PDE, HW 1 solutions

1. Fix x € Q such that B(z,R) C 2. Let M = max, -z g |f(y)|. Suppose
0<r < Randwe S !. By convexity, we have

fla+rw) < (1— =) f(x) + = f(z + Rw),

R R
which implies the upper bound
flatrw) = [@) _ fa+Ro)—f@) _2M o)
r R R
Similarly, convexity implies
flx) < 11— f(:z:—l—rw)—l—Lf(a:—Rw)
B r+R r+R ’
which implies the lower bound
flztro) = flz)  fletrw) - fl@-Ro)  2M
r - r+ R - R’
O

2. First assume that f = sup;, Li. Suppose z = 0y+(1—0)z, 0 € [0,1]. Let
e > 0, and choose k such that f(z) < Li(x) 4+ €. But then

f(2) — & < Li(@) = 0Le(y) + (1 — 0)Li(2)
< 05up Lyn(y) + (1= 0)sup L (2) = 0 (y) + (1~ O)f(2).

The other direction requires more work. The first inequality in (0.1)
shows that the difference quotient (f(x + rw) — f(x))/r is an increasing
function on (0,00) for every direction w € S"~1. Thus, it has a limit as
r — 0, and we may use linearity to deduce that

lim flx+tz) — f(x)

t—04 t

=
2|
One may now use the standard basis of R” and the fact that (f(z + rw) —

f(x))/r is increasing to deduce that for every x € € there is at least one
a(x) € R™ such that

fly) = @) >a(x) (y—=), yeR"

= Az, —)l2, zeR™



The set of such a(x) is the subdifferential of f at x. We construct Lj as
follows. Let x; be a countable dense subset of R™, and choose a;, from the
subdifferential of f at x. Let Li(z) = ax - (x — x) + f(xx). The choice of
ay ensures f(x) > Li(z) for every k, thus f(z) > supy Lx(x). The opposite
inequality is proven as follows. Fix z € R" and a subsequence zj, — x.
Observe that ay, are uniformly bounded by Problem 1. Thus, we have

Ly, (z) = f(zr,) + ar (z — 21)) — f(2).

3. We may suppose |Q| = 1. Let a2 = [udz. It is clear that

Ly (u) :/Lk(u(m))dm < /f(u(m))dm

Choose a sequence Ly, such that f(u) = lim;_o Lg,(@). Since the bound
above is uniform, f(a) < [ f(u(z)) dz. O
4. For smooth solutions u(x,t) = ug(zg) = ug(x — tu(x,t)) and

1

opu(x,t) = —————.
( ) 1 +tu6(m0)

Thus the maximal time of existence is T' = —1/ min(uy)). O
5. The traveling wave ansatz u(z,t) = u®(z — ct) := u°(§) yields
—c(u®) + f(u®) = e(u®)". (0.2)
If we rescale ¢ = {/e and set v(¢) = u®(§) we have
—cv' + f(v) =", (0.3)

For any € > 0 we see that (0.2) has a solution with the right conditions at
+oo if and only (0.3) does.
(b) The basic observation is that traveling wave profiles correspond to hete-
roclinic orbits of the ODE obtained by integrating (0.3). The conditions at
400 imply that u4 are equilibria and that
uy) — flu_
= o — )+ 0) — flu), o= LU I gy
Uy — U—
The speed of a traveling wave (if it exists) is determined by the jump condi-
tion alone. Since we have a flow on the line, orbits connecting u4 exist if and



only if there are no equilibria in between these points. Suppose first that
u_ < uy. Then we require v’ > 0 for v € (u_,uy ). However, by convexity

fu),

which when substituted in (0.4) yields v' < 0. Thus, traveling waves cannot
exist in this case. On the other hand, if u_ > uy we observe that for
CAS (u+7 'LL_)

v —U_ Uy — U
flv) < P— fluy) + —

v — Ut U_ —

Flus) + ——— f(uy),

flv) <
U_ — Uy U_ — Uy

and we have v/ < 0. In this case, one does need strict convexity even if this
wasn’t stated as such in the problem.
(c) The assumption of convexity is not necessary to ensure the existence of
traveling waves. All that is a required of f is that sgn(v’) = sgn(u4 — u_)
for v between ur. To be concrete, suppose u_ > uy. We may weaken the
assumption of convexity to a chord condition: the graph of f lies below
the chord connecting (u4, f(uy)) and (u—, f(u—)). This is necessary and
sufficient. O

7. This may be checked by differentiation if u is differentiable, but let us
work directly with the Cole-Hopf functional. Denote the inverse Lagrangian
functionals by a and a® so that

_ —aq®
u(e,t) = TUB0 0 gy = 2T Y,
We then see that
1 x t bz
®) (. 1) =
D = T T T
if and only if
(1) = a(—e, — ) (0.5)
S R e '
By definition, a(x/1+0bt,t/(1+0bt)) is the argmin of the Cole-Hopf functional
(x/(1+bt) —y)? (x —y)? by? btx?
Us(y) = 2= Y 1 1y byt | btxt
T o T Wt ey
after some algebra. On the other hand, a(®)(z,t) is the argmin of
(z—y)? by®
ot +Uo(y) + 5

The two functionals differ only by the term btx?/(2t(1 + bt)). Since we are
minimizing in y, this term cannot change the argmin, and (0.5) holds. O



8. We have shown that if ug = —Algz~g, A > 0 then

u(z,t) = —Alysu4), @(t) = —%t.
That is, shock paths are lines if the end states are constant. An intuitive
picture is to think of the shock as a particle with mass m traveling at velocity
—A/2. This basic solution is enough to understand the problem.
First suppose b = 0. We then have N downward jumps, and for a short
time, each of these moves on a straight line path

A

k-1
xp(t) = t —_N"A, - 2k
k(t) =y +vkt, v Z iT S
7j=1
Clearly vk 11 < vk, k= 1,...,N—1, and collisions between nearest neighbors

are inevitable. The shocks at z; and xj41 meet at time

fo= L TR g N1
Vk4+1 — Uk
Let t, = ming tp = t,. Immediately after this collision, the left and right

states are
ke—1 ket1

U_:—ZA]', ’LL+:—ZAJ
j=1 Jj=1

Thus, the velocity of the new shock is simply

= Ag, + Ap.11
Vg, = — ; A] — f
But now we are back to a system of the kind we started with, and the process
may be repeated. An efficient way of keeping track of the system is as follows.
At any time ¢t we have N(t) shocks, at locations xp(t),k = 1...N(t), of
magnitude Ag(t). The solution is then

N(t)
w(@t) == A Losn, 0 (0.6)
k=1
where 1
d — ALt
P et) = — 3 () — 2 (0.7

dt



in between collisions. If a collision occurs at time ¢ then Aj;(t4) = Aj;(t-) +
Aji1(t-). This corresponds to a physical picture of sticky particles or bal-
listic aggregation. If we set my = Ayg, and vg as above, then the rule of
evolution is that the particles move linearly until they meet, and when they
meet they conserve mass and momentum, ie.

- - mk(t_)vk(t_) + my (t_)’Uk (t_)
my(ty) = mp(t-)+mei(t-), ovg(ty) = ms(t) + m—l:-l(t—) =

If b # 0 we simply apply Problem 7 to (0.6). O



