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Abstract. We present new a priori error analyses of the coupling of the Raviart—Thomas (RT)
method and BEM as well as of the coupling of the hybridizable discontinuous Galerkin (HDG) method
with BEM. The novel features of the analysis of the RT-BEM coupling are the superconvergence
estimates for the scalar approximation of the interior problem and new bounds in weak and strong
norms for the boundary variables. The analysis of the HDG-BEM coupling is the first analysis of this
coupling and shows that the coupling provides approximations with the same convergence properties
as those of the RT-BEM coupling.
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1. Introduction. In this paper, we continue the work started in [9], where a
new, systematic approach was proposed for coupling a wide variety of FEM (old and
new) with BEM, and present the first a priori error analysis of two of the couplings
proposed therein. The first coupling, proposed in [17, 5], uses the Raviart—Thomas
(RT) mixed method [19] to solve the interior problem, whereas the second is new
and uses a hybridizable discontinuous Galerkin (HDG) method, namely, the so-called
LDG-H method [7].

Let us relate our results with those of the available literature. The analysis of RT-
BEM (carried out in two dimensions only, but easily extendable to three dimensions)
was done for the first time by Meddahi et al. [17]. It was rediscovered by Carstensen
and Funken [5], who explicitly dealt with more general mixed methods. Both papers
treat the coupling method as a Galerkin method for a boundary-field formulation that
uses the four integral operators associated to the problem in the exterior domain. In
this sense, the methods fit in the family of symmetric coupling of BEM and FEM
devised by Costabel [11] and Han [15].

Our analysis of the RT-BEM method takes a different approach and is able to
provide new convergence results. Since it is based on energy and duality arguments,
it allows us to obtain convergence properties for the flux variable q := —Vu in a
weaker norm than in [17] or [5]. Indeed, we work on L?(2)?, whereas the traditional
variational approach gives an analysis in the smaller space H(div,2). It has to be
pointed out, however, that the error control for the divergence represents a minor
advantage since the divergence of q is actually data of the problem.
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Moreover, we provide new bounds in weak and strong norms for the boundary
variables, including superconvergence estimates for the postprocessed exterior solution.
We also are able to extend to this setting the well-known superconvergence estimate
of the RT approximation of the scalar variable u; see [2]. This allows us to construct
an element-by-element postprocessed new approximation to u converging with an
additional order.

Let us now compare the HDG-BEM coupling with other DG-BEM methods. In
this case, and just as in the case of the RT-BEM coupling, there are two different
approximations to the same variable at the coupling boundary, namely, the numerical
flux of the HDG method and the BEM approximation. In contrast, the LDG-BEM
method proposed in [13], which contains the first analysis of the coupling of a discon-
tinuous Galerkin and a BEM, employs a mortar variable to enforce the coupling. The
only other DG-BEM coupling is the LDG-BEM method considered in [12]. Therein,
the approximate solution of the DG method is forced to become continuous right on
the coupling interface. Yet another difference between the HDG-BEM coupling under
consideration and the above-mentioned LDG-BEM coupling is that in our case, a hy-
bridized formulation of the full system, in the spirit of [9], is available which extends
to the realm of BEM-FEM the ideas of [7].

To analyze the HDG-BEM coupling, we take advantage of the strong relation
between mixed methods and HDG methods uncovered in [7] to proceed in an anal-
ogous, if more involved, manner. We obtain for this coupling the same convergence
properties obtained for the above-mentioned RT-BEM coupling. In particular, this
implies that both the approximate flux and the postprocessing of the scalar solution
converge to the exact solution with orders of convergence that are one more than the
orders provided by the approximations of the LDG-BEM methods proposed in [13]
and [12].

Our analysis is carried out for the exterior Yukawa equation (—Av + v = 0) to
avoid several minor technicalities related to the Laplace equation: energy-free solu-
tions (constant functions are nontrivial solutions of the interior Neumann problem)
and the important difference of behavior at infinity of the fundamental solution of
the Laplacian in two and three dimensions. Just for the case of HDG-BEM we offer
two options to deal with the peculiarities of the Laplace operator in two and three
dimensions.

The paper is organized as follows. In section 2, we describe the model problem we
are going to work on. In section 3, we carry out the analysis of the RT-BEM coupling
and in section 4 that of the HDG-BEM coupling. Section 5 is devoted to the study
of several technical results needed in the analysis of these two methods. In section 6,
we sketch the modifications that need to be taken into consideration when instead
of the exterior Yukawa problem we consider the exterior Laplace equation. Finally,
section 7 contains some numerical experiments confirming the theoretical results.

Foreword. For properties of the classical Sobolev spaces H¥(0) (where O is an
open set in R?), we refer the reader to [1]. The norm and seminorm of H*(9) will
be respectively denoted || - [|x,0 and | - |g,0. The norm L*(Q) = H°(O) will omit the
0 subindex. On the polygon/polyhedron I', Sobolev spaces H*(T') can be defined for
any —1 < s < 1. Their classical norms will be denoted || - ||s,r. For other values of
the index s, we will clarify some necessary details in section 5. We will use some of
the basic properties of layer potentials and boundary integral operators that can be
found in [16] and were first gathered in [10]. For quantities depending on the discrete
parameter h, we will write a < b when there exists C' > 0, independent of h, such
that a < C'b. When a < b < a, we simply write a ~ b.
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2. Model problem. As a first model problem we consider the following one.
The space R is divided into a Lipschitz bounded domain Q and its exterior €.
Its common boundary I is taken to be a polygon/polyhedron. For simplicity, we
assume that the exterior domain €24 is connected. The continuous equations are (for

ferL*q)

(2.1a) q+Vu=0 in €,
(2.1b) V-q=f inQ,
(2.1c) —-Av+v=0 in Q4
(2.1d) U= on I,
(2.1e) —q-n=0,v onl.
Let

1
—Ko(lx—y[) ifd=2,
2m

E(Xv Y) = e—|x—y\

L if d =3
dr|x —y| '

be the fundamental solution of u — —Au + u. (K is the modified Bessel function
of order zero, also known as the Macdonald function of order zero.) Because we
have considered the Yukawa operator in the exterior domain, we do not need to
impose a radiation condition at infinity. Instead, we ask for u to be in H'(Q,). The
modifications needed to deal with the Laplace equation in the exterior will be dealt
with in section 6. We then consider the single and double layer potentials

8\ = / E(-,y)Ay)dl'(y) : RI\T =R,
r
Dy := / By E(-,¥)e(y)dl(y) : RI\T =R
r
that define solutions of —Au + u = 0 in R% \ T for arbitrary A € H~/?(T') and ¢ €

H'?(T). The four associated integral operators that define functions (distributions)
on I' are denoted as follows:

VA= / E(-,y)\y)dI'(y) : T = R,
r
K\ i= [ 0,0)B( yNH)E) TR,
r
K= [ Oy Bl ¥)ey)AE) T R,
r
Wy := au/&,(y)E(-,y)so(Y)dF(y) =R
r
Note that although the integral expressions of V and X coincide with those of 8§
and D, respectively, their output is defined on different domains: free space minus
the boundary for the potentials, the boundary I' for the integral operators. The

mathematically precise definition of these entities [16] is also different. The exterior
branch of the solution will be represented using Green’s third identity,

v =Dy — 8\, where ¢ := v and A\ := J,v.
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We also have two identities derived from Calderdén’s theory:
VA+ (35— K)p =0, (274 KA + Wy = 0.

Here and in what follows J will denote a general identity operator. We rearrange the
previous two identities in the following form:

VA=K = —p,
KX+ W =0,
where X := %J + X.

3. Analysis of RT-BEM. We consider a triangulation T, of the polygonal
(polyhedral) domain €2 as well as the inherited partition I'j, of its boundary. The set
of edges of T} is denoted €. The space of polynomials of degree not greater than k
restricted to the element K € T}, is denoted Py (K). The space Py(e) for e € &, is
similarly defined. We now define five discrete spaces for a given k > 0:

Vii= [ RTw(K),  Wi= [] Pu(K),  My:= [] Pele)

KeTy, KeTy, ecly

Xp = H ]P’k(e), Y, = ( H ]P’;H_l(e)) ﬂG(F)

ecl'y, ecl'y,

The local RT space is defined as RTy(K) = Py (K)¢ + xPx(K) (see [4]). For some of
the forthcoming expressions, it will be useful to have the function h € [ ¢, Po(e)
defined by bl = h. (h. being the diameter of e), as well as the function bhr := hir.

The discrete equations are as follows: find q; € Vi, up, € Wy, up, € My, A\j, € X,
wn € Y}, such that

(3.1a) (an,r)7, — (up, V-1)3, + (Up,r-n)s7, =0 Vr e Vi,
(3.1b) (V-ap,w)y, = (f,w), Yw € Wy,
(3.1¢) (an -, o, + Ap, u)r =0 Vu € My,
(3.1d) (@, m)r + (Vs m)r — (Keon, m)r =0 Vi € Xp,
(3.1e) (KN, D)1 + (W, d)p = 0 Vi) € Yi.

The first three equations above constitute a hybridizable version of the mixed method
(with RT elements for q; paired with discontinuous polynomials for u;) with weakly
enforced Neumann boundary conditions on I'. A solution of (3.1) satisfies the energy
identity

(3.2) lanlld + (VA An)r 4+ (Wen, on)r = (f, wn).

This can be easily proved testing these equations with qn, up, —Un, An, and g,
respectively, and finally adding the result. For some of the arguments below, we will
need the space V&IV := V;, N H(div,Q). For easy reference, let us recall that the
operator

RTk(K) — MK = HeCSKPk(e)’

(3.3) r — r-n,

is onto. Therefore, so is the operator Vﬁi" — X}, that takes the normal component
of a discrete vector field on I'.
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PROPOSITION 3.1. Equations (3.1) are uniquely solvable.

Proof. Because (3.1) is equivalent to a square linear system, we only have to prove
uniqueness. Then take f = 0 in (3.1). By (3.2), it follows that q; = 0, A\, = 0, and
n = 0 because V and W are elliptic (see (3.10) below). Going back to (3.1d), tested
with up|p € X}, we obtain that 2, =0 on I'.

We now pick r € V&V such that V - r = —uy, and use it to test (3.1a). This can
be done because the divergence operator is onto from V§i¥ to Wj,. Since @, = 0 on T,
uy, is single-valued on interior faces and r - n is continuous across element interfaces,
it follows that

0= (un, un)3, + (@, v Moz, = [[unll?,
and therefore up = 0. Equation (3.1a) is thus reduced to
(up,r-n)gy,\r =0 Vr € Vp,

which implies that @, = 0. (To prove this, we only have to consider this equation
element by element and choose r such that r-n = uy on 0K.) O

In the following result we prove that (3.1) are a hybridizable formulation for
the RT-BEM coupling of [17] (see also [5]). A partially hybrid formulation can be
reached by eliminating (qp,up) from the system (3.1) using local solvers. In that
case, the resulting system involves a variable on the skeleton %, and two variables on
the boundary (A, pp). A fully hybridized formulation, exclusively written in terms
of up, can be found by eliminating the boundary variables from the system (see [9]).

PROPOSITION 3.2. Equations (3.1) are equivalent to the problem of finding q €
Vﬂi", up, € Wy, and ¢, € Yy, such that

(3.4a)

(an,r)a + (V(qn -n),r-n)r — (up,V-1)q + <5~C<ph,r ‘n)r =0 Vr e Viiv,
(3.4b) (V- -qn,w)o = (f,w)a Yw e Wy,
(3.4c) —(K(an - n), Y)r + (Wep, ¥)r =0 Vi € Y.

More precisely, a solution of (3.1) solves (3.4) and a solution of (3.4) defines a
solution of (3.1) by taking A\, := —qp -1 on I’ and by solving the problem

(3.5) (Up,r-n)oy, = —(qn,r)7, + (un, V- 1)7, Vr € Vy,.

Proof. Given a solution of (3.1), (3.1c) implies that q;, € VIV and that qj, - n +
An, = 0 on I'. Therefore (3.4c¢) follows from (3.1e). Note (3.1b) and (3.4b) are the
same equation. Testing (3.1a) with r € V¥ and using (3.1d) simplifies

(Up,r-n)oy, = (Up,r-n)yr = —(VAp,r-n)r + <3~<g0h, r-n)r
= (V(an - n),r-n)r + (Kop,r-n)r,
which gives (3.4a) easily.

We now start with a solution of (3.4) and construct A;, and uy, as in the statement
of the proposition. Then, immediately (3.1b), (3.1¢), and (3.1e) are satisfied. Note
that (3.5) is equivalent to the local problems of finding Uk := up|gx € My satisfying

(Ug,r Yok = —(qn,v)k + (up, V- 1)k Vr € RT\(K).

Solvability of these local problems and coincidence of values on interior faces follow
from the fact that (qp,up) is part of the solution of (3.4). This shows that (3.1a)
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is satisfied. Given 7 € X, we can take r € V&V such that r - n = 7. Using this
test function r in (3.4a) and substituting (3.1a) in the resulting expression, we verify
(3.1d). O

Equations (3.4) can be analyzed by a stability argument for a Galerkin discretiza-
tion of a mixed problem that is well posed in H(div, Q) x L*(€2) x HY?(T"). We will
follow a different approach which will provide stronger estimates for u;, as well as esti-
mates for the hybrid variable @y, weak norm estimates for A, and ¢y, and some post-
processing strategies. None of these results appear in [17] or in its generalization [5].

Energy estimate. We consider five discrete projections. First, II®T is the RT
projection (see [4], for example) onto Vy, that can be defined in [] oy, H'(K) or
on somewhat weaker spaces. The L?(f)) projection onto W) is denoted P. The
[1.ce, L*(e) projection onto My, is denoted P?, while the L*(T') projection onto X is
denoted PT. Finally, we consider the Lagrange interpolation operator I' : C(I') — Y},.
We will study the approximation properties of

el :=T1""q — qp, ey = Pu—up, gv = P — 1y,

en:=PIA =\, ef =T — @y,
In what follows, we will use the following well-known properties that relate some of
these projections [4]:
(3.6) V-1I"Td = P(V - d), (I1*Td) - n = PY(d - n).
To shorten some forthcoming notation we consider the bilinear form A, defined in the
product space H~1/2(I") x H'/?(T"), that is obtained by adding the integral terms in
(3.1d) and (3.1e):
B7) A @), (0,9)) = (VA nhr — (K, e + (KX )r + (Wep, ).
Note that

(3.9) |A((/\, ®), (na¢))| < C(H)\H—l/Q,F + H@Hl/z,r) (||77||—1/2,F + |W||1/2,r),
(3.10)  A(A ) (A 9)) = (VAN + We, o) = C(IINIZ o0 + 0lF/2r)-
These last two inequalities follow from the properties of the boundary integral oper-
ators [16].
ProrosiTionN 3.3.
letlla + lenll—12r + I€fll12r S T q—qlla + [PTA = Al—1j20 + 1170 — @ll1/2.r-
Proof. Using (3.6), it is simple to see that the following error equations are
satisfied:
(3.11a)
(6;117 r)(fh - (5;;7 V- r)(fh

+ (& v m)or, = (Mq—q,1)7, Vr € Vi,

(3.11b) (V- €Z,w)g'h =0 Yw € Wh,
(3.11c¢)

n, ,u>37h + <525,UJ>F =0 Yu € My,

(eh -
(3.11d)
‘A((Ezvgf)ﬂ (7771#)) + @fa 77>F = ‘A((PF/\ - AvIF(p - 90)7 (ﬂﬂb)) V(ﬂﬂb) € Xp X Y.
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Testing these equations with e, %, —€%, and (e7,e5), respectively, and adding them
we obtain that

led |12 + (Vep,emr + (Wef,ef)r = (T q — q,e!) + A((P"A =\, 10 — 9), (e, 7).

Using now the boundedness of A (3.9) and the ellipticity of V and W (3.10), the result
follows readily. d

Before we continue with error estimates for the remaining variables as well as
with error estimates in different norms for the boundary unknowns, let us comment
here on the error estimates that follow from Proposition 3.3 in the case of highest
regularity. For the definitions of the broken Sobolev spaces X*(T'), see section 5. If
q € H1(Q), A € X* YD) and ¢ € X¥2(T'), then

la—anlle + 1A= Anll-1/2,0 + I = @nllijzr
k+3/2
S B dlrna + 2 (I + el ).
where hr := max{h, : € € I';} < h. In principle, this shows how a term of order hi/2
in the approximation property of the boundary unknowns is not taken advantage

of. Note, however, that all terms have the same order if we reduce the regularity

requirement of A and ¢ in 1/2, which corresponds to an exact solution satisfying
u € H*2(Q):

la—anlla + [|A = Aull—1/2,0 + [l = @nlli/2,r
S (|Cl|k+LQ + [ Al xr1r20y + ||90||Xk+3/2(r))-

Estimate by duality. To estimate €, we consider the solution to the problem

(3.12a) d+Ve =0 in Q,
(3.12b) V.d=¢! in Q,
(3.12¢) —Aw+w=0 in Qg
(3.124d) O=w on I,
(3.12¢) dn=-Jw onT

and denote H~V/2(I') 3¢ = —~d -n=0d,w and H'/2(T) > a =60 =w (on ).
PROPOSITION 3.4. There exists a constant Creg such that the solution of (3.12)
satisfies

[dll1.0 + [18ll2,0 + [wll2.0; < Creglleqllo-

Proof. Consider the function v € H'(R?) given by

[ ®© in €,
U= w in Q+.

Notice that 9; v = 3} v on I, which means that the Laplacian of v in R? is the same
as the function defined by the Laplacian of v on each side of I'. Therefore

—&p+0 in Q,

—Av+v=g¢c L*RY) with g::{ 0 Q
w in Q.
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Hence v € H*(RY) and
Iollze < Cliglloge < " (lklla +18lla+ lwlla ) < €kl

where in the last inequality we have applied a simple ellipticity estimate for the
transmission problem (3.12). a
PROPOSITION 3.5.

lekl? = (@ — an, TT*"d — d)g, + (f = Pf,© — PO)g,
+ A(A= A0 —on), (PTE— & a—ap)) Vay, € Y.

Proof. Let us test the error equations (3.11) with II*Td, PO, P?0, and (PY¢, —ay),
respectively. After reordering some terms we obtain these four identities:

(3.13a) (@ —an, I d)g, — (e, V- ¥ d)g, + (&, (1Id) - n)ag, =0,
(3.13b) (V- €}, PO)7, =0,
(3.13¢) (! -n,P?@)ag, + (e, P?O)r =0,
(3.13d) E PR + AN = Ao — on), (PTE, —an)) = 0.

Note first that by (3.6)
(6;:7 V- HRTd)‘Th = (SZ,P(V ’ d))‘Th = (6;:7 V- d)‘Th = HEZH?Z

The normal component of d is single-valued on interior faces and hence so is the
normal component of IT®Td. Moreover, (ITfTd)-n = P?(d-n) and on I' this function
equals P'(d - n). Therefore

(&, (T d) - m)om, = (&, (II"1d) - m)r = (€, PT(d - n))r = (&, d-n)r.

On the other hand the normal component of €} is single-valued on interior faces and
so is ©. Therefore

(e -n,P?@)sg, = (¢! -n,0)s7, = (€] -1, O)r.

We also know that P?© = P'O on I'. This implies that (3.13) can be rewritten in
the following simplified form:

(3.14a) (a—an, 1% d)g, —[le]|E + (&), d - n)r =0,
(3.14b) —(V - €},0)7, =0,
(3.14c) (e} -1, 0)r + (e, 0)r = 0,
(3.14d) G Or + AN =0 —on), (PYE, —an)) = 0.

Adding these four equations, using (3.12a) and the definitions of « and &, we obtain
||6ZH% = (q — Qn, HRTd)‘Th - (v : €}q17 G)Th + <€Z - n, ®>F
+ End-mr + (&, Hr
+ <Ei)z\7 ®>F + ‘A(()‘ - )‘ha © — (ph)v (Prga _ah))
(3.15) =(q—aqn,I"d —d)g, + Ty + T,
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where
Ty :=—(q—aqn, VO)q — (V-€},0)a + (e} -n,O)r,
T2 = <E})L\7 OZ>1" + ‘A(()‘ - Aha ¥ = Soh)a (PF€7 _ah))'

We now apply Green’s theorem twice as well as known properties of the RT projection
to prove that

T = (—q+an +1"q — q;, VO)q

= _(V : (HRTq - q)? 6)9 + <(HRTq - q) -1, ®>F
(V-q—P(V-q),0)a+ (P'(q-n) —q-n,O)r
(3.16) =(f-Pf,0 —PO)q+ (A —P')\ a)r.

Since a = w and £ = J,w on I', where —Aw +w = 0 in Q. , it follows that
a+\7§—5~<a=0, 9~<t§+Wa:0.
This is equivalent to
A((& ), (n,=¥)) +{amr =0 V(n,p) € H V2(T) x H/(T)
and also, using (3.8), to
317)  A( ), (& —a)) + (e =0 ¥(n,9p) € HY2T) x HYA(L).
Applying this expression with n = A — A, and ¥ = ¢ — ¢}, we obtain

To+ (A —P'Na)r = (A=A, a)r + A((A = Ao — on), (PTE —an))
(3.18) =A(A= Ao —on), (PTE— & a—ay)).

Substituting (3.16) and (3.18) in (3.15), the result follows. O
Henceforth we will write k := min{k, 1}. Proposition 3.5 has prepared the field
for an error estimate for uy, showing superconvergence to the projection of wu.
ProrosiTION 3.6.

letlle S b(lla = anlla +RELF = PAlla+ 1A= Aull-a/or + Il = onli/ar)

Proof. We just have to bound the three terms in the right-hand side of Propo-
sition 3.5 after giving an adequate choice for ay. First, using properties of the RT
projection (see [4])

(@ —an, T"d — d)o| S hlla - anlle[d]i0 S hlla— anllole;lo-
Also,

|(f =Pf.© —=PO)q| < R™™F L2} — P fllqO|min{k+1,2).0
< hME(F = Pfllallet]lo-

By the boundedness of A (3.9), we only need to deal with

€~ PFf”—l/z,F + [Jo = anll1/2,r-
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We will choose ay, := CT'O (see section 5). Then, by Proposition 5.1 (formula (5.1)
with t = —1/2 and s = 1/2), Proposition 5.1, and the boundedness of 8, : H2(2) —
X1/2(T) (see section 5), it follows that

(3.19)

1€ =PTE]-1/2.,0 +11© = CT Ol j2.r S A(|,Ollx1/2(r) +11©]12.0) S A6

2.0 S hlleplla-

This completes the proof. Note that the choice of «j produces in a simple way the
desired h in the estimate using the assumed regularity. d

Next we prove a superconvergence result for £}

ProrosiTION 3.7.

~u ~u||2 1/2 u
8kl = (Y hxclEldox) S hllan - alla + llsk o
KeTy

Proof. This follows from standard arguments. Using the degrees of freedom of
the RT space, we can choose v € RT(K) such that v-n =&}! on 0K and

1/2 1/2
IVllox + ki V - Vlio e S hil[Iv - mlloaxc = il *[|Exllo,ox
Then by the first of the error equations (3.11), we prove for every K € T}, that

€51

(2J,8K = <g‘l};:7v . n>8K - (q - Qh,V)K - (ET};vv : V)K

1/2 _
S hiPIEoox (la — anllo.x + bRt lello.x)-

The result is a straightforward consequence of these inequalities. O

We now prove an error estimate for the boundary quantities in weaker norms.
Apart from the interest of having an L?(T) error estimate for ¢ — ¢y, the following
result is useful for estimating the error in pointwise computation of vy, := Dy, —8Ap =
v. In principle, if we want H'(2,) estimates for v — vy, we can only take advantage
of the bound in natural norms given in Proposition 3.3. However, as is well known,

[v(x) —vn(X)| < Cx)(le = @nllor + A= Anll-1r)  Vxe€Qy,

where the constant C'(x) remains bounded as long as x does not approach I'.
PROPOSITION 3.8. Denoting hyin,r := mineer,, he and hr := maxecr he, we can

bound

1/2
r

—1/2
1A=l v.r + o = enllor S B (1A= Mall1nr + e = galayar) + Akl 3 IE I

Proof. We start by recalling that the matrix of operators

R

(which is the transpose of the one that defines the bilinear form A) defines an isomor-
phism between H(I') x H'(T') and HY(T') x H(T') = (H~Y(T") x H°(T"))". Therefore,
there exists a constant such that

A((e},e?), (n,
(3.20) ledl-vr + llefllor < € sup ((ens k), (m:4))

o£m)eromyxa ) Inllor + [1¥]r
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where we have denoted eﬁ =\ — A\, and e“,f = ¢ — ¢p,. Note now that

|‘A((627 e;f)a (7] - PF% ’[r/) - QF’[r/))”
S (lerl-vjzr + g lyr ) (In = Prullsjor + 1Y = Q1 o)

1/2
< (Nedl=yjzr + gz )it (Il + e,

where Q' : H'/2(I') — Y}, is the H'/2(I") orthogonal projection onto Y}, and we have
applied Proposition 5.1. In addition, using the fourth of the error equations (3.11), it
follows that

Al(ers ), (P'n, QM) = = Pradr < hoil TIER 8P nllo,r

Inserting these last two inequalities in the right-hand side of (3.20), the result follows
readily. O

The condition for Proposition 3.8 (coupled with Propositions 3.7 and 3.6) to give
an h'/2-order superconvergence estimate is A < hpin r. This is satisfied if the larger
elements of the triangulation are in the vicinity of I' and the boundary mesh I'j, is
quasi-uniform.

We finally derive two error estimates for A — Ay, in a stronger (functional and not
dual) norm.

ProposITION 3.9. |52} or < |1€%]a.

Proof. By the third error equation in (3.11), it follows that e = —e} - n. If
e € I', NE(K), then by a scaling argument and finite dimensionality it follows that
he'?|€?]|e < ||ed ||k, which proves the result. O
Note that if the grid I', is quasi-uniform we can obtain by a simple inverse estimate
that

—1/2
(3.21) lellor S A lledll—1 a.r-

4. Analysis of HDG-BEM. We redefine the space Vy, to be

Vii= ] ®(x)"

KeTy,
and leave Wy, My, Xy, and Y, unchanged. We have thus only changed the space V,

by eliminating the stabilizing degrees of freedom of the RT element. We consider
7:07, — R and 753 : I' — R satisfying that

T E H ( H ]PQ(@)), T >0, ™ € H ]P’o(e), ™ > 0.

KeTy, eCOK ecly

In order to keep track of how these stabilization parameters affect the convergence
properties, we will consider the quantities

Tmax = ||7Bl|zee(ry  and  Timax = || 7]l Lo (97,) -
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The discrete equations are as follows: find q; € Vy, up € Wy, up, € My, A\, € Xy,
@n € Yy such that

(4.1a) (an,r)5, — (up, V-1)3, + (Up,r- 1)o7, =0 Vr € Vy,
(4.1b) (V-ap,w)g, + (t(up, — Up),w)oy, = (f,w)s, Ywe Wp,
(4.1c) (T(un —un) +an -0, w)o7, + (An + 7B(PH — Un), p)r =0 V€ Mp,
(4.1d) (@n, e + (VA m)r — (Kn, n)r = 0 Vi € Xy,
(4.1¢) (KX, ) + (Weon, Y1 + (18(pn — Tn), )r = 0 Vip € Yy

A solution of (4.1) satisfies the energy identity

(4.2)  lanlld + (VAr, Anr + (Wen, @n)r

+ (1(un —un), un — Un)oT, + (TB(Pn — Un), on — Un)r = (f, wn).

This can be easily proved testing (4.1) with qp, up, —Un, An, and ¢y, respectively,
and finally adding the result.

PROPOSITION 4.1. Equations (4.1) are uniquely solvable.

Proof. We have to prove that if f = 0, then the only solution to (4.1) is the trivial
one. By (4.2), it is clear that q, =0, A\j, =0, ¢, =0, and

T(up, —up) =0 ond7T, and 7(en —up)=0 onl.

Testing (4.1d) with n = U, we prove that @, = 0 on I'. Because 7 > 0, then uj, = Uy
on 3T}, which means that u;, € €°(2) and that u;, =0 on .

Using Green’s theorem in (4.1a) and noticing that 4y, = u;, on 0K, it follows that
(Vup,r)g =0 for allr € Vi, and for all K € T),. Then taking r = Vuy, we prove that
uy, is constant and because it vanishes on I', then uj, = 0 and therefore u;, = 0. This
finishes the proof. O

We consider the HDG projection defined in [8]: to (q,u) we associate a pair

(IIq, u) € V}, x W}, defined by solving the equations

(4.3a) (Ilg—q,r)xk =0 Vr € Pr_1(K),
(4.3b) (Tlu — u,v)g =0 Yo € Pr_1(K),
(4.3¢) (g —q) -n+ 70w —u),uyp =0 Yu € P.(F) VF € &(K),

element by element. We will study the approximation properties of €} := IIq — qp
with e}, &, 8,);, and €7 defined as before. In the forthcoming arguments we will make
use of the boundary bilinear form A defined in (3.7).

PROPOSITION 4.2 (error equations). It holds that

(4.4a) (eh.r)7, — (e, V 1)3, + (Ehs v m)o7, = (llg — q,1)7,,
(4'4b) (V : €}quw)7h + <T(51i-t - g«z)’ w>87h =0,
(4.4c)

(i — &) + el - m, wor, + (en + (] — &) e = (BN — 9), wir
‘A((Ezﬂ Eﬁ), (ﬂﬂb)) + <§1}-ta 77>F + <7—B(Ef - gl-t)ﬂ@f‘ = 'A((PF)‘ - )‘7 IFQO - 90)7 (ﬂﬂb))
(4.4d) + (e — ), ¥)r

for all (r,w, p,m, ) € Vi, x Wi x My, x Xp, X Y.

—~
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Proof. These equations are a direct consequence of the definition of the projections
and of the equations for the HDG-BEM scheme. a
PROPOSITION 4.3 (energy estimate). We have the generic error estimate

1/2
legllo+lIehll-1/a.0+ €€ la20+ 172 (8 = 8l 2w, + 75 (e =& o, S Appy,

where

1/2
Appy, = ||1llq — ql|lo + ||PP)\ - )‘H—l/Q,F + ||IF90 - 90||1/2.,F + HTB/ (IFSD - )| o,r-

Proof. Testing the error equations (4.4) with e}, e}, -}, and (52,5‘,‘;), respec-
tively, and adding them we obtain that

leRlle + (Ver, enr + (Wef el )r + (7(eh — &), ek — Enlom, + (ta(e} — &), e — Eir

= (la — q,&})7, + A((P'A = A\T"0 = ¢), (en,ef)) + (8(IMp — @), eF — Er.

Using now the boundedness of A and the ellipticity of V and W, that is, (3.9) and
(3.10), the result follows readily. O

Using [8, Theorem 2.1] and the boundary approximation results collected in sec-
tion 5, we can bound

Appy, S P HAlks1,0 + P e ulkt 0
+ hk+1+s(||/\||xk+1/2+s(r) +(1+ Tél/aihlﬂ)H@ka%/ﬂs(r))7 s€[0,1/2].
Other estimates. Recall the notation k := min{k, 1}, which we are going to use to
separate the case k > 1 (when there is superconvergence) from the case k = 0 (when

there is not). The principal estimate by duality is the one of &}'.
PROPOSITION 4.4.

lerlla S hﬁ(hl/QHPFA — Mo,r + Appy, % (1 + Twmaxh + T20Y? + Tmaxh)).

max

Proof. Consider the solution to the dual problem (3.12). Testing the error equa-
tions (4.4) with IId, —116, P?©, and (P'¢, —ay,), respectively, we obtain
(453) (q — Qh, Hd)'Th - (5Z7 V- Hd)'Th + <%a (Hd) ’ n>37h =0,
(4'5b) —(V ’ 6(}117 @)‘Th - <T(EZ - 52)7H@>37h =0,
(4.5¢)  (7(eh — &) + e -n,©)om, + (7, O)r + (T8¢ — 1 — &), P7O)r = 0,

<§i}'t7 -d- n>F + ‘A(()‘ - )\ha ¥ = (ph)a (PF€7 _ah))

(4.5d) — (tB(¢ — ¢n — &), an)r = 0.
Note that we have already applied some simplifications given by the definitions of the

operators and the relations between the variables and that, as in Proposition 3.5, we
momentarily consider any «y, € Y. By (3.17) we also have

(4.6) AN = An, 0 = n), (=&, ) = (A= Ap, O)r = 0.
In addition,
_(EZv V- Hd)‘Th = (VEZv Hd)'Th - <6Z7 (Hd) ’ n>37h
= (VEZa d)‘Th - <‘€Zv (Hd) ) n>37h
—llehlld = (eh, (TId = d) - n)) o,
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and therefore (4.5a) is equivalent to
(4.7) (a—an, d)7, — (e} — &, (Id — d) - n)or, + (€, d - n)r = [|e4][3,

where we have applied that the normal component of d is continuous across element
interfaces and that &}’ is single-valued on interior faces. Note also that by (4.3c)

_<€1i't - g‘z? (Hd - d) ’ n>8{Ih - <T(€1l't - ?ﬁ)a H@>87h + <T(€1l't - gz)ﬂ @>87h =0.
Integration by parts yields
_(v ’ 6;117 6)7;1 + <Elflz -1, ®>8{Ih = _(6;117 d)(fh'
Adding (4.7), (4.5b), (4.5¢), (4.5d), and (4.6) and using these two last identities to
simplify, we obtain
lelld, = (a— an, Id)g, — (], d)7,

+ <PF/\ - /\7 ®>F + ‘A(()\ - Aha ¥ = Soh)a (Prg - 57 o — ah))
+(mB(¢ — on — &), Pra —an)r,
Let us write P_1 to denote the L?(£) orthogonal projection onto the space of dis-

continuous piecewise polynomial functions of degree k — 1 if k > 1 with P_; equal to
the null operator. To end with this chain of identities, we just note that

(q — Qh, Hd) (€h7 ) (q qhn, IId — d)‘]'h (q - qu d—- Pk—ld)‘Tha
(P'A—X,0)r = (P"'A— ), a—Pla)r,
(t8(¢ — on — &), Pla — an)r = (t8(¢ — I"¢), P a — an)r + (ef, 78(P e — a))r
+ (1B} — €}), ¢ — an)r.

At this point we choose ay, := C''O (see section 5). Inserting these equalities in the
expression for ||£%|% and applying Proposition 4.3 and the bound (3.19), we obtain

th”Q o —allor
(48)  + Apph(nnd —dllo + [[Prosd — dfla + A1} o

r

+lmg"(Pra = a)llor + I78(a — an)llo,r + [l7s(PTa — O‘)”fl/z,r)-

This is a list of bounds we next apply:

I1d — d[| S Alld[l1,0 + Tmaxh®[[Oll2,0 S h(1 + Tmaxh)lle} |0,
[Pr—1d —dllo < hE|dlx < h*leh]lo;
[PTa = allor S PET 2ol gy S HEVV?|O|ki1.0 S BEV 2 lep o,
I/ (P e = a)llo,r S Taizht 172k,
Im8(PTa — a)||—1/2,r = [P (t8@) — T80l 12,0 S 1'/*|[PT (t30) — TBA|0.r
S dethJrl”EZHQa

I/ (@ = an)llo.r S THZR2 || o

max

The first bound appears in [8, Theorem 2.1] and the last one is given in Proposition 5.2.
Direct insertion of this list of approximation properties in (4.8) proves the result. a
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PropPOSITION 4.5. For k > 1,
IERlln < hlla—anlle + llexlle;
whereas for k =0, assuming that T 2 b,
1€k IIn < Appy, + [lep]lo-

Proof. Note that the superconvergence estimate for ||€}||, of Proposition 3.7 is
still valid for k£ > 1 because the structure of the first error equation for the HDG-
BEM coupling is the same as that for the RT-BEM coupling. One, however, needs
to use the degrees of freedom of the BDM space [3, 4] in the proof. When k& = 0 and
assuming that 7 2 h, we can easily show that

€51k < 115 — ehlln + leklln S 172 @ — el c2om) + lieklla.

The result then follows from Proposition 4.3. d
PROPOSITION 4.6. If Tyax S hr, then

1/2 —1/2
or < hr/ App;, + hmir{,ng}th'

A= Anll-1,r + [l — @n]

Proof. Using the same argument as in the proof of Proposition 3.8, we only need
to bound
‘A((/\ B Ahv Y — (ph)v (Prna pr))

sup )
0£(n, ) EHO(I) x H (T [mllo,r + 1¥]l1,r

QU : H'/2(T') — Y}, being the best approximation operator on Y},. The error equation
(4.4d) shows that

‘A(()\ - Aha " Soh)a (PFn7 QF¢)) = _<§l}'t7 PF77>F + <7—B(IF(¢0 - 90)7 QF¢>F
— (7B(f — &), Q"Y)r
< B2 Inlnllor + TmaxlT — @llo.rll]

+ T2 lms(ef — E9)llorllvllr,

1,0

where we have bounded [|Q"%[jo,r < |Q"¥[l1/2r < [[¥ll1/2.r < [l]1,r- The result is
now a simple consequence of Proposition 4.3. a

As in the RT-BEM coupling, if 7}, is quasi-uniform near I and the largest elements
of Ty, are located near T, then the above estimate gives h'/? superconvergence. Note
that in this case, the hypothesis on Ty, can be equivalently written as 75 < br.

The energy estimate of Proposition 4.3 can be used in a straightforward way to
obtain a bound

75" %<E lo.r S APy + hopid p Tl €3I

min,[" " max

The rest of this section will be devoted to obtaining bounds for the approximation of
A and ¢ when the penalization parameter 75 is present and large. In particular, we
are going to assume that

(4.9) B ~ h;l and h & hpin -

This means that the boundary grid I'y, is quasi-uniform, that the largest elements
of T3, are near I' (the grid T, can contain much smaller elements inside), and that
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we penalize the difference between @y, (which is discontinuous) and ) (which is

continuous) as h~!. Recall that our interest lies in finding weaker norm estimates

for the boundary variables (which are used in the computation of the approximate

exterior solution) as well as in a strong functional estimate for A — Ay,.
PROPOSITION 4.7. If (4.9) holds, then

llefllo.r < A2 Appy, + A2 a.

Proof. Tt is a direct consequence of Proposition 4.3. d
PROPOSITION 4.8. For all choices of Tg and all grids, we can bound

(4.10) IA = Anll=1,e S YN = Ml _1jor + e — @nllor + bl IEE -
Therefore, if (4.9) holds,
(4.11) 1A= Ml -1 S B2 Appy, + llo = ollo.r + b 2|[EL a.

Proof. Because V : H°(I') — HY(T') is an isomorphism and its adjoint V' :
H-YT) — H°T) is just the extension of V to H~!(I'), we can prove (denoting
e := X\ — \y, for simplicity) that

Ve,
el S sup (Veh e
0#£n€HO(T) [mllo,r

V€A7PF77 r H77_PF77||—1 2T
enPonbe yoxy o sup =P 1lliar

sup
o,r 0#£neHO(T) mllo,r

0#£neHO(T) 7]

~

The last term is bounded using (5.1) (with ¢ = —1/2 and s = 0). To bound the first
term, we use the error equation (4.4d) (with test function (P'7,0)) and see that

Ve, P = (Kef, Proe — & PP S (Nl lor + 1Bk llo.r ) Inllo.r-

(We have written e} := ¢ — ¢5.) Inequality (4.10) is a direct consequence of this
argument. Finally, (4.11) follows from (4.10), Proposition 4.7, and the hypothesis
(4.9). O

Since (4.9) implies that the boundary mesh I'j, is quasi-uniform, we can use the
inverse inequality (3.21) and obtain an H°(T') estimate for the approximation of .
Using the error equation (4.4c) we have the explicit expression

eh =€ -n+ (e — &) + P (¢ — pn — &)
A simple computation then proves that
16*/2e7

or S lletlla + ht *r2 T2 (e — E L2 (om)

max
or + 7> (e = E)llorr)

+ 22 (1 (o = 170)]
S Appy, (1+ W2 S + hYPTUR) 4+ P Taxlp — 170

max

o0,I'

which, if (4.9) holds, gives a similar error estimate to the one provided by the inverse
inequality (3.21).

The error estimates of sections 3 and 4, in the case of highest regularity, are
gathered in Table 4.1.
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TABLE 4.1
Error estimates for RT-BEM and HDG-BEM in the case of highest reqularity. All the estimates
assume that 0 < 7 S1 and that 0 < 1 < h;l‘ We have denoted k* = k + min{k — 1, 0}.

Hypotheses:
(A) h =~ hmin,F

o fpe (B) 8 < br or T8 ~ bt
(C)T2hifk=0
a—an | (L2Q)? k+1 k+1
u—uy, L%(Q) E+1 E+1
el L%(Q) k+2 k* +2
X=Xy | HV2(D) | k41 E+1

H=Y(T) | k+3/2 | k*+3/2

—

A), (B), and (C)

L2(T) E4+1/2 | k+1/2 | (A)
©—on | HY2(I) k41 k41
L2(T) k+3/2 | k*+3/2 | (A), (B), and (C)
gy L?(0Ty,) k+2 k* 42 (0)

5. Some technicalities on the boundary. The polygonal (resp., polyhedral)
boundary I' is composed by a finite set of edges (resp., faces), which we list as
{T'1,...,I,}. Sobolev spaces H*(I') are univocally defined for any s € [—1,1]. Be-
yond these limits, there are several possible extensions. Sobolev spaces H*(I';) on the
straight edges (resp., flat faces) can be defined in a natural way for any s > 0: for
instance, for s positive integer by mapping I'; from an (d — 1)-dimensional domain
and for intermediate values by interpolation. We then consider the spaces

X*(I) =[] #° (1)),
j=1

endowed with their product norms. It is simple to prove that the trace operator
H™(Q) — X™ Y/2(T) is bounded for all m > 1. Also, the normal derivative operator
d, : H™(Q) — X™3/2(') is bounded for any m > 2. Note that neither of these
operators is due to be surjective. Recognizing the range of these operators requires a
level of technical detail that is not needed for this paper (see [14] for an introduction).
Note that for s > d — 1, X°(T") C H;n:l C(Tj), by the Sobolev embedding theorem.
However, for the trace of sufficiently smooth functions, we actually go to C(T") N
X*(T"). This is not the case for normal derivatives, since the normal vector field is
discontinuous at corner points (resp., edges)

Let P : L?(I') — X}, be the orthogonal projection, I'' : ¢(T') — Y}, be the
Lagrange interpolation operator, and Q : H'/2 (I') — Y}, be the orthogonal projection
onto Yj.

PROPOSITION 5.1. For —1<t<0<s<k+1

(5.1) IPTA = Alor S B Aoy VA € X*(D).
Ford—1<s<k+2

(52) (e —lor +h2I1e = gllijor SEllelxmy Ve € X3(T) NE).
Finally

(5.3) 1Q" = ¢llijor S B lelhe Vo€ HY(D).
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Proof. In a first step we can prove that
IPYA = Aler S B Ao, =1 <8 <0,

using a duality argument, classical properties of the L? projection onto spaces of
piecewise polynomials (to prove that case t = —1) and an interpolation argument.
The remainder of the proof for (5.1) and (5.2) is based on the fact that P! and
I' are operators that are defined element by element and that the local approxima-
tion properties for these operators are well understood. The result for QU is also
classical. O

Consider the following approximation of the trace operator defined from H'(Q)
to Y. Given u € H'(Q), let Cpu be the Clément approximation on the space of
continuous piecewise Pyi1 polynomial functions on the mesh T, (see [6]). Then
Clu := (Cpu)|r.

PROPOSITION 5.2. For all u € H%(Q),

ICTu = wllyjo,0 + A2 Chu — ullo,r S Allullz2.0-

Proof. The H'Y/?(T") bound follows from the trace theorem and the approximation
properties of the Clément operator Cj. To prove the L?(T') bound we act in an
element-by-element fashion using the local version of the trace inequality

SCTu—ull s Y (BN Cku = ullf g + hIChu — ul} ) S Plulfq. D
eel'y, KeTy

6. Modifications for the exterior Laplace equation. In this section we
address the modifications needed to adapt the method for the case of the exterior
Laplace operator, which is of more physical and practical interest. As will be explained
below, the first novelty is the occurrence of energy-free solutions (constant functions),
which create a one-dimensional kernel in two of the relevant integral operators. Having
or not a stabilization term 7p will be important in our approach to the HDG-BEM
method. The second novelty happens only in the two-dimensional case and is related
to the unboundedness at infinity of the fundamental solution of the Laplace operator.

In the model problem (2.1) we substitute (2.1c) by the Laplace equation plus a
radiation condition at infinity:

—Av=0 in Qy, v=0(1/r) at infinity.

The last condition holds uniformly in all directions. For the exterior Yukawa equation
(that is, the original (2.1c)), usually the radiation condition is not written, because
it can be simply substituted by a finite energy condition ||v||1,0, < co. In the case of
the Laplace operator, v & L?(Q, ) and the consideration of energy conditions requires
the use of weighted Sobolev spaces. The fundamental solution is changed to

1
—2—10g|x—y| ifd=2,

T
E(va) = 1 i d 3
drlx —y| e

and all the layer operators and integral equations are consequently redefined. The
integral identities and the representation theorem are still valid.
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The first novelty is related to the existence of nontrivial (constant) solutions for
the interior Neumann problem. They affect some of the integral operators and now
we have

(6.1) ker W = ker K = Py(T)
as well as vanishing layer potentials with nonzero densities:
(6.2) D1=0 in Q.

Part of the ellipticity of W is lost. The operator W is now elliptic in

HYA(T) = {@ e HY(T) : /(p = 0} :
r
This new ellipticity property can also be written as
(We,p)r > Clle — 3@”%/271“ =: |90|§/2,F Vo e Hl/Q(F)a

where Jp = m fF @ is the averaging operator.

6.1. The three-dimensional case. There are several possible adaptations of
the method (4.1). The simplest solution requires that the nonnegative stabilization
parameter 75 does not vanish identically, so [ 78 > 0. In this case, (4.1) can be taken
as they come.

If 75 = 0, then addition of a constant to ¢y, is not perceived by (4.1), which
compensates the fact that (4.1e) with ¢ = 1 is void by (6.1). In this case, we take

on €YY =Y, nHY*(T), on~u—3u onT.

Having the exterior trace approximated up to a constant does not affect the represen-
tation formula (we would take vy, := D), — 8\, &~ v as usual), because (6.2) holds.
The restriction introduced in ¢y, is compensated by testing (4.1e) with Y} too.

Both cases can be analyzed with exactly the same techniques that we have detailed
in previous sections, with the additional need to start working with the seminorm
| - |ij2,r (see (6.2)) for the error in .

6.2. The two-dimensional case. Existence of decaying solutions to the trans-
mission problems requires the compatibility condition

(6.3) /Q f=0.

If this hypothesis does not hold, there are solutions that are logarithmically increasing
at infinity, but once we accept unbounded solutions, we are automatically introduc-
ing the kernel of constant solutions to the transmission problem. The compatibility
condition (6.3) gives some a priori information for A = d,v, since

/F)\:—/Qdivq:—/ﬂfzo.

Therefore \ is in the space
Hy () = {x e HTY2() + (A 1)r =0},

where the integral operator V is elliptic too.
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We can again offer two options. If 75 # 0, then we look for A\, € X? := X}, N
Hy 1/2(1") and for o), € Y}, but we do not modify (4.1), that is, the test in (4.1d) is
taken in the entire X};. Actually, what happens in this situation is that (4.1b) with
w =1, (4.1¢c) with g =1, and (4.1e) with ¢» = 1 are linearly dependent

(gn -n+7(up —Up), 1oy, = (f,1)a =0
(Qn -+ 7(up — Up), Loz, + (t8(¢n — un),1)1 =0,
(tB(on — Un),1)r =0

as a consequence of the data condition (6.3) and the kernel property (6.1).

If 75 = 0, then we look for A\, € X7, ¢, € VY and test (4.1d) with the entire X,
and (4.1e) with the restricted space Y)?. The apparent excess of equations is again
compensated by the fact that condition (6.3) implies that (4.1b) with w = 1 and
(4.1c) with p = 1 are the same.

7. Numerical experiments. In this section we show the performance of the
HDG-BEM coupling for a simple two-dimensional model problem:

K lq+Vu=0 in Q,
V-q=f in Q,
—Av =0 in Q4
u=v+ o on T,
—q-n=0v+ [ on I,
=0(1/r) at infinity,

where k! is a strictly positive bounded function (the inverse of the diffusivity param-

eter for an equation V- (kVu) + f = 0) and fp, f1 : I' — R are functions determining
the jumps across the interface I'. A necessary and sufficient condition for uniqueness
of solution is the compatibility condition

(7.1) /f+/51—0

The domain is the rectangle Q = (0,3) x (0,1). The exterior solution is

— (0.5, 0.6)]
= 10% log X =05, 0-6)]
v(x) & x - (1,04)]

We take k(x) := (v + 2)(y + 2) and u(x) := exp((z + 2)(y + 2)). Data are defined so
that the equations are satisfied. An exterior observation point x, = (1.7, 0.8) € Q4
is chosen for comparison of the discrete and continuous exterior solutions.

When 13 > 0 we consider the discrete equations

(v an,t)g, — (up, V-1)3, + (@, r-n)ay, =0 Vr € Vy,

(V- ap, w)r, + (7(un — Un), wor, = (f,w)7, Vw € Wh,

(T(un —Un) +an -0, wog, + (An +78(pn — Un), w)r = (B1 + ™800, )r Y € My,
(@n, e + (VAn,m)r — (Ken, e = (Bo, mr Vi) € X,

(KA, ) + (Wen, 91 + (18(on — Tn), ¥)r = —(1880,Yn)r Vb € Yi.
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The compatibility condition (7.1) proves then that A\, € X} (see a similar argument
in section 6.2), which ensures that the reconstruction formula

vy = Dop — 8Ap

yields a solution that decays at infinity. When 75 = 0, we substitute the bilinear form
associated to the hypersingular operator W by

(Won, ¥)r + (¢n, r (¥, Dr.

This change is enough to make the resulting equations uniquely solvable and provides
on € Y2, An approximation of the exterior trace can be achieved with the simple
postprocessed formula

1
7.2 —— [ (up — Bo).-
(12) A
We will tabulate the following errors:
g w—ale oo e
lalle [ulle
B 00l g len vl o) — 0(xo)]
[0vvl|r [o][r |v(xo)]

When 78 = 0, the correction (7.2) is applied before computing E,. (This correction
does not affect the exterior solution.)

For discretization we use a first nonuniform grid with 227 elements, generated
using MATLAB’s PDE toolbox. This triangulation produces 35 elements on the
boundary. We next apply four consecutive uniform (red) refinements to this grid.
Computation of the three boundary element matrices (those corresponding to V, K,
and W) is done off-line. BEM matrices are stored and uploaded as needed. The
BEM part of this simulation is a FORTRAN implementation due to Norbert Heuer
(Pontificia Universidad Catdlica of Chile). The HDG code is a MATLAB implemen-
tation of the method by Zhixing Fu (University of Delaware) and the third author of
this paper. It includes discretization of L?(I') inner products for the pairs X, x Yy,
Xp x My, and Yy, x M, and testing of the boundary functions Sy and 1 with the
discrete spaces on the boundary. The assembly leads to a hybridized form of the HDG
equations so that the entire coupled system is only solved in the variables (@, A\n, ©n)-
The interior variables (qp,up,) are obtained using element-by-element postprocessing.
In Tables 7.1 through 7.6, we show errors and convergence rates with different values
of the polynomial degree k and of the boundary penalization parameter 75. As we
can see from the tables, we observe the predicted rates of convergence for E, and E,
for £ = 0,1,2. However, for Ey and E, the orders of convergence observed for the
above example seems to be k+ 1 and k + 2, respectively. This suggests that our error
analysis is not sharp for the boundary variables. At the moment we do not see how
to improve our error analysis.

Comparison with other methods. An RT-BEM implementation based on the for-
mulation (3.1), after hybridization (so that q; and uy, are eliminated from the system),
has essentially the same cost as the tested HDG-BEM scheme: the size of the final
system is the same and the assembly process for the hybridized matrix for the RT
system is of the same order of complexity. (Some more degrees of freedom are needed
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TABLE 7.1
Relative errors and estimated convergence rates (e.c.r.) for the interior fields (q and w) with
k=0,7=1, and 15 =0.

Eq e.C.T. E. e.c.r
ho 0.176748207 - 3.543197272 -
ho/2 0.089324685 | 0.9846 | 1.789018396 | 0.9859
ho/4 0.044785117 | 0.9960 | 0.897052870 | 0.9959
ho/8 0.022406347 | 0.9991 | 0.448942399 | 0.9987
ho/16 0.011204309 | 0.9999 | 0.224547589 | 0.9995

TABLE 7.2
Relative errors and estimated convergence rates for the boundary fields (A = dyv and ¢ = yv)
and the exterior solution at an observation point with k =0, 7 =1, and 718 = 0.

E\ e.C.T. Ey e.C.T. Eext e.C.T.

ho | 7.658254342 - 1.067412575 - 1.581717609 -
ho/2 | 3.382540862 | 1.1789 | 0.345891065 | 1.6257 | 0.527078813 | 1.5854
ho/4 | 1.206965012 | 1.4867 | 0.124774869 | 1.4710 | 0.198919302 | 1.4058
ho/8 | 0.441832194 | 1.4498 | 0.051048247 | 1.2894 | 0.083134471 | 1.2587
ho/16 | 0.164879759 | 1.4221 | 0.022929088 | 1.1547 | 0.037478016 | 1.1494

TABLE 7.3
Relative errors and estimated convergence rates for the interior fields (q and u) with k = 1,
T=1, and 18 = 1.

Eq e.c.T. Eu e.c.r

ho 0.012893173 - 0.261556417

ho/2 | 0.003219988 | 2.0015 | 0.065346639 | 2.0009
ho/4 | 0.000804992 | 2.0000 | 0.016337124 | 2.0000
ho/8 | 0.000201311 | 1.9995 | 0.004085171 | 1.9997
ho/16 | 0.000050340 | 1.9996 | 0.001021463 | 1.9998
ho/32 | 0.000012587 | 1.9998 | 0.000255391 | 1.9999

TABLE 7.4
Relative errors and estimated convergence rates for the boundary fields (A = dyv and ¢ = yv)
and the exterior solution at an observation point with k =1, 7 =1, and 718 = 1.

E\ e.C.T. Ey e.C.T. Eext e.C.T.

ho | 0.889544206 - 0.046439700 - 0.003415007 -
ho/2 | 0.300690334 | 1.5648 | 0.006112008 | 2.9256 | 0.000057955 | 5.8808
ho/4 | 0.096396924 | 1.6412 | 0.000725244 | 3.0751 | 0.000009778 | 2.5673
ho/8 | 0.027419128 | 1.8138 | 0.000084127 | 3.1078 | 0.000001790 | 2.4496
ho/16 | 0.007294633 | 1.9103 | 0.000009926 | 3.0832 | 0.000000222 | 3.0054
ho/32 | 0.001879924 | 1.9562 | 0.000001196 | 3.0526 | 0.000000024 | 3.1648

TABLE 7.5
Relative errors and estimated convergence rates for the interior fields (q and w) with k = 2,
7 =1, and T8 = 100.

Eq e.c.T. Eu e.c.r
ho | 0.000700920 - 0.013832499 -
ho/2 | 0.000086196 | 3.0236 | 0.001721509 | 3.0063
ho/4 | 0.000010663 | 3.0149 | 0.000214982 | 3.0014
ho/8 | 0.000001324 | 3.0087 | 0.000026872 | 3.0000
ho/16 | 0.000000165 | 3.0049 | 0.000003359 | 2.9998
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TABLE 7.6
Relative errors and estimated convergence rates for the boundary fields (A = Oyv and ¢ = yv)
and the exterior solution at an observation point with k =2, 7 = 1, and 75 = 100.

E\ e.c.T. Ey e.c.r. Eeoxt e.c.r.

ho | 0.285056528 - 0.020209250 - 0.000402598 -
ho/2 | 0.065714209 | 2.1170 | 0.001773231 | 3.5106 | 0.000022005 | 4.1934
ho/4 | 0.011914757 | 2.4635 | 0.000141144 | 3.6511 | 0.000001125 | 4.2891
ho/8 | 0.001868856 | 2.6725 | 0.000010320 | 3.7736 | 0.000000051 | 4.4586
ho/16 | 0.000266199 | 2.8116 | 0.000000707 | 3.8665 | 0.000000001 | 4.8941

in RT for stability, but this might be compensated by having fewer inner products
on the skeleton associated to the penalized terms.) Numerical experiments for the
RT-BEM scheme based on the reduced formulation (3.4) have already been shown
in [5]. This formulation involves many more degrees of freedom, especially for high
values of k. The LDG-BEM formulations in [12] and [13] cannot be hybridized and
require working with two fields in the interior domain (qp,u) instead of only one
field on the skeleton of the triangulation (uy). A recent paper [18] contains numeri-
cal experiments for coupling of interior penalty DG methods with BEM. (One of the
methods proposed in [18] is related but not equal to methods proposed in [12] and
[13].) In this case, only the field uj shows up in the interior part of the final system,
which, in general will have more degrees of freedom than the hybridized case.
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