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ABSTRACT. We present higher-order piecewise continuous finite element methods for solving a
class of interface problems in two dimensions. The method is based on correction terms added
to the right-hand side in the standard variational formulation of the problem. We prove optimal
error estimates of the methods on general quasi-uniform and shape regular meshes in maximum
norms. In addition, we apply the method to a Stokes interface problem, adding correction terms
for the velocity and the pressure, obtaining optimal convergence results.
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1. INTRODUCTION

In this paper we continue the work started in [22] and consider higher-order piecewise continu-
ous finite element approximations to the following interface problem: Let 2 C R? be a polygonal
domain with an immersed smooth, closed interface I such that Q = Q U O and T encloses
Q™. Consider the problem

(1.1a) —Au=f in Q,
(1.1b) u=0  on 9Q,
(1.1¢) [ul=0  onT,
(1.1d) [Dpu) =5 onT,
where the jumps across the interface I' are defined as
[u] =ut —u~, [Dpu]=Dp-u~ + Dp+u™ =Vu -n~ +Vut -nt.

Here we denote by u = u|q+ and m™ is the unit outward pointing normal to QF.

Numerically, the problem is to find an approximate solution on meshes not aligned with the
interface, that is, we allow the interface to cut elements. In this context, the finite difference
methods by Peskin [28, 29] (i.e. immersed boundary method) and by LeVeque and Li [25] (i.e.
immersed interface method) are the most renowned. Both methods were developed for more
involved problems and for lower-order finite differences techniques. The aim of this paper is to
develop higher-order methods based on finite element methods and to establish a priori pointwise
error estimates. We consider the Poisson interface problem (1.1) and the Stokes interface problem
(1.2) which will be fundamental towards developing very accurate methods with a rigorous finite
element analysis for more involved problems.

Naturally, finite element versions of the methods above have appeared; see for example [6, 18,
16, 4, 1, 2, 10, 8, 11, 12, 9, 13, 19, 21, 20, 22]. In our recent work [22] we derived a piecewise
linear finite element method for the above problem and proved it is second-order accurate. The
attractive feature of the method in [22] is that only the right-hand side needs to be modified,
which is one of the advantages also of the immersed boundary method (see [28], [6]) and immersed
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interface method (see [24], [3], [18]) for the above problem. Moreover, the correction term added
in [22] is only based on the edges intersecting the interface, this is due to the fact that test
functions, linear polynomials, are harmonic.

Motivated by fluid applications, we naturally seek methods for higher-order finite element
spaces, and in this context edge based modifications are not enough. Guided by our recent work
in the piecewise linear case and also by other papers; see for example [18, 16], it appears to us
that the construction and addition to the right-hand side of a correction function is the key to
achieve a higher-order method. This also appears in the finite difference context, for example
a fourth order method was developed by Marques, Nave and Rosales [27] using a correction
function approach. Very recently this idea was materialized by Adjerid, Ben-Romdhane and
Lin [1]. They developed higher-order methods for problems involving discontinuous coefficients
(which is a more general problem). However, they use strongly the assumption that the interface
is a straight line. The key is to use both, the jump condition and the PDE, to find higher-order
jump conditions. Inspired by their results, we define correction functions for any polynomial of
degree k for curved interfaces.

The contribution of this paper is in the direction of [1], we develop a higher-order piece-
wise continuous finite element method for problem (1.1) with curved interfaces. Specifically,
in Section 2 we develop notation and propose a finite element method, for each polynomial of
degree k, introducing a correction function w¥ and adding it to the variational formulation,
only modifying the right-hand side of the equation. To do this, we construct this correction
function incorporating the jump conditions of the exact solution on the interface. Besides the
method, one important contribution of this paper are the techniques used to provide a priori
error estimation analysis for the Poisson and the Stokes interface problems. In Section 3 we
prove some necessary properties for the correction function and we prove that our method is
k+1 (mod a logarithmic factor) order accurate in the maximum norm, if piecewise polynomials
of degree k are used.

As mentioned before, in this paper we also consider a finite element approximation to a Stokes
interface problem, i.e., under the same geometry assumptions for problem (1.1), we seek for a
velocity vector w and pressure p satisfying

(1.2a) —Au+Vp=Ff in Q,
(1.2b) Vou=0 inQ,
(1.2¢) u=10 on 052,
(1.2d) [Dpu —pn] =0 on T,

The time-dependent version of problem (1.2) was studied by Peskin and Tu [32], using im-
mersed boundary method. Subsequently, LeVeque and Li [25] consider this problem applying
immersed interface method techniques. Some extension and finite element versions of these
approaches can be found in [5, 23, 26]. We consider problem (1.2) as one step closer to fluid
flow problems, and the objective is to recover the optimal convergence rate for a pair of inf-sup
stable finite element subspaces. We will show in Section 4 that the same methodology used to
achieve higher-order methods for Poisson problem (1.1) can be applied to Stokes problem (1.2),
achieving optimal convergence results.

In Section 5 we test the methods introduced in Section 2 and 4 with some numerical examples
that illustrate the properties proven in previous sections. Furthermore, we provide in the Appen-
dix quadrature formulas for the integration over curved regions crucial to achieve higher-order
results, although our analysis consider exact integration.
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2. FINITE ELEMENT METHODS

In this section we present a finite element method for problem (1.1) using continuous piecewise
polynomials of degree k. We assume that the data g is smooth. Furthermore, we assume that

uF € CFH(QT) and flos = f* € CF1(@).

2.1. Notation. Let 75, 0 < h < 1 be a sequence of triangulations of 2, Q = UTeThT, with
the elements 1" mutually disjoint. We assume the mesh is shape regular and quasi-uniform, see
[7]. We note that we adopt the convention that edges, elements, regions are open sets, we use
the overline symbol to refer their closure. Let hp denote the diameter of the element T and
h = maxp hp. Let V} be the space of continuous, piecewise polynomials of degree k, i.e.,

Vi ={ve C(QNHQ) : vlr € PHT) VT € Ta},

where P*(T') is the space of polynomial of degree less than or equal to k on T and HE(f2) the
space of functions in H'(Q) vanishing at 9. Next, We define an interpolant onto V},.

Definition 2.1. Given v* € C(ﬁi), we define locally Inv € Vi, such that

1) ole0) = { V.0 HOER

for all 0 € T, the degree k Lagrange points of T.

Note that if v is continuous Ipv is simply the Lagrange interpolant of v. However, if v is
discontinuous then I,v interpolates values of v on Lagrange points not intersecting I" and for
Lagrange points lying on I' it takes the values of v coming from Q= (this is without loss of
generality). The following proposition states the stability result of the interpolant Ij.

PROPOSITION 1. Let v¥ € C(ﬁi) and Iy, defined above, then we have

(2.2) [ vl peo(ry < Cllvllpeery VT € Th.

For the sake of making the presentation simpler to the reader, we make the following assump-
tion.

HypPOTHESIS 1. We assume here that the interface T intersects the boundary of each triangle
T € Ty, at most at two points. If I' intersects the boundary of a triangle T in exactly two points,
then these two points must be on different edges € of T'.

Next, let ’7;? denotes the set of triangles T € T, such that T intersects I, that is, TN T # (.
For each T € 7;{ let yr and zp be the two endpoints of T'N T, see figure 1. Let Ly denote the
line segment connecting yr and zr. Let 1 be the unit vector perpendicular to Ly and pointing
outward T~ . Let also 7 be the unit vector parallel to the line Ly such that 7 is the rotation of
7 by ninety degrees counterclockwise.

For each ¢ = 0,1,...,k, let {:Z‘f’T f:o denote the Gauss points of the segment Lp. For each
if’T, let Qf’T be the line perpendicular to the line segment Ly that passes through the points
:Ef’T. We then define xf’T = Qf’T NI, fori =0, ..., £. Note here that the choice of Gauss points
is a preference of the authors, related to the quadrature rules, but not essential in the proofs.
We could also use, for instance, equally space points.
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FIGURE 1. Ilustration of our notation, for T' € T,l'.

Letting 7% := T'N Q*, we define the following space for T € T,
(2.3) SE(T) = {w € LA(T) : wlps € P’f(Ti)} .

2.2. The proposed finite element method. We now present our finite element method for
problem (1.1). Find up € Vj, such that

(2.4) /Vuh Vvd:c—/fvd:c+/ﬁvds— /VwT Vovdx

TeTF

for all v € V3, where wf is a correction function to be defined in Section 2.3.

2.3. The correction function. We now show how to construct a piecewise polynomial function
wy € S*(T) that will help to correct the right-hand side of the natural finite element method
((2.4) without the correction term) to render it higher-order. We note that the functions w4,
for T € 77{, are discontinuous across elements and satisfy jump conditions at Gauss points on
I'NT. Suppose that we give you a function u, then we let wf. be the unique function in Sk(T)
(see Lemma 2) that satisfies

(2.5) Dfl_gw%(:vf’T)] - [Df;_éu(:vf’T)} for 0 <i<land0<(<k,
(2.6) wi(#) =0  for all degree k Lagrange points 0 of T.

We would like to stress that if u is the solution to (1.1) then we know all the jumps of u in
terms of the data 5 and f (see Section 2.4) so we can construct w¥. a priori. It is important to
notice that we impose directional derivatives jump conditions in the n-direction rather than in
the n-direction. A reason for this choice is because we can show unisolvence, when I' is curved,
for any polynomial of degree k. Additionally, the construction of the correction functions can be
made explicitly, that is, it does not require solving any local linear system. Such construction
permits us to develop not only an elegant analysis for any polynomial degree k but also an
analysis without imposing strong condition on how I' intersects an element 1" in order to control
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the ill conditioning of this matrix. We next show how to transform jump data described in
n-direction to jump data in the n-direction.

2.4. Data of jumps. In this section we show that we can obtain the jumps of higher derivatives
of uw across I' from data, 8 and f. Similar ideas were used in [24, 27, 3].

Fix a point x € I'. Let n be the normal vector to I' at =, and £ the tangent vector to I at z.
We clearly have [Dpu(z)] = 8 and [Dyu(z)] = 0. In fact, we also have [Dju(z)] = 0 for any ¢.
Note that from the Poisson’s equation (1.1a), we have

—D?u—Diu=f inQF,
and so [DZu(z)] = [f(x)]. Moreover, we note that [DyDpu(z)] = D¢ [Dpu(z)] = f'(z) on T

Now we proceed by induction. Suppose we have all jumps of the derivatives of order ¢ — 1
in terms of 8 and f. Then, we will show how to get the jumps of derivatives of order ¢. Let
i+j7=4L. If i > 1 then o 4 ‘

[DiDlu(z)] = Dy [Dy ' Diu(z)]

Otherwise, using Laplace’s equation we have

[Df;u(a?)] = [Df;*Qf(sc)} — Dy [DthfQu(:c)} .

Suppose that we would like the jump of u in a different direction, say m. Then, we write

1 = an + bt obtaining
¢

[Df,u@)} = Z (;) albt=d [D%foju(a:)} :

=0

3. ERROR ANALYSIS

The objective of this section is to prove rigorous pointwise error estimates for the above
method, which we achieve in Theorems 1 and 2. Before doing this we need some technical results
associated to the subspace S¥ (T") and approximation properties of the correction function wf.

3.1. Properties of S*(T). We now introduce some crucial lemmas related to the space S*(T).

LEMMA 1. Let T € T, and define rp = ]LT]. For any v € P*(T), we have

k—t, (LT :
WD || oo () <ChTZ7T(JII<1?<>}’Dn v(z; ), =01,

where the constant C depends only on the shape regularity of T, the polynomial degree k and the
reqularity of I

Proof. Let L% be the segment with length |LE| = 2hr, centered at (yr + 27)/2 and aligned with
L7. This guaranties that any point z € T' can be projected orthogonally on L% . Then, using
Taylor’s expansion on T' from L% , We can easily show that

k—¢ k—¢
W | D70l ooy < Czh 1D 0l oo .2y
(=0
Using Taylor’s theorem on LE from a point of Ly we get

¢
1D} EUHLOO LB = CthHDsDk_ Ollee(rrys 5 =0,1.
s=0
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Inverse inequality gives
s yk—£ C okt
|1D7 Dy "l Lo (Ly) < @HDn Ol Lo (L)

We therefore have

Wl D70]| ooy < chTZh fZ THD’“ “Oll o)
=0 s=0
k—é
_ chTZZhe s 10 Ul
/=0 s=0
< ChTZZ MTHD ‘)l ooz
¢=0 s=0 T

k
1 _
= ChTZT 105 | Lo ()
—0 T

where we used that rp < hp.
To bound right-hand side above, we use induction on ¢. First, using that Dflv is a constant
we have
k k 0,7
HD'r]UHLO"(LT) = |Dn’U(l’0 )|

Assume that we have proved

k k
1 k—¢ 1 k—e, (. 0T
(3.1) Y DN vl <C Y = max Dy (e )],
rk, 0<i<t
t=m+1 T (=m+1 T

then we want to prove that

G| "

k—¢ k—¢, ¢ 6T

(3.2) > I vl < C 3 - amax [D ol 7))

t=m T t=m T

Since D,";_mv is a polynomial of degree m, we have that

T
1Dl "l 1) < € max [ Dy ().

Using Taylor’s theorem we have

k
k— =m,T’ k— I l— k—¢
|D'r] mv(gg;” )| < |Dn mv(.r:n )‘ + Z d mHD'r] U||L°°(LT)7
l=m+1
where d = (Jaax \xf’T — i‘f’T]. It is clear that d < CrZ, since we have assumed that I is
_/L_ —

smooth, that is the radius of curvature is O(1), however we note that we will only use that
d < Crp. Hence, we have

k
1 1
k—m, (~m,T k- T k-t
—n max |[DyT"o(z )| < rimoglii}r{nw” "o )+ C Y = 1D ] oo (1)
T == l=m+1"T

However, sz% < % for £ > m + 1 and so using (3.1) we arrive at (3.2). O
T T
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The following is a fundamental lemma for the construction of wf and the estimation of

h]fHDjw%HLoo(Ti) when we choose ¢; ; = [Df:',_éu(mf’T

)}, see equation (2.5).

LEMMA 2. Given data {c;e} for 0 < i < £ and 0 < ¢ < k. There exists a unique function
w € S*(T), such that

(3.3) D,’;_Ew(xf’T)} =c¢y for0<i</land0</{<E,
(3.4) w(f) =0  for all the degree k Lagrange points 0 of T,
with the following bound

k
. ‘ 1
J J k ) -
(3.5) hp||D?wl| poo (py < Chy ;0 3 glél?éxg\cz’d, for3=0,1,
where C depends only on the shape regularity of Tn, the polynomial degree k and the regularity

of I.

Proof. We will construct w of the form w = z — Iz, where z € S*(T'). Notice that, by definition
of Iy, z — Iz vanishes on the (k+ 1)(k +2)/2 Lagrange points of T', satisfying (3.4). Moreover,
since Iz is smooth on T

D w(a™)| = | Ditah)
The function z will be given by
0 inTT,
v inT™,

z =

where v is the unique polynomial on P*, such that

Df]iev(xe’T) = ¢y for0<i<fand0</¢<E.

)

The existence and uniqueness of v follow from representing v = v(s,r) as a polynomial of
degree k in r (7-direction) and s (n-direction), where s = 0 represents the straight line passing
through yr and zr, then by decomposing

v(s,7) = pr(r) + spe_1(r) + s2pp_2(r) + - - - + spo,
where py, for 0 < ¢ < k, is a polynomial of degree ¢ in r. It is easy to see, by using interpolation
at the Gauss point jg’T, that pg exists and is unique, then by using interpolation at the Gauss

points :T:?’T and i}’T that p;(r) exists and is unique, and so on.
According to Lemma 1, we have the following bound

(3.6) B D70 e ;j - ma e

Hence, w satisfies (3.3). Moreover,
hszDijLoo(Ti) = th||Dj(Z - Ihz)HLOO(Ti < h ||DJU”L°°(T )t h HDjIhZHLOO(T
Using an inverse estimate and stability of the interpolant, we have
WD Tzl ooy < CllInzl ooy < C |2l ooy < C 0ll ooy

Hence,
W | DIwl| ooty < B D70l poo ey + 0]l oo (-
We get (3.5) once we apply (3.6). O
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3.2. Approximation properties of w}. Since we are assuming ut € CF(QF) and T is
smooth, there exist extensions uf € C*1(Q) (see Lemma 6.27 [14]), such that the following
holds

’LL% =U on Qi, Hu§||ck+l(g) S C||ui||ck+1(gi).
Let By, C TF be a ball of radius 2rp that encloses T*. Here TF is the smallest patch of
triangles of the mesh 7, on the neighborhood of T € 77?. Let Jr be the L? projection onto

polynomials of degree k in Bs,,. and consider its natural extension to all of 7. Then, we can
prove the following lemma.

LEMMA 3. Let w € C*Y(TF), then we have

(37) T%ﬂuD](JT(w) — w)||L°°(B2rT) < OréiJrleHCkJrl(Ber) fOT' 0 < ] < k‘,
and
(3.8) thHDj(JT(w) — W)l g (rry < Ch§+1\|w||ck+1(TE) for0<j<k.

Proof. The inequality (3.7) is a standard approximation of the L? projection. To prove (3.8) we
apply Taylor’s theorem to get

k—j
W[ D7 (Jr(w) = w)| poo (rmy < W Y BEIDTH (I (w) = w) || ooy, + P Hwlloner ey -
/=1
The result follows after applying (3.7) and using that rp < hp. O

The following lemma establishes the approximation result for the correction function defined
in Section 2.3.

LEMMA 4. Suppose the solution u to problem (1.1) satisfies u* € C*1(QF), and w% is the
correction function defined by (3.3) and (3.4). Then, we have

hQFHD](u — Thu — w%)HLoo(Ti) < Chécjrl (||UE||Ck+l(TE) + ||UEHCk+1(TE)) , forj=0,1

and C depends only on the shape regqularity of T, the polynomial degree k and the regqularity of
.

Proof. We will define v € S¥(T) (see (2.3)) as follows
. {JT(uE) on T,
Jr(uy) onT™.
Clearly v — I,v = w% by Lemma 2. Hence, we have
| D7 (u = Tyw = wi) || poe(rsy = B D ((u = v) + (v = Iyw) + In(v = u) = wh) || poo(rs)
= ]| D7 (= ) = I = 0) = wi™) | oors)
< C iy (1D (u = )| ooty + | DI | ooty
+ C |lu — v oo (1,
where we used wj ¥ = w§ — wy, an inverse estimate and the stability of [j, in the max-norm.

Using (3.8) we get

WD (= v)l[ ooty + lu— vl pooirey < CHEF (ugllonrn ey + lugllcrs omy).
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Estimate (3.5) implies

k
j u—v 1
Pl ooy < CHE D" =l [ DA = )] llzzery.

t=0"T
Applying (3.7) we obtain
LI
> md [Df;(v - U)} oo (rary < Crr(llupllon (s, + lupllor(s,,,),
£=0
which completes the proof. ]

3.3. Error estimates. The next lemma will show that the correction term wf in the finite
element method (2.4) will allow us to compare Ipu — uy,.

LEMMA 5. Let u™ € CK1(QF) be the solution of (1.1) and uy, be the solution of (2.4). Then,
it holds

/QV(Ihu —up) - Vodr < CthVUHL1(Q) (\|u+HCk+1(Q+) + Hu_HCkH(Qf)) Yo € Vp,

where C depends only on the shape regularity of {T}n>0, the polynomial degree k and the
reqularity of I

Proof.

/V(Ihu—uh)-Vvdx:/V(Ihu—u)-Vvdx—i—/Vu-Vvdz—/Vuh-Vvdx
Q Q Q Q

—/V(Ihu—u)‘Vvdw—k Z /Vw%‘Vvda:
Q T

TeT)
= Z /V(Ihu—u)-Vvdx—i— Z /V(u—[hu—w%)-Vvdx
rei\TE T rerr T
The result now easily follows from Lemma 4 and the fact that u is smooth on T € T,\7,'. O
From the above lemma we can easily prove an optimal estimate in the H' semi-norm:
IV (e = wn) 2y < OB (It lowss sy + lu™ lorsr oy ) -

However, are goal is to prove estimates in the maximum-norm as our next result states. A
slightly sub-optimal (off by a log factor) can be proved if we use the above lemma directly. In
order to prove the optimal estimate, we will give a more involved argument.

Theorem 1. Suppose that Q is conver. Let u™ € C*1(QF) be the solution of (1.1) and uy be
the solution of (2.4), then

IVInu = up) || o) < CR*(|u | orrqry + lu”[lorra-y)s
where C' depends only on the shape regularity of {Th}nso, the polynomial degree k and the
reqularity of I'.

Proof. Let ey, = Ipu — up and suppose that the maximum of |0;,ep| occurs at z € Q (for some
fixed 1 <1 < 2). Suppose z € T, for some T € Tj,. Consider now the regularized Dirac delta
function 67 = 8, € C}(T%) (see [7]), which satisfies
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(3.9) r(2) = (r,0n)1,,  Vre P¥Ty),
and has the following property

(3.10) ol wra(r,y < ChT207YD 1 <g<oo, r=0,1.

For each i = 1,2, define the approximate Green’s function g € H&(Q), which solves the
following equation:

(3.11a) —Ag = 0z,0n in Q,
(3.11b) g=0 on €.
We also consider its finite element approximation g, € V}, that satisfies
(3.12) / Von-Vodr = / v 0y, 0pdx  forallv eV,
Q Q
From the work of Scott and Rannacher [30] we have
(3.13) IV(g = gn)llzro) < C.
Moreover, using a dyadic decomposition one can show
(3.14) Vg1 < Clog(1/h).
A log free estimate holds if we consider a smaller domain, i.e.
(3.15) IVgllLi(sry < C,

where ST = {x € Q : dist(z,I") < kh} for some fixed constant x; see for instance [22]. Hence,
combining (3.13) and (3.15) we have

(3.16) IVgnllzr(sry < C-
We start by using the definition of ;, and problem (3.12)

10senll () = Onien(2)] = | /Q 51 nsen der| = | /Q D, e .

Then, we see that

10z, enllLoo (@) = !/QVQ'V% dz| = |/QV9h‘V€h dz|.

If we follow the proof of Lemma 5 we see that
/ Vg - Ve dx = Jy + Jo,
Q

where
J1 = Z / V(Ipu —u) - Vg dz,
reT\TF T
and

Jo = Z /V(Ihu%—w%—u)-v%dm.
TeTy r
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Applying Cauchy-Schwarz inequality to Jy we get
Jo < C ”v.thLl(SF) max ||V (Ipu + w} — u)HLoo(T).
TeTr

Moreover, using (3.16) and Lemma 4 we have
J2 < CHF([ut | rrrary + [u” leroo))-

To give an estimate for J; we define Ry = Upcr, \ThrT . Now, adding and subtracting Vg, we
obtain

Jp = Z / V(Ipu—u)-Vgpdr = / (VUpu —u) - V(gh —9) + V{pu —u) - Vg) dz.
TeT\TY T Bn

Using (3.13), we have

. V(Ihu—u) - V(gh — g)dz < CHF(u'|| e or) + lu” [loro-)-
h

For the remaining term we integrate by parts to get

V(Ipu—u)-Vgdx = /

(Inu — u)0y,0p dx + / (Inu — u)Dpgds.
Ry,

ORR\OQ

Here we used that, since €2 is convex, Vg is continuous and so integration by parts makes
sense.

Clearly we have

/R (vt — )8 d < OB (s owns gy + [ orengar))
h

Finally, we have

Ry,

| (hu=wDagds <Clltyu = ullie(r) | Dagllusomion)
OR,\O

< CH* M Dngll 11 om,\00) <”U+HC’€+1(Q+) + ”U7HC’€+1(Q—)> -
In Appendix A we prove the bound

(3.17) | Dngllrror,00) <

I

= Q

which will then show that
Ji < CRE([lu™ [l orsr ooy + U™ orrmy)s
and will complete the proof. O

Next, we will prove an estimate for the error in the maximum norm. In the case there is no
interface a logarithmic factor is not present for k > 2 (see [7]), however, we do not see how to
remove this factor in our setting.

Theorem 2. Suppose that Q is convex. Let ut € C*1(QF) be the solution of (1.1) and uy be
the solution of (2.4), then

(3.18) HIhu — UhHLoo(Q) < ChFtH! 10g<1/h) (”u+"0k+1(9+) + Hu_HCHl(QfO .

where C' depends only on the shape regularity of {Tn}nso, the polynomial degree k and the
reqularity of I'.
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Proof. We follow the proof of Theorem 5 in [22]. Let z € Q be arbitrary and let 6, = 67 defined
in proof of Theorem 1. Let g satisfy

(3.19) —Ag = in Q,
3.20 g=0 on 0f),
(3.20)

and consider its continuous piecewise linear finite element approximation g;. Then
(Ipu — up)(z) = / (Ipu — up)opdx = / V(Ipu —up) - Vg dx

Z /V.Thu—u Van)dz + Z /Vlhu+wT—u) Van)dx

TeET\TY TeTY
= J1 + Jo.

We first give a bound for J

Jp < C max [|Tyu + wi — ul|poo(n) IV Gnll (1)

TET)]
< O (It lewnar) + lu” v o) ) 19l sr)
< ChF <||U+||C’v+1(§2+) + ||u_||ck+1(sr>> <||V§h = Villpisry + HVéHLl(sF)) :

In [22] we proved [|Vg||11(gry < Chlog(1/h), therefore

Jo < O 10g(1/h) (Il lereras + Iu” lowssan ) -

Now for J;, we will use the Raviart-Thomas projection (see [31]) II : H(Q2) — ®P, defined
locally for any T € Ty, U|p : HY(T) — RTy(T), where

RTH(T) = [P(T))? & 2P)(T), @f) ={¢p € [L*(Q)*: ¢|r € RIH(T) VT € Tn} .
Then, we observe
J1 = Jl(Vgh) = J1(V§h — va) + Jl(va).

In the Appendix of [22] we prove the estimate ||V, — V|1 (o) < hlog1/h, then we clearly
we have

J1(Vgn, —1IVg)

IN

O (Il ers oy + e llewsr ooy ) IVGm = TIVG 1y

< CHF10g(1/h) (Il llorss o) + 6 o)) -

A

Using that II(Vg) is piecewise constant and has continuous normal components across edges,
we have after integration by parts

J1(IIVg) = Z /Ihu—u)HVg n,
rove

e€&;,

where 5,1;’8 are set of edges that are both an edge of a triangle in 771\72F and a triangle in 771\7;LF
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Therefore, we see that
JMVy) = Y [ (Lu—wlIVj-n
ecgl0”¢
< CRH V3] asry (e loxesn + I llow )
< Clog(1/h)h**! (Hu+Hok+1(n+) + Hu’How(Q—)) :

where again we used [[[IVg||;1(gry < Chlog(1/h), which follows from results in [22].
O

REMARK 1. Since u — (up +w}) = (Ipu —up) + (u —wh — Iyu), by using triangle inequality and
Lemma 4, up + wy approximates u on T by the same estimates given in Theorems 1 and 2.

4. STOKES INTERFACE PROBLEM

In this section we consider the Stokes interface problem in two dimensions introduced in
equation (1.2). Equivalently, we can incorporate the jump condition, equation (1.2d), as follows

(4.1a) —-Au+Vp=f+B in Q

(4.1b) V-u=0 in Q

(4.1c) u=0 on 0N
where

A
B(r) = /0 B(s)6(x — X (s))ds,

and X (s) with 0 < s < A is the arc-length parametrization of the interface T'.

Following the ideas of LeVeque and Li in [25], we can easily write individual jump conditions
for the velocity and the pressure in terms of the tangential and normal component of the data
B. Let 6 be the angle between the z-direction (z-axis) and n-direction pointing outward the
interface I' at a point X (s). Then, we write the normal and tangential components

S\ 5 _ cos(f) sin(0)
Bls) = < 3 > - ( —sin(6) cos(6) )’3(8)'
The jumps conditions for the velocity and the pressure are given by
p) = B,
d -
(42) [Dap] = 2-Pa,
[u] =0,
[Dpu] =B+ Bln.

For the sake of completeness, we present the derivation of this jumps in Appendix B.

4.1. The finite element method. We first present the standard variational formulation of
Stokes interface problem (1.2). Find (u,p) € [H3(2)]? x L3(Q), such that
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(4.3) /Vu:Vvdw—/pV-vdx:/f-'vdx—l—/,@-'vds Yo € [HE(Q))%,
Q Q Q r
/qV'udx:0 Vg € L3(Q),
Q

where L3(Q) = {q € L*(Q) : [,q=0}.

As before, we consider a sequence of triangulations of Q, T, with 0 < h < 1, and Q = UTeThi
with the elements T mutually disjoint. Let hr denote the diameter of the element 7" and
h = maxp hp. We assume that the mesh is quasi-uniform and shape regular.

We consider a class of finite element subspaces V, C [H(Q)]? and M), C L3(2) satisfying
the following assumptions:

A1l V, and M, are a pair of inf-sup stables subspaces, with V', C [H}(Q)]?.
A2 We let £ > 1 as the maximum integer such that

Vi = {vec@nHQP : vir € PD VT € T} € V),
and, if M}, contains the discontinuous pressure space of degree k — 1 we let
M= {g € L3(Q) : alr € PUT), VT €Ty} € M,
otherwise
Mt = {q e CNIYQ) : alr € PNT), VT € Th} € M,

For instance, k = 1 for the pair IP% — Py, reduced IP’% — Py and mini element, while k = 2 for
Taylor-Hood P3 — P.

We next define the interpolant onto these spaces. We let I, be the interpolant defined com-
ponentwise in (2.1) onto the space V¥, and Jj, be the interpolant defined in (2.1) onto the
space M, }]f_l, in the case of continuous pressure finite element spaces. Otherwise, if M} contains
discontinuous finite element pressure spaces we define J;, to be the L? projection onto M ,]f_l.

Find (up,pn) € Vi, x Mp, such that

/Vuh:Vde—/phV-vdx :/f-vdx—i—/,@-'uds

Q 0 0 r

(4.4) -y </ Vw%:dex+/wgv.vdm>,
T T

TeTF

/qV«uhdx =— Z /qVﬂu)%dx,
Q T

TeTr

for all (v,q) € Vi, x My,

Using the last two equations of (4.2), the correction function w# is defined componentwise as
in Section 2.3. The same is true for wf. when Jj, is the Lagrange interpolant by using the first
two equations of (2.3). In the case .J, is the L? projection we replace equation (2.6) with the
condition Jy,(wh) = 0, i.e.

(4.5) Df,—fwg(x»T)}

¢
(4.6) Jn (wh.)

(2

- [Df,—fp(x“)} for 0<i</fand0<(<k,
~0.
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Note that each component of w¥ and w}. are obtained independently to each other, therefore,
the Lemma 4 can be applied to each one separately.

Similarly to Lemma 4, we have the following estimate for the interpolant Jj and the correction
function w.

Ip = Jnp — wh|| ooy < ChET <||p+||0k+1(T) + HpiHCk‘H(T)) VT €Ty,

where C'is a constant depending on the shape regularity of 7', the constant k& and the regularity
of I'. Then, the following result holds and can be proved similar to Lemma 5.

LEMMA 6. Let (u,p) be solution of (1.2) and assume that u*™ € [C*T1(QF)]? and p* € C*(QF).
Let Vi, and My, be the finite element spaces satisfying assumptions A1-A2 and consider the
definitions above for k, Iy, and Jy. Let (up,pp) € Vi X My, be solution of (4.4). Then, it holds

/ V(Iu—up) : Vodr — /(Jhp —pp)V - vdz
Q Q

< Ch¥ Voo (HUJFHckH(m) + [[u" ekt a-y + 10 llor@ry + Hﬂ”ck(@—))

[ av -t = Bz < Ml (et lowaiar + e losian).

for all (v, q) € Vi, x My,
Proof. For the first equation we use (4.3) and (4.4) to obtain

/V(Ihu—uh):Vvd:n—/(Jhp—ph)V-vd:n
Q Q
:/V(Ihu—u):V'vdas—/(Jhp—p)V-'vdx
Q Q

+ Z </w§V‘vdx+/Vw%:V'vdx>
T T

TeTr
= Z (/ V(Ihu—u):Vvda;—/(J;m—p)V-vd:z:)
reT\TF T T
+ Z (/ V(Ihu—u—i—w%):Vvdx—i—/(Jw—p#—w’})V-vdx).
TeTr T T

Similarly for the second equation we have

/qV-(Ihuuh)dx = /qV-(Ihuu)d:v+ Z /qV-w%dx
Q Q T

TeTy
= Z /qv'(Ihu—u)dﬂc—F Z /qV~(Ihu—u+'w%)dx.
reTi T T rerr T

Then the results follow from the properties of the correction functions w¥% and w}. Lemma 4,
and the fact that (u, p) is smooth on T € T, \7,L. O

Analogously to the proof of Theorem 1, we can prove the following result using approximate
Green’s function estimates for the Stokes problem. We give a sketch of the proof.
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Theorem 3. Let (u,p) be solution of (1.2) and assume that u® € [CFTHQ)]? and p* €
CF(QF). Let V', and M, be the finite element spaces satisfying assumptions A1-A2 and consider
the definitions above for k, I, and Jy. Let (up,pp) € Vi, x My, be solution of (4.4). Then, there
exists a constant C > 0, such that

4.7 IVIhu = up)|l @) + 1Ta(p) = prllze@) < CR* (||u+\|ck+1(9+) + lu” [|ert1 o)

Hp* ler e + I leran)

Proof. Let e} = Iyu — uy and suppose that the maximum of d;;(es); (i,j = 1,2) occurs at
z € Q. Suppose z € T € Tp. Considering the definition and properties of the regularized
Dirac delta function 5, = 67, introduced in (3.9) and (3.10), we define the approximate Green’s
function (g, \) € [Hg(Q)]? x L?(2) such that

—Ag + VA= (8mj5h)ei in Q,
V-g=0 in{,
g=0 on 0,

where e; denotes the ith standard canonical basis vector of R?. We also consider its finite
element approximation (g, Ap) € Vi, x M}, that satisfies

/V(g—gh):dex—/(/\—)\h)v-xd:rzo Vx € Vi,
Q Q

/wV-(g—gh)dQ::O VYw € My,
Q

Using the definition of §, we have

1(0z,€R)ill L0y = |(Os,e5(2))

/ Oz ,;0ne; - ey dx|,

and then

(0, €8 )ill L (02 ‘/ Vg :Vey dx—/g)\v-eﬁdx

Following the proof of Lemma 6, we see that

/Vgh : Ve}jd:v—/ ALYV -epdr = Ji + Ja,
Q Q

/ Vg, : Veydr — / ALV -epdx| .
Q Q

where

J1

(/V (Ihu —u): Vghdx—i-/)\hv (Ipu — u)da:)

TeT\TY

Jy = </Vlhu u+ wy) Vghdm—i-/)\hv (Ipu — u—i—wT)da:).
TeTr

As in the proof of Theorem 1, the estimates of J; and Jo follows from the properties of the
correction functions and bounds for the Green’s functions that can be found for example in
[15, 17]. The estimate for the error of the pressure follows from similar arguments, we leave the
details to the reader. g
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REMARK 2. Using the same arguments as Remark 1, we can establish the same a priori error
estimates given in Theorem 3 for u— (uj, +w¥%) and for p— (pp +wh). We note that the method
(4.4) gives pp, € My, therefore, if Jy, is the L? projection, then (p, + wh) € L3(Q), if Jy, is the
interpolation operator, pn + wg might not have average zero and a constant O(h*+1) must be
added to make it in L3().

5. NUMERICAL EXPERIMENTS

We illustrate the performance of our method with some numerical examples. We consider the
square domain 2 = [—1, 1]2, and we triangulate the domain with structured and non-structured
triangular meshes. We tabulate the L? and H' semi-norm errors as well as the L> and W1 >
semi-norm errors, with their respective order of convergence. Plots of approximate solutions
and rate of convergence are also provided. For the case when the interface is not a straight line
we need to integrate over curved region. We address this problem in Appendix C giving explicit
quadrature formulas.

5.1. Numerical examples for Poisson interface problem (1.1). Let u be the exact solution
of problem (1.1), uy be the solution by the method defined in (2.4). We define the error with
respect to the Lagrange interpolant I, and the respective order of convergence (associated to
the error and the norm) as follows

log(llen, . I/ llen, )
log(hiv1/M)

ep = Up — Ihu, I'(67 || ' H) =

We will illustrate our results with two numerical examples using piecewise quadratic polyno-
mials, i.e., kK = 2. Note that I} is then the piecewise quadratic Lagrange interpolant.

Ex. 5.1.1 Consider an exact solution of problem (1.1)

(2/3+2)3, ifz<1/3
u(z,y) = {(4/3_@3, if # > 1/3.

In this case, the interface I' is a straight line. We summarize the results for structured
and non-structured meshes in the following tables.

h | llenllez v |llenllze v |[[Venll2 v |[[Ven|r~
3.5e-1 | 8.41e-5 1.83¢-4 1.53¢-3 3.72e-3
1.8¢-1 | 7.49e-6 3.49 | 2.33e-5 2.97 | 2.76e-4 2.47| 9.29e-4  2.00
8.8e-2 | 6.63e-7 3.50 | 2.92e-6 2.99 | 4.92e-5 249 | 2.32e-4  2.00
4.4e-2 | 5.85¢-8 3.50 | 3.64e-7 3.00 | 8.7e-6 2.49 | 5.80e-5 2.00
2.2e-2 | 5.16e-9 3.50 | 4.56e-8 3.00 | 1.55e-6 2.50 | 1.45e-5  2.00

TABLE 1. Errors and orders of convergence of method (2.4) for Ex. 5.1.1, on
structured meshes.
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h |llenlle v |llenllze v [[IVenllez v [ [IVenllre r

5.0e-1 | 4.92e-4 1.99e-3 9.95e-3 9.54e-2

2.5e-1| 3.86e-5 3.67 | 2.37e-4 3.07 | 1.71e-3 2.54| 24le-2 199
1.3e-1 | 3.86e-6 3.32 | 4.42e-5 243 | 3.57e-4 2.26| 7.98¢e-3 1.59
6.3e-2 | 3.89e-7 3.31| 5.99e-6 2.88 | 7.82e-5 2.19| 1.92e-3 2.06
3.1e-2 | 4.44e-8 3.13 | 7.74e-7 2.95| 1.87e-5 2.06 | 5.06e-4 1.92

TABLE 2. Errors and orders of convergence of method (2.4) for Ex. 5.1.1, on
non-structured meshes.

Ex. 5.1.2

We observe optimal order of convergence for both, structured and non-structured
meshes, confirming the results of Theorem 1 and 2. By structured mesh we mean
bisecting in the northeast direction each cell of a uniform rectangular grid. When
I' is a straight line, the numerical quadrature is simplified, otherwise we need to
integrate over curved elements (see Appendix C). A superconvergence phenomenon
is also observed in the L? norm for structured meshes, inherited from the problem
without interface.

Consider an exact solution of problem (1.1)
1, if r S 1/3 2
u(z) { U log(3r), ifr>1s3 FEELIS
where r = ||z||2. We summarize the errors and order of convergence in the following
tables
h |llenlle v |llenllze v [[IVenllr2 v | [IVenllre v
7.1e-1 | 1.70e-2 4.76e-2 1.89e-1 4.37e-1

3.5e-1| 1.73e-3 3.29 | 5.09e-3 3.22 | 3.66e-2 2.37| 1.29e-1 1.76
1.8e-1| 1.49e-4 3.54 | 7.41e-4 2.78 | 5.66e-3 2.69 | 3.05e-2 2.08
8.8e-2 | 1.22e-5 3.61 | 6.82e-5 3.44 | 8.48e-4 2.74| 5.99%-3 2.34
4.4e-2 | 1.16e-6 3.40 | 1.39e-5 2.29 | 1.54e-4 246 | 1.78e-3 1.75
2.2e-2 | 1.09e-7 3.41 | 2.08e-6 2.74 | 2.7le-5 2.51 | 5.06e-4 1.81
1.1e-2 | 9.16e-9 3.57 | 2.39e-7 3.12 | 4.71e-6 252 | 1.36e-4 1.90

TABLE 3. Errors and orders of convergence of method (2.4) for Ex. 5.1.2, on
structured meshes.

h |llenlle v |llenllze v [ [[Venllez v | [IVenllre r

1.8e-1 | 8.87e-5 3.97e-4 3.80e-3 2.53e-2

9.0e-2 | 9.73e-6 3.29 | 7.46e-5 2.49 | 9.04e-4 2.14 | 7T.43e-3 1.82
4.7e-2 | 1.11e-6 3.33 | 1.06e-5 3.00 | 2.15e-4 2.21| 2.58e-3 1.63
2.4e-2 | 1.30e-7 3.15 | 1.42e-6 2.95| 5.06e-5 2.13| 7.34e-4 1.84
1.2e-2 | 1.59e-8 3.14 | 2.24e-7 2.76 | 1.27e-5 2.07| 2.16e-4 1.83
6.1e-3 | 1.96e-9 3.04 | 3.15e-8 2.85| 3.15e-6 2.02 | 5.55e-5 1.98

TABLE 4. Errors and orders of convergence of method (2.4) for Ex. 5.1.2, on
non-structured meshes.



HIGHER-ORDER FEM FOR ELLIPTIC PROBLEMS WITH INTERFACES 19

- O
.

o

O L>®-error

107F . — — slope: 2.86
,

0 +  Wh-error

— — — slope:1.89

10"

FIGURE 2. Plot of the L and W1 errors (left) and the approximate solution
(right) by method (2.4) for Ex. 5.1.2, on non-structured meshes.

In this example we are considering a curved interface, then quadrature rules over
elements with one curved edge are needed. In Appendix C we address this issue
giving higher-order quadrature rules over this kind of elements. We observe optimal
convergence, confirming our results in Theorems 1 and 2. As in the previous example,
superconvergence phenomenon is observed in the case of structured meshes.

5.2. Numerical examples for Stokes interface problem (1.2). In order to illustrate our
method for the Stokes interface problem we consider the pair of inf-sup stable finite element
spaces V', and My, piecewise quadratic polynomial for the velocity and piecewise constant
polynomials for the pressure (P3 — Py). We define the errors
62 = DPh — Jhp7

With this finite element spaces, the value of k is 1 (see assumption A2) , then I is the
piecewise linear Lagrange interpolant and .Jj, is the L? projection on the spaces of piecewise
constant polynomials. We note that the optimal order of convergence for velocity is 2, this
justify we are using the piecewise linear Lagrange interpolant although we are using piecewise
quadratic in our finite element space.
Ex. 5.2.1 Consider an exact solution of Stokes problem (1.2) on Q = [—1,1]

6# = up — Ihu,

w(o,y) = 0 wa(ey) = § 23 e <13

Y= ug(z,y) ) 2 Y= 4/3 —x, ifx>1/3 7’
2?2+ y2+1/3, ifx<1/3,

In this case the interface is I' = {(z,y) € Q : z = 1/3}.

I P P M P A
3.5e-1| 1.27e-2 1.22e-2 1.55e-1 1.92e-1
1.8e-1|3.42e-3 1.89 | 3.42¢-3 1.83 | 7.86e-2 098 | 1.08e-1 0.83
8.8e-2 | 8.84e-4 1.95| 9.67e-4 1.82| 3.93e-2 1.00| 5.71e-2 0.92
4.4e-2 | 2.25e-4 1.98 | 2.60e-4 1.89 | 1.96e-2 1.00| 3.06e-2  0.90
2.2e-2 | 5.66e-5 1.99 | 6.84e-5 1.93 | 9.79¢-3 1.00| 1.58e-2 0.95

TABLE 5. Errors and orders of convergence for velocity, on structured meshes.
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h

[EAPE

T

[EAE

T

3.5e-1
1.8e-1
8.8e-2
4.4e-2
2.2e-2

6.01e-2
2.22¢-2
7.45e-3
2.34e-3
7.09e-4

1.44
1.58
1.67
1.73

9.30e-2
6.07e-2
3.52e-2
1.92e-2
1.00e-2

0.62
0.79
0.88
0.93

TABLE 6. Errors and orders of convergence for the pressure, on structured meshes.

We observe optimal convergence for the velocity and pressure, supporting our
result in Theorem 3. We also observe a superconvergence phenomenon for the L2
error of the pressure.

Ex. 5.2.2 Consider a exact solution of Stokes problem (1.2) on Q = [—1, 1]

[ 3y if r <1/3,
wlony) m(x,y)—{ -y ifr>1/3
’ (1) = -3, if r <1/3, ’
AEIZ e - it r>1/3
4-T ifr<1/3
— 9 — 9
p(w,y)—{g ifr>1/3

for (z,y) € Q and r = /22 + y2. In this case the interface is the circumference of
radius 3, i.e. I' = {(z,y) € Q:r =1}

h |leplle v [llegllee v [ [IVepllee v [ [Veple  x
2.5¢-01 | 3.02¢-2 3.99e-2 5.16e-1 8.10e-1
1.3¢-01 | 8.48¢-3 1.83 | 1.79¢-2 1.16 | 2.79¢-1 0.89 | 5.48e-1  0.56
6.3¢-02 | 2.03¢-3 2.06 | 5.35¢-3 1.74 | 1.36e-1 1.03 | 3.35e-1 0.71
3.1e-02 | 5.09¢-4 2.00 | 1.68e-3 1.67 | 6.84e-2 0.99 | 2.06e-1  0.70
1.6¢-02 | 1.26e-4 2.02 | 4.22¢-4 1.99 | 3.36e-2 1.03 | 1.05e-1  0.97

TABLE 7. Errors and orders of convergence for velocity, on structured meshes.

TABLE 8. Errors and orders of convergence for pressure, on structured meshes.

h

[EAPE

[EAE

2.5e-1
1.3e-1
6.3e-2
3.1e-2
1.6e-2

1.39e-1
3.39e-2
1.32e-2
3.79e-3
1.46e-3

2.04
1.36
1.80
1.38

1.84e-1
7.71le-2
4.29e-2
2.36e-2
1.27e-2

1.26
0.85
0.86
0.90
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FIGURE 3. Plot of velocity (left) and discontinuous pressure (right).

We observe optimal convergence for the velocity and pressure, confirming our result
in Theorem 3. We also observe from the plot of the approximate pressure (see Figure
Ex. 5.2.2) that there is not pollution beyond the interface.

6. FINAL DISCUSSION AND FUTURE WORK

In this paper we have developed higher-order finite element methods for Poisson interface
problem (1.1) and Stokes interface problem (1.2). We have proved optimal convergence results
for the methods, recovering the convergence of the finite element method for a problem without
interface. We have presented numerical experiments validating our theoretical results.

The algorithms and theory developed point to a number of promising research directions and
opportunities. We expect that our techniques will yield methods that are able to handle high
contrast problems for elliptic problems with discontinuous diffusion coefficients. Additionally, it
is natural to move in the direction of evolution problems, such as the time-dependent version of
problem (1.2) and also for Navier-Stokes equations, and also for even more challenging problems
such as fluid-structure interactions.

APPENDIX A. PROOF OF ESTIMATE (3.17)

We first use a dyadic decomposition of Q. Q = Q* U U;-Izl Q; where Q; :={zx e Q:dj;; <

|v — 2| < d;}, and dj = 277. Here, J = log,(1/h) and Q* = QN By, where By, is the ball of radius
h centered z.
Let us use the notation D; = Q; N OR,\02 and D* = Q* N IR, \0N2 then we have

J
| Dngllz1or,000) = [PngllL(p+) + Z [ DngllLi(p,)
j=1

First we bound the first term. Using Cauchy-Schwarz inequality and the fact the one dimen-
sional measure of D* is h we have

| DngllLr(p+y < Ch1/2”V9HL2(D*)-

If we use a trace inequality then we have

h1/2||Vg||L2(D*) < C([IVgllL2(+nB,) + hHD29HL2(Q*ﬂBh)) < C(IVall2 ) + h”ngHLZ(Q)>'
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Elliptic regularity will give

IVglir2@) + hID?gllr2 ) < CUI0kl r2@) + okl @) <

which shows that

)

= Q

C
[DngllLr(p+) < W

To take care of the sum we use Cauchy-Schwarz inequality again and get

J J
> IDngllzipy) < djll Vgl (p,)
j=1 j=1

Using the Green’s function representation of g and the fact that D; is distance d; away from
z one can show (see [22])

IVllzee(p;) < 5

Hence,

=Q

J J
1 1
E |1 Dngllrip;) < C A C E i cE™* -1 <
=1 '

<
Il
—

APPENDIX B. DERIVATION OF JUMPS (4.2)

We define for € > 0 the set Q. = {z € Q : dist(z,I') < €}, where dist is the standard
distance function. We will also denote TS = 992, NQ*. From equation (4.1a), taking divergence,
multiplying by an arbitrary ¢ € C? of compact support in €. and integrating we obtain

/QGV-qubdz::/QEV-ng)dm%—/QGV~B¢)dm

(B.1) = V-f(bd:v—/,@-Vqus.
Qe r
For the left-hand side of the equation above we integrate by parts twice obtaining

/ V - -Vpodr = /+ Dp™ - neds + Dp™ - n¢ds
Qe I

I'e

D¢ -npds +/

Q

— /+ D¢ -nptds — pV - Vodzx.
FE €

e
By the definitions of 'Y we can fix its normal vectors by the normal vector to the interface T
Then, taking the limit as € goes to zero we obtain

(B.2) lim | pV . -Ve¢dr =0
e—0 Q.

(B.3) lim | V- -Vppdr = / [Dp - n] ¢pds — / D¢ -nlplds
e—0 Qe T T

We need to write the right-hand side in (B.1) in terms of the normal and tangential derivative.
Let 6 be the angle between the x direction (z-axis) and n direction and let R(6) the rotation
matrix defined by

cos(f) —sin(6)

R(0) = ( sin(0)  cos(f) >



HIGHER-ORDER FEM FOR ELLIPTIC PROBLEMS WITH INTERFACES 23

Then, V¢ = (Dp¢, D) R(0)!. Using this equivalency in (B.1) and integration by parts we
obtain

/ B Vods = / B- ((Dnd, Ded)R(9)') ds

r T
=1A<ﬂRw»-ch¢z%¢Ms
- /F B - (Dnt, Ded)ds

- /F B Dpbds — /F 2 B

Here we have defined 8 = BR(#). Matching this result with the limits in (B.2) we can conclude
that

(B.4) Bl =6 [Durl = 5ho

Now, to get the normal jump of the gradient of the velocity we applied equation (1.2d),
resulting

(B.5) [Dpu] = B+ [pn] = B+ fin.

APPENDIX C. QUADRATURE OVER CURVED ELEMENTS.

The method defined in (2.4) requires the integration, over an element T € T,I', of Vw - V.
Now, since the correction function wf is defined as piecewise polynomial of degree k£ on each
piece of the restriction T = T N QF, we need some quadrature formulas on this region, say
curved elements (polygons with one edge curved). To do so, we observe that Ly divides T' in
two regular polygons T*, one is a triangle and the other a quadrilateral, see figure 4. In order
to make the presentation clearer, we will write the integral in terms of the coordinates system
(1, m) (associated to the vector 7 and 7, with n pointing outward 7'~) such that the origin is
the midpoint of Ly, the point I52T. Let f € C"1(T), then we write

rr/2

()
(1) |, feadsdy = [ swpodyz [T [ ptrnanar

—rp/2
where, v(7) is the equation for the curve I' on 7. The first integral in (C.1) is over a polygon
(triangle or quadrilateral) and we can use quadrature rules over polygons to approximate it,
whereas the second integral is related to the curve, and we will use some Gaussian quadratures.
First step, we take n Gaussian points {7;};_; over the segment Ly, equivalently, the interval
[—r7/2,r7/2] in the (7, n)-axis, and for each point we compute its projection onto the curve I'
in the m—direction, say v(7;). Now we compute, the Gaussian points for the segment [0,~(7;)],
we denote them by {n; ;}7_;. Therefore

n

v(7) r n ™
/O f(r,n)drdn ~ Zgwiz '”(2 )'wjf(n,m,ﬂ
j=1

=1

TT/2

77‘T/2

where w; are the weights in the interval [—1, 1]. See figure 4 for illustration of this notation. See
also figure 1.
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FIGURE 4. Ilustration of the Gauss points.

REFERENCES

Slimane Adjerid, Mohamed Ben-Romdhane, and Tao Lin. Higher degree immersed finite element methods
for second-order elliptic interface problems. Int. J. Numer. Anal. Model., 11(3):541-566, 2014.
Chandrasekhar Annavarapu, Martin Hautefeuille, and John E. Dolbow. A robust Nitsche’s formulation for
interface problems. Comput. Methods Appl. Mech. Engrg., 225/228:44-54, 2012.

J. Thomas Beale and Anita T. Layton. On the accuracy of finite difference methods for elliptic problems
with interfaces. Commun. Appl. Math. Comput. Sci., 1:91-119 (electronic), 2006.

Jacob Bedrossian, James H. von Brecht, Siwei Zhu, Eftychios Sifakis, and Joseph M. Teran. A second
order virtual node method for elliptic problems with interfaces and irregular domains. J. Comput. Phys.,
229(18):6405-6426, 2010.

Daniele Boffi, Nicola Cavallini, and Lucia Gastaldi. Finite element approach to immersed boundary method
with different fluid and solid densities. Math. Models Methods Appl. Sci., 21(12):2523-2550, 2011.

Daniele Boffi and Lucia Gastaldi. A finite element approach for the immersed boundary method. Comput. &
Structures, 81(8-11):491-501, 2003. In honour of Klaus-Jiirgen Bathe.

Susanne C. Brenner and L. Ridgway Scott. The mathematical theory of finite element methods, volume 15 of
Texts in Applied Mathematics. Springer-Verlag, New York, 1994.

Erik Burman. Ghost penalty. C. R. Math. Acad. Sci. Paris, 348(21-22):1217-1220, 2010.

Erik Burman. Projection stabilization of Lagrange multipliers for the imposition of constraints on interfaces
and boundaries. Numer. Methods Partial Differential Equations, 30(2):567-592, 2014.

FErik Burman and Peter Hansbo. Fictitious domain finite element methods using cut elements: 1. A stabilized
Lagrange multiplier method. Comput. Methods Appl. Mech. Engrg., 199(41-44):2680-2686, 2010.

Erik Burman and Peter Hansbo. Fictitious domain finite element methods using cut elements: II. A stabilized
Nitsche method. Appl. Numer. Math., 62(4):328-341, 2012.

FErik Burman and Paolo Zunino. Numerical approximation of large contrast problems with the unfitted
Nitsche method. In Frontiers in numerical analysis—Durham 2010, volume 85 of Lect. Notes Comput. Sci.
FEng., pages 227-282. Springer, Heidelberg, 2012.

C.-C. Chu, I. G. Graham, and T.-Y. Hou. A new multiscale finite element method for high-contrast elliptic
interface problems. Math. Comp., 79(272):1915-1955, 2010.

David Gilbarg and Neil S. Trudinger. Elliptic partial differential equations of second order. Classics in Math-
ematics. Springer-Verlag, Berlin, 2001. Reprint of the 1998 edition.

Vivette Girault, Ricardo H. Nochetto, and Ridgway Scott. Stability of the finite element Stokes projection
in W, C. R. Math. Acad. Sci. Paris, 338(12):957-962, 2004.

Yan Gong, Bo Li, and Zhilin Li. Immersed-interface finite-element methods for elliptic interface problems
with nonhomogeneous jump conditions. SIAM J. Numer. Anal., 46(1):472-495, 2007/08.

J. Guzméan and D. Leykekhman. Pointwise error estimates of finite element approximations to the Stokes
problem on convex polyhedra. Math. Comp., 81(280):1879-1902, 2012.



HIGHER-ORDER FEM FOR ELLIPTIC PROBLEMS WITH INTERFACES 25

[18] Xiaoming He, Tao Lin, and Yanping Lin. Immersed finite element methods for elliptic interface problems
with non-homogeneous jump conditions. Int. J. Numer. Anal. Model., 8(2):284-301, 2011.

[19] Songming Hou and Xu-Dong Liu. A numerical method for solving variable coefficient elliptic equation with
interfaces. J. Comput. Phys., 202(2):411-445, 2005.

[20] Songming Hou, Peng Song, Liqun Wang, and Hongkai Zhao. A weak formulation for solving elliptic interface
problems without body fitted grid. J. Comput. Phys., 249:80-95, 2013.

[21] Songming Hou, Wei Wang, and Liqun Wang. Numerical method for solving matrix coefficient elliptic equation
with sharp-edged interfaces. J. Comput. Phys., 229(19):7162-7179, 2010.

[22] Manuel Sanchez-Uribe Johnny Guzman and Marcus Sarkis. On the accuracy of finite element approximations
to a class of interface problems. Technical Report 2014-6, Scientific Computing Group, Brown University,
Providence, RI, USA, March 2014.

[23] Long Lee and Randall J. Leveque. An immersed interface method for incompressible Navier-Stokes equations.
SIAM J. Sci. Comput., 25(3):832-856, 2003.

[24] Randall J. LeVeque and Zhi Lin Li. The immersed interface method for elliptic equations with discontinuous
coefficients and singular sources. SIAM J. Numer. Anal., 31(4):1019-1044, 1994.

[25] Randall J. LeVeque and Zhilin Li. Immersed interface methods for Stokes flow with elastic boundaries or
surface tension. STAM J. Sci. Comput., 18(3):709-735, 1997.

[26] Zhilin Li and Ming-Chih Lai. The immersed interface method for the Navier-Stokes equations with singular
forces. J. Comput. Phys., 171(2):822-842, 2001.

[27] Alexandre Noll Marques, Jean-Christophe Nave, and Rodolfo Ruben Rosales. A correction function method
for Poisson problems with interface jump conditions. J. Comput. Phys., 230(20):7567-7597, 2011.

[28] Charles S. Peskin. Numerical analysis of blood flow in the heart. J. Computational Phys., 25(3):220-252,
1977.

[29] Charles S. Peskin. The immersed boundary method. Acta Numer., 11:479-517, 2002.

[30] Rolf Rannacher and Ridgway Scott. Some optimal error estimates for piecewise linear finite element approx-
imations. Math. Comp., 38(158):437-445, 1982.

[31] P.-A. Raviart and J. M. Thomas. A mixed finite element method for 2nd order elliptic problems. In Mathe-
matical aspects of finite element methods (Proc. Conf., Consiglio Naz. delle Ricerche (C.N.R.), Rome, 1975),
pages 292—315. Lecture Notes in Math., Vol. 606. Springer, Berlin, 1977.

[32] Cheng Tu and Charles S. Peskin. Stability and instability in the computation of flows with moving immersed
boundaries: a comparison of three methods. SIAM J. Sci. Statist. Comput., 13(6):1361-1376, 1992.

! D1vISION OF APPLIED MATHEMATICS, BROWN UNIVERSITY, PROVIDENCE, RI 02912, USA
E-mail address: ' johnny_guzman@brown.edu

2 DIVISION OF APPLIED MATHEMATICS, BROWN UNIVERSITY, PROVIDENCE, RI 02912, USA
E-mail address: manuel_sanchez_uribe@brown.edu

3 DEPARTMENT OF MATHEMATICAL SCIENCES AT WORCESTER POLYTECHNIC INSTITUTE, 100 INSTITUTE
RoAD, WORCESTER, MA 01609, USA.
E-mail address: *msarkis@wpi.edu



