LOCAL ANAYLSIS OF DISCONTINUOUS GALERKIN
METHODS APPLIED TO SINGULARLY PERTURBED
PROBLEMS

J. GUZMAN

ABSTRACT. We analyze existing discontinuous Galerkin methods on quasi-
uniform meshes for singularly perturbed problems. We prove weighted Lo
error estimates. We use the weighted estimates to prove Ly error estimates
in regions where the solution is smooth. We also prove pointwise estimates in
these regions.

1. INTRODUCTION

We consider the problem
—eAu+b-Vu+c(x)u=f inQ,

(1.1) u=0 on 9N.

Here Q C R? is a domain with smooth boundary, f is smooth , € > 0 is a small
constant, b is a non-zero constant vector and c¢(x) > 0 with ¢ € Lo ().

As we know the solution to this problem might develop layers. The standard
continuous Galerkin discretization of this problem propagates error through out the
domain. The streamline diffusion (SD) method developed by Brooks and Hughes [3]
does much better in resolving layers. In fact, the numerical outflow boundary layers
for the streamline diffusion method are contained an O(log(1/h)h) neighborhood
of the outflow boundary.

In this paper we show that some discontinuous Galerkin (DG) methods will
perform as well as the SD method in resolving layers. The DG method for the pure
hyperbolic problem proposed by Reed et. al. [11] which was further analyzed in [§]
and [6], showed good results for the pure hyperbolic problem. The error in Ly was
shown to be O(h¥*+1/2) assuming the solution is smooth and polynomials of degree
k are used. In fact, Peterson [10] argued that this result is sharp . A strategy
that has been used for singularly perturbed problems is to use [11] to discretize
the convection-reaction part and use different discontinuous discretizations for the
diffusion part [12] [4], [2]. In [12] and [4] they proved global error estimates assuming
the solution is smooth. If u; denotes the DG approximation to (1.1), then their
estimates take on the following form:

llu = unlle < CHMHY2[ul|riss o
However, in general ||u||gr+1(q) is large and depends on e. Therefore, in this paper

we prove error estimates in subdomains where the solution is smooth. That is, we
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consider a subdomain 2y C 2 where u is smooth and prove that
llu—unlla, < Clog(1/h)h*1/2,

where now C' does not depend on €. Moreover, we show that 9€)y can be chosen
to be O(log(1/h)h) distance up to the outflow boundary of 2. These estimates are
exactly the estimates that were obtained in [5], [7] for the SD method. However,
the estimates in [5], [7] assumed that inf, c(z) > 0. Here we show that we can
remove this assumption. We also prove suboptimal max-norm error estimates.
The paper is organized as follows: In the next section we present the numerical
methods. Then, in Section 3 we present some preliminary results. In Section 4 we
give the Lo error analysis. Finally, in section 5 we prove max-norm estimates.

2. DG METHODS

Suppose we have a family of edge to edge triangulations {7,} of Q , h =
supreq, hr with hr = diam(T). Vj will denote the finite dimensional space of
functions that are polynomials of degree at most k on each element. We define
&P as the collection of boundary edge, &) as the collection of interior edges corre-
sponding to 7, , and &, = & U«f}? . We further decompose our boundary edges as
5,? = 52' U¢E, where &, , S,f are the collection of edges that belong to the inflow,
outflow part of the boundary, respectively. S, will denote the union of elements
that have e as an edge. On each edge, as in [1] we define the average and jump
operators as follows: For e € 5,? , ¢ vector valued and ¢ scalar valued

<g>= %(m +4q2), [g=q -n1+q2 ng,

<@ >=5(01+¢2), [ = d1ni + dang,
where S, = T1 JT», ¢; = q|1,, $i = ¢|1, and n; is the exterior normal to T}, i = 1, 2.
For e € &7

<q>=gq, [¢]=¢n
where n is the outward unit normal. The quantities [¢] and < ¢ > on boundary
edges are not required so they are left undefined. Note that [¢] is a scalar and [¢]
a vector. If e € &, then, as in [7], u®(z) = lims_o u(z & 6b) where z € e .
Now we are ready to define our bilinear forms. First we write the classical
convection-reaction discretization.

Bi(u,v) = Ypeq, Jp(b- Vu+ cuvdr + Deeey J(ut —u")vt|b-n|ds
+ e [, uvlb - nlds.

Using integration by parts we have the following

Bi(w,v) = Yper, Jpu(=b-Vv+cv)dr + 26652 Joum (™ —ot)|b-nlds
+ 2 eeet J, uvlb - n|ds.

The diffusion discretization is

Bo(u,v) = ZTeTh efT VuVudz
— D et [ e(< Viu> [v] +v < Vio > [u])ds
+ 2 eee, 17 Jlullv]ds.
Here V¢ is the piecewise defined function such that V¢ = V¢ on each T € 7},.
If v = —1 and 5 > 0, then we have the NIPG method which was considered in [12].
If v = 1 and 7 sufficiently large, gives the IP method which was considered in [4].



The discontinuous approximation uy, is defined by
(2.1) B(up,v) = (f,v), YveV,
where B = Bl + BQ.

2.1. Approximation Results. We first state trace and inverse inequalities. Let
T € 75, then we have
(2.2) 1¢llor < C(A™Y2[[llr + h'/2|| V| |r).

where C is independent of T" and .
If ¢ € V},, then

(2.3) IVllr < Ch Y7,

(2.4) 1Y]lor < CR™Y2|Y]|r,

and

(2.5) ¢llor < C(hE[[b- Vel|z + [[0]b- n|'/?]lor)

where n is the unit normal to 07

The last inequality was used in [6].

Now we present a preliminary cut-off function. This function will differ from the
one in [7] in order to handle the case that ¢ is not bounded away from zero from
below (e.g. no reaction term). One can construct a function with the following
properties:

There exist positive constants ¢; and ¢ such that

1 < @(t) <eg for t<1,

p(t)y=et t>0,

1

¢'(t)<0 t € (—o0,00),
') < calpp(t)] 1<I<k+1, te (—o0,00),
61(t)] < calgp (£)] 2<1<k+1, te (—o0,00),

-1

)

and
[6(t)] < caftl(log(|t]) +1)%|¢'(1)], t € (—00,00).
If we define RO(D,v) = maxzep |v(x)|/ mingep |v(x)|, then for any interval I
of length 1
RO(I,¢) + RO(I,') < cy.
From now on, for simplicity, we let b = [1,0]" and we define our cut-off function

w(m,w:as(x;f‘)qﬁ(&‘y ).

Here p = Khlog(1/h) and 0 = Kh'/?log(1/h), where K is a sufficiently large
constant that will be chosen later.
From the properties above it follows that w, < 0 and that

Jo(L =2

g g

anpf —a, _—f3
(2.6) |DgDyjw| < Cp~ %0 Plw| for a+pB<k+1
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(2.7) |D§‘D5w| < Cp~ o Plu,| for a>1,a+p<k+1
(2.8) jw| < C(log(1/h))?|wal-

(2.9) RO(T,w) and RO(T,wy) are bounded independently of h

on any element 7.

Property (2.8) makes it possible to handle the case of no reaction term. In fact, we
can use this same cut-off function to prove error estimates for the SD method in
the absence of a reaction term.

Now we can define a weighted norm

Q) = (Y (ellwVol[F +[|(wlw.))/?0l|F + [lwe'?v][7)
TeTy
1 _

+) §\|W(7f+ — v )[b-n"212 4+ ) fwvlb-nl?)2

e€&p ec&?

€

+y nhf\lc«J[U]llﬁ)l/Z-

ecfy, ¢

The following super-approximation result is similar to the super-approximation
result found in [7].

Lemma 2.1. There exists a constant C such that for v € Vj, and T € Ty,
(2.10) h|lw™ V2 (W — P(w?0)||r + |Jw ™ Vi (0 — P(w?0))]|7
+(1/h)||w™ (WP = P(0?0))|lr+ < Ch™ V2K =2(||(wlws )20 |7
where P denotes the Ly projection operator into V.

Proof. By approximation we know that
h|[V2((w?v = P(w?0))ll7 + |IV(w*0 — P(w?v))|l7

+(1/h)||(w*) — P(w?v)||r < Ch* Z |D*wDPwDYv||r.
lal+1B+[v[=k+1

Note that DYv = 0 if |y| = k + 1 since v is in our subspace. Therefore, we assume
that |y| < k. First suppose that ag + 82 # 0, where o = (a1, a2) and 8 = (51, B2).
In this case, by using (2.6) and (2.3), we have

||[D®wDPwDYv||p < Cp~1=Prg=a2=F2 =1 |2y |1,
Using the definition of p and o, we have that
p 1 Prgmaa=B2phl — g=lal-Ifl log(l/h)*\Oélf\ﬁlh*k*1+(1/2)(a2+ﬁz).
Since |a| + |Bl=k+1—|y| > 1, az + B2 # 0 and by using (2.8), we have
R*||D*wDPwD|| 1y < CK ™ h=Y2||w|ww, || 1.
On the other hand, suppose as + 2 = 0. By (2.6) and (2.7) we have
||[D*wDPwDYv||p < Cp~ =AY 2 =0 |w|ww, | %0|| 7.
Again using the definition of p, we have
h¥||DewDPwDYv||p < K~Y2h Y2 ||w|ww, |20 |1

The result now follows by multiplying through by w=! and using (2.9). |



3. MAIN RESULT
We can now prove our main result.

Theorem 3.1. Let v» = P(u) — up, where uy, solves 2.1 for either the NIPG or IP
methods. Let K be sufficiently large. If € < h, then there exists a constant C such
that

Q*(¢) < C(h™Hw(u — Pw)|f§ + hllwVa(u — Pw))[[§ + h*||wVF (u — P(w))|[3).
Proof. Tt can easily be shown that

Q*(Y) = B 2 Y / wpVwVytda
TeT)
1 +W)6ze:/e€gh < wVpty > [wiplds + 2762/66& < YVw > [wip]ds

By (2.6), (2.9), (2.8) and (2.3), we have

ey / WPV OVda] < CK~2(el ¥l + l(wlwa)/20113).

TeT,
Using (2.9),(2.4), and the arithmetic-geometric mean inequality we obtain
(3.1)
1 y €
(1) Y [ <V > lolds < (140) gelloV 31420 T oty
ec&y, € ecé ¢

Here C* depends on the constant arising from inverse estimates.
Again, by (2.6), (2.9), (2.8) and (2.4), we see that

e Z / < PYVw > [wip]ds|

ec&p V€

< OK™2(L vl + llwlos D 6113).

ee&p
If we have vy = —1 (NIPG), then both sides of (3.1) will be zero. In this case, by
making K large enough we have that
(3.2) Q*(¥) < CB(, ).

On the other hand if, ¥ = 1 (IP) then as long as n > 2C* and K large enough
we again have (3.2).
Using the orthogonality property, we see that

(3.3) B(¢y,w*y) = B(y, E) + B(u — P(u), P(w*y)),
where E = w?¢) — P(w?). We first bound B(¢, E) = B1(¢, E) + Ba (¥, E).
Since v, € Vp,

Bl(¢7E)

Z/ T)ET[b-nlds + ) /wE|b n|ds

ec&d ceg; ¢

+ / cpFEdx.
Q
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By using the Cauchy-Schwarz inequality, (2.2), (2.10), and the boundedness of ¢,
we get

Bi(¢,E) < C Y |lw(@" = )ln- b2 K 2| (wlws )25,

ecéE))

+ ChY2E 2| |lwel 2]yl (wlwa )2 o).
Therefore,
(3.4) Bi(¢,E) < CK™'2Q*(y).
Using (2.2) and (2.10), we see that
(3.5) By (1, B)| < CK7'2Q% ().

We bound only one of the terms of |By(, E)| to illustrate this.

D e /<VhE>

ecéy €

<Ced (WV2|jw™

eclp

lw™' Vi,

Se)

[wiplle

<C Y K V|(wlwa)) s - V2w e
ecéy, e

< CKV2Q%(v).
Now we bound B(u — P(u), P(w?)). Since P(w?1)) € V},, we have that

Bi(u— P(u), P(w*y)) = Z/(U—P(U))*(P(w%)f—P(w2¢)+)\b'nld8

— u (.U2 X
+ /Q e(u — P(w)) PwP)d

Applying (2.4), the triangle inequality, (2.10) and the arithmetic-geometric mean
inequality, we have

Z/u— (Pw*)™ = P(w)*)[b- nlds
ece? ¢
< 2 AG Pl - P() Va(u— P))]s,)

6650

(lw ™ (@*)* = @) )b -l 2[le + |lw™ (BT = E7)[b-n|"||e)}
< C(hH|w(u = P(u))|[§ + hllwVa(u — P(u))[|3)
+6 Y llw(@™ =)o n' 212 + K1 Q(¢)

e€&p
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where & > 0 will be chosen later. After similar arguments for the last terms in
Bi(u — P(u), P(w?1)), we conclude that

Bi(u— P(u), Pw?¥)) < C(h™Hw(u—P))[[§ + hllwVa(u— P(u))[[3)
(3.6) 5Q*(v) + K~1Q*(v).

We now bound the terms of By(u — P(u), P(w?y)). By the Cauchy-Schwarz
inequality , the triangle inequality , (2.6) and (2.10), we see that

V(u — P(u))VP(w?))dx
725;; ][
< Y elwV(u = P)llr(lo™ VEIr + o™ V(w?d)llr)

TeT),
< CellwVin(u = P(u))||g + 0(ellwo V|| + [[(@lwe ) * ¢l Loer) + K1 Q% ().

Again, applying the Cauchy-Schwarz, the triangle inequality, (2.2), (2.10) and
the arithmetic-geometric mean inequality, we get that

> e /<vh (u— P(u)) > [P(w?)]ds

ecéy, ¢
< E(hl/QHth(u — P(u)lls, + 1?20V (u = P)lls,) (lwillle + o™ [E]lle)
< C(hllwvh u—Pw))[[§ + 1 ||lwVi (u — P(w))|lg) + K1 Q*(v)
+6 Z 7 ey II[e-
eGSh

By bounding the last two terms of Ba(u — P(u), P(w?%)) in a similar fashion,
we arrive at

(3By(u— P(u), Pw?y)) < C(7Hw(u— Pw)|g +[lwV(u— Pu)]f
R |wV?(u — P(w))[[8) + 46Q%(¥) + 4K 1 Q*(¥).

Finally, taking K large enough in (3.4), (3.5), (3.6), (3.7), and choosing ¢ sufficiently
small in (3.6) and (3.7) we arrive at our result. O

Remark 3.2. By using Lemma 4.2, we can improve Theorem 3.1 so that Q?(1) also
contains the term Y- o hf|wie 7.

Now we can state a error estimate away from the layers.
Corollary 3.3. Let K, p and o be as in Theorem 3.1. Let
Q={z<AB <y<B}NQ
and
QF ={z < A+ slog(1/h)p, By — slog(1/h)o <y < By + slog(1/h)a} N

Let hg and m be such that hg* > e. If |Ju||g2(q) < Ce™? and ull e
C, then

)<
k4142m

l[u — up|lo, < Clog(1/h)R*+/2 for h < hy.
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Proof. By the triangle inequality and the properties of the Lo-projection operator,
it is enough to establish
|P(u) — up||a, < Clog(1/h)hFT1/2 for h < he.
It follows form the properties of w, that
1P(w) = unlla, < Cllw(P(w) = un)lla < Clog(L/h)[|(wlwa)/*(P(w) — un)lla-
Therefore, from Theorem 3.1 and properties of w, we have
1P(u) — unll, Clog(1/h)(h™/?||u — P(u)|o+
+ B[V = P@)llgs + b2V — P() o)
+ Clog(1/h)h*(h™?||u — P(u)|la
+ W2 Va(u = P(w)|la + B2V (u = P(u))]]a)-
From approximation properties, we have
(2w~ P@)llgs + Y2 Vn(u— P(u))]lgr
B2V = P))lgr) < B2l g -

IN

Using the triangle inequality and inverse estimates, we see that
(h2lu—=Pu)lle + h'Y2[|Vi(u— P(u)llo
+ B2V (u = P(w)lla) < Ch™Y3 Jul g2 (o).
The result now follows by letting s = k 4+ 1 + 2m. O

In the next section we will need a weighted stability estimate. By following the
ideas of Theorem (3.1) we can prove the following Theorem.

Theorem 3.4. Let uy solve 2.1 for either the NIPG or IP methods. Let K be
sufficiently large. If € < h, then there exists a constant C such that

Q(un) < Cllwflla-
Here C is independent of h,up and f.

Remark 3.5. In the case that inf,eq c(z) > 0, we can show that ||u—uy|| < ChF+/2.
That is, we can remove the logarithmic factor.

4. APPROXIMATE GREEN’S FUNCTION BOUNDS AND L., ESTIMATES

In this section we prove suboptimal L., bounds. In order to do so, we need
bounds on the approximate Green’s function. In this direction, for (zg,y0) € Q2
define the rectangle containing (xo, yo)

Qo = {z <z + Crlog(1/h)p, ly — yo| < Cylog(1/h)o} N

Here C is a sufficiently large constant which we specify below. The approximate
Green’s function G € V}, with reversed wind direction satisfies

B(v,G) = v(xo,y0) Yv € Vp.

Using Theorem 3.4 (with the wind direction reversed) and applying the tech-
niques used in [7] we can prove the following estimate.
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Corollary 4.1. There exists a constant C (in the definition of Q) independent
of h such that

G2 @\020) + [IVRG|Lo (0020) < CRMT2.

In order to prove pointwise estimates, we need a global bound on G. This
requires an extra stability estimate. The following result was proving for the IP
method (reversed wind direction and ¢(x) = 0) in Lemma A.1 in ([4]). The proof
for the NIPG method is similar.

Lemma 4.2. There exist positive constants Co and C3 such that for every v € Vj
h||vm||?z + 6||vy||s21 +[le! 2]l

+ Z o a2 Holb-nl V22

6650 eegp
+ Zn Hw [v]||? < CoB(C3v — hvy, v).
ec&y

We will also need the following lemma.

Lemma 4.3. Suppose v € V}, and suppose that Ty, T> € Ty, share a common edge
e. Then,

[o" = v?[le < CRY2(|Ib- V(0!I + b~ V(WP)llz) + Cll(v" = 0*)[b-n]"?|lor,
where vt = v|p, and v? = V|7, .
Proof. Naturally v! and v? can be extended to all of R2. By (2.5), we have
[0 =o?lle < CR2[]b- V(0" = 0?7, + Cll(w" —0*)[b-n|"Jor,
< CRY2(|Ib- V(") +11b- V(©?)|z) + Cll(w" = v?)[b- ]2 lor,

Since v2 lies in a finite dimensional space and T} and T, belong to a shape regular
mesh and share a common edge we have

Ib- V(©*)|l7, < Clb- V(v?)||z,
This completes the proof. [

Our proof of global estimates for G is very similar to the proof given by Niijima
[9] for the stream line diffusion method.

Theorem 4.4. There exists a constant C independent of h such that

1¢'?Glla < Clog(1/h)h™"/2,
(3 G132 < Clog(1/h)h™t,
TeT,
(D IGyII])? < Clog(1/h)e ' /2n=12,
TeT,
(Y NG =G b 22 4+ (D |G- 82 |2)Y? < Clog(1/h)h™"/2,
6650 8658
(Y n- WGV < Clog(1/mph~"72.

ecéy e
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Proof. By Lemma 4.2 we have
h Y (1GallF + ellGyll7) + [ Gl

TEeTy,
1 + - 1/212 1/21)12
+ 3 GG =G n )2+ 3 G612
ee&d ec&f
+ 3 ny IGII < CB(CLG — G, ) = C(CaGlao, o) — hGalo, o).
e€h €

First, by an inverse estimate and the arthimetic-geometric mean inequality, we have
where § > 0 will be chosen later.

Let (Zm,y0) € Q\Qo such that |z,, —z¢| < Clog(1/h)p . If we now draw the line
from (g, y0) t0 (Zm,yo), then this line will intersect the elements Ty, 11, - -+ , T), at
the points (x1,y0), (x2,¥0), - , (Tm,Yo), respectively. By adding and subtracting
the the right hand and left hand limits of G at the points (z;,y0) and applying the

Fundamental Theorem of calculus, we have
(4.1)

m—1 Tit1 m—1
—G(Io, yO) = Z / GI(Sv yO)dS + Z (G+(‘ria yO) - G_(xiv yO)) + G~ (mﬂ’h yO)
i=0 Vi i=1
By an inverse estimate, we know that

Tiq1
/ Gao(s,y0)ds < (zig1 — z)||GallLo (1) < P HIGellLy(1)-

Furthermore, since meas(To UTy U ... UT,,) < Ch(log(1/h)p), we have that

m—1 Tiga m—1
> [ Galsanlds < Clog(t/m(Y [IGalfr) 2
i=0 /i i=1

Applying the arithmetic-geometric mean inequality, we have

m=1 iz
3 / Ga(s,y0)ds < 5k S [|Gal3 + Clog(1/h)*h ™"
=0 Y Ti TeT

Using inverse estimates on the edges, we have
G*(zi,y0) = G (wi,50) < Ch™Y2|(GT = G,
where e; C 0T; is an edge containing (z;,40). By Lemma 4.3, we have

Gt (2i,90) — G (z1,90) < Ch™Y2|(GT—=G7)|b-n|"?||or, + C(||Gallz, +||Gal |7y )-

Therefore,
m—1 m—1 m—1
> (G (i,0) =G (wi,0)) < Ch™2 Y (G =GT)onl o +C Y |Gallr,
i=1 i=1 i=1
Applying the arithmetic-geometric mean inequality we have
m—1 m—1 m—1

(G (@i, y0) = G (wisp0)) < 6 Y NG =G0 2|57, + 0k D [|Gall,

i=1 i=1 i=1

+Clog(1/h)?h ™ .
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Here we used that m < C'log(1/h).
By Corollary 4.1, we have

G~ (Tm,yo) < ChFT2,
By choosing § sufficiently small we arrive at our result. (I
Now we prove pointwise estimates.
Theorem 4.5. Assume that
[ullor+1 (o) + 1VUllL, @) + €llullwz @) + [|ulla < C.

If e < h, then
|(w = un) (0, 90)| < CH**1/*log(1/h)>.

Proof. By the definition of G and the orthogonality property of u — uj, we have
(up, — P(w))(20,y0) = B(up, — P(u),G) = B(u— P(u),G).

One can show using the Cauchy-Schwarz inequality, inverse estimates, and proper-
ties of the Lo-projection, that

Boya,(u— P(u),G) < C(|Vullz, @) + ellullwz o)
+(1/M)ull2) (Gl @\20) + VARG L. (100))-

Here Bp(w,v) are the terms of B(w,v) with integration restricted to D. Therefore,
using our hypothesis and Theorem 4.1, we have

Ba\a, (u — P(u),G) < ChFL
Now we bound Bg, (v — P(u), G).
Bg,(u— P(u),G)
{

by

TeT,, TNQ#D T

- > {e(< Vi(u— P(u) > [G]+7 < VLG > [u— P(u)]
6652,61’19075@ ¢

eV(u— P(u))V(GQ) + (u — P(u))(—Gy + cG) }dx

+-L[u = P(w)][G]}ds

_ /(u—P(u))_(G_ —GH)b - nlds
e€EY,eNQo#0 * ©

By Holders inequality , approximation properties of P, and the fact that meas(€g) <
C(log(1/h))h'/? we have

/ (eV(u— P(w))V(G) < Ceh*||ul|grs1(0,) log(1/h) R 4|V 1,G]|q, -
TeTh, TNQ#D T
If we apply Theorem 4.4 and our hypothesis, we get that

/ (eV(u— P(u)V(G) < C(e/h)?log(1/h)2hF+1/4,
TET,, TN#0" T
Since G, € V}, we have

/ (1 — P(u))Gada = 0.
T

T€eT,, TNQ#D
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It can easily be shown that

> [ PGz < CRU ull sy 112Gl < Clog(1/mp*+/1,
TE'T}uTﬁQo;ﬁ@

By applying Holder’s inequality, approximation properties of P, the fact that
7 > 0, and Theorem (4.4), we obtain

-y (e(< Vh(u— P(u)) > [G])ds

6652,609075@ ¢

ehMlullcrrry Y G,
e€&P,eNQo#D
1 Ui 1
<Centti Y LIGIDYAC Do DY < Cerlog(1/h)PhEFL,
e€&?,eNQo#D e€& ,eNQo#)
In the last inequality we used that

1., _
(> DV<log(pn ™",

e€&P,eNQo#D

since there are at most C'log®(1/h)h =3/ triangles in €.
Similarly, we obtain

-2 /(E/h)[u — P(u)][G)ds < Ce? log(1/h)hF+7.

eNQo#D

Using Holders, approximation properties of P, inverse estimates and Theorem
(4.4), we see that

- Z /6’7 < V3G > [u— P(u)lds

eefg,eﬂﬂogé@
< Celog(1/h)h* /4 ul | crs1 (0) || VaGllay) < log(1/h)*RFTH1,

By Holder’s inequality, approximation properties of P and Theorem (4.4), we
have that

Z (u— P(u)) (G~ — G")|b-n|ds
eEE}i,eﬂQo;ﬁ@ ¢
< Clog(1/h)h* M [ullcrinay (Y. (GF = G7)lb-nf'/2]2)z
ec&y),eNQ#D

< Clog(1/h)*nF+1/4,
Our result now follows since € < h. O

Remark 4.6. In the piecewise linear case, if we add artificial crosswind diffusion,
then we can improve the pointwise estimates from log(1/h)?h5/* to
log(1/h)?h*/8. This modification was done to the stream line diffusion method in
[7] and [9]. However, this estimate will still be suboptimal. Optimal max-norm
estimates (O(h®/?)) for these DG methods and for the stream line diffusion method
assuming general quasi-uniform meshes is still an open problem.
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