QUADRATURE AND SCHATZ’S POINTWISE ESTIMATES FOR
FINITE ELEMENT METHODS

J. GUZMAN

ABSTRACT. We investigate numerical integration effects on weighted pointwise
estimates. We prove that local weighted pointwise estimates will hold, modulo
a higher order term and a negative-order norm, as long as we use an appro-
priate quadrature rule. To complete the analysis in an application, we also
prove optimal negative-order norm estimates for a corner problem taking into
account quadrature. Finally, we present an example to show that our result is
sharp.

1. INTRODUCTION

Weighted pointwise estimates obtained by Schatz, [9], greatly improve previous
local W1 estimates. They show that the finite element approximation, in some
cases, approximates the solution in a very sharp local sense. That is, the approxi-
mation error at a point x is more heavily influenced by the behavior of the solution
near x rather then far from z. This has proven to be useful for superconvergence
results [10] and pointwise a posteriori estimates [5]. We prove that these estimates
are preserved, modulo a higher order term and a negative-order norm, if we use a
quadrature rule of high enough order.

Let Q cC RY and consider the equation

) )
(1.1) Lu=Y %j(aij(x)a%) —f Q.
i,j g

We assume f and a;; are smooth and (a;;) is uniformly elliptic in .
If Q1 CC Q, then u solves the local equation

(1.2) Au,v) = fudz, for allv e ﬁl(Ql)
1951

ow Ov

Let S* ; € WL(Q) be a one parameter family of finite element spaces. From
now on ; CC Q will denote a fixed domain with the following properties. We
assume that the family of meshes when restricted to €2y is quasi-uniform and that
each element intersecting € is a simplex. If éh,r_l(Ql) denotes those functions in

where

Sh | with compact support in the interior of Q;, then we require that éhtr,l(Ql)
be composed of continuous functions supported in €y such that their restriction to
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2 J. GUZMAN

each simplex of our decomposition is a polynomial of degree at most r — 1 (i.e. we
consider Lagrange finite elements of degree r — 1 in ).
The finite element solution u;, with exact quadrature will satisfy

(1.3) A(u — tp,v) =0, foralv € So’h,T_l(Ql).

In Propositions 1.1-1.3 we shall review some known results. First we state the
W° estimates for the finite element approximation with exact quadrature found
in [12].

Proposition 1.1. Let Qy cC Q; cC Q. If ¢ > 0, there exists a constant C
independent of h, u and uy, such that
lu —tnlwi oy < C inf |lu—xllwy () + Cllu—tnllr-ta,)-
X€S_,
Applying the techniques in [12], one can prove local W ° estimates for the finite

element approximation with numerical quadrature, let us denote it by w,. Quad-
rature rules employed will be precisely defined in Section 2.

Proposition 1.2. Let Qy CC Q7 CC Q and ¢t > 0. If a quadrature rule of order
2(r—1) =2+ ¢ (¢ > 0) is used to compute up, then there exists a constant C
independent of h, u, and uj such that
lu—unlwe o < C inf |ju—xllwz )+ Cllu—unllm-+@,)
x€ESH

(14) + OW M log(L/B) (lullws @) + 1]l 1oay)-

The case ¢ = 0 is Corollary 5.1 [12]. Following that proof, one can easily gen-
eralize this result to ¢ > 0. The first term of the right hand side of (1.4) can
be bounded using the Bramble-Hilbert lemma, to get infxes;*—l v = xllw (@) <

Ch’"_1|u|wgo(gl). Therefore, if ¢ > 0 one, in some sense, preserves the local esti-
mates , modulo a higher order term and a negative-order norm. In the case ¢ = 0,
the last term in the right hand side of (1.4) is of the same order as the typical order
of the first term. Quadrature rules of order 2(r — 1) — 2 (¢ = 0) are used in [4] to
prove H L error estimates.

Now we compare these estimates to the sharper weighted pointwise estimates of
Schatz. In the case of exact quadrature we have (Theorem 1.2 [9]):

Proposition 1.3. Let Qg CC 27 CC Q and consider x € Q. Let 0 <s<r—1,u
solve 1.2 and uy, satisfy 1.3. If ¢ > 0, there exists a C independent of h, u, and uy,
such that

_ 1z .
IV(u—an)(@)] < Cllog 1) L [lw = Xllwa (@0),0,s

r—1
+  Cllu—n|lg-+(,)-
Here s=0if0<s<r—lands=1ifs=r—1.

The weighted norm is defined as [|v||w1 (,),2,s = |lo5v]|L @) T o5 VVllL (@)
where o, (y) = h/(Jx — y| + h). Note that if y = z, then o2(y) = 1. On the other
hand, if |y — | = O(1), then ¢2(y) = O(h*). If s = 0, we get Proposition 1.1. The
improvement comes when s > 0.

We now state the main result of this note which is the corresponding weighted
pointwise estimates with numerical quadrature .



Theorem 1.4. Let Qo CC Qy CC Q and consider x € Q. Let 0 < s<r—1, u
solve (1.2) and uy, satisfy 2.1 where we use a quadrature rule of order 2(r—1)—24q
with ¢ > s. If t > 0, there exists a C independent of h, x, u, and up, such that

1. .
V- w)@)] < Clogp)® imf fhu=xlhws s+ Cllu = unllir-scon
X

(1.5) + C(log h)hr 1+q(||“||w;(szl) + Hf||wgg1+qml))~
Heres=0if0<s<r—1lands=1ifs=r—1.

If ¢ > s, we preserve the weighted pointwise estimates, modulo a higher order
term and a negative-order norm. In the case ¢ = s, the third term in the right hand
side of 1.5 is of the same order, modulo a logarithmic factor, as o2 (y)V(u — x)(v)
for |y — x| = O(1); however, closer to z the local structure of Schatz’s results are
preserved.

In the next section we describe the quadrature rules that we consider. In Section
3 we prove Theorem 1.4. In Section 4 we complete the picture for an application by
estimating ||u — up|[g-+(q) in a polygonal domain with refinements at the corners.
Finally, in Section 5 we show that Theorem 1.4 is sharp.

2. QUADRATURE

Let the simplex T denote a reference element, and assume we are using a quad-
rature rule that approximates fT gdx:

= szg(i?z)

where the @; > 0 and b; € T'. Q is of order k if Q+(p) = fT pdzx for all polynomials
p of degree less then or equal to k, but fails to integrate a polynomial of degree
k + 1 exactly. We know that @ induces a quadrature rule for any simplex T,

= szg(bl)~

Here w; = J(Ry)w; and b = RT(l;l) where Ry : T — T is our standard affine map.
We define the error of our quadrature in 7" and T as

Ep§) = Qpld)— /T 4ds,
Erlg) = Qrlg) - /; gda.

Here §(2) = g(Rr(2)). Notice that Er(g) = J(Rr)E;(g). Let us suppose that we
use this type of quadrature in 2;. Then, our finite element approximation wu; will
satisfy

(2.1) A(u = up,v) = F(v), Yo € Shr1(D)
where F' = F; + Fj,

dup, 0
ZFl ) = Er( Z“”aﬁa;j
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and

Ba(v) = S Ff (v), FY(v) = Ex(fo).

3. MAIN RESULT

Now we prove Theorem 1.4.

Proof. From now on set e = u—uy. Let us consider y € . Let Qy CC Qs CC Q5.
By Theorem 1.2 in [9], there exists a C' independent of y such that

(3.1) le(y) + [Ve(y)|
< Cllog ) )t [lu = w0210,
+C]lelli—+ (@) + Cllog DIFIl -1,
where 5=0if0<s<r—lands=1if s=7r— 1. Here

F[ll-1,c = sap  F(¢).
peWwl (@)
111 () =1

First we multiply (3.1) by o2 (y), and take the supremum over y € €. Then, by
noting that o, (y)o,(2) < 20,(2) and o, (y) < 1, we obatin

(3:2) lellwz (o).,
< Cllog )"t [lu = Xl (021,
+Clell1r-+(0 + Cllog Il ,0
By using the Bramble-Hilbert lemma (see Corollary 5.1 in [12]), we see that
E 1.0, < OBl g

The broken norm is defined as ||v|\W;;1,h(G) = supy |[vllyy -1 (png) for G C Q.

A slight modification of Theorem 4.1.5 in [4] (which uses the Bramble-Hilbert
lemma) shows that

1F =100 < CR™= 4| fllyyerva(-
Therefore, we have that
(3.3) IFI 00 < 79 un 1 ) + 1 llwzreoan)-
By the triangle inequality and inverse estimates, we get

(3-4) llunllyr-1n (g, < CR* " lellw a) + Cllullw )
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After observing that h® < CoZ(z) for z € g, and combining (3.2), (3.3) and (3.4),
we find that for all M

(3.5) llellwz, (@0).a.s

1.;.

< Cllog )" nf l[u = Xllw @20 + Cllell (o)
C(l ! proita

+C(og 9 (lullw ) + 11 llyzvs0,)

1 —s
+C(10gﬁ)hl+q llellwi (©u),a,s-

If we apply (3.5) M times on a sequence of nested domains and then apply (3.2)
and (3.3), we get that

llellw (@o),z,s

1.5,
< Cllog )" inf [[u = xllwy @1).a.s + Cllellz-+n)

1., 1
+Clog )0 1 ([[ullwy 0, + 1Tl r0g0,) + Cl0og )R lully o1 o

Applying an inverse estimate, we observe that
o e B [( P

By the triangle inequality ||un||g-+0,) < |lellm-t@,) + |[u||m-+(q,). Choosing M
large enough we arrive at

llw —unllwz ©o)e,s

1 5.
< C<10g E) H}if ||u - X”Wgo(Ql),z,s

1.,
+C(log )" (llullwy @) + 1 llwz=r+aa,)h + Cllu = wnllr-+(@y)-
Our result now follows by noting that [V (u — up)(z)| < [[u — unllwr (@o).a,s- O

For various problems we can use standard duality arguments to find bounds for
|| — @n|| g+ () which will be better then A"~!. However, we need to keep in mind
that wuj is the FEM solution with numerical quadrature. Therefore, in the next
section we give an application that guarantees the optimal negative-order norm
estimate taking into account numerical quadrature.

4. NEGATIVE-ORDER NORM ESTIMATES WITH QUADRATURE

Banerjee and Osborn [3] proved negative-order norm estimates with numerical
quadrature in one dimension. We extend their result to a problem on a polygo-
nal domain in two dimensions assuming we have appropriate refinements near the
corners. This was done for the Ly-norm in [8]. Our proof follows the same lines.

Let 2 be a polygonal domain. Let Vtx = 1, 22, x3,...,x, be the set of vertices.
We introduce some weighted norm spaces that the solution belongs to, as in [2].

Definition 4.1. Let m be a positive integer, a € R and define p(x) = dist(z, Viz).
Then for G € Q2 define the weighted space

K2'(G) = {u € L*(G), p ="~ D"u € Ly(@)}.
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This space is equipped with the norm
2 —a—1 2
lullzm@y = Y 1P D3, ).
lor|<m
Now we state a result about existence and uniqueness in plane polygonal domains

for (1.1). This is a simple consequence of the results in [7] and [6].

Lemma 4.2. Let m be a non-negative integer. There exists a n > 0 such that
for every 0 < B < n and every f € Kgb_Q(Q) there exists a unique u € Kgl“(ﬂ)
satisfying (1.1) and u =0 on 9Q with the bound
lullgm+2a) < Cllfllxg @

where C' is independent of f and u.
Proof. Following a similar argument as was done for Laplace’s equation in Theorem
2.6.1 in [7], we have that there exists a n > 0 such that for every |5| < n and
[ € Kj' () there exists a u € Kg“(ﬂ). By Theorem 1.4.1 in [7] we have that
there exists a C independent of u and f such that

HUHK;;H(Q) < C(||f||Kg;2(Q) + [lul| Ly )

Using the weak form of the PDE and the uniform ellipticity condition we have
IVl o <€ [ Vfulde < O [ #2770 p2uda) .
Q Q Q
Since u € H' (Q), we have by Lemma 6.6.1 in [6] that
(/ p2u2dn) V2 < ||Vl (o).
Q

Furthermore, since 3 > 0, we have that ([, p>f2dx)'/? < CJq p21=B) f)1/2 <
C||f||Kg12(Q). This shows that ||Vul|L, ) < O||f\|Kg’L2(Q)' The result now follows
since ||ul|r,) < C||Vullp,@) - -

If we are solving Laplace’s equation, then = = where « is the largest interior
angle. More generally, 7 is a computable number which depends on the local frozen
coefficient problems on each vertex. One can prove a more precise statement. In
that case, one would have to define a norm that is weighted differently near each
vertex. For simplicity we considered the present setting.

For the following we choose # < 1 and, of course, 0 < § < 1. Now we use the
mesh refinement condition in [1], [8] and [2]. Let hr be the mesh size of the element
T, set h = maxy hr, and dr = dist(T, Vtx). Then we require

< Chd{" D=/ s 0
"=\ cono-vrss if dp = 0.

We let SI' denote the Lagrange finite element space of order k on Q. We can show
as in [8] that the following lemma holds.

Lemma 4.3. Let w € Ké”(Q) If k> m — 1 we have
(4.1) IV(w = wi)l|L,0) < CR™Hwl| k()

where wy € SI is the continuous interpolant of w.



By the work in [8] we have the following.

Lemma 4.4. Let up, € S | be our FEM approzimation with quadrature of order
at least 2(r — 1) — 2. Then

||v(u — uh)||L2(Q) S Chr71||u‘|K;;(Q)

This next lemma corresponds to Lemma 6.2 in [3]. We give a proof since it is
slightly different.

Lemma 4.5. Suppose that we are using a quadrature rule that is of order r —2+q
and 1 is chosen such that r —14q > 2/1. If v € Py(T), then

| (v)| < meas(T)l/l_l/2h;71+q|‘f”wf—lﬂ(T)||U||Hq(T)'

Here P,(T') denotes the space of polynomials of degree less than or equal to g.

Proof. We have
(4.2) Fy' (v) = Br(fv) = J(Rr)E(f?)

where 7' is the reference element and Ry is the affine map from 7" to 7.
For ¢ € W/ ~'"9(T"), we then have

ET("[)) < CWA"LOC(T) < CH?/;”WLT*H‘I(T)

where we used imbedding theorems in the last inequality. By the Bramble-Hilbert
lemma, we have

Ep(9) < Cldlyr—i+acy.

Setting 1/3 = fﬁ, we get

Ep(fo) < C(|f|wl7'*1+Q(TA)‘@|LOO(T) +.t ‘ﬂwlr*l(:ﬁ)wwgo(:ﬁ))-
If we use the equivalence of norms in finite dimensional space, we obtain

Eg(fo) < C(|f|wif*1+4(f)|@\L2(T) +..t+ |f\WLT*1(T)|ﬁ|Hq(T))-

Scaling back to the physical element we get that

By (F0) < ORy MI(Re) ™2V flyyesta iy [olacry + o+ ey ol sy
After using (4.2) we arrive at our result. O

Following similar arguments we can bound F (see Lemma 6.1 in [3]).

Lemma 4.6. Suppose that we are using a quadrature rule of order r — 2 4 q. If
v € Py(T) then

F () < Chiy " unll e ¢y 0] 1 ry-
Now we can state and prove our main result of this section.

Theorem 4.7. Let u solve (1.1) with u = 0 on 0Q. Let uy, € S* | be the FEM
solution with a quadrature rule of order max(2(r—1)—2,r—2+q) with1 < g <r—1.
Then

(43) ||’lL - uhHH—(q—l)(Q) S Chr71+q.
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Proof. We know by a duality argument (see problem 4.1.3 [4])

e —unllg-G-v@y =€ sup  ([[V(u—un)llL,@IV(é = é1)ll o) + F(1))
geHI~1(Q)
HgHqulanzl

where ¢ satisfies L¢ = g and vanishes on the boundary and ¢; € S(’; is the contin-
uous interpolant of ¢. By Lemma 4.3, Lemma 4.2 and the fact that HgHKgfl(Q) <
—2

91| rra-1(), We observe that

(4.4) V(¢ = ¢1)llLa) < ChY.

Therefore, after using this fact and Lemma 4.4, we have that

llu — unl|g-a-1 (@) < Chr—1t14 ¢ sup F(¢r).
geHI=1(2)
91l rg—1g)=1

We first bound F5. By Lemma 4.5 we have

Fy(ér) < b " [61llmacr) |11 |W{‘*1+q(T)meas(T)l/lfl/Q.
T

For dr > 0, using approximation properties of ¢; and the definition of hr, we
get

h;—1+q| ‘¢I||H‘1(T) < hr—1+qd¥flfﬁ)(1+q/(r71)) | |¢| |Hq+1(T)~

It is clear that ¢ — 0 < (r—1—0)(1+¢/(r —1)). Since dr < p(x) Vo € T, we
have

Y bal| gagry < W10 g -

Now assume dr = 0. One can show that [|¢ — ¢1|[g1 (1) < ||8]lwz(r) (see [11]).
Also, since d7 = 0 we have that |[¢|[yz21) < hﬁ”‘f’”}(g(ﬂ- Therefore, using these
inequalities, an inverse inequality and the triangle inequality, we get

h;_1+q||¢l|\H4(T) < Ch%"”¢||K§(T)~
Since hy < h(r=1/8 < h"=Y(B8 < 1), we have that
R brll ey < BTV g o

where we have used that 1 < ¢ <r —1 and r > 2. Finally, using the generalized
Holder inequality, we get that

(@5)  Fa(1) < B0l ey ol Fll ooy meas(@) /21
Now we bound Fj(¢;). Using Lemma 4.6

Fi(or) <> b unll e ool 61l | mracr)-
T

We employ the triangle inequality to get

r—1 r—
Fy(¢r) <> by gl sy |orlmaery+ D by un—wr || ey |61 o (-
T T



Using inverse estimates, the triangle inequality and Lemmas 4.3 and 4.4, we get

> h g — url| g oyl o)
T
<CY hp un = urllg oyl b1l o cry
T

< Cllun = urll @) O _(hr 1| sacr))®)
T

< CR (e libalazary)*) V2.

T

Now by considering two separate cases (dr > 0 and dp = 0), and using arguments
as above in bounding F5, we get

(b rllma(r)®)? < Ch1+q|I¢HKg“(Q)'
T

Therefore, we have

> h N = uil| g @y 61| acry < Chr+q||¢||Kg+l(Q)'
T

Next, we bound 3" ki ur || grr—1 ()l |61 || pra () -
If dp > 0,
r—1
hy | e oy || oy
< Chy |y [l s ()
< hr—1+qd;—1—ﬁ||U|IHT(T)qu(T*1*5)/(T*1)|Id)HHqH(T)
r—1+
< B ullkg o 19l e (-
In the first inequality we used approximation properties of u; and ¢;. In the second
inequality we used the definition of h. Finally, in the third inequality we used that
q(r=1=p8)/(r—=1) 2 q— 5.
If dp =0,
e |- oy 18] o)
< W llurll g ey |10l o o)
< h2T||UHK§(T)H¢||K§(T)
< hz(r_l)/ﬁ”u‘|K§(T)||¢||K§(T)
< Bl ey gy

In the first inequality we used an inverse estimate. For the second inequality we

used an argument as was done to bound F5. In the third inequality we used the

definition of hy. Weused that 1 < ¢ <r—1,7 > 2 and 8 < 1 in the last inequality.
Therefore, we have that

> b |- @) |61l o gry < R ul w10l g -
T

We conclude that
(4.6) Fi(¢r) < Chr*l+q||¢\|xg+1(ﬂ)~
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Finally, using (4.5), (4.6) and Lemma 4.2 we arrive at our conclusion. O

5. SHARPNESS OF RESULT

In order to prove the sharpness of Theorem 1.4, we need to state a corollary to
this result with ¢ = s (see [9]).

Corollary 5.1. Let Qy CC ©; CcC Q and let z € Q. Let u solve (1.2) and let
uyp, satisfy (2.1) where we use a quadrature rule of order 2(r — 1) — 2 + s. Let
v <7 —1+s. Suppose that > |, <, [D%u(z)| = 0, then

(5.1) 1V — ) )| < Clog (3 )"
provided that

(5.2) [l —un||g—+(0,) < C1h”  for some t.
Here C' is independent of h, z,u, and uy,.

Let now © = (—1,1) and consider the problem

(5.3) —(@ T 2/ (2) = f(z) zeQ,
w(=1)=4'(1) = 0.

Suppose that u is a linear function with slope one in an interval I containing x = 0.
Suppose also that we have a uniform mesh of mesh size h and that = = 0 is always
a mesh point. Suppose further that we are using elements of polynomial order
r — 1 to approximate u. Let us first assume that we use a quadrature rule of
order 2(r — 1) — 2+ s with 1 < s < r — 1. For this problem we can easily show
that [|[u — unllg-c-nQ) < Ch™='*%. As we have shown in higher dimensions,
Corollary 5.1, we have superconvergence on I. More precisely, ||(u — up)'||L_ (1) <
Clog(1/h)hm—1+s.

However, as we shall now show, if we use a quadrature rule of order 2(r — 1) —
2+ s—1 then we no longer have a superconvergence result of this order. This would
show that are results are sharp.

For simplicity let us suppose that we integrate the right hand side ( fQ fudzx)
exactly. Suppose we use a quadrature rule of order 2(r—1)—24s—1 for the left hand
side. We show that the error in I can not be of order Y if v > 2(r —1) —2+s—1.
To this end, let T'= (0, h). We conveniently choose a continuous v in the following
way: v(z) =0if x <0, v(z) =1 if 2 > h and v(z) = (z/h)""! on T. Since v’ =0
outside of T,

Qr(ay) = [ fodo
Q
where a(z) = 2"~ 1**71 4 2. Of course, the exact solution will satisfy

/au’v’dx:/fvdx.
T Q

Therefore, for this v, we have the relationship

(5.4) /Tau'v’d;v - Qr(au'v") = Qr(alup —u)v').
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Now we investigate the left hand side of (5.4). Note that [, 2u'v" = Q7 (2u'v")
since 2u/v’ is polynomial of degree r —2 < 2(r—1)—2+4+s—1on 7. Since v/(z) =1
and v'(x) = (r — 1)(1/h)(z/h)" =2, we get after a change of variables that

1
/ au'v'dr — QT(au’v/) — (’I“ _ 1)hr—1+s—1(/ j2(r—1)—2+sd§3 _ Q(CEQ(T_D_2+S))-
T 0

Of course, since we are using a quadrature rule of order 2(r — 1) — 2+ s — 1, we
have that

1
/ 32(r=1)=2+4sga Q(‘%Q(r—l)—}ﬁ-s) =y #£ 0.
0
Therefore, for the left hand side in (5.4),

/ auw'v' dxr — QT(GU/UI) _ 02(7, _ 1)h7‘71+371.
T

On the other hand, if ||(uv — ux)'||1. () < ChY for v > r — 1+ s — 1, then for the
right hand side in (5.4),

Qr(a(up —u)'v') < ChY||av'|| L (1)Qr (1) < ChY

Which leads to a contradiction. Therefore, (u — u)’ is at most O(h""1T571) on
I. This, of course, shows that Corollary 5.1 is sharp, and in turn, implies that
Theorem 1.4 is sharp.

The author would like to thank Lars Wahlbin and Alfred Schatz for their guid-
ance. The author benefited greatly from the fruitful discussions with Victor Nistor.
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