LOCAL AND POINTWISE ERROR ESTIMATES OF THE LOCAL
DISCONTINUOUS GALERKIN METHOD APPLIED TO STOKES
PROBLEM

J. GUZMAN

ABSTRACT. We prove local and pointwise error estimates for the local discon-
tinuous Galerkin method applied to Stokes problem in two and three dimen-
sions. By using techniques originally developed by A. Schatz [Math. Comp.,
67 (1998), 877-899] to prove pointwise estimates for the Laplace equation,
we prove optimal weighted pointwise estimates for both the velocity and the
pressure for domains with smooth boundaries.

1. INTRODUCTION

In this paper, we study the local and pointwise behavior of the Local Discontin-
uous Galerkin (LDG) method for the following problem

—Ni+Vp=Ff inQ,

(1.1) V-i=g inQ,

u=0 on0f,
where Q C RN (N = 2,3) is bounded and has a smooth boundary. Here @ =
(u1,- -+ ,un) represents the velocity of the fluid, p € LZ(Q) the pressure, f =
(f1,-++, fn) is a smooth external force and g € LZ(2) is a smooth function (for

Stokes problem we take g = 0). The space L3(f2) consist of functions in L?(§2) with
mean zero.

The LDG method for Stokes problem was introduced by Cockburn et al. [10];
see the review [8]. The LDG finite dimensional spaces for the both the velocity and
pressure are discontinuous across interelement boundaries. Therefore, the LDG
method allows meshes with hanging nodes and allows flexibility when choosing
the local finite element spaces. Cockburn et al. [6] generalized this method to
Oseen equations. Finally, in [7] the LDG method was extended to the stationary
incompressible Navier-Stokes equation; see also the follow up note [9]. Although
the LDG method considered in [10] satisfies the incompressibility condition only
weakly, it is shown in [7] that one can enforce exact incompressibility by a simple
element by element post-processing technique.
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Global L? error analysis was performed in [10] for the LDG method applied to
(1.1). In this paper we prove local L? error estimates along with pointwise error
estimates. Roughly speaking, the local L? analysis shows that the error for both
the pressure and the gradient of the velocity measured by the L?(Dy) — norm for
a subdomain Dy C 2 is bounded by the best approximation error in the L?(D;) —
norm for a slightly larger subdomain D plus the error in a weaker norm. These
estimates are very similar to the local error estimates obtained by Arnold and
Liu [2] for conforming mixed methods applied to (1.1). However, the results in
[2] are for interior subdomains Dy whereas in this paper we allow Dy to touch
09). Many of the techniques to prove local error estimates presented in this paper
and in [2] are borrowed from the techniques developed by Nitsche and Schatz [18]
for proving local estimates of conforming finite element methods for the Laplace
equation. However, the pressure term and the incompressibility equation adds extra
difficulties when analyzing the Stokes problem. Moreover, the fact that the LDG
spaces are discontinuous and that the primal formulation of the LDG method does
not satisfy the Galerkin orthogonality property adds even more challenges when
analyzing the LDG method for (1.1). Local error estimates for the LDG method
applied to Laplace’s equation were carried out by Chen [5]. Later Guzmdn [17]
proved similar results for three DG methods, including the LDG method, in primal
form.

We use the local L? error estimates to prove weighted pointwise estimates. These
pointwise estimates are optimal and describe how the error at a point x depends
on the behavior of the exact solution in regions away from x. Recently, Chen [3]
used the local estimates derived in [2] to prove pointwise estimates of conforming
mixed methods for (1.1) on a domain © with a smooth boundary. Chen makes use
of techniques originally developed by Schatz [19] to prove pointwise estimates for
the Laplace equation. In this paper we also use the techniques found in [19] and our
results are very similar to the results contained in [3]. However, in order to prove
pointwise estimates Chen assumed local error estimates for subdomains that touch
00 which are not contained in [2]. As mentioned above, in this paper we prove
local estimates for subdomains that touch 92 for the LDG method. Furthermore,
Chen assumed that functions in the finite element subspace for the velocity are zero
on 0N, but such spaces are difficult to construct for curved edges. Since we are
analyzing the LDG method there is no need to choose subspaces that agree with
the boundary data.

To further put our work in perspective, we describe previous work concerning
pointwise error estimates for Stokes problem. Pointwise error estimates for con-
forming mixed methods applied to Stokes problem was first carried out by Duran
et al. [12]. For a stabilized Petrov-Galerkin mixed method the analysis was carried
out in [14]. The drawback of these articles is that the analysis is two dimensional
and the estimates are sub-optimal by a logarithmic factor for higher order ele-
ments. Recently, Girault et al. [16] removed the logarithmic factor and extended
the results to three dimensions. In this paper and in [3] the logarithmic factor is
also not present for higher order elements. The proof in [16] uses techniques for
maximum-norm estimates for finite element approximations of the Laplace equa-
tion [23] whereas in this paper and in [3] techniques from [19] were used. This
allows us to establish a more local dependence of the error on the exact solution
as compared to the results in [16]. However, our results are restricted to domains
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with smooth boundaries whereas the results in [16] hold for polygonal/polyhedral
domains. We use an integral representation of solutions to (1.1) and sharp bounds
for the kernels whereas in [16] an integral representation for the the inverse of the
divergence operator and sharp bounds for that kernel are used; see [15].

Instead of discretizing the viscosity term —A« with the LDG method one can
discretize this term using methods in [1] to come up with different DG methods for
(1.1); see [21]. If we use the methods in [1] that are consistent, adjoint consistent
and have bilinear forms that our coercive to discretize the viscosity term of (1.1),
then we can easily prove similar results for the resulting methods for (1.1).

The rest of the paper is organized as follows: In the next section we define the
LDG method and present our main results. Section 3 contains the proofs of the
theorems.

2. THE MAIN RESULTS

2.1. The LDG Method. We assume we have a family of triangulations 75, which
fit the boundary of €2 exactly, where Q = Upeg;, T. We allow hanging nodes, but we
assume our family of meshes are quasi-uniform and that the elements are shape-
regular. The collection of edges/faces will be denoted by &, = £L U EP where £F is
the set of interior edges/faces and P is the set of boundary edges/faces.

The LDG approximations belong to the following spaces:

VF={oe[L2QV : 9 € [P(T)]V, VT € T},

sk ={g € LAV s gly € [PUT)V*Y, VT € T},
QF ={q e L3(Q) : q|r € Por(T) VT € Tp},

Qf ={q€ L*(Q) : qlx € Pir(T) VT € Ty}

NI —

Here P,(T') are the set of polynomials of degree less than or equal to [ defined on
T. An arrow above a function means that the function is vector-valued and a line
under the function means that the function is matrix-valued.

To write a compact form of the method we will need to define the jump and
average operators. The jump operator is given by

. (¢ ® ) on boundary edges in £F
pom]=4 2" ey o .
(T ©fg+)+ (¢~ ©fix-) on interior edges in &,
where ¢* denote traces of ¢ on the edge e = IKT N K~ taken from within the
interior of K*. The vector ik is the outward unit vector normal to K. The symbol
® denotes a multiplication operator. The average operator is defined as

(0} = ¢ on boundary edges in P

B 1(¢T 4+ ¢) on interior edges in EF.
We can now define the LDG approximation. To simplify notations we take the
stabilization parameters to be 1 (i.e. ¢11 = dy; = 1 in (2.21) [10]). Since we are
working with quasi-uniform meshes we use h everywhere instead of the local mesh
size.
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Find (s, pn) € VF x QF such that

Au(@n,0) + Ba(@.pn) = / Fou

(2.1) =B (tin, q) + Dn(pn.q) = /Q gqdzx V(v,q) € V¥ x Qp,
where
A, ) = /Q(vha—;(ﬁ)) (ViT— L@) do+hT S / 2] ds,
€€
By (7,q) = /qvh ¥ dx + Z {q}v- 7] ds + Z /qv nds,
ecel”¢ ecgB
=h Z - [¢7i] ds.

ec€F €

For @ € [H}(Q)]N the lifting operator £(@7) € X is defined by

/Qé(mfgdx: Z/ﬂﬁ@ﬁ]]:{{g}}ds Vo € XF.

ec&p V€

We used the standard notation (V7);; = 0;v; and (V- g); = Ziv=1 0j0i;. We also

- N S N .
have 7-7 =3, , vin;, (T®M);; =vnjand o: 7 = Zi,j:l 0;jTi;j. Here V4 is the

piecewise defined function such that V4 = Vu on each element T' € 7},.

By using the lifting operator £ we eliminated the unknown o}, appearing the in
the original LDG method [10]. As a result, the Galerkin orthogonality property is
not satisfied. That is, if (@, p) solves (1.1), then we have

An(@,5) + Bu(B.p) = /f~ﬁdz+R(ﬁ,6)
Q
22 ~Bu@a)+Dulpa) = [gade V(o) € HYD) x 139,
The residual term R(#, ) is given by

R(@,7) = Z/{n — Vi} : [v® n]ds.

e€ly

2.2. Sobolev Norms. In order to describe the main results we need to introduce
some norms. If Qy C Q, we define our discontinuous Sobolev space as in [3]:

WP (Q) = {v:v e WP(TNQ), ¥V T €T}

Let Q¢ C Q then we define the broken norm for r =1 and 1 < p < 0o

1115100y = = > VR, g + 277D T AL, ray)-
TeT, ecép

If p = 0o, we define

Ul 151.00 = sup ||VT +h7 ! su TR 7|||| 100 .
51y 1.2 (20 TG%H || Lr(T100) eegll[[ 11 2o (enc2e)
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For the pressure we use the following norm for 1 < p < o

lallp e = ooy
+h Z Hﬂqﬁ]]Hip(emQO) + h Z ||{qﬁﬁ||iz}(emﬂg)'
o e€&p

For r > 1 and 1 < p < 0o, we define

”17”51/;’?(90) - Z 1810 (1020)
TE,Z—}L

The case p = oo can be defined similarly. We write Hj = W,:’Q for any r > 1. We
will also need to define negative-order Sobolev norms. Let D C Q and ¢ € L?(D)
then we define the H—1(D) norm as follows

ldllz-ry = sup / qrda.
recge (D) D

7l g1 (py=1

We present a function space, as in [25], that will let us define a slightly different
negative-order norm. If S C D C Q, let 0.(S, D) = dist(0S \ 09,0D \ 092). The
space is defined as follows:

CZ(D) ={v e C% : 0 (supp(v), D) > 0}.
The HZ'(D) norm is defined by

HqHHzl(D) = sup / grdz.
reC?(D) D
el g1 py =1
Notice that HZ'(D) and H~'(D) norms coincide if D CC .
2.3. Local Estimates. For the rest of this paper II will denote the L? projection
into Qﬁ, II will denote the L? projection into V}f and II the L? projection into Z’fl

Theorem 2.1. Suppose that (in,pn) € VF x QF and (@,p) € [HE(Q)N x L3(Q)
satisfy

Ap(@ — 1y, V) + Bp(U,p —pn) = R(U,0)

(2.3) —By(@ — tn,q) + Dr(p —pn,q) = 0 v(7,q9) € Vi x Qj,

then for Dy C Dy C Q with 0(Dg,Dg) =d >2h
Hﬁ— 'Ijh”H}l(Do) + Hp - thL2(DO) + (h Z ||[[<p - ph)ﬁ}]”%?(eﬂDo))l/z

ec&f
< C(|Ja = || g (p,y + hlld = (@) | 2D,y + |lp — 1Pl 22 (D))
(|l = Tl 20,y + lp = ol -1
+Cd™ (@~ @nllz2(pa) + I = Pall =1 (p,)-
In these estimates we have the norm H_ ! norm of the pressure appearing in the

right hand side instead of the H~! norm. The H ! norm appears in the estimates
found in [2] since in their analysis only interior subdomains were considered.
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2.4. Pointwise Estimates. We need to define weighted norms in order to describe
the results of this section. We will use the weight used in [19], 0,(y) =
The weighted norms for 1 < p < oo are given by

Hg”;;Vl”’(QO).J;,s = Z HJiVUHZ[)})(TnQU) + hl_p Z HJ;[['E@ ﬁﬂ”ip(emgo)v
" i TeT ecéh

__h
h+lz—y|”

and for p = oo

51w 1o () 2,8 = 9P 102 V]| (700) + sUP he |os 17 @ ]| Lo (engo) -
T€eT), e€&p

Also,
lq] |1££(QO)J’S = |lozql ‘Zzz’(eﬁﬂo)
+h > 10310 o enagy + 1 D oz fabllLenay)
ec&l e€&n

and for p = oo

gl o ().2,s = llozal| Lo~ (o)

Now we can state the pointwise error estimates for the velocity.

Theorem 2.2. Suppose (i,p) € [WHL(Q)N x L=®°(Q) N L3(Q) and (in,pn) €
V,f x QF satisfy (2.3). Let x € Q and s satisfy 0 < s < k — 1. Then, there ezists a
constant C' independent of x, (i, p), (Un,pr) and h such that

@) @) < Chlog(1/h)* (|| — (@)l = go.o + 1P — D)3 (.0
+|o2(Vit = (VD)) L= (o)
where 5=0if0<s<k—-1, ands=11ifs=k—1.

Notice that if & > 2 we can take s = 0 < k — 1 and we get the optimal L>(2)
found in [16] for the velocity. But, if we take s > 0 then the error at x depends
much more on the behavior of the exact solution in regions close to x rather than
the behavior of the exact solution in regions far from z. In fact, one can prove error
expansion inequalities; see Theorem 4.1 in [19] for the corresponding result for the
Laplace equation. If £ = 1 then we are forced to take s = 0 in Theorem 2.2. In
this case, the logarithmic factor does appear. Also, we see that the estimates is no
longer local. That is, the error of the velocity at the point x depends on the exact
solution equally on all of €; see [11] for the sharpness of this result for the Laplace
equation.

The pointwise estimate for the pressure is given in the next theorem.

Theorem 2.3. Suppose (i,p) € [WEH2(Q)N x L®°(Q) N L3(Q) and (in,pn) €
V,{“ x QF satisfy (2.3). Let x € Q and s satisfy 0 < s < k. Then, there ezists a
constant C independent of x, (U, p), (Up,pr) and h such that

(P —p)(@)] < Clog(1/h)*(|ld = T(@)|lyy1 0y s + [P = (D) | e (92) 9
+Hoz (Vi = I(V@))|| L ()

where s=0if0<s<k, ands=1ifs=k.
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The logarithmic will not appear in the estimates for the pressure as long as we
take 0 < s < k which can always be done since £ > 1. Since we can always choose
0 < s < k, we see that error of the pressure at the  has more of a dependence
on the behavior of the exact solution near x rather than the behavior of the exact
solution far from x.

3. PROOFS

Before we prove Theorems 2.1, 2.2 and 2.3, we state some preliminaries results.
3.1. Preliminary results.

3.1.1. Continuity Of Bilinear Forms. We can easily prove the following bound for
our lifting operator. For any @ € [W,""(Q)]Y we have

IL@)||zr@) < CRVPTH Y [T @ 7o)
ee&p

Now it easily follows that

Ap(@, ) < Cll] |y 1 ) 1]l 1m0

where % + % = 1. In fact, one has

A3 (it,) < Cllllly 11y o171 @00

We also have

B(’l?? q) S C||ﬁ||W’1’l(Q)7w,—qu| ‘L;,:(Q)N/I‘,?S.

3.1.2. Regularity and Global Error Estimates. The following result is standard; see
[24].

Proposition 3.1. If f € [HY(Q)]N and g € HYL(Q)NL3(Q) with for 1 > —1, then
there exists a unique solution (i,p) € H'*? x HY(Q) of (1.1). Furthermore, the
following bound holds

@l 2y + 1Pl e @) < CUf N ar @) + gl i1 @)

Global error estimates were obtained in [10]. Here we state the result in a slightly
different form.

Proposition 3.2. Let (i, p) solve (1.1) and let (@p,pr) be the LDG approzimation
defined by (2.1), then
||V (@ = tn)llL2(0) + P — pullr2 (o)

<C(|V(a - ﬁ(ﬁ))HL?(Q) + [lp — T(p)[| L2 ()
+C(||Vi — I(V4)|| 12y + Rl VT = IL(VE)|| g1 (a))-
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3.1.3. Approximation. We start by stating well-known trace inequalities. Let e be
an face of T' € 7j,. Then, for 1 < p < oo, we have

_1 _1
(3.1) ol Lo(e) < C(RT7 ||| Loy + ' ™7 [dlwrn(r)).
If we restrict ¢ to Py(T), then
N _N _
(3.2) 18]l ery < CALE=F1H9) 9] |yre (),

(3.3) |llz, ) < Ch™ 7|18, 1)

where C does not depend on ¢, h,e, or T. Here 1 <t < s< oo and 0 <[ < q The
following is a standard elementwise approximation result. Let v €
W/P(Q) with 0 < i < j <k — 1. Then,
(3.4) lo = IL(V)[|wirr)y < CW " olwinry, VT €T,
where C does not depend on v, h, or T.
The same result holds for I and II, but in these cases 0 < i < j < k. We

now define a standard negative-order Sobolev norm. The following inequalities are
similar to Lemma 2.2 in [17].

Lemma 3.3. Let x € P._1(T), for and let w be a smooth function. Suppose there
exist constants C > 0 and d > h, ||DIW||LOO(Q) <Cd7'forl=0,1,--- ,r+1. Then,
forr>2

C _ _
(3.5a) W x| #rr () < = (A Mwxlzr ey + 472X L2er)),
C _ _
(3.5b) lwxl ey < 57— (d Hixdlar ey + 42 72(r))s
and forr =1
(3.5¢) WXl () < Cd™Hlwx |21y,
(3.5d) wx|mrry < Cd™HIxl|2 (1)

Here C is independent of w, x, T, and h.

Now we state a super-approximation result (see [17]) which easily follows from
(3.4) and (3.5a) if we set r — 1 = k.

Lemma 3.4. Let 0<(Do, Dg) = d > 2h, where w € CZ(Dy). Suppose
|D'w|| oo (s0) < Cd™ for 1 =0,1,--- ,k +2. Then, for all 7 € V!
Lion =0 oo L mool
EHWQU - H(WQU)”L?(DO) + ||W2@ - H(W2U)||H;(DO)
< Ch(d71||W5||H;(Dd) +d 2|0l Ly (Da))s
where C is independent of U and w.
We will also need the following superapproximation result.

Lemma 3.5. Let w be as in Lemma 3.4. Then, for allp € Qp
1
Eszp — I(w?p)|L2(Do) + |[Vr(w?p — TH(w?p))|| L2 (D)

_ h
< Cd™ Y (||lwpllL2(p.) + E”p”LZ(Dd))'
where C' is independent of h, p and w.
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3.2. Proof of Theorem 2.1. With a covering argument, as was used in [20],
it is enough to show Theorem 2.1 with Dy and Dy replaced with S; and Sag,
respectively. Here S; = By N Q and Soq = Bog N and By C Byy are concentric
balls with common center in 2 and of radius d and 2d, respectively. We prove this
result in several steps.

3.2.1. Stepl: Reduce to weighted stability estimates.

Lemma 3.6. Let w € C2(S34/2) with w = 1 on Sq and |D'w|~ < Cd™! for
l=1,2,...,k+2, then Theorem 2.1 is implied by the following inequality
HwahHH;(Q) + |lwpnllr2 @) + Dr(wph, wpr)
< C(ll 113 500y + P12 5 + 191122 (500)
(3.6) +Cd=(

ltnll2(S2a) + 1IPRll o1 (550))-
Proof. Since @ — i), = (@ — Ii(@)) — (@), — (@), Theorem 2.1 follows from

1@ — il (s + 1P = Pallezcsy + (0D L0 = pa)illl 2 ensa)
eeff
< Ol a7 (S00) + AUl 2 (500) + 1Pl 22 (550))
+Cd™ (||l 2(850) + I

|12 (500)
(1= il san + 1P — Pl s,
By the triangle inequality this in turn follows from
w3 (s, + lIPallz2esg + (0 Y NIpailllce ensa) '/
eeEf
< Ol mp (S00) + P 2 (500) + 1Pl 22 (550))
+Cd ([l 250 + 198511 5,0
Since w =1 on Sy we have

Niinl |2 sy + pallzzcss) + (Y 1padlllzzensa)

ecEf
< lwitin |l mz (s.) + llwpnllrz(s,) + Drl(wpn, wpn)-

Lemma 3.6 now follows. |

3.2.2. Step 2: Weighted Stability estimates for the Pressure. We first estimate the
term ||wpp||r2(s,) in terms of the other terms in the right-hand side of (3.6).

Lemma 3.7. Let w be as in Lemma 3.6, then
lopnlZasy < Cllwiinl s,y + CDilwpn,wpn)
+C(||"7H§J;L(SM) + h||a‘|ifg(szd) + ||p||%i(szd))
+CA72(||n|72 (5 + HPhH?{;l(SQd))
Proof. By the triangle inequality we have

B.7)  lwpnllL2(s.) < llwpn — aves,, (@pn)ll2(s,0) + [[aves,, (WPl L2 (524)
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where avgg,, (wpn) = 157 [s,, wpndze. It is easy to show that

C
(3.8) laves,, @pi)lz2(su < Flpnlli (5,0

It is well known that one can find a function ¥ € [H*(S24)]"V (see [15]) that
satisfies

—V -0 = wpy, — avgg,, (wpn), in Sag
T=0, on 0Ss4,
and
(3.9) VU] L2(850) < Cllwpn — avgs,, (wpn)l[L2(s54)-

We define ¢ on all of Q by defining it to be zero outside of Soq.
By the definition of By, we have

lwpn — aveg,, (wpn)||72(s,,) = Bn(¥,wpn — avesg,, (wpn))
(S2a)

Using integration by parts we can rewrite B(,-) as

Br(v,q) = /v Vg dx + Z/qn {o} ds.

ecEl
Hence, By (¥,¢) =0 if ¢ is a constant. Therefore,

lwpn — aves,, (wpn)llZ2(s,) = Bn(Twpn)

The first term is

By (7 —IL(7),wpp) = /Q(Ufﬁ(z_)’)fvh(wph)dx

It easily follows using (3.1), (3.4) and (3.9) that

= [{T-T@)} - [wpniilds < ellwpn — avgs,, (wpn)l2(s,0)
eEEI e

+%Dh(wph,wph).
Also, we have using (3.4) and (3.9)
[ @~ 10@) - Vatomn) = [ @~ T() - Valopn ~ Wwp)iz
Q Q

2 Ch2 2
< ¢||lwpn — ansgd(th)Hm(sM) + ﬁ”phﬂm(sm)v

where we also used

al Q

IV r(wpn — I(wpn)) || 2(850) < S 11PRl22(550)

which follows from (3.5d).
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Therefore, after applying inverse estimates we see that

lwpn — aves,, (Wpn)l[12(s,y < 2ellwpn — aves,, (Wpn)ll1a(s,,)

C C
+;Dh(wph7w]7h) + EH%H?{%(Sm)
+By, (TL(7), wpp).-

A simple exercise shows that

—

By (Ti(5), wpn) :B(wH(ﬁ),ph)—&-/QphV(w)-ﬁ(ﬁ).

Clearly,
/Q PV (w) - Ti(@) = /( PV (w) - () - B)dz + /Qphww) . 5.

Using (3.4), (3.9) and inverse estimates we get that

L c
[ 2 @) (1) = Do < ellom, = aves, oml s + a9

Also, we have

/Q PVW) Tl < (IV) Ol sl oall -1 5,0
1o
< IVl llpnlln=r s,

2 C 2
< ellwpn = avgs,, (wpn)l[L2(s,0) + g lIPrllE-1(s.0)-

Here we used Poincare’s inequality ||7]]12(g,,) < Cd||VT||12(s,,)-
Therefore,

(3.10) ||wpn — avgs,, (Wpn)llT2(s,) < dellwpn — avgs,, (Wpn)ll7z(s,,)
c 2
JF@thHHzl(SQd)
C =
(3.11) +—Di(wpn,wpn) + B (WD), pr)-

We are left to bound By (wIl(%), p). To this end, we have by (2.3)

B(wIi(?),pn) = Br(I(WIL(D)), pn) + By (WIL(7) — H(wIi(7)), pr)
= Ap(@, T(wI(7))) + By ([(wIi(7)), p) +
— Ay (i, T(WII(9))) — R(, Ti(wIL(5)))
+ By, (wIL(7) — H(wI(7)), pn)
6
(3.12) = > I
where .
Ty = An(@, T (I (7)), Jo = By, (TL(wIi(9)), p)

11
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By the continuity of A, and Bj we have
| 1] + 2| < CTWIE@)) 13 (500) (1 112 (500) + 1P 22 (500)-
Using the triangle inequality we get
T @) |1 (50 < ITE@I@D)) = W@ (500)
H[WTE(0) = wl| 111 (500 + 10|12 (500

It is not difficult to show using approximation properties of f[, Poincare’s inequality
and the fact that || D'w||f(s,,) < Cd™! that

[T (@IL(®)) = T (@) 13 (50 + IWTL(@) = 0Tl 113 (5,0) < ClV 22 (550)-
Moreover, using that the jumps of ¥ are zero and Poincare’s inequality we have
wtllmp (s0) = IV (@D)|22(520) < ClIVUIL2(820)-
Therefore, after using (3.9) we get
MU @IL(0) |12 (5,0) < Cllwpn — avgs,, (wpn)l|L2(550)-

Hence,

C
[l + 12| < ellwpn — avess,, (wrn) 72 s, + — (181 550 + P12z (550))

By the continuity of Ay,

sl < lunl Lo 50 lWTE (D) = TH@IE@)) 111 (5,00
Using (3.4) and (3.5b) we have

lwTE(9) — (@Il ap (5,0

(3.13)

IN

Ch(d I VRIE(@)]| 22 (500) + 4 [[T(D)]| 2 (50))

Ch, o,
7va||L2(S2d)7

IN

where in the last inequality we used the stability of I and Poincare’s inequality.
Hence, using inverse estimates and Young’s inequality we have

c .
|J5] < EH“uph_anSZd(WPh)H%Q(Sgd) + @HUhH?}(szdy

One can easily show using the Cauchy-Schwarz inequality, (3.1) and (3.13) that

Ji o= =Y [{wl(®) - (@)} - [paiilds

T €
el

IN

2 C 2
ellwpn — avesg,, (wpn)12(s,,) + @HPhHH—l(SQd)'

To handle the next term we first use integration by parts to get

Js = Awiiy, (7)) /v ) @il (VIND) — L(0(7))dw
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It simple to see using the continuity of Ay, properties of Il and (3.9) that
Awiy, 11(7)) < ellwpn — aves,, (wpn)l|F2(s,,)
Ch=e
+?||wuh||H}L(SQd)'

Similarly, one has

—

/QV(w) @iy, : (VIIT) - LOL(@)de < ellwpn — aves,, (@pn)l|z2(s,,)
c

= 112
+E||uh”L2(Q)‘

Using the definition of the II and £ we have
/ Voun : (LT(5)) — wL(T(#))de =
Q

S @) @] : {wVnun — D(wVhup) }da.

ec&p V€

Therefore, using Lemma (3.5d) and (3.9) we get
/ Vhup ¢ (LWI(T)) — wl(IL(7))dx
Q
h
< Cllwpn — avgg,, (wph)HLQ(Szd)E'|uh||H,1L(Sgd)

2 c 2
S 6| ‘Ct)ph - a‘VgSQd (wph) | |L2(S2d) + €d2 ‘ |uh||L2(S2d) .
In a similar fashion we can show

i V(D) 1 (L(wily) — wL(@y))ds

2 ¢ 2
< lwpn = aves,, (@pn)lE2(s,0) + —gllunl B cs, )
Hence,

|Js| < dellwpn — avgg,, (wpn)||72(s,.)
c o coo
s llunllze (s, + Zllwinllzy (s,0)-

One can show using (3.1) and approximation properties II that

Ch?
| Js| < €||lwpp — avgg,, (wph)||2L2(32d) + THUH%IIZL(Szd).

Hence, combining the bounds for the J/s and using (3.12) we have that
By (wI1(9),p1) < 8ellwpn — aves,, (wpn)l|a(s, )

c. .
+?(| |wii| ﬁ{}b(sgd) + Dn(wpn,wpn))

C —12 2 201712
1By 50 + 12122 5000 + P21 B s,)

C
(3.14) +@(||Uh||2m(szd) + P71 (500))-
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Finally, combining (3.14), (3.11), (3.8) and (3.7) and taking e small enough
proves Lemma 3.7. (|

3.2.3. Step 3: Weighted Stability Estimates For The Velocity.
Lemma 3.8. For every 1 > 6 > 0 we have

ol 50y + Dawpnswpn) < SllwpnliZace,
C o2 L2 2
+g(||u||H,1L(52d) + h||“||H,2L(sgd) + ||P||Lﬁ(52d))

C oo
+@(||Uh|\2p(s2d) + ||ph||§{,1(52d)).

Proof. In order to prove the result we use a stability result concerning only Aj
bilinear form. The proof is almost identical to the proof of a similar inequality in
[17] for the LDG method applied to Laplace’s equation; see (3.3) in [17].

Proposition 3.9. There exists a fivred number C; > 1 such that

(3.15) lwTnli1 (5,0) < CLAR(Tn, ) + Crd™?||@nl|22(s,,)-

Therefore, we need only to find a bound for Ay, (s, w?iy). To this end, we use
(2.3) to write

Ah(uh,w2ﬁh)
= Ay (i, i, — T(wW?d@n)) + Ap(un, (W)
An(itn, w? @, —TH(w0n)) + An (@ T (@) + By (H(w?an), p)
I

(3.16) => 1

j=1

where
I = Ap (i, w2, — D(w?d@)), T = Ap(@, (w?dn)),
Iy = By (T(w?dn). p), Iy = =By (Ti(w?ii) — wiin, pn),
Is = —By(w?in, pn), Is = —R(a@, T(w*y)).

Here we used that (2.3) holds if Q¥ is replaced with QF since By (#,¢) = 0 for
constant c.
By the continuity of A;, and Lemma 3.4 we see that

I

IN

. 1, 1.
Ch\|uh||H;(53d/2)(E||wuh|\H,§(szd) Jr@||Uh||L2(szd))

IN

— 1 7
iz o) + 5 gl 122520

In the last step we used the inverse estimate hl|tn|g1 (s,,,,) < [|Unl|z2(s,q)- Here
d1 is a small positive number that will be chosen later.
By the continuity of Ay, the stability of IT and Young’s inequality we have
C

C
=112 =112 = 112
IQ S 51||wuh”H;1L(SQd) + EHUHH}IL(SQ({) + WHU}IHLz(SZd).
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By applying Holder’s inequality, the stability of II and Lemma 3.4 we can easily
show that

. c c .
I3 < 51”“’%”?1,{(520;) + a”pﬂii(sm + mHuhHiQ(Szd).

The following can be written as

I4 = — Z {{ﬁ(w2ﬁh) — w2ﬁh} . thﬁ]]

eES% ¢
By applying the Cauchy-Schwarz inequality, (3.1) and (3.2)
C = 9 _ = 9 _
i < llpnllz2 (5, (@) = @in]|L2(550) + BIVA(T (W) = @) 2(5,0) )
By applying Lemma 3.4, inverse estimates and Young’s inequality we get

Ii < il|wiln] 3 (s, + Cd 20172 (s,,)
O+ )2 ol
Using the product rule we get
Is = —By(in,w?pn) — 2/prhf[h -V(w) dz
— By (i, w?pn — (w?pp)) — By (i, TH(w?py))
—Z/prhﬁh -V(w) dz.

By using Lemma 3.5 and inverse estimates we get

. C
=By (iip, w?pn — M(w?pp)) < 51|\wph||%2(52d)+ﬁ||ph|ﬁq—l(sm)

coo1
+$(1 + E)HuhHLz(SZd).

It easily follows that

" c .
/prhuh -V (w) de < 81 |lwpnllFz(s,,) + m”uhﬂiz(sm'

Using (2.3) we have
— By (tin, M(w?pr)) = Bu(i, I (w?pn)) — Du(pn — p, M(w?pn))
— By (@, 1(w®pp)) — Dr(pn — p, I(wpp))
= —By(@,11(w?ps)) — Dp(pn,w’pn)
— Dy (pn, IL(w?pn) — w?pn) + Du(p, I(w’pp)).

By using inverse estimates and stability of the L? projection II, we have

" c, .
= Bu(@.11(*p)) < SullwpnlFacs,i) + 51y s,

and

Ch R
Dy (p. I(w?pn)) < dullwpnlliz (s, + == D PAlILz(ens,)-

01 .
eely

If we use Lemma 3.5 and inverse estimates we get
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C _
— Dy (p, TH(w’pn) — w’pn) < 01llwpnllfz(s,,) + 2L+ MNipallm-1(850)-
Hence,

I; < *Dh(w‘phvah)+451||th|\%2(szd)
C 2 =2
5 Pl (500) + 11y 50))

C —
+m(|‘ph”if’l(52d) + ||Uh||%2(32d)),

where we used that §; < 1.
Finally, by applying Lemma 3.4 we can show

Is < 51\|W17h||§1;(9)
C . TN
+ 511l 72 (500) T CP*(L+ 0y Ol 2 s,)-

Therefore, by combining (3.15), (3.16), the bounds for I, j = 1,--- ,6 and choosing
91 so that §;Cy < 1/2 proves Lemma 3.8 where we let 6 = 2040, C;. O

3.2.4. Step 4: Completion of the proof. By combining Lemmas 3.8 and 3.7 and
taking J sufficiently small we get

||wiip| ﬁl,ﬁ(sd) + Dp(wph,wpn)

< O(HﬁH%I}L(SQd) + hHﬁ”?{ﬁ(SQd) + HpHii(SQd))

C S 12 2
+ﬁ(||uh”L2(52d) + ||ph||H21(Szd)).

Finally, by combining this inequality with Lemma 3.7 gives us (3.6) and hence
completes the proof of Theorem 2.1.

3.3. Proof of Theorem 2.2.

3.3.1. Step 1: Reduce To Error Estimates For Approximate Greens Function.

Lemma 3.10. Let x € T, where T,, € Ty, and let § € [C2°(T,))Y with ||| 21,y =
h=N/2. Then, Theorem 2.2 follows from

||§* §h||wi’1(g),x775 + ||)‘ - )‘hHLl(Q),x,—s < IOg(l/h)gha
where (G, \) (with [, A dz =0) solve

AGEVA =
Vg = 0
(3.17) q 0
and (G, An) € th x QF satisfy
An(Gns ) + Ba(@\) = / 7 vde
Q
(3.18) —By(Gn,q) + Dn(An,q) = 0 V(T,q) € VF x QF
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Proof. By the triangle inequality and inverse estimates
(@ — iin) ()] < |(F — (@) ()| + Ch=N/2||T(@) — @l 1201,
By the triangle inequality and Holder’s inequality, we have
(@~ @) (@) < Cllid — (@) | (2, + Ch™N/2][ — |2z,
Using the fact that 1/2 < o, (y) for any y € T, we have

I(

Since @ — i), = i — (@) — (@), — I(@)), we easily see that

1

— ) ()| < Chll@llyr (g 46 + Ch N2 |u — up || 2 (1, )-

(@ — tip)(z)| < Chl|(d — _’(ﬁ))HW’?“’(Q),x,s + ChiN/szL* Un|| Ly (1)
We will use that

W= NP — || 27, = sup / (@ — i) - da.
Q

pECS (Ty)
= —n—N/2
HPHLZ(TI)

For a fix ' let (g, A) and (gh, A\n) be the solutions of (3.17) and (3.18), respectively.
By using the consistency result for the LDG method and (2.3) we have

/ﬁ~<ﬁ—ﬁh>dx = Ap(il — @ng) + Byl — i, \) — R(G. i — @)
Q

= AU —tn,G— Gn) — B(Gn,p — pn) + R(, gn)

+B(5 — Gn,p — pr) — Dr(A — An,p — pr) + R(4, gn)
= An(il = TL(@), § — ) + Bn (i — Ti(@), A — An)

~R(. @~ 11(@) + B(§ — Gn,p — (p))

=Dn(A = An,p —1(p)) + R(@, Gn)-

Hence, by the continuity of our bilinear forms and the definition of R(-,-) we

have
JRCE
Q

< (i = U@y 0.0 + 73T = V) |20
+p = (Pl (0),2,5) X
(g = Gnllwr (@) 0,—s + P > oz {VG = (VG ML) + 1A = Anllzr).0,—s)-
ecéy,
Here we also used that R(, gn) = R(, gn — §) since the jumps of § are zero.
Theorem 2.2 will follow if we can show

19 = Gullwiiye—s +h D oz AVT =LV M 11(0) + A = MllLi(@).0,—
e€ly,

< Clog(1/h)*h.
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By using the approximation properties of II, global regularity bounds and Propo-
sition 3.14 one can show

(3.19) hY oz V5 = IV }leie) < Clog(1/h)*h.

e€ly

We leave the details to the reader. This completes the proof of Lemma 3.10. O

3.3.2. Step 2: Dyadic Decomposition And Error Estimates For Approzimate Greens
Functions.

Lemma 3.11. Let (§,\) and (gn, An) be as in Lemma 3.10
||§_ g’h”w}i‘l(ﬂ)’Z’_s + ||)\ - )\hHLl(Q),r,fs < 1og(1/h)§h,

Proof. Let
dj — 97 for 7=0,1,2,...
and set
Q;l) — {yEQd]+2<|y—x|<d]—l}7
Q§_2) = {yeQ:djys<|y—=z| <dj_s},
QES) _ {y cO: dj+4 < |y — :U| < dj73}7
954) — {yGQIdj+5< |y7£E| <dj—4}-

We now state two important lemmas that we need. The proofs can be found in
the next subsection.

Lemma 3.12. Ifd; > 8h, then
I1G = Gnllmr ;) + 1A = Anllrz(o;)
< ORI 4 =117 - §h||L2(Q§1>) + C|IA — Ahl\Hzl(Q;m)).
Lemma 3.13. Ifd; > 8h, then
19 = Gnll L2y T1IA = Anll g_r )
< CRE Y (11G = Gl @y + I = Ml o)
FOR(1G = Gill 3 o) + 112 = Ml o)) + Clog(%)ghk+ld}*N/27k_

Let M be a real number to be determined later and let J be an integer such that
dy = Mh. Set E =g — g and r = A — \. Notice that

HEwir@)e—s FIlLi@e—s < IENwir sym)0—s T 7L (S00m),0,-5

J
+ Z(”E”W}i’l(ﬂj)’x,—s + HrHL}L(Qj),I,—S)‘
§=0

Without loss of generality we have assumed that diam(£2) < 1. Since o, °(2z) < C;Ldj
for z € €, using the fact that meas(Q;) < C’d;v and applying Holder’s inequality

we can show
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= N/2 s
HEHW1 L(Q),e,—s T rllr @)e,—s < Cd; /2 (Bl ) + ITll22 9,))-

One also has

IA

CMNZE BN (1B 11 (530 + 1171122 (500
OMN/2+shN/2+1(

1B 1t (50n—e + 171 22 5000

IN

19112 ) + 1M 771 (0))
< CMN/2+Sth/2Hp_HL2(Q) < ChMN/2+S.

Here we used global error estimates and regularity results.
Therefore, we have

(320) ‘|E||Wﬁ’1(ﬂ),m,—s + ||T||L}L(Q),w,fs < CMN/2+Sh + C’%

where
N/2 s
n= Zd PR (|| B oy + Il 22 @)-

If we apply Lemma 3 12 we get

n<ChOk—1-s) +chN/2 IR IE gy + 171 o)),
7=0

where
J
=> (h/d))
7=0
Now applying Lemma 3.13, we have

de RN o) + 1 o)
sce< = $)(I1Ellwa1 () + 7l )

+chN/2 R gy o) + 1171z )
7=0
< CO(k = 8)([1El Iy ) + 72 @)
<
M

N/2—1+s s
+CdY PR (1B sapy + 17122 (5000)) + 21

< 0Ok — ) (1 Ellw 11 g + IIrllzs o)

C
.

ChMN/2—1+S
+ + 4

Therefore,
n < ChO(k—1-s5)+CO(k - S)(HEHW,}I(Q) + 17l )

C
n[N/Q 1+5h .

By Choosing M sufficiently large we have

n<ChOk—-1—s)+COKk— s)(|\E||W;,1(Q) +Irllze @) + MN/2=1+sp,
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Substituting this bound into (3.20), we have
IE w1t 0y0—s T IPllLt @2 < OMY2Fh - ChO(k —1— )
(3.21) +CO(k — S)(||E||W;’1(Q) +Irllz )-
In particular, we see that
1Bl w1y + Pl < CMY?*h+ ChO(k - 1)
+COk = D(IElllw; 1 @) + IrllLy @)
Since J < log(%), we obtain

log(}) =0
O(a) < C{Mal(l/Z)‘mg(’l” if a>0.

1-(1/2)
Hence, by choosing M large enough so that CO(k) < 1/2, we get
E i1y + |I7ll2s ) < CMN4oh + ChO(k - 1).

By this inequality and (3.21), we have

||E||Wi’1(ﬂ),$,—s + HTHL}L(Q),I,—S
< COMN?43h 4+ ChO(k —1 — s) + ChO(k — 5)O(k — 1)
1..
< Chlog(=)°.
< Chlog(7)
which proves Lemma 3.11 O

3.3.3. Step 3: Proof of Lemmas 3.12 and 3.13. In order to complete the proof of
Theorem 2.2 it remains to prove Lemmas 3.12 and 3.13.
We first prove Lemma 3.12

Proof. From Theorem 2.1 and approximation properties we get
11— Gnllm ;) + A = Anllzzo;)
< CR (s ) + P ey
+0d; (|7 - GullLaty F 1A = Anll=rany)-
We need only to approximate |§'\HH1(Q§2>) + |)‘|Hk(§z§2))‘ In order to do so we will

use a Greens’s function representation of § and A. The result is contained in ([22],
Theorem 1.1).

Proposition 3.14. Let (¥,q) (with [, q dx = 0)solve
—AT+Vg=m in,
V-v=r inQ,
=0 onodQ.
with m € [L*(Q)]N and r € HY(Q) with [, rdx = 0. Then, the pair (¥,q) have the

following representations

i) = / (G, y)i(y) + Tz, y)r(y) + L, y) Vr(y))dy
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and
oz) = / (H () - () + Oz, y)r(y) + E(z.y) - Vr(y))dy.

Furthermore, for 1 <i,j < N

o C
DDy G(x,y)| < o — g N2 IATal” for N =2+ |al+ 6] >0,
1
G, (z,y)] §C(1+10g(m)), for N =2+ la[+|B] =0,

C

|CC — y|N_1+|ﬁ|‘HO‘| ’

|DEDYH;(z,y)| < for N—2+]al+ 3] >0.

The components of U and T have the same bounds as the components of G and ©
and the components of = have the same bounds as the components of H.

Applying Proposition 3.14 and using that g has support in 7}, and that d; > 8h
we get for z € Q;l) and |8 =k +1

C C
IDIPlg1(2)| + [DPlga(2)| < W”/}”L%Tm) < T
j j

Hence,

C
|9|Hk+1(sz§,1>) = g TN/EE
J

Similarly, we can show that
c
|)‘|Hk(9§1>) < g N/2EE
J

This completes the proof of Lemma 3.12. (]
Now we prove Lemma 3.13.

Proof. We first prove the bound for ||g — gh”]ﬂ(n(”)' To this end, set E = § — §p
and notice that '

= sup E é’dl‘

7 (1
delcge @IV JQ;

||E||L2(Q§1))

HEl L2 gy =1

Let ¢ € [C°(Q1)]N with [|¢]|12() = 1 and (1, 6) solve

—AY+VO=¢ inQ,
V-g=0 inQ,

—

=0 ond.
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‘We have
/QE-JJdm = AW, B) + Bu(F,0) - R(J, B)

Ii( )7E —Bh(ﬁ(i/;) A=)

0 ) + Dp(A = Ap, T1(0))

—R(4, E) + R(g,T(¥))
(), E) + B

= Au(¢ -1, E) n( — (), A — )
+B(E,0 —T1(0)) + Dip(A — An, 0 — TI(9))
—R(, E) + R(3,Ti(¥))

If S C ), we define Aj s to be the terms of A;, with integration restricted to S.
In a similar fashion we define the restrictions of By, D) and R.
Hence,

/E.J{dm =1+ 1,
Q

where
L= 4, oo (W — ﬁ(z/;), E)+ By q® (% — (D), A — \n)
By, q@(E,0 =T1(0)) + D, g (A = A, 0 = T1(9))
Ro@ (@, E) Ry (9 7. 1(v)),
and
L= Ahvﬂ\ﬂf’) (v~ 1i($), ) + Bh,ﬂ\9§3) (¥ —Ti(&), A = An)
+B), o0 (E,0 —T11(0)) + Dy n (A = A, 0~ T1(6)

RQ\Q(S) (¢7 ) + RQ\QE}‘) (gv ﬁ(/l;))

From local continuity properties of our operators we have

I < CQl(\|1/7*ﬁ(J)||H;L(Q§_4>)+( PR H(Viﬁ))}HLQ(me)) 12
ecy,
HIO =Tz (o))
< ChQu(|¢llme) + [N @)
< Ch@y,
where
@1 = 1By oy + (0 S IV =TTV o) 1A= Al )

e€lp
We can easily show using approximation properties of II and Proposition 3.14 that
Y IRV = LV o)/ < CRENTE,
ecéy

Hence,

I, < ChEFL=N/2—k 4 Ch(||ﬁ||Hi(Q§4>) + 11X = Ml qoy)-
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For I, we have
I, < CQQ(‘ |QZ - ﬁ('l/;‘)HWhloo(Q\QE?’)) ||Vz/7 - E(V/(/;)HLOO(Q\QSS))

IN

Cth2(| W}‘ |Wk+1,oo(Q\Q§2)) + H‘9| |Wk,oc(Q\Q]<_2)))7
where

Q2 = ||E_:HW;1(Q\Q§3)) +[[A = )\h”L’ll(Q\Q;E')) +h Z Vg - E(v§)||L1(emQ\Q§3))’
e€&p

If we use (3.19) we get
Q2 S ||E||W}11(Q\Q(73)) + ||A - AhHL;lL(Q\QES)) —|— log(l/hf
)

Using Proposition 3.14 along with the fact that q; has support in €2;

show

o 1-N/2—k|| 7 1-N/2—k
[ 1lns1.00 00+ 1Bl ey < Oy~ 2716l 2@y < Od;~27,

we can easily

Hence, we have shown that

= 1-N/2—k ||~ =
1Bl 2y dz < ChYd; P7(1G = Gillwra @ + 1A = Ml )
+Ch(||§_ 971‘|H%1L(954)) + ||A - )\h|‘Li(Q;4)))
Ls 1-N/2—k
(3.22) +Clog(4) RFr N
Now we prove the bound for ||A — >\h||H’1(Q(1))' Let » = A — Aj, and notice that
< &
Il = sw [,
H<1(Qj ) wEC?(Q;l)) Q;l)

111 (1), =1
Hl(Qj )

Let v € C’Z"(Qy)) with \|7||H1(Q(1> =1 and let (@, ¢) with ([, ¢ dz = 0) solve

)
AT +Vg=0 1inQ,
(3.23) V-l =7 —avgg(y) in{,
W=0 on S
By the consistency result for the LDG method we have

/Qm dr = /Qr(v — avgo(y))dr = By (@, r)
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Following a similar argument as was done to bound ||E||,, ( we can show

/r’y dx
Q

= 1-N/2—k
< Ch(||E||H’11(Q§4>) +|[A = )\h||Lg(Q§4))) +onttra N

(1)
alt)

+Chk(||’u_j||wk+1oo(g\ggz)) + anwk,oc(g\gé?))) X
- 1 s
(HEHW;l(Q\Qf‘)) + H>‘ - >\h||L’1L(Q\Q§3)) + log(ﬁ) h)
The proof will be complete once we show that

~N/2—k
(3.24) )< cdy N

||w| |Wk+1,oc(Q\Q§_2)) + ||Q| |Wk,oo(Q\Q;2)

We would easily be able to show this inequality using the Green’s function rep-
resentation of (w,q) if avgg(y) was not present in equation (3.23). We have to

perform an intermediate step since avgg(y) does not have support in Qg-l). In par-
ticular, we need the following Schauder estimate which follows from (1.5) and (4.5)
in [22].
Proposition 3.15. Let 0 < a < 1 and let (W, q) satisfy

—AU+Vp=0 inQ,

V-d=0 inQ,
v=m ondf.
Then, for every x € Q and d > 0 we have the following bound
[DE1 (@) + [DFp(x)] < Cd*([Blraane + [Ailk+1,0,5.000)
+Cd™ V|5 oo (Byn0) + Cd¥|[pl| Lo (Bune)-

where By is the ball centered at x with radius d. Here C' is independent of x and
d. The Hélder seminorm [flk . is given by

Blias = Blwims + 3 sup (270 = DWBW

Ml:lw,yes |.73 - y|a

Hence, using Proposition 3.15 we have for any z € Q\ng
~ —(k+1) ) -
|DF ()| + | DRq(w)| < Cdy " [4b]|pes,a) + Oy *lallne s, 20,

where Sy is the intersection of 2 with the ball centered at 2 with radius d. Here we
used that v has support in le) and that the seminorms of the constant avgg ()
are zero. R R

In fact, since (W, ¢) where @ = u?—avgsdj/z(w) satisfies (3.23) with the boundary

condition @ = —avgs, ., () instead of zero, one has by Proposition 3.15
J
S : —(k+1) .2 -
ID¥ (@) + [Drq(a)l < Cdy "I Nldllpes,, ) + Oy llall s,
<

Cd;kvaHLw(de/z) + Cd;k||q||Loo(de/2),
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Here we used that and |\1Z7|\Lx( ) < Cd;||Vid||pe (s, ,,)- One can easily show

using the Cauchy-Schwarz inequality and Poincare’s inequality that

Sa; /2

avgo(y) < Cdj'v/QH
If we use this inequality and Proposition 3.14, we have
_ - _ 1-N/2—k
(3.25) d; k||Vw\|L°°(de/2) +d; k||Q||Loo(sdj/2) < Cd; 2k,

Therefore, we have have shown (3.24). This completes the proof of Lemma 3.13. O
3.4. Proof of Theorem 2.3.

Proof. Using an argument similar to the argument used in Theorem 2.3, we have
[(p = pn)(@)] < Cllp = D) 23 (00,5 + CB™ 7 p = =1 (7).

where z € Ty, T,, € T;,. We know that

h_N/2_1Hp_ph||H—1(Tm) = sup / (p — pr)m dx.
mEC (Ty) "
Hmll g1 gy y=h~N/271
Let m € C2° with ||m|| 1) = h~¥/271 and let (7, \) (with Jo A= 0) solve
~AGHV(A) = 0
V-5 = m—aveg(m)
g =0

Let (Gn, An) € VF x QF be the functions that satisfy

Ap(Gn, ) + Br(@, ) = 0

B a) + DuCg) = / (m—aveo(m))g  V(T.q) € VF x QL.
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Then, by the consistency result of the LDG method and (2.3) we have

/TI(P—ph)m dv = /Q(p—ph)m dx = /Q(p_ph)(m_avgﬂ(m)) da

= —Bu(d.p—pn)
—Bi(§ — Gn:p — Pr) + Anlii — in, Gn) — R(@, i)

= —Bu(G— Gn.p — 1) — An(@ — @, G — Gn)
—By (i — iin, ) — R(ii, Gn) + R(§, i — tip)

= —Bu(G— Gn.p — ) — An(§ — G, T — Tn)
=By (@i — tin, A — M) — Di(p — pny An)
—R(i,gy) + R(g,@ — )

= —Bu(g— Gnp —pn) — An(G — Gn, T — )

h
— By (i — in, A = An) + Di(p — pn, A — An)

Therefore,

/ (p—pr)m dz

x

< O — Ty )0+ 19— TP | (2.
103 (Vi — (V)| = 0) X

(117 - §'h||W;:1(Q),$,_S A= Ml @e—s + B Yoz {VF = Vn Iz e)-
We will be done once we show the following inequality

19 = Gullwt 0y e s + 1A= MallLsq@)e—s + 7 D 1oz {VG = (VG H11(e)
el

< Clog(%) :

Again, we omit the easier proof of the bound
—s - = 1.5
Y llow* {95 = WV Hiz e < Clog(;)*.

In order to prove the remaining inequality, we will need the two following lemmas.
The proofs are very similar to the proofs of Lemmas 3.12 and 3.13. We leave the
details to the reader.

Lemma 3.16. If d; > 8h, then
g — 5:7'h||H}L(Qj) + 1A = Aallz2(e,))

—N/2—k — o o kY Y
gChkdj/ +dj1(”9*%”@(951))+||>\7/\h||H21(Q§_1))).
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Lemma 3.17. Ifd; > 8h, then

G— 3 A=l -
||g gh”Lz(Q;l)) + H h||H<1(Q;1))
1-N/2—k /|5 o 3 3
< CRFa 7R (1G = Gullw 1 ) + 113 = Mallza @)
+Ch(1F = Gl gy o0y + 1A = Anll Lz (q))-

Let M be a real number to be determined later and let J be an integer such that
dy = Mh. Set E zé'—é'h and 7 = XA — \,. Notice that

1B s e 1l @0 < HEHWM(SM,L) S [ —

+Z IIEIIWM D—s T Il L 9)),2,-5)-

Using Holder’s inequality we can show

= N/2+s)
1E w13, s+ Pl @y ims < O 2 B (1E gy + 17ll22 )

One also has

HENwi 1 (spm)a—s T ITILE (5000 CMNPE RN (1| Bl g1y (s + 11|22 (37)

< CMN/2+shN/2h(H§'HH2(Q)+H5‘||H1(Q))
< MN/2+shN/2h||m—anQ(m)HHl(Q)
< oM/,

Here we used global error bounds and regularity results.
Therefore, we have

(3.26) 1E w0y —s + Il (@).0,—s < CMN/?T 4 Ci,
where
J
N 2 s
= S PR (E i )+ 12 0)-
Jj=0

If we apply Lemma 3.16, we get

N/2—-1 s
1< COk —s) —i—Czd 2ot (||E||L2(Q(1))+Hr||H Qﬁ.“))’
3=0
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Now applying Lemma 3.17, we have
J ~
N/2=14s, —s/|| & -

S P R B o) + 7o)
j=0

< CO(k — )(||Ellyrs gy + 17l ()

J ~
N/2—14s, 1—s/|| & ~
+C.Zodj / °h! (|‘EHH}1L(Q§4)) + ||T||Li(Q§_4)))
j=
< COk = s)(|1Ellyw11 o) + 17l @)

1

=l Q

N/2—145,1—s/|| 2 -
+0dY P R (1B g0y + Iz (8000)) +
< CO(k - S)(HEHW,}’I(Q) + 17l 0)

C
+OMN g,

Therefore,
i< OOk —s)+COk — )| Ellyiq) + 17l Lt @)
C
"
By Choosing M sufficiently large we have

+MN/271+S 4

< CO(k—s)+COk — S)(HEHW}}L’I(Q) + 1722 ) + MN/2TIES,

Substituting this bound into (3.26), we have

||E|\W;’1(Q),z,_s 7l @)e—s < CMNZHe 4 COk — s)
(3.27) +CO(k — 3)(||E||W;v1(9) + 17|z @)

In particular, we see that

1Bllginay + Fllyey < CMM 4 CO®)
+C@(’f)(||ﬁ|||w}}1(9) + 17l L1 ())-
Hence, by choosing M large enough so that CO(k) < 1/2, we get
HE[ w11 ) + 17l ) < CMN2Hs 4 Co(k).

By this inequality and (3.27), we have

1B w11ty 0o + 171l (.0
< OMN/?+5 4 0Ok — s) + CO(k — 5)O(k)
1.-
< Clog(=)°.
< Clog(+)
This proves our result. ([l

The author would like to thank Bernardo Cockburn for many useful discussions.
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