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ABSTRACT. We prove stability in W°°(Q) and L>(Q) for the velocity and pressure approx-
imations, respectively, using the lowest-order Taylor-Hood finite element spaces to solve the
three dimensional Stokes problem. The domain €2 is assumed to be a convex polyhedra.
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1. INTRODUCTION

Consider the Stokes problem on a convex polyhedral domain Q C R3

(1.1a) ~AT+Vp=f inQ
(1.1b) V-i=0 inQ
(1.1c) @i=0  on ON.

Here 1 is the velocity and p is the pressure. The aim of this paper is to prove W1 stability
of the lowest order Taylor-Hood (see for example [1]) approximation in three dimensions. More
specifically, we prove the bound

IVin| e (@) + Ipnllzee) < CUIVEl L (@) + [PllLoe@)-

where u}, € Vh, pr € Mj, are the Taylor-Hood approximations.

In previous papers, W1 [18, 5] stability was proven for many inf-sup stable pair of spaces,
but one major exception was the lowest order Taylor-Hood pair in three dimensions. The reason
for this is that in both papers it was assumed that there exists a Fortin projection II; (i.e. it
commutes with the divergence operator) to the finite element velocity space that is quasi-local,

ie. II, € L(HL(Q)3,V},) satisfies the following properties

(qn, V- (My(@) = @))o = 0, Ve Hy(Q)?, Vg, € My,
. . s—m+3(:-1) . s 3
1I,(V) = Olwmary < Chy © P olwseary, VT €T, YU € WWP(Q)
for all real numbers 1 < sk + 1,1 < p,q < o0, and integer m = 0 or 1 such that W*P(Q) C
Wm4(€)). The constant C is independent of h and T, and AT is a suitable macro-element
containing 7. Although such a Fortin projection exists for many inf-sup pair of spaces [16],
existence of a quasi-local Fortin projection for the lowest-order Taylor-Hood element in three
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dimensions is still open. In this paper, we instead use a quasi-local inf-sup condition which holds
for the Taylor-Hood element and avoid the use of a Fortin projection.

The local inf-sup condition has been used before by Arnold and Liu [20] to prove local energy
estimates for Stokes problem. The local energy results in Arnold and Liu were proven only for
interior domains. Chen [19] assuming local energy results (both interior domains and also sub-
domains touching the boundary ) proved W stability for finite element approximations to
the Stokes problem for domains €2 that have a smooth boundary.

The techniques used by Chen [19] cannot easily be extended to our setting where we assume
that €2 is a convex polyhedral domain. First, higher elliptic regularity results were used by Chen,
which do not hold in our setting. Second, we cannot use directly the local energy estimates that
Chen assumed because this will require us to estimate the pressure error in a negative order
norm which we do not know how to estimate with the given regularity of the problem. Instead
we prove a local energy estimate that does not contain the error of the pressure which is very
similar to the estimates obtained in [5] ( see also [6]). Of course, the estimates derived in [5]
assumed the existence of a quasi-local Fortin projection.

There will be many similarities between the proofs in this paper and the proofs in article [5].
In order to make our paper self contained we provide many details. However, we will compare
the individual results below to corresponding results in [5]. We prove max-norm estimates for
Stokes elements which satisfy assumptions A1-A6 below. As a corollary we show that the lowest-
order Taylor-Hood element in three dimensions satisfies these assumptions. For simplicity we
only consider Stokes elements that use continuous pressures.

2. W1 STABILITY RESULT

In this section we state our main result in Theorem 1. The finite element approximation
problems, and the assumptions of our result are presented bellow.

2.1. Preliminaries and Assumptions. For the finite element approximation of the problem,
let 7, 0 < h < 1, be a sequence of partitions of 2, Q = UTeThT, with the elements 7" mutually
disjoint. Let hp denote the diameter of the element T and h := maxp hp. The partitions
are face-to-face so that simplices meet only in full lower-dimensional faces or not at all. The
family of triangulation are shape regular and quasi-uniform. The finite element velocity space
is denoted by Vi, C [H(Q)]? and the pressure space is denoted by M, C L?(2). We assume
that Vh contains the space of piecewise polynomials of degree k (k > 2) and is contained is the
space of piecewise polynomials of degree [. We assume that M}, contains the space of continuous
piecewise polynomial of degree k — 1.

The finite element approximation (i, pp) € Vh X Mjp, solves

(2.1a) (Vitn, V0) — (pp, V- 0) = (f.7) Vi eV,
(2.1b) (¢, V-up) = 0 Vg € My,

where (-,-) denotes the usual L?(€2) inner product. The approximation to the pressure py
is unique up to a constant. We can for example require p, py, € L%(Q), ie., pr(;r)dx =
Jopr(x)dz = 0. Instead, we will require

(2.2) /Q p(x)d(x)dr = /Q pr(@)d(x)dz = 0,

where ¢(z) is an infinitely differentiable function on € that vanishes in a neighborhood of the
edges and satisfies
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(2.3) /Qqﬁ(m)dac = 1L

Without loss of generality, we fix ¢ as above and assume p, p,, satisfy (2.2). In other words,
we let p and p;, belong to the space Li.

We assume the existence of two projection operators P : [H}(Q)]® — Vi, and R : L2(Q) —
My, with following properties

A1 (Stability). There exists constants C, Cy independent of h such that

(2.42) Pl i) < CillTlm), Ve [Hy(Q).

(2.4b) HRQHL2(Q) < CQH‘J||L2(Q)7 Vg € LZ(Q)-

A2 (Local Approximation) Let Q C Q4 C Q with d > kh, for some fixed x sufficiently large
and Qq = {x € Q : dist(z,Q) < d}. For any ¢ € [H'(Q4)]? there exists C' independent
of h and ¥ such that

(2.5a) 15 = Pl 12(q) + b7 = Pillg) < Ch g, forl=1,2.

For any 7 € [C'17(Q4)]? there exists a constant C' independent of h such that

(2.5b) Hﬁ— Pﬁ”Wéo(Q) < Ch1+07tH6H01+0(Qd) fort =0,1,

where

|Ullc1+og) = [1Tllcrg) +  sup
Q) (@) oy€0 lz — y|°
i€{1,2,3}

For any ¢ € H'(Qg) there exists a constant C' independent of h and @ such that

(2.5¢) lg — Rqll2q) < Chllgllm (-
For any q € C7(Qq) there exists a constant C' independent of h such that

(2.5d) lg = RallLe@@) < Chollgller (0,
A3 (Superapproximation). Let w € C§°(Qq) be a smooth cut-off function such that w =1
on () and
(2.6a) |D°w| < Cd™®%, s=0,1.

We assume that

(2.6b) |w?T — P(w?D)||12(q) < Chd ||Tl|12,), Y0 € Vi
(2.6¢) IV (w27 — P(w?*)|2q) < Cd |20, V€ Vi

and
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(2.6d) IV(w?q — R(w* )l r2q) < Chd 'qllr2(y): Va4 € Mp.
A4 (Inverse inequality). There exists a constant C' independent of h such that

(2.7a) 1T 1) < Ch™H 7l L2(qu

A5 (Local inf-sup condition). There exists § > 0 and ¢ > 1 such that for every set B C Q
there exist By, 2 B, with dist(B,0B,\0f2) < ¢h, and 8 > 0 such that

, VU

(2.8) sip LV S Gl Vo M
7V, \{0} HUHHl(Bh)
supp(7)CBp

A6 (L' inf-sup condition). There exists a constant v > 0 independent of h such that

q, V.7
(2.9) sup (_,7) > Yh|IVal L1 () Yq € My,
7V, \{0} 17wy @)

When B = Q2 property A5 is the standard inf-sup condition for Stokes finite element spaces.
We now state the main result of the paper.

Theorem 1. Let (4, p) and (dp, pr) satisfy (1.1) and (2.1), respectively. Under the Assumptions
1-6, there exists a constant C independent of h such that

[Viin | oo (@) + [IPnllLoe @) < OVl Lo () + Pl Loo())-

Of course, as a corollary we have

IV (u —tip) || o) + |p = PrllLe@) < C(sup ||V (4@ — )| o) + sup [|p — qllr())-
TEV), q€Qn
The proof of Theorem 1 is presented in section 4. In section 4.1 we state some Green’s function
estimates, established in [9, 7, 8, 11] which are used in section 4.2 to prove a key estimate for
the gradient of the finite element approximation of the Green’s function in the L' norm. Finally
in section 4.3 we prove the stability in L> norm of the velocity and the pressure.

3. LOCAL ENERGY ESTIMATE

An essential ingredient of our proof is the local energy estimate that we derive in this section.
Consider (7,q) € [H}(Q)]? x L*(Q) and (@, qn) € V x M}, satisfying the following orthogonality
relation:

(3.1a) (VT =), VX) = (g—qn,V-X) = 0 VYyeW,
(3.1b) (w,V-(U—=1)) = 0 Yw € My,

Theorem 2. Suppose (¥,q) € [HE(Q)]? x L2(Q) and (h, qn) € V x M, satisfy (3.1). Then,
there exists a constant C > 0 such that for every pair of sets Ay C Ay C Q such that
dist(A1,0A2\0Q) > d > kh ( for some fived large enough constant r) and for any ¢ € (0,1),
the following bound holds:
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IV(T = )ll2ay < C (e HIV(T = PO)|L2(ay) + (ed) (T = PO)l|12(ay) + llg — Rallz2as))
S C.. .
+e[| V(U = n)l 22(a5) + QH(U — Un)ll 2 (4q)

The above result is similar to Theorem 2 in [5]. The main difference is that the term
e V(- P7)| 12(4,) appears in our result.

Proof. We first prove the statement with the following assumption for the sets A; and As.

AT Redefine the sets as As = Byq/o N Q for s = 1,2, where By, is a ball of radius sd/2
centered at zo € Q and assume that there exists a ball B C A;, such that diam(A;) <
d < pdiam(B), where p is a fixed constant that only depends on .

We will compete the proof for general sets by a covering argument.
Consider w € C§°(A3/2) the cut-off function defined in assumption A3, for Q = A; and

Qq = As. Define € =0 — vy, 7 =0— P07, 5: Pi—0,,eq=q—qn, ng=q—Rgand {§, =Rg—q
then

(3.2) Vel 24y < lwVele) = (VE V(W) — (VE V(W) ®é)

Throughout this proof we will estimate the middle term of (3.2). We first obtain an estimate
for the second term on the right hand side of (3.2), by Cauchy-Schwartz (C-S.) inequality and
the property of w (2.6a) we obtain

~(Ve, V() @e) < *llef?llLQ(Q 1€l z2(a;,,)-
Applying the arithmetic-geometric mean (a-g.m.) inequality and (3.2), we get

1. ) C
(3.3) S1eVelz) < (VE VW) + Sllelaa,,)

—

Now for the first term on the right hand side of (3.3), we use €= 77 + £, obtaining

(VE, V(W) = (VE V(W) + (Ve V(w7))
(3.4) < (VE V(w? >>+cuwvam(m<||Vﬁ|rL2<A3/2>+§||ﬁ||Lz(A3/2)>,

—

in the last line we have estimated the second term using (2.6a). The term (Vé, V(w2¢)) is
more involved, we decompose it as follows

(3.5) (VE, V(w?€)) = (V& VP(W2)) + (Vé, V(W) — P(w26) =: I + L.
Summarizing, by (3.4), the a-g.m. inequality , the definition of I} and Iy and (3.3) we have

c, . C
72”” i

1 -
(3.6) lwVelizo) = hi+ i+ C|Vill72( (As)2) IZ2(aq,5) + @HBHQH(AB/Q)‘

We estimate Io applying C-S. inequality, the superapproximation assumption A3 (2.6b) and
the a-g.m. inequality for 0 < ¢ < 1, obtaining
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) o ax C -
Iy < |Vl 2(ay,0) IV E = PP O)) 124y, < 1€ 2 (a50) 7 €11 220

c . L
= 5HV€H%2(A3/2) + @(HUH%%AQ) +[1ell724q))

To estimate I; we use (3.1a), then adding and subtracting Rq we break I; into three parts

—

I, = —(ean'P(w2§))
= —(eq, V- (W*€) — (g, V - (P(w?€) — w%E)) — (&, V - (P(w?) —w*E)) = L+ I+ 15

Similar to the estimate for Is, we estimate Iy

= = C
Iy < ||77qHL2(A3/2)HV'(P(w2§)—wzf)HL2(A3/2) < H77Q||L2(A3/2)E

€11 22(a5)

C, -
= alaag ) + 2 T2y + 180310,

Next we estimate I5. We use integration by parts (taking into account that Mj, is continuous),
C-S. inequality, superapproximation assumption A3

Iy = (V& PW%)—w%) < HquHm(AS/Q)HP(WZg)—WQQ\L%AW)

ho
< HVEQHLQ(AS/Q)7||£”L2(A2)

Using the local inf-sup condition assumption A5 we know there exists Az, C Bj with
dist(Az/2, 0By \0Q) < Lh such that

(£ V- 2)
BIVEli2ay,) < sup 130 :
zev,  WElla s

supp ZC Bj,

Since d > kh and we can choose k > 2¢ then we have that By, C As, and so

(V-7

BIVEaagy < sup 2V E)
zev,  FlEr(an)
supp ZC Az

Now using equation (3.1a) and a-g.m. inequality to obtain
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C (E av : 2) ol
Is < = sup  —[[€]l 12 (ay)
v, WFlmcay)
supp ZC Aa
C (e, V-2) | . =
< = | ngllezayy +  sup =—= | €ll2(a)
d s 2
zeV, “IH (Az)
supp ZC Az
C (Vegq, 2) >
< = mgllzzany + sup | 1€l 22(a)
d s 2]
7V, H1(Az)
supp ZC Az
C (Ve,Vz2) -
< d an||L2(A2)+ Sup I1Z]l ||£HL2(A2)
zeV, ZIH(Az)
supp ZC Az
C

< 2 (gl can) + 1902 a0) €]

. C _ .
< 1mgll7zay) + el Vel Taia, + pllte DEN72(ay) + 1772(a,))

Until now, combining the estimates for I, Iy and I5 in (3.6) we have

1 . c .
lwVelizo = I+ ClIViTllZacay + ”77(1H%2(A3/2) + @(\\W”%?(Az) + €172 (ay)) + elIVENT2 4y

It remains to estimate /3. Again we use that e, = 7, + £, decomposing I3 into two terms

Iy = —(e, V- (%) = =(ng, V- (W) = (&, V- (@) = Ts+ I
The estimate for I4 is obtained applying C-S. inequality, property (2.6a) for s =0 and s = 1,
and the a-g.m. inequality, resulting

1 . . c, . C .
Iy < C||77q’|%2(A3/2) + §||WV€||%2(A3/2) + CHVUH%P(AS/Q) + ﬁ”ﬁ”%%/xm) + ﬁHeH%%Ag/Q)-

In order to estimate Iy we note that, by definition of w

(e, V- (%)) = 0
for ¢ constant. Set éq = ¢, — c and choose c such that fq has zero mean on Ajz/y. Then by

product rule and adding and subtracting R(wQ(éq)) we have

I = (£, V(W) § — 6w’V -§)
= —(£ V(W) &) = (0% —R(WE), V- &) — R(wE), V-§) = Is+Iy+ T
We estimate Ig using C-S. inequality and property (2.6a)

C . o
Is < Eng”L?(Ag/z)Hf”LQ(As/z)'
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Using the superapproximation property (2.6¢) and the inverse estimate assumption A4 we
estimate Ig as follows

Ch,» - C . - .
Iy < 7”&1HL2(A3/2)HV§HL2(A3/2) < EH&;HB(AS/Q)HfHL?(AQ)-

To estimate I1p we apply the equation (3.1b), the property of R (2.4b), (2.6a), the local
inf-sup condition A5 and C-S. inequality obtaining
Ly = (R(w?§y), V1) < Cli&qllz2(ay ) IVl L2 (A5 ) -

We claim that ”quLQ(Ag/g) < C(IVelr2(a,) + gl £2(45))- We prove this claim in Lemma 3.1.
Therefore, we have

. L.z
I < Clngllzz(az) + 1Vell2a) VTl L2y ) + 5 l1€NE2(45))

IN

. c . Con
e(all72(ay) + IVENT2(a,)) + 8@(”””%2(,42) +[1el72a,)) + ;HVUH%?(AQ)-

The estimates for I and Iy yield

1 1. 1. C .
gloVeliz) < C(EHVWH%%AQ) + gl 24y + @HUHZE(/@) + @’\61\%2(,42) +e|[VellFa(ay)-

The exact statement of Theorem 2 is attached using 2. This completes the proof under
Assumption A7.

Now we extend the result for general sets A; C Ay C Q with dist(Ay,0A42\00) > d > kh. Tt
is not difficult to construct a covering {G;}}, of Ay, where G; = Bgjo(z;) N with the following
properties:

M
(1) A1 c |G
i=1
(2) z; € A; for each 1 <i < M.

M
(3) Let H; = By(z;) N Q. There exists a fixed number L such that each point x € U H; is
i=1
contained in at most L sets from {H; }]]Vil
(4) There exists a p > 0 such that for each 1 <1i < M there exists a ball B C G; such that
diam(G;) < pdiam(B).
M
Since dist(A1,0A2\08) > d, using property 2 we have that U H; C As.
i=1
Applying the result proved above and using properties 1 and 4 we have

M
V@ =il < IVE =l < 30 (IV @ = P92 + g = RallFany

=1 i=1

E

1 . L C.ooi,
+P1T= POlagry ) + 190 = gy + (P17~

Using property 3 we have
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IV@ = )32 < CL (IV = PDIBa(ay) + g~ RallFae
L ~ oL CL.y, .
+ (Q)QHU - PUH%%AQ)) + Le? ||V (T — ) 172 (a,) + (Q)QHU — Tl 72 (a,):

The exact statement of Theorem 2 is attached using 2.
O

The next result is exactly the same as Lemma 3.2 in [5]. However, the proof in [5] used the
existence of a quasi-local Fortin projection.

Lemma 3.1. Under the assumption A7, there exists a constat C independent of Agjp and éq,
but depends on p sucht that

\lfqllLZ(Ag/Q) < C(IVelr2(a,) + [Imgll L2 (a2))-
Proof. Define @ € Hi(As /2) as the solution of the problem

V . = éq in A3/2

= 6 on aAg/Q

g 8

We can choose 0 so that Hu_)’||H1(A3/2) < Cqu||L2(A3/2)~

By Lemma 3.1 in Chapter II1.3 in [11], the constant C is independent of éq and depends only
on the ratio of the diameter of Aj/, and the radius of the largest ball that can be inscribed
into A3/, and hence by our hypothesis only depends on p. Let us extend @ on all of 2 by zero
outside of Az/,. We note that this implies that P vanishes outside of A2 by A3. Then,

a2y = Ené)ays = 60V ) = 6.V - @)
= (elbv ' u_j) - (ntbv ’ w)
Using (3.1a),

(e, V@) = (eg,V-Pi)+ (eq,V - (i — Pi))
= (Ve VPW@) + (1g, V - (& — Pw)) + (&3, V - (& — P))
= (V& VPUD) + (1g, V- (& — Pw)) — (V&, & — Pw)
< Vel 2(an) VP 12 a0) + 104l £20a0) IV (W — PW) || 2 a,)
V&l L2 (s o) 10 — Pl 24, )
<

CUIVellL2(a,) + lIngllr2(as) + AlIVElL2(a5 ) |01 (45 )

Using the local inf-sup condition A5 we have

hIVEllr2(a,,,) < Cllngllzzas) + [1VElr2(ay))
Therefore

alZaga,,) < Cllngllzacaz) + V€l L2an) 1@ 1 ay )

IN

C(lImqll z2(az) + 1V L2(an) ) €all 1 g )
which implies the result. O
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4. PROOF OF THEOREM 1

4.1. Green’s function estimates. In this section we recall pointwise estimates for the Green’s
matrix. Let ¢(z) be an infinitely differentiable function in € which vanishes in a neighborhood
of the edges of €2 such that

(4.1) / o(x)dx = 1.
Q
Consider the Stokes problem with non-zero divergence. Let (i, p) € [H(€2)]® x Li(Q) solve
(4.2a) —Ai+Vp=f inQ
(4.2b) V-i=q in
(4.2¢c) @i=0  on Q.

for arbitrary f € [H=1(Q)]® and ¢ € L2(Q) with ¢ vanishing on the singular points of Q (see
[2]). If ¢ € HY(Q) N LE(Q) with ¢ vanishing on the edges of Q and f € [L*(Q2)]> we have the
following elliptic regularity result (see [2])

(4.3) 1@l 20y + Pl @) < CUFl2@ + gl @)-

The Creen’s matrix for the problem (4.2) G; = (Gy 4, Ga,G3,4)T and the functions Gy ; for
7 =1,2,3,4 are solutions of the problem

(4.4a) — DG, ) + VioGyj(x,6) = 6(x — ) (814, 094,035)" for 2,6 € Q
(4.4b) Ve Gj(2,€) = (0(z — &) — ¢(2))da; for 2,6 € Q
(4.4c) Gi(z,6)(=0  forxedq, £eq.
and G4 ; satisfies the condition
(4.5) /G47j(a:,§)¢(x)dx =0, force, j=1234
Q

Here, 0(z) is the delta function, and ¢; ; is the Kronecker delta symbol. In addition,

GLJ(:U?g) = G],l(gax) for xvé € Q) /Lm] = 1727374/

The following Theorem, (cf. [7], [8]) gives us the existence and uniqueness of such a matrix.

Theorem 3. There exists a uniquely determined Green’s matriz G(x,§) such that the vector
functions

r— <($7 f)(c_j](‘rv §)7 G47j($7 f))
belong to the space [H}(Q)]? x L?(Q) for each & € Q and for every infinitely differentiable
function ((-,€) equal zero in a neighborhood of the point x = &.

Then, we have the following representation (cf. [12]) of the solution of problem 4.2 in terms
of the Green’s matrix
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3

(4.6a) Ui(ﬂﬁ):; /Q Gy, €) () + /Q Giale. q()de  i=1,2,3.
3

(4.6b) p(z) :; /Q Gy, €) f;(€)de + /Q Gaa(, €)q(€)de

The following estimates were established in papers of [9, 7, 8, 11] ( see also [10] Sec. 11.5).

Theorem 4. Let Q C R3 be a convex domain of polyhedral type. Then there exists a constant
C such that

(4.7) 10907 G j(w,6)| < Clu — g7 lel=18I=0ma=05a.

for|a| <1 =064, |B] <1 =104, 2,6 €Q, x#E, and multi-indices 0 < |af, |B| < 1.
Moreover, for polyhedral domain the Green’s matrix satisfies the Holder type estimate

(4.8)
1090, Gy j(x,€) — 8397 G (y. €
|z —y|7

< Oz — &7 o led=1B1=0ia=05a |y g| = 1m0 lal=1Bl=0ia—dja)

for|a| <1—20;4, |B| <1—0j4. Here o is a sufficiently small positive number which depends
on the geometry of the domain.

4.2. Preliminary results. Let z be an arbitrary point of Q and let T, € 7, be the element
containing z. Our aim is to estimate |0y, (un)i(2)| and |pp(2)|, where 1 <4, j < 3 are arbitrary.
We will start representing them in terms of the smooth Green’s function. Then after some
manipulations the problem is reduced to estimate the error of the Green’s function in L!(Q)
norm, that estimate is presented in this section and we leave the rest of the proof for section
4.3. Preliminarily, we define the smooth delta function. Let 67 (z) = 6, € C§(T%) be a smooth
function such that

(4.9) r(z) = (r,0n)1., Vr e PZ(TZ),
where P!(T,) is the space of polynomials of degree at most I defined on T, with the following
property
On vk < COpk30-1/a9) 1<¢g<o0, h=0,1.
Wh(T)

We highlight that, in particular,

(4.10a) Ionllr(ry < C
(4.10b) I8n]l z2(r,y) < Ch™/2

The explicit construction of a such function is given in [13]. Next, we define the approximate
Green’s function (g, \) € [Hg(Q)]3 x Li(Q) to be the solution of the following equation:
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(4.11a) AG+ VX = a(0x;0n)€; in Q
(4.11b) V-§="0b(n— ) in Q
(4.11c) Gg=0 on 0f).

Here €; denote the i-th standard basis vector in R? and will be fixed throughout the paper
and a,b € R. Note that (2.3) implies that [,(dx(x) — ¢(x))dxr = 0. Again, X is unique up to a
constant. In the course of the proof we will need estimates g and X in certain Holder norms on
subdomains away from the singular point z. The next lemma is almost identical to Lemma 5.1
in [5]. We include the proof for completeness.

Lemma 4.1. Let D C Q be such that dist(D,z) > d > 2h. Then there exists a constant C
independent of d and D such that

|Fllcro o) + Mlcopy < Cd™27°.
Proof. We use the Green’s function representation presented in Section 4.1
(Gk(z) = gr(z) = a/ Gk,i(xvg)(aﬁéh(f))df'i‘b/ Gia(z,§)0n(§)dE
Q Q
Ao) = a [ Guile, O@ebn(€)ds +b [ Gualo. 6(€)de
Q Q
for k =1,2,3 and ¢ fixed. Then, we have
029k(x) — Oygr(y) = G/Q(aka,i(&“,é) — 0yGri(y,€)) (966 (8))dE
+b [ (04Gial,6) = 0,60y, )3u()dE
=~ [ 0c0,Gui(w.€) = 0,Grsla B(E)e
4 [ (04Ga(.6) = 0,G1a(0. ).

Let 2,y € D, x # y, then using that 1 <14 < 3 by (4.8), we have

|axgk(z) - 8ng(y)| < amax lafaa?Gk,’LCm f) — 8fgaka,i(y7 g))‘ H6h||L1(TZ)
|z — y| EET, [z —yl
10:Gri(,8) — 0yGri(y, &)l
b d : )
+bmax T— 10nllz1(72)

< 2Cmax{a,b} Ign%ﬂx(’ﬂ? — &7+ ly—€7%9) < Cmax{a,b}d 37
€T,

The last inequality is due to that for any § € T, [x — |, [y — &| > d/2, and |[6p]| 117,y < C.
Therefore, taking supremum over k we conclude

Similarly, for A we have
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Az)—My) = —a /Q (G, €) — 0Clai(y,€))on(€)de
+b / (Gaa(2,€) — Gaaly, €)o(E)de

Q
Then, for z,y € D, x # v,

AMz) — A 0:Gyi(x,8) — 0c¢Ga iy,
M < amax‘ §Y4, ( f) fr 4, (y éh>‘||5hHL1(TZ)
2z — 1y £eT- |z —yl
’G4‘4(3},§) — G4.4(y7§)’
b 1)
+bmax F— 6nll 21 (1)

< 2Cmax{a,b} réne%x(\x — &7 4y —€7%77) < Cmax{a,b}d>7
€l

This completes the proof after taking the supremum. O

Let (gn, A\n) € Vh X My, be the corresponding finite element solution, i.e., the unique solution
that satisfies

(4.12a) (VG =31),VX) = A= ,V-X) = 0, VXeV,
(4.12b) (w,V-(G—gn) = 0 Yw € My,

and A\, € Li(Q) The next lemma is the analogue to lemma 5.2 in [5]. In this case we use the
local inf-sup condition instead of the quasi-local Fortin projection to achieve the result.

Lemma 4.2. There exists a constant C, independent of h and g, such that

(4.13) V(G = gl < C.

Proof. At this point we introduce some notations. Let €5 = g—gj , 77 = §—Pg and g} = Pg—gy,
clearly €5 = ﬁg—l—%. Similarly, for the scalar variables ey = A=Ay , ny = A—RA and £, = RA—\y,.
The proof is broken down, as the proof of Lemma 5.2 in [5], into four steps.

Step 1 (Dyadic decomposition). We assume without loss of generality that [©2] < 1. Define
d; = 277 and J be the integer such that 2=/ < Kh < 27/ where K is a large enough
constant to be chosen later. Then, consider the following decomposition of 2

J
(4.14) QO=aoulJy
§=0
where Q*={zcQ: |z -2 <Kh}, Qj={recQ:dj <l|z—2z<d;}.
Henceforth, we will denote by C' the generic constants not depending on K or h.

We break (4.13) using the dyadic decomposition (4.14) and then applying the Cauchy-Schwartz
(C-S.) inequality we obtain

J
- — 3/2 N
Vel 10y < CK*2h2|[Vegllaon +C S d 2 IVE 11 a,)-
7=0
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Firstly, we estimate the term involving the set (2*

W32|Vegll ey < B2|VE 2 < CE2(||gll g2y + 1M1 (o)
< CBP|Vopll 2y < C
Defining M; = d/?||V&;|l 12(q,), it follows that
J
(4.15) Vel i) < CK*2+) " M.
7=0

Step 2 (Initial Estimate for M;). Let us define the following sets:

Q) = {reQidja<|r—z<dj1}
Q) = {reQ:djs<|r—z <djs}
Qf = {reQ:dja<|r—2<djs}
Q" = {zeQ:djys <|r—2z[<dja}

We apply the local energy estimate proved in Theorem 2 to Ay = Q; and Ay = Q; (d = dy),
and any 0 < e < 1,

(4.16) IVeglle) < C (5_1||V77§||L2(Q;) + (€dj)_1\|ﬁg*||L2(Q;.) + HUAHB(Q;))
. c .
+elVégll L2y + ?deeg’HL?(Q;)
. .
(4.17) = CI+ €||V€§||L2(Q;) + %Heﬁ”LQ(Q;)

We start treating the first three terms on the right-hand side.

3/2 — - —1 = .
I < Cdj/ (6 1|!V77§||Loo(sz;)+(€dj) 1H77§||Loo(sz;)+||77A||Loo(sz;)) (by C-S. ineq.)
3/2 0 (-1, —1/vy)
< cdln (4 o + oo (by A2)
J
h
< C’d?ﬂha ((5_1 + 6_1E)dj_3_0 + dj_3_0> (by Lemma 4.1)
J

IN

. = S|

C’dj (dj) (5 + ¢ 4 + )
a2 (BT

s <dj> : <1+dj>

Summarizing, we obtain the following estimate for M;

IN

A\ _ h . s
M; < C<d> g <1+d> +ed§’/2uve§uﬂ(ﬂg)+Cdj./2g 118l e
J J

In Step 3 below we present a duality argument to estimate the last term on the right-hand
side.

Step 3 ( Duality argument). We use the following duality representation of the L? norm.
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1€llL2@p = sup (€, 7).
FeCe(Q))

||17||L2(Q/7_)§1

Now, for each ' € C°(€;) with Hf}’HLz(Q;) < 1, let @, ¢ be the solution of the problem:

—AG+Ve = ¥ inQ
V- = 0 inQ
@ = 0 on d0.

Now, we test the variational problem associated with § — g, i.e.
(_‘57’ U)

(
(
(Véy, Vijw) — (ex, V - P) — (04, V - €)
= (Vggv Vijw) — (e)\a V- fy) — (77@, V- é’g)
( )= (0, V- 1) — (6, V- ) — (1, V - )
(VE,, Vilw) — (N, V - Tlw) + (VEx, ) — (119, V - )
= Ji+J+J3+ 4

In order to make the estimates for Ji, Jo, J3, J4 clearer, we establish the following results.

Proposition 4.1. There exists C > 0 independent of h such that

(i) Vsl 2@ + el 2 < Ch

g - R\’ —1/2
(ii) IVl Lo @0y + 1]l Lo () < C<dj> d /
(1i1) Iall 22y < Cd;3/2

(iv) Il < C.

Next, we split J;, into two terms as follows J; = Ji|qm + Ji\g\m/ ,for i = 1,2,3,4.
J J

15

For example J; = Jl‘Q;// + J1|Q\Q}// = (Véy, Vﬁw)g;ﬂ +(Veéy, vﬁw)Q\Qy/ and estimate them using

Cauchy-Schwartz inequality, in L? norm in Q" and in L' — L> norms in Q7.

We start estimating Ji, and Jy using Proposition 4.1 (i) and (i)

Jlar < IVl Vsl < ChlIVeEslrzr),

Tovar < V&l o) I Vislix@ear < Cd;'* <CZ>UHV€§'HL1(Q)7
Jalay < lnellra@IVeslliz@y < ChlIVEllLzqy),

Ty < Inellie@an Vel < Cd;Y? (g)anvggnwm.

Hence
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. - A\ oo
(418) J1 + <]4 S Ch”V@g’HLQ(Q;ﬁ) —|— Cd] 1/2 <d> ”vegHLl(Q)
J

To estimate Jy we apply Proposition 4.1 (i) and (ii) as before and then apply (iii) and (iv)

alor < mlle@n IVTaliz@) < lnallzz@nCh < Chd;?’/Q

. R\’ —1/2 h\7 _1/2

Llover < Imlloi@lIVislre @ < Il @) C <d> d; ? < C<d~> d; 2,
J )
Then
_ hA\° _
(4.19) Jy < C(hd;** + <d) ;')
j

It remains to estimate J3. We first estimate J3]Q;//. Applying C-S. inequality and Prop. 4.1
(i), we get

Jaloy = (Ve )am = Va2 liolzq) < Ch2||V€AHL2(Q;.~)

To estimate the term in the right-hand side we use the local inf-sup condition A5, the identity
ex = nx + &), integration by parts, (4.12a), C-S. inequality and Prop. 4.1 (éii), obtaining

V.7 V.7
BRIVE L2y < sup M < sup w
’ wev, W@y zev, 1l
supp(2) Q! supp(2) €Y/
ex, V-2
S ||77)\”L2(Q/_//) + sup w
! 7€V ”ZHﬂl(s”z;//)
supp(2)CQY/
Véz, Z
< Hn)\”L2(Q/_//) +  sup (_,792)
’ zeVy, ”Z”Hl(Qg')
supp(2)CQY’
<

O/ V_’* /1! < Cdig/z v_'” VAN
||77)\||L2(Qj y T | eg”LQ(Qj )y = i egHLQ(Qj )
where Q' 2 Q7 with dist(Q), Q') < lh. Observe that Q)" € Q' c Q"
Hence,
-3/2 .
(4.20) J3lar < Ch(Cd; s IVegll 2 m)
For J3|Q\Q;//, C-S. inequality and Prop. 4.1 (i) yield to

. h\7 12
Slover < VGl lTslLe@ar < C <d> d; / AVl L1 ()
j
To estimate the term in the right-hand side we use the L' inf-sup condition (A 6), the identity
ex = nx + &), integration by parts, (4.12a), C-S. inequality and Prop. 4.1 (iv), obtaining
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, V-7 ex—m\, V-2
Vel < sup 7(53 ) _ sup &= mV:-7) _ )
ey, IZlwe @) sy, Zlwie
, V-
< ol + sup {22
v, 121w @)
Ve,
= Il + sup )
ey, 12w @)
Veéz,
< Nl + sup V)
ey, 17w )
< Amllere) FIVEI L@ < C+IIVE L (a)
Then
A\ 12 »
(4.21) Jslovey < C| o) d; " (C+[Veglirye)
]

It follows from (4.20) and (4.21) that

) BN i e h\°

Therefore, estimate for J; + Jy, Jo and J3, (4.18),(4.19) and (4.22), respectively, give

1/2) - _ h\? h\? .
)55l ey < Chdj1+0<dj> +C<dj> 19850210y

1/2 — —
+ Chdj/ (Hveg“LQ(Q;//) + HvegHLz(Qy/))

To summarize,

b 1/2

h\? 1 hd, 3/2 C(n\" .
M < O ) (4 )+Cd—+0( +2d)/ ) IVegl ey + = () Vel
j € j

Step 4 (Double kick-back argument). We sum over j in the last expression obtaining

IN

J J - i
h 1 h C[h
g M; E 142 h N
’ {C (dj) ( 5) Cdjg e (dj) HceguLl(Q)}

j=0 =0
h ™
+C(d7 +E) dj/ |’v€g’HL2(Q/_///)
JE JZO y
Observe that
J J
h\° | (20)7+1 — 1 h\7 27 _
— — g 2] [ J— oA /T L 7 < K o
Y NS 3 CURNCH e ) N S

j=0 j=0
in the last expression C depends on ¢ which is fixed. Then,
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(1+eh 1 3/2
0?4—057[( HVeg||L1 +C(7+€ Zd ||Veg||L2 Q////

M~
=

J=0

Observing that Q7" C Q* U J,cgQs, for some finite number S, we can bound the last term
in the right-hand side as follows

J J J

3/2 - N
§' Ojdj/ IVegllagum < CE' O:Mj—i—C(Kh)g/z”Veg'H]y(Q*) < CE' O:Mj—&—C’K?’/?.
J= J= J=

Choosing K large enough and a sufficiently small € we have

d C
> My £ COxet Vel

This result allows us to conclude in (4.15) that

— C oy
IVeglirie) < Cke+ 45 IVEGlirie)

which, by means of a large enough choice of K, implies the desired result

IVezllrie) < Cke-
This completes the proof. Il

Proof. ( Proposition 4.1 )
(i) By H?-regularity and property of R we have

IViizll2@) + [nell2@) < Ch(lwllpz@) +IVellrz@) < Ch
the last inequality is due to H'UHL2(Q;) <1
(ii) We observe that by Holder inequality |7 || foo( @) < Che ||| cr+o (@)
Then, since Q\Q] is separated from 2} by at least d;, for z,y € Q\QY, using (4.6a) and
(4.8) ,we have

|9(§)d¢

‘axwk(CC) _8ywk(y)’ < Z/ Oy sz $ 5 -0 sz(y ‘S)|

|z —yl|o lz —ylo

IA

Cuale =&l +ly =€) [ felag

IA

Cd; 7?0l < Cd;P7, fork=1,2,3,
It follows that
" h\7 12
[l L@@y < € <dj> d; 2,
Similarly, for z,y € Q\QY, using (4.6b) and (4.8) ,we have
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le(@) = pw)| Z/,aG‘“M = %GOl )14

|z —yl° |z —yl°
< Cmax(ja — €|+ ly—€)7> / 5(6)|de
£, o
< Cd; 0l o] ey < €AV, fork=1,2,3,

Then, by A3 we have

o h 7 —1/2
el L@y < CRll@llco@ny) < <d> d; 2,
’ J

(iii) Using (4.6b), (4.7) and dist(Q2}",T,) = O(d;) we have

3
\o) = Y / G (1, €) (D0 (€))br pilé
k=171
— [ 0Guon©E < CP ol < 04

—3/2
Thus, [|na |2y < ClN|pem < Cd; >
(iv) Using the dyadic decomposition (4.14) and C-S. inequality, we have

J
Il < CKY2R2|mllzin +C Y Y lmllizo,)
j=0

Approximation property of R A2, H2-regularity and (4.10b) imply that
W2 mllzn < CRPHIVAlL2 @) < CRY2| Vil < C.

Finally, using (#i7) we conclude that

J o
h
Imallrie < CE¥?4+C) :<d> < Ck.

j=0 N
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O

4.3. Proof of Theorem 1. We start this section with the L estimate for the velocity. Con-
sider the problem (4.11) with a = 1 and b = 0. We will estimate |0y, (0);(2)|, where 1 <4,5 <3

are arbitrary and arbitrary z € ). We start the estimate using the definition of the delta

function, then we have



20 MAX-NORM STABILITY OF LOW ORDER TAYLOR-HOOD ELEMENTS IN THREE DIMENSIONS

—0(tp)i(z) = (Un, (0x;0n)€)
= (dp,—AG+ VA
= (Vﬁhv vﬁ) (ﬁhv VA)
= (Viin, Vg) + (tin, V) + (Viip, V(Gh — 9))
= (Viy, Vgn)
= (V4,Vgn) + (V(p —pn), Gn)
= (Vﬁv v§h) =+ (VPa gh)

ve = o(u q — —
(Vi Vi) — ( 5;;3 0n) = (V- <g )
We take supremum over all partial derivatives in both sides of the equation, and taking into
account that ||6p|| 1) < C, then we can conclude that

(4.23) [Vip|lpe@) < (C+ V(G = Gn)llro) IVl L) + [Pl Lo @)
The result (4.23) is completed by Lemma 4.2.

Next, we prove the stability of the pressure in the maximum norm.
Let z € T, and consider the problem (4.11) with @ = 0 and b = 1. Then, using the definition
of the delta function we have

pn(z) = (pn,0n) = (pn,0n — @) + (Pn, @)
We estimate the second term in the right hand side using C-S. inequality and the a priori
error estimate as follows

(P, @) = (Pn—D,90) + (p.9)

Cllp = pull2) + Pl z2@) 18l L2
CIVillr2) + [Pl L2(0))
C(IIVidll oo (@) + 1Pl oo ()

Now, to estimate (pp,dn, — ¢) we use (4.11b)

VANVANRVAN

(Phs 0 — @) = (Pr,V-G) = (pr,V-Gn) = 0,V - Gn) + (on — 0,V - Gn)
= ®V-9)+®V-(Gn—9)+ (V(u—un), Vi)
= V-9 +®V-(Gn—9)+ Vu—un),V(gh —§) + (V(u—up),Vg)
= V-9 +®V-(Gn—9)+ (V(u—un),V(Gh —g) + (V- (u—un),A)
= (20 —=9)+ @V (Gn—9) + (V(u—un),V(Gr — 9))

4 (V- (u—up), A —RN)
< (IV(u = un)lle() + IPllLo @) I0nll L1 @) + 18]l (o)
+ IV (Gh = 9ller) + A = R L1(q))
< (IV(u=un)llpeo () + 1Pl Lo (@) (C + [[V(Gh — Dz ) + IA = RAl[11(0))

The result (4.23) is completed by Lemma 4.2, Proposition 4.1 and the previous estimate for
the velocity in the L°° norm.
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5. TAYLOR-HOOD ELEMENTS

We consider the Taylor-Hood elements of degree 2 in three dimension (d = 3), i.e.

(5.1) Vi, = {7e€[CD]?:dr e [P, VT € Ty, Tlon =0}
(5.2) M, = {qeC%):qlr €P, VT € T, } N LE(Q).

Assumptions A1-A3 hold for example by choosing P and R to be the Scott-Zhang [17]
interpolants onto Vi, and M, respectively (see [14] and [3]). It is clear that the A4 assumption
holds in this case. We will prove assumptions A5 and A6 also hold.

We start with the local inf-sup condition AS5.

Definition 1. Let b be a vertex of Tr,. We define O‘(E) , the patch associated to the vertex l;, as
the set of all elements containing b, i.e.
o) :={T €Ty beT}

Lemma 5.1. Assume that every mesh element has at least 3 edges in int(S2). Let B C Q. Then,
there exists a constant ¢ and a set By, C Tp, which contains B and dist(B,0Bp\Q) < 2h such
that the following inequality holds

1/2
qV - v
wp 2V o Wiy | = ePlanlm )
ﬁGVh ||UHH1(B}L) TeBy,
supp(¥)C By,

for all g € My,
Proof. (We follow the proof in [4] section 4.2.5., see also [15])

Define the set of vertices

X = {Z€int(Q): T is a vertex of an element T € 7T, such that TN B # 0}
Then, we define the set

reX
Note that, the assumption that every mesh element has at least d edges in int(€)) implies
that B C By, and dist(B, By) < 2h. We claim that every element of By, has at most one face
on 0By. In fact, let T' € By, by definition T" belongs to the patch of an interior vertex. Then,
the claim follows from the observation that all the elements of an interior patch has at most one
face on the boundary of the patch.

Let Né;lh be the number of interior edges in Bj. For the edge ¢, with 1 < < Né;lh, denote by

d_; and ﬁ its two extremities and by m; its midpoint. Set I; = Hﬁ — CZ;Hg and 7 = ijfi_gi” , the
i Aq|[3
length and the unit vector.

Then, for ¢ € Mj, we define & € V,, for all T € Tj, as follows

7 =0, if Te Ty \ int(Bp)
v =0, at the vertices of T', if T' € By,
U(m;) = —12Tisgn(07q)|0zq|, for all the interior edges i of T, if T € B,
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Then, it is clear that supp(¢) = By, and ¥ € V.

Using the following quadrature formula,

/¢ ( 2) )uw Vo € PA(T)

where m spans the set of the edge midpoint of T and 71 the set of nodes of T', we infer

/th‘ﬁdac = /17 Vqdx
Q

= —Z/qudx

TeBy,

v(m) - Vg(m v(n) - Vq(ni
=—Z<Z()5“*§Z”%“UW

TeBy, \meT neT

= _Z ZM‘T’

TeBy m;eT

>3 e AP

TeBy i:m; €T

¢ Y hplaliney:

TeBy,

v

We observe that the last step ( Z |Vq - 7|? > |Vg|?) is only possible if every element of By,
i:m; €T

has at least 3 edges on int(By), which is satisfied by our construction of By, and hypothesis on

the mesh ( every element has at least 3 edges in §2). Furthermore, for T' € By, we have that

150 7y < chilalzp )

then,
1/2 1/2
1m0y = | Y 1830 < > ehilalinm
TeBy, TeBy,
Therefore
0 ~1/2
qV - U
sup H%\i > C Z hT’q‘Hl (T) Z h?r’Qﬁfl(T)
vV, VIIH(By) TEB), TEB),
supp(¥)C Bp,
1/2
= C| > rlalnm
TeBy
> Ch?|qlpi(p)
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Finally, using the same arguments we prove the assumption A6.

Lemma 5.2. Assume that every mesh element has at least 3 edges in int(2). There exists a
constant ¢ > 0 independent of h such that

sup (q7 V- U)

-y > ChHVQHLl(Q)a Vq € My,
7V, \{0} 1llw @)

Proof. Similarly to the previous proof we define the number of internal edges N!,;. For edge 1,
with 1 <34 < N’d denote by d;, f; and m; as before. Define v € Vh for ¢ € M}, and for allT € Ty
as follows

=0, at the vertices of T'
v(ny;) = —1;Tisgn(0z,q), for all the interior edges i of T

Then, it is clear that ¥/ € Vj, and

/qV-wa = /17 Vqdz
Q

= —Z/Uqul’

TeTh

o( \Y u(1) - V(i
_ Z(Z ) Val) _ 5~ 33) -V >>,T|

TeT, \meT neT

= _Z Z#uq

TeT, m;eT

= 3 3 palt'y

TeT, m;eT

> ¢ Y bVl
TET,

Recalling again that the inequality |Vq - ;| < |Vq| is possible thanks to that every element has
at least 3 internal edges. Furthermore, using the definition of ¥ and its local shape function
representation we have

Fl|yyoo () < Ch™ <C.
[Tl wee ggz:gg\v(mz)l

This completes the proof. O

REFERENCES

[1] D. BOFFI, Three-dimensional finite element methods for the Stokes problem, SIAM J. Numer. Anal. 34
(1997), no. 2, 664-670.

[2] M. DAUGE, Stationary Stokes and Navier-Stokes systems ot two- or three-dimensional domains with corners.
1. Linearized equations, SIAM J. Math. Anal., Vol. 20 (1989), pp. 74-97.

[3] A. DEMLOW, J. GUZMAN AND A. SCHATZ, Local energy estimates for the finite element method on sharply
varying grids, Math. Comp. 80 (2011), no. 273, 1-9.

[4] A. ERN AND J-L. GUERMOND, Theory and practice of finite elements. Springer Series in Applied Mathemat-
ical Sciences, Vol. 159 (2004) 530 p., Springer-Verlag, New York.



24

5]
(6]

(7]

(8]

(9]
(10]
(11]

[12]

(13]
(14]
(15]
[16]
(17]
18]
(19]

20]

MAX-NORM STABILITY OF LOW ORDER TAYLOR-HOOD ELEMENTS IN THREE DIMENSIONS

J. GUuzMAN AND D. LEYKEKHMAN, Pointwise error estimates of finite element approzimations to the Stokes
problem on convex polyhedra. Math. Comp., Vol. 81 (2012), pp. 1879-1902.

J. GuzMmAN, D. LEYKEKHMAN, J. ROSSMANN, AND A. H. SCHATz, Hélder estimates for Green’s functions
on convex polyhedral domains and their applications to finite element methods, Numer. Math., 112 (2009),
pp. 221-243.

V. G. MAZ'YA AND B. A. PLAMENEVSKIL, The first boundary value problem for classical equations of math-
ematical physics in domains with piecewise-smooth boundaries. I, Z. Anal. Anwendungen, 2 (1983), pp.
335-259.

V. G. MAZ'YA AND B. A. PLAMENEVSKIL, The first boundary value problem for classical equations of math-
ematical physics in domains with piecewise-smooth boundaries. II, Z. Anal. Anwendungen, 2 (1983), pp.
523-551.

V. G. MAZ’YA AND J. ROSSMANN, Pointwise estimates for Green’s kernel of a mized boundary value problem
to the Stokes system in a polyhedral cone, Math. Nachr., 278 (2005), pp. 1766-1810 (1983), pp. 523-551.

V. G. Maz’yA AND J. ROSSMANN, FElliptic equations in polyhedral domains, vol. 162 of Mathematical Surveys
and Monographs, American Mathematical Society, Providence, RI, 2010.

J. ROSSMANN, Green’s matriz of the Stokes system in a convex polyhedron, Rostock. Math. Kollog., 65 (2010),
pp 1-14.

J. ROSSMANN, Holder estimates for Green’s matriz of the Stokes systems in convex polyhedra, in around the
research of Viadimir Maz’ya. II, vol. 12 of Int. Math. Ser. (N. Y. ), Springer, New York, 2010, pp 315-336.
Z. Anal. Anwendungen, 2 (1983), pp. 523-551.

A. H. ScHATZ AND L. B. WAHLBIN, Interior mazimim-norm estimates for finite element methods. 11, Math.
Comp., Vol. 64 (1995), pp. 907-928.

R. Dupont and R. Scott, Polynomial approzimation of functions in Sobolev spaces, Math. Comp. 34 (1980),
no. 150, 441-463.

V. GIRAULT AND P.-A. RAVIART, Finite element methods for Navier-Stokes equations. Theory and algo-
rithms, vol. 5 of Springer Series in Computational Mathematics, Springer-Verlag, Berlin, 1986.

V. GIRAULT AND L. R. ScoTT, A quasi-local interpolation operator preserving the discrete divergence, Cal-
colo, 40 (2003), pp. 1-19.

R. ScoTT AND S. ZHANG, Finite element interpolation of nonsmooth functions satisfying boundary condi-
tions, Math. Comp. 54 (1990), no. 190, 483-493.

V. GIRAULT, R. H. NOCHETTO, AND R. SCOTT, Mazimum-norm stability of the finite element Stokes pro-
jection, J. Math. Pures Appl. (9), 84 (2005), pp. 279-330.

——, Pointwise error estimates for finite element solutions of the Stokes problem, SIAM J. Numer. Anal.,
44 (2006), pp. 1-28 (electronic).

D. N. ArNoLD AND X. B. L1u, Local error estimates for finite element discretizations of the Stokes equations,
RAIRO Modél. Math. Anal. Numér., 29 (1995), pp. 367-389.



