PDE, HW 6 solutions

(1) Problem 1, p. 45, John. Suppose f and g have support within [—M.M].
If |z| > M + ct we have

z+ct
(f($+0t)+f($—ct))+2—c/_t g(y) dy = 0.

N =

u(z,t) =
Suppose F and G have compact support. We then use (4.12) to find

1 o0
0= lim F(z)= —/ g(y)dy + 6.
0
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Similarly,
: 1 [
0= Jim Fe) = 5 [ oy +s
Thus, [%_g(y)dy = 0. A similar calculation holds for G. O

(2) Problem 1, p. 132, John. (a) If u is radial and continuous, we have
My (0,7,t) = u(r,t). Thus, we only need apply the general solution for-
mula with £ = 0. As for the 1-D wave equation the solution may be written

as
F(r+ct) + G(r —ct)

U(’I‘,t): r ’ ’f‘:|.’13|,
where
F@) = gof(@)ty: [ wwdyte 6@ = —gaf@-5 [ vat) dr—

for a constant ¢ € R. Here we use M(0,7) = f(r) and My(0,r) = g(r). We
may suppose ¢ = ( if we are only interested in wu.

(b). If f = 0 we have immediately

u(r,t) = -— / h pg(p)dp.

2cr r—ct

(c). Here g, = 1),/<, 50 we have

min(r+ct,a)

u(r,t) = —/ pdp = % ((min(r + ct,a))? — (max(r — ct, —a))?).

2cr max(r—ct,—a) Ccr



More explicitly, we compute the solution in two different time ranges. First
suppose, 0 < t < a/c. Then we have

(2er)~t [T pdp=1t, re€(0,a—ct),

u(r,t) = (2er)™' [P pdp = (4er) (a® = (r— ct)?), r€la—cta+ct),
0, 7€la+ct,o00).

For ¢t > a/c since pg(p) is odd, we have

0, re€l0,ct—a),
u(r,t) =< (2er)™' [ pdp = (4er)! (a® = (ct —1)?), 1€ lct—a,ct+a),
0, 7€]lct+a,o00).

In particular, we have the discontinuity

u(0,1) :{ t, t<alc

0, t>alc
U

(8) Problem 4, p. 183, John. (a) The problem is false as stated. We do
have |u(z,t)| < Kt~! for every ¢ > 0, but K is not independent of the initial
data. The estimate stated does hold for large t however. We follow the hint
and write u as a volume integral,

W) = g [ 3 |+ 1) YT v aasy | as,
Z,C i=1
4m2t2 /B(xct [;6 ( y) + fly ))( c—tivz)) +ctAf] dz.

Now take absolute values, and replace the domain B(z,ct) by R” to obtain

1
4dmc?t

1
0] < ooy [ 1614100l + 5 IDf 4 nlal) + 5171

For ¢t > 1 we then have a universal constant K such that
K
lu(z,t)| < 7U(0).

(b) This is a very useful trick. Since the wave equation is invariant under

reflection in time ¢t — —t, if u(z,t) is a solution for ¢ > 0, then for any



fixed T > 0, v(z,t,T) = u(z,T —t) is a solution for ¢ € [0,7]. Initially
v(z,0,T) = u(z,T), therefore for any ¢t € (0,7,

K
T-—-1
We let T'— oo to obtain |u(z,t)| = 0. O

|lu(z,t)| = |v(z, T —t,T)| < U(T).

(4) Problem, p. 139, John. This is a direct, but worthwhile, computation.
We may as well suppose that the problem is one dimensional to simplify
notation. If v(z',t') = u(z,t) then we have

N\ 2 N 2 ! !
Ofu = 020 (8_&0) + 02v (8—t) + 28t,8$/v8x o

ot ot ot ot
O%u = 03w (%)2 + 0%v (g—i)Z + 28,;1895:1)?9—2/3—;/.
Now compute
o' _ e o _ 1
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Finally, we substitute these expressions to find
(67:2' - 62821) v = (6,52 - c28§) u=0.
O

(5) Problem 1, Rauch p. 162. Assume ¢ = 1 for simplicity. We may use the
solution computed in Problem 2 (even if it is not in §(R"™)). We have

(o]
w3
I, = wn [ iPale)dp = 2.

Observe that u(r,t) given in Problem 2,(c) is piecewise differentiable. We
hold ¢ fixed and consider solutions with 0 < a < t. We then have

t—r
w(r,t) = ( o )1t—a<r<a+t,

which may be integrated to yield

|mwm:m/

a—t

a+t p

t—r
r2dr.

2r




If p = 2, the integral may be computed exactly. It is

w3

13 (a® — (a —2t)%).

If p # 2 we have the lower estimate.

p a+t
/ r2dr
t—a

2
2y 1) = a?T14*7P (21 Pw3 + o(1)) .

-1

_ t
lue(E)]55 > w327P ;

w3 3—
= DBo-rer(t —a)*? (1
N (=

Therefore, the ratio

lu®ller - 2 (2 )
= >adP P — 1) ).
O g ol

If p < 2, we consider a sequence of solutions with initial data 1), <, such
that ar — 0. It then follows that

P @)1

im 69)7 = +o00.
k=o0 Jlug™ (0) | o

If p > 2 we have aﬁﬂ — 0 for the same sequence of initial data. This still
suffices, since the wave equation is reversible. A calculation as above shows
that we also have the upper estimate

_ t
(e < w27 |

p a+t
- 1‘ / ridr = aP*7P (21 Pws — o(1)) .
a t—a
We then have i
e )l

k=00 (|t (1) | o

and since the wave equation is reversible in time, we may treat wu;(t) as
initial data, to complete the proof. (If the bound held in S(R") the above
example would not be possible). O



