degenerate.

Finally, the proof that w is closed reduces to checking the Jacobi identity
for the Poisson bracket, since w(Xpg, Xk)(8) = 0 if and only if {H, K} = 0 for
each pair of Hamiltonians H and K. This is a tedious, but direct calculation
that is left to the reader. O

12.6.3 Hamiltonian flows on coadjoint orbits

Finally, let us consider the Hamiltonian vector fields defined by the symplection
form (|12.6.16|). Assume given a differentiable Hamiltonian H : g* — R. Fix
a € g* and consider 8 € O}. The symplectic form w converts the differential

dH into a Hamiltonian vector field Xz on O}, through the identity
w(Xg,v)=dH(B)(v), veTp0O;. (12.6.18)

Since every v € TgO}, is of the form v = ad?’;ﬂ for some y € g, we may write the
above identity in the form

w(Xg,ad,p) = dH(B)(ad,f), yE€g. (12.6.19)
Since dH () € g** = g, we may rewrite the right hand side as

dH (B)(ad,B) = (ad, 8, dH(B)) = (B, ad,dH (B))
= —(B,adan(s)y) = —(adgm(s) B, v)- (12.6.20)
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Comparing equations (|12.6.16[), (12.6.19) and ((12.6.20) we find that the evolu-
tion equation

B=Xu(B),

takes the form

8= ad:lH(B)ﬂ, B € Ok. (12.6.21)
Equation represents a Hamiltonian flow defined on the basis of geomet-
ric and Lie theoretic principles alone. It has a different character from classical
models of Hamiltonian systems, such as the equations of planetary motion. The
older models are easier to visualize, since they describe the motion of a collection
of particles moving according to Newton’s laws in three-dimensional space. By
contrast, all the ‘physics’ of equation is contained within the structure
of the coadjoint orbit O}. It is therefore necessary to develop different forms

of intuition for equation (12.6.21)). We now turn to this topic, explaining the
12.6.21

relationship between ((12.6.21)), and numerical algorithms.



Chapter 13

Algorithms and Integrable
systems

The purpose of this chapter is to illustrate the utility of Hamiltonian systems in
the study of numerical algorithms. The main ideas are drawn from the theory of
integrable systems. As in the previous chapters, we choose to illustrate the ideas
with examples. Integrable systems and the Adler-Kostant-Symes (AKS) theo-
rem are introduced through the Toda lattice. The utility of the AKS theorem
is then illustrated with the QR algorithm for eigenvalue computation.

13.1 What is an integrable system?
Let us first introduce the concept of integrability in Hamiltonian systems.

Definition 137. Assume (M, w) is a symplectic manifold with dimension 2n
and H : M — R is a C? Hamiltonian. The associated vector field X is
integrable if there are n functions {F}}7_; such that

1. The 1-forms dFy,...,dF, are linearly independent.
2. The functions {F;}7_; are integrals for X, i.e.

{H,F;}=0, j=1,....n. (13.1.1)

3. The functions {F;}"_; Poisson commute, i.e.

(Fj,F} =0, jk=1,...,n. (13.1.2)

Since the vector X g is determined by H, we also say that a Hamiltonian is
integrable when X is integrable. Note that Hamiltonian systems require only
half the number of integrals (i.e. n integrals for a 2n dimensional system).

203
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Example 25. Let (M,w) = (R?*",J) and consider the Hamiltonian

n

1
H(z.y) = 23007 +ulad),

j=1

where w; > 0 are fized positive parameters. We choose

L 2.2
F; = 5(% + wiz).
An easy computation shows that F; satisfies the properties of Definition @
provided we restrict attention to the level sets where F; # 0. The equations of
motion are

Tj =Y, Yj = Wiz

This equation describes a collection of n independent harmonic oscillators. It
may be solved explicitly. Each oscillator (z;,y,) admits a parametrization

xj(t) = rjcos(wit + ¢5),  y;(t) = r;jsin(w;t + @)

where r; > 0 is an ampliture and ¢; is a phase factor. These terms are called
the action and angle respectively and they satisfy the evolution equations

$j=wj, 75=0, j=1...,n (13.1.3)

The orbit of each pair (x;(t),y;(t)) is a circle with radius r;. The motion of the
collection of oscillators (z(t),y(t)) is quasiperiodic on the torus T™ with radii
(r1,...,7mn) (it is quasiperiodic, not periodic, because the frequencies w; cannot
be assumed to be rationally related in general).

Despite its explicit nature, this example is typical in the following sense.
A general theorem of Liouville, with later improvements by Arnold and Jost,
asserts that if H is a Hamiltonian on (M?>",w) such that {F;}7_, satisfy the
conditions of Definition on the level set N := ﬂ;‘:lFfl(cj), then there
exists a change of variables that transforms the flow on N to action-angle coor-
dinates [I2][Thm 3.4].

The Liouville theorem has a foundational character since it provides an ex-
plicit criterion for integrability. However, there are few systematic methods for
finding integrals. Further, finding the integrals is not enough, since we often
want to explicitly transform the system to action-angle variables, rather than
state the existence of such a transformation. In practice, each integrable system
has its own individuality and the manner in which it is integrated may rely
on clever changes of variables or unexpected connections with other areas of
mathematics and science. Here is such an example.
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13.2 The Toda lattice

The Toda lattice is a system of interacting particles on the line with the Hamil-
tonian

H(l‘,y) =

N | =

n n—1
S +V(), Vie)=) e m (13.2.1)
k=1 j=1

The equations of motion are

Tp—1—Tk __ eiﬂkffbk+1 k — 1
3

ir=e RN X (13.2.2)
We assume that 1 < x2 < ... < 2, and we adopt the convention that zg = —oco
and x,41 = 400 and e~ = 0 in order to avoid stating separate equations of
motion for the endpoints x; and z,. Equation is derived from equa-
tion in the usual way by setting &y = —0,, V(x).

The Toda lattice has two obvious integrals: the Hamiltonian H and the to-
tal momentum P = Z;;l %;. Both of these integrals apply to any potential
V(x) that consists of a sum of pairwise interactions depending on the difference
x; — x. However, the Toda lattice has other surprising integrals, whose exis-
tence becomes transparent after the following change of variables introduced by
Flaschka. Define the new variables

1 1
ap = el )20 py = gy (13.2.3)
2 2
and define the tridiagonal matrices
by a1 0 0 0 a; 0 0
I — a1 b2 ag 7 B— —aq 0 as :
. B B ap—1 . . . Up—1
0 ... ap-1 by 0 ce. —ap-—1 O
(13.2.4)
The equations of motion (|13.2.4)) may be rewritten in these variables as
L=|B,L]. (13.2.5)
The solution to (??) is
L(t) = QMLO)QMH", Q=BQ, Q) =1 (13.2.6)

The matrix Q(¢) is orthogonal since B is antisymmetric. It follows that L(¢) has
the same eigenvalues as L(0). Thus, the eigenvalues {\;(t)}7_, are integrals of
motion. Another convenient choice of integrals are the functions

Fi(t) = % Te(L4(1)) = % YRRV (13.2.7)
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The matrices L and B are called the Lax pair for the Toda lattice. Equa-
tion provides an example of an isospectral deformation.

There is no algorithm for making a guess such as ! However, it is
possible to provide a systematic explanation of the underlying structure and to
exploit this structure to integrate the Toda equations. Further, these equations
admit several solution procedures. Symmetric tridiagonal matrices such as L
admit an inverse spectral theory: if the diagonalization of L is denoted QAQT
then L may itself be reconstructed from the eigenvalues A and the top row of
the matrix ). The solution of the Toda lattice using inverse spectral theory
is outlined in [I2, Ch.3.4]. We will use a different method called the Adler-
Kostant-Symes scheme and the R-matrix formalism. This method uses the
symplectic geometry developed in the previous chapter. Our first task is to
show that equation is a Hamiltonian system on the O(n) orbit Op :=

{QAQT}geom)-

13.3 Hamiltonian flows on GL(n) orbits

In this section, we compute the Hamiltonian evolution equations
= ad;H(a)oz
for the group G = GL(n) with Lie algebra g = gl(n).
But gl(n) is simply the vector space of all matrices equipped with the com-

mutator [z,y] = zy — ya. Thus, we first identify g* with g using the pairing
provided by the trace. Define the map g* — g, « — A by

(a,y) = Tr(A(a)y), y € gln). (13.3.1)
This map identifies a unique matrix A(«) for each o € g*. Now that a natural
pairing between g and g* has been identified, we abuse notation and use «,

rather than A(«a), to denote both the point « € g* and its image in g.
Here is a useful consequence of this identification: for any x and y in g

(adja, y) = (@, ad,y) = Tr(alz, y]). (13.3.2)
On the other hand,
Tr(alz,y]) = Tr(azy — ayz) = Tr((ax — za)y) = Tr([a, 2], ).
Thus, we have established the identity
adya = [a,z], = € gl(n). (13.3.3)
Thus, for each H : gl(n) — R, we obtain the Hamiltonian flow

& =la,dH(a)], =€ gl(n). (13.3.4)
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By definition, the differential of F}, is computed as follows:

d

aH(a)(5) = =

Hia(r)| .

where a(7) is a smooth curve with a(0) = o and &(0) = S.

Example 26. Consider the Hamiltonians

1

Fil) = 137

Tr(a®th).

It is easy to check that

dFy.(a)(B) —jéfTY(ﬁak4—aﬁak_l+n..ak6)::Tdakﬁ)

BES

Therefore, dFy(a) = o and the associated Hamiltonian flow is

& = [a, dFg ()] = [a, ] = 0,

since o and o = 0.

207

This computation is slightly disconcerting since it shows us that a natural
class of Hamiltonians generates only trivial flows. However, it lies at the heart
of the AKS theorems and the QR algorithm, since the same manifold may carry

different multiplication structures!

13.4 The QR group



208 CHAPTER 13. ALGORITHMS AND INTEGRABLE SYSTEMS



Bibliography

[1]

2]

3]

V. 1. ARNOL'D, Ordinary differential equations, MIT Press, Cambridge,
Mass.-London, 1978. Translated from the Russian and edited by Richard
A. Silverman.

——, Geometrical methods in the theory of ordinary differential equations,
vol. 250 of Grundlehren der Mathematischen Wissenschaften [Fundamen-
tal Principles of Mathematical Sciences|, Springer-Verlag, New York, sec-
ond ed., 1988. Translated from the Russian by Joseph Sziics [J6zsef M.
Sztics].

—, Mathematical methods of classical mechanics, vol. 60 of Graduate
Texts in Mathematics, Springer-Verlag, New York, [1989]. Translated from
the 1974 Russian original by K. Vogtmann and A. Weinstein, Corrected
reprint of the second (1989) edition.

V. I. ARNOLD AND A. AVEZ, Ergodic Problems of Classical Mechanics,
reprint, Addison-Wesley, Redwood City, CA, 1989.

S. BoyD AND L. VANDENBERGHE, Convex optimization, Cambridge Uni-
versity Press, Cambridge, 2004.

C. CHICONE, Ordinary differential equations with applications, vol. 34,
Springer Science & Business Media, 2006.

J. GUCKENHEIMER AND P. HOLMES, Nonlinear oscillations, dynamical
systems, and bifurcations of vector fields, vol. 42 of Applied Mathematical
Sciences, Springer-Verlag, New York, 1990. Revised and corrected reprint
of the 1983 original.

V. GUILLEMIN AND A. POLLACK, Differential topology, vol. 370, AMS
Chelsea Publishing, 1974.

J. K. HALE, Ordinary differential equations, Robert E. Krieger Publishing
Co., Inc., Huntington, N.Y., second ed., 1980.

J. K. HALE AND H. KoOCAK, Dynamics and bifurcations, vol. 3 of Texts
in Applied Mathematics, Springer-Verlag, New York, 1991.

209



210 BIBLIOGRAPHY

[11] N. KARMARKAR, A new polynomial-time algorithm for linear program-
ming, Combinatorica, 4 (1984), pp. 373-395.

[12] J. MoOSER AND E. J. ZEHNDER, Notes on dynamical systems, vol. 12 of
Courant Lecture Notes in Mathematics, American Mathematical Society,
Providence, RI, 2005.

[13] C. L. SIEGEL, Symplectic geometry, American Journal of Mathematics, 65
(1943), pp. 1-86.

[14] S. H. STROGATZ, Nonlinear dynamics and chaos, Westview Press, Boulder,
CO, second ed., 2015. With applications to physics, biology, chemistry, and
engineering.

[15] L. N. TREFETHEN AND D. Bau, 111, Numerical linear algebra, Society for
Industrial and Applied Mathematics (STAM), Philadelphia, PA, 1997.

[16] H. WEYL, The classical groups: their invariants and representations,
vol. 45, Princeton University Press, 1946.



	Overview
	Well-posedness theory
	Contraction mappings on a metric space
	A Global Picard Theorem
	Local vs. Global Existence
	Mollification and the heat kernel
	Picard's theorem: the local version
	Peano's theorem
	Exercises
	Solutions to exercises

	Phase portraits and the Flow
	A first glance at phase portraits
	Linear autonomous equations
	Linear systems in 2D
	Existence of a Lipschitz flow
	Existence of a smooth flow
	Asymptotic behavior

	Gradient Flows
	The fundamental estimate for gradient flows
	Linearization of gradient flows
	Asymptotic behavior
	Exercises
	Solutions to exercises

	Hamiltonian Systems
	One dimensional Hamiltonian systems
	The symplectic form
	Symplectic diffeomorphisms
	Linearization at critical points
	Lagrange's Equations
	Riemannian Metrics and Geodesic Flow
	Kepler's problem
	Exercises
	Solutions to exercises

	Ergodicity and Mixing
	Weyl's equidistribution theorem
	Anosov's Map
	Structural stability of Anosov's map
	The Poincare Recurrence Theorem
	Exercises
	Solutions to exercises

	Hyperbolicity
	Hyperbolicity in Maps
	Hyperbolicity in Flows
	Persistence of hyperbolic fixed points
	Persistence of Hyperbolic Periodic Orbits

	Invariant Manifold Theorems
	Preliminaries
	Statement of the Theorem
	Proof of the Theorem
	Exercises
	Solutions to exercises

	Dynamics and algorithms
	Introduction
	Manifolds, metrics, symplectic forms
	The QR algorithm and the QR flow
	Hyperbolic geometry, LP and SDP

	Symplectic geometry
	Introduction and overview
	Symplectic geometry
	Symplectic linear algebra
	Understanding the symplectic group
	Brackets

	Spaces with negative curvature
	The Lobachevsky Plane
	Positive Definite Matrices
	The Siegel half-space
	The symplectic group is transitive
	The cross-ratio on H
	The symplectic metric on H
	Gaussian wave packets and the space H

	Symplectic manifolds
	Exterior forms
	The exterior product
	Differentiable manifolds
	Differential forms
	Symplectic manifolds
	Co-adjoint orbits of Lie groups are symplectic manifolds

	Algorithms and integrable systems
	What is an integrable system?
	The Toda lattice
	Hamiltonian flows on GL(n) orbits
	The QR group


