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Abstract.

We investigate numerical integration effects on weighted pointwise estimates. We
prove that local weighted pointwise estimates will hold, modulo a higher order term
and a negative-order norm, as long as we use an appropriate quadrature rule. To
complete the analysis in an application, we also prove optimal negative-order norm
estimates for a corner problem taking into account quadrature. Finally, we present an
example to show that our result is sharp.
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1 Introduction.

Weighted pointwise estimates obtained by Schatz, [9], greatly improve previ-
ous local WL estimates. They show that the finite element approximation, in
some cases, approximates the solution in a very sharp local sense. That is, the
approximation error at a point x is more heavily influenced by the behavior of
the solution near x rather than far from z. This has proven to be useful for super-
convergence results [10] and pointwise a posteriori estimates [5]. We prove that
these estimates are preserved, modulo a higher order term and a negative-order
norm, if we use a quadrature rule of high enough order.

Let © cc RY and consider the equation

5} 0
(1.1) Lu= Z . (aij(x)a;) =f inQ.
g 7 !

We assume f and a;; are smooth and (a;;) is uniformly elliptic in €.
If Q1 CC Q, then u solves the local equation

(1.2) Au,v) = fudz, for allv e H(Qy)
Q
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where 5w 8
w Jv
A(w,v) = /Q%:aij du: Oz,

Let S" , ¢ WL (Q) be a one parameter family of finite element spaces. From
now on ; CC Q will denote a fixed domain with the following properties.
We assume that the family of meshes when restricted to €27 is quasi-uniform
and that each element intersecting 2; is a simplex. If gh,T,l(Q1) denotes those
functions in S | with compact support in the interior of )y, then we require
that S(;h,T,l(Ql) be composed of continuous functions supported in €7 such that
their restriction to each simplex of our decomposition is a polynomial of degree
at most r — 1 (i.e. we consider Lagrange finite elements of degree r — 1 in 4).

The finite element solution u; with exact quadrature will satisfy

(1.3) A(u — ap,v) =0, forallv € gh,T,l(Q1).

In Propositions 1.1-1.3 we shall review some known results. First we state the
W estimates for the finite element approximation with exact quadrature found
in [12].

PROPOSITION 1.1. Let Qo CC Q21 CC Q. Ift > 0, there exists a constant C
independent of h, u and Uy such that

lu—tnlwy @) <€ 10f lu—xllwy @) + Cllu—anllz-+@)-
X

r—1

Applying the techniques in [12], one can prove local W estimates for the
finite element approximation with numerical quadrature, let us denote it by uy.
Quadrature rules employed will be precisely defined in Section 2.

PROPOSITION 1.2. Let Qg CC 1 CC Q2 and t > 0. If a quadrature rule of
order 2(r —1) —24q (g > 0) is used to compute uyp, then there exists a constant
C independent of h, u, and up, such that

lu—unlwz (o) <C eusl,f lu = Xllwx @) + Cllu — unllr-+(a)
X

r—1

(1.4) + Ch = log(1/h)(I[ul lw ) + 1]z 1500

The case ¢ = 0 is Corollary 5.1 [12]. Following that proof, one can easily
generalize this result to ¢ > 0. The first term of the right hand side of (1.4) can
be bounded using the Bramble-Hilbert lemma, to get infxes’r—l lu=xllwi () <

Chr’l\u|wgc(91). Therefore, if ¢ > 0 one, in some sense, preserves the local
estimates, modulo a higher order term and a negative-order norm. In the case
q = 0, the last term in the right hand side of (1.4) is of the same order as the
typical order of the first term. Quadrature rules of order 2(r —1) —2 (¢ = 0) are
used in [4] to prove H' error estimates.

Now we compare these estimates to the sharper weighted pointwise estimates
of Schatz. In the case of exact quadrature we have (Theorem 1.2 [9]):
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PROPOSITION 1.3. Let Qo CC Q1 CC Q and consider © € Qq. Let 0 < s <
r— 1, u solve (1.2) and ay, satisfy (1.3). If t > 0, there exists a C independent
of h, u, and up, such that

1 S
V- m@)l < (g, ) intllu= b
+ Cllu — @nl|g-1(qy)-
Here s=0if0<s<r—lands=1ifs=r—1.

The weighted norm is defined as

[ollwa @),es = llozvllLe @) + 1oz VollL @)

where 0;(y) = h/(|x —y| + k). Note that if y = x, then ¢3(y) = 1. On the other
hand, if |y — 2| = O(1), then ¢3(y) = O(h®). If s = 0, we get Proposition 1.1.
The improvement comes when s > 0.

We now state the main result of this note which is the corresponding weighted
pointwise estimates with numerical quadrature.

THEOREM 1.4. Let Qo CC Q1 CC Q and consider x € €q. Let 0 < s <
r—1, u solve (1.2) and uy, satisfy (2.1) where we use a quadrature rule of order
2(r —1) =2+ q with ¢ > s. If t > 0, there exists a C independent of h, x, u,
and uy, such that

1\° .
Vo=@l < C(1og) ) it o= Nl @me+ Cllo = wll-vo
r—1

1\, .
(15) +0 (1o, )12l ey + 1o -

Here s=0if0<s<r—lands=1ifs=r—1.

If ¢ > s, we preserve the weighted pointwise estimates, modulo a higher or-
der term and a negative-order norm. In the case ¢ = s, the third term in the
right hand side of (1.5) is of the same order, modulo a logarithmic factor, as
o2(y)V(u — x)(y) for |y — x| = O(1); however, closer to x the local structure of
Schatz’s results are preserved.

In the next section we describe the quadrature rules that we consider. In
Section 3 we prove Theorem 1.4. In Section 4 we complete the picture for an
application by estimating ||u—u|| -+ (q) in a polygonal domain with refinements

at the corners. Finally, in Section 5 we show that Theorem 1.4 is sharp.

2 Quadrature.

Let the simplex 7" denote a reference element, and assume we are using a quad-
rature rule that approximates fT gdz:

Qp(9) = Z g (by),

where the @; > 0 and b; € T'. Q is of order k if Q4(p) = [ pdax for all polynomials
p of degree less then or equal to k, but fails to integrate a polynomial of degree
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k 4+ 1 exactly. We know that Q.+ induces a quadrature rule for any simplex T,
Qr(g) = _wig(b).

Here w; = J(Rr)w; and by = RT(l;l) where Rr : T — T is our standard affine
map. We define the error of our quadrature in 7" and T as

Er(§) = Qa(9) - /T odz,
ET(g)=QT(9)—/ngx-

Here §(2) = g(Rr(%)). Notice that Er(g9) = J(Rr)E#(g). Let us suppose that
we use this type of quadrature in ;. Then, our finite element approximation uy
will satisfy

(2.1) A(u —up,v) = F(v), Yo € Shr1()
where F' = F} + F5,

dup, Ov
B=3 F©) H@=EBr |3 e, |
T ij v

and
Fy(v) => F(v), Ff(v)=Er(fo).
T

3 Main result.
Now we prove Theorem 1.4.

PROOF. From now on set e = u — uy,. Let us consider y € Qg. Let Q¢ CC Qs
CC 1. By Theorem 1.2 in [9], there exists a C' independent of y such that

1\°,
B L+ (Tl < 0 (Tog , ) it v e

1
+ Clllir-r + (108, ) IIFIl-10
where s=0if0<s<r—1lands=1if s=7r —1. Here
WIFl[|l-1c = sup  F(¥).

pewl(a)
=1
1l (e

First we multiply (3.1) by o2 (y), and take the supremum over y € y. Then,
by noting that o, (y)oy,(z) < 20,(z) and 0,(y) < 1, we obtain
1",
(3.2) lellwa @o)e,s < € log ;| infllu—xllw @2).0.s

1
 Cllellaian + (108, )IIFIl-1
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By using the Bramble-Hilbert lemma (see Corollary 5.1 in [12]), we see that
F=1.0 < R fug|yyr 1
The broken norm is defined as ||’U||W;~o—1,h(G) = supy ||v|lyy -1 (prg for G C Q.

A slight modification of Theorem 4.1.5 in [4] (which uses the Bramble-Hilbert
lemma) shows that

11E2]ll-1.00 < CR™ 9| £l yyr-1+0 -

Therefore, we have that

(3.3) IEN-10. < B9 unllyr1m ) + 1 fllwzttagq,)-
By the triangle inequality and inverse estimates, we get

(3.4) unllyr—1n 0,y < CR* M Mlellwa 0z) + Cllullwy 0s)-

After observing that h® < Cof(z) for z € €2y, and combining (3.2), (3.3) and
(3.4), we find that for all M

1\°.
35) lelbwy e < C (108 ) infll = Xl + Clellnocon
1\,
+ 0oz )9l o)+ b 500,

1 —s
+ 0oz, )t el

If we apply (3.5) M times on a sequence of nested domains and then apply (3.2)
and (3.3), we get that

1\?.
llellwy (@p),z,s <C| log inf |[u — xllwz (@,).2.s + Cllellm-+(a,)
h X

1\,,_
+ 0oz ) 9l o)+ b 500,

1 M
+ C((logh>h) lunllyper o, -

Applying an inverse estimate, we observe that
lunlly10 0,y < CR™UD N2 g || -1 -

By the triangle inequality ||un|[g—+(a,) < [lellz—+.) + [[ullg-+@,)- Choosing
M large enough we arrive at

1\°.
= unlls s = € (o, ) 0l =l 2.0

r—1+q
+0(to,) Uz + 1wz ssogay

+ C||u - uh||H—f,(Ql).

Our result now follows by noting that |V (u — up)(2)| < [lu — unllwy (09),e,s-
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For various problems we can use standard duality arguments to find bounds
for ||u—un|| -+ (q,) which will be better then h"~!. However, we need to keep in
mind that uy is the FEM solution with numerical quadrature. Therefore, in the
next section we give an application that guarantees the optimal negative-order
norm estimate taking into account numerical quadrature.

4 Negative-order norm estimates with quadrature.

Banerjee and Osborn [3] proved negative-order norm estimates with numerical
quadrature in one dimension. We extend their result to a problem on a polyg-
onal domain in two dimensions assuming we have appropriate refinements near
the corners. This was done for the Lg-norm in [8]. Our proof follows the same
lines.

Let €2 be a polygonal domain. Let Vitxr = x1,x2,3,..., 24 be the set of ver-
tices. We introduce some weighted norm spaces that the solution belongs to, as
in [2].

DEFINITION 4.1. Let m be a positive integer, a € R and define p(z) =
dist(x, Vitx). Then for G C Q define the weighted space

K™G) = {u € LY(@), plol—e—1pey ¢ LQ(G)} .
This space is equipped with the norm

lullZmy) = D P71 Dl12, ).

la]<m
Now we state a result about existence and uniqueness in plane polygonal
domains for (1.1). This is a simple consequence of the results in [7] and [6].

LEMMA 4.1. Let m be a non-negative integer. There exists a n > 0 such that
for every 0 < B < n and every f € KZ;"_2(Q) there exists a unique u € Kg”z(Q)
satisfying (1.1) and u =0 on OQ with the bound

lull g2y < Cllfllkg @
where C' is independent of f and u.

PRrROOF. Following a similar argument as was done for Laplace’s equation in
Theorem 2.6.1 in [7], we have that there exists a n > 0 such that for every |3| <7
and f € K3 5(§2) there exists a u € Kg”z(Q). By Theorem 1.4.1 in [7] we have
that there exists a C' independent of u and f such that

HUHK;"”(Q) < CUlf kg L@ + lullLa@)-

Using the weak form of the PDE and the uniform ellipticity condition we have

1/2 1/2
IVulle <€ [ 1pdas < ¢ ([ ar) ([ p2uar)
Q Q Q
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Since u € H'(Q), we have by Lemma 6.6.1 in [6] that

1/2
([r2ew) <cIVule.

Furthermore, since 3 > 0, we have that ([, p2f2dz)'/? < C( [, p* =7 f2)1/2 <
C||f||K;;,_2(Q). This shows that ||Vul|r,) < C|[f||km (o). The result now fol-

B—2
lows since ||ul| 1, ) < C||Vul|r, @) -

s

If we are solving Laplace’s equation, then 7 = " where « is the largest interior
angle. More generally, n is a computable number which depends on the local
frozen coefficient problems on each vertex. One can prove a more precise state-
ment. In that case, one would have to define a norm that is weighted differently
near each vertex. For simplicity we considered the present setting.

For the following we choose 8 < 1 and, of course, 0 < 3 < 7. Now we use
the mesh refinement condition in [1], [8] and [2]. Let hr be the mesh size of the
element T, set h = maxy hr, and dr = dist(T, Vitx). Then we require

Chd{™ D=0 i g > 0
hr <
{Ch(“l)/ﬁ if dr =0.

We let S} denote the Lagrange finite element space of order k on . We can
show as in [8] that the following lemma holds.

LEMMA 4.2. Let w € K3'(Q). If k > m — 1 we have
(4.1) IV(w = wi)llLy0) < CH™ Hwllrp @

where wy € S,’g is the continuous interpolant of w.
By the work in [8] we have the following.

LEMMA 4.3. Let up, € S" | be our FEM approzimation with quadrature of
order at least 2(r — 1) — 2. Then

1V (= un)l| o) < CR" 7 lull x5 0-

This next lemma corresponds to Lemma 6.2 in [3]. We give a proof since it is
slightly different.

LEMMA 4.4. Suppose that we are using a quadrature rule that is of order
r—24q and l is chosen such that r —1+q > 2/l. If v € P,(T), then

}Fg(v)‘ < meaS(T)l/l—l/QhTT—1+fI||f||er,1+Q(T)||v||Hq(T).
Here P,(T') denotes the space of polynomials of degree less than or equal to g.
PrROOF. We have
(4.2) FI(v) = Er(fv) = J(Rr)E(f0)

where T is the reference element and Ry is the affine map from 7" to 7.
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For ¢) € W, 7'""9(T), we then have

ET(@ < CW\LOO(T‘) < CH&HW{"*”‘I(T)

where we used imbedding theorems in the last inequality. By the Bramble-Hilbert
lemma, we have

Ep($) < Cldlyyr-rha (.
Setting zﬁ = f@, we get
ET(J%) < C(‘f|WlT—1+‘1(T)‘@‘Lm(T) +.o.t ‘f|w;‘*1(T)‘7}‘WgO(T))~
If we use the equivalence of norms in finite dimensional space, we obtain

Es(fo) < O(‘f|wl7‘*1+4(f)‘@‘L2(T) t..+ |f‘Wl’"’1(T)|ﬁ‘H<1(T))'

Scaling back to the physical element we get that
E;(f0)
< Ch;—l-‘qu(RT)flmfl/l(‘f|WlT_1+Q(T)|U|L2(T) + ...+ |f‘wlr—1(T)|U|H‘1(T))~
After using (4.2) we arrive at our result.

Following similar arguments we can bound F{ (see Lemma 6.1 in [3]).

LEMMA 4.5. Suppose that we are using a quadrature rule of order r — 2 4 q.
If v e Py(T) then

Fl(v) < ChrT_HqHUhHHTﬂ(T)HUHH«(T)~

Now we can state and prove our main result of this section.

THEOREM 4.6. Let u solve (1.1) with u = 0 on 0. Let up, € S'_; be the
FEM solution with a quadrature rule of order max(2(r — 1) — 2,7 — 2+ q) with
1<qg<r—1. Then

(4.3) e — |- 0y < CRT1F9,

PRrROOF. We know by a duality argument (see Problem 4.1.3 [4])

u—un|lg-@-1 @) <C sup (IV(u—=un)|| Lo @) IV (9= 01| Lo ) +F(¢1))
HI—1(Q
|‘951qu_1(;))=1

where ¢ satisfies L¢ = g and vanishes on the boundary and ¢y € Sg is the contin-

uous interpolant of ¢. By Lemma 4.2, Lemma 4.1 and the fact that |[g|| ;a1 @ <
—2

91| rra—1 (), We observe that ?

(4.4) IV (9 = d1)llLo) < ChY.
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Therefore, after using this fact and Lemma 4.3, we have that

lu = unllg-a-1 ) < CR"H1 4+ C sup F(¢r).
geHI—1(Q)
Nollgra—1(0)=1

We first bound F3. By Lemma 4.4 we have

Fy(or) < D hi " orllmacr | Fllywy-rva pymeas(T) 12,
T

For dr > 0, using approximation properties of ¢; and the definition of hp, we
get

h;«il+q||¢l||H‘1(T) < hr71+qd¥_1_6)(1+q/(r_l))||¢||H,1+1(T),

It is clear that ¢ — 8 < (r — 1 —3)(1 4+ ¢/(r — 1)). Since dr < p(x) Vz € T, we
have

r—1 r—
B 1 acry < B g oy

Now assume dr = 0. One can show that ||¢ — ¢1|[z1(7) < [|9llw2 (1) (see [11]).
Also, since dp = 0 we have that |[¢|[yw21) < h§~| |¢||K2(T). Therefore, using these
inequalities, an inverse inequality and the triangle inequality, we get

W6 oy < O I16] rcpy-
Since hy < h(r—1/8 < h"=1(B < 1), we have that
Wl ln ey < OO0l oy

where we have used that 1 < g <r —1 and r > 2. Finally, using the generalized
Holder inequality, we get that

(45)  Fa(ér) S BTGl gnn o 1 o gymeas(@)2 7
Now we bound Fj(¢r). Using Lemma 4.5

Fi(ér) < Z h U funl =1 oy 162 1o ) -
T

We employ the triangle inequality to get

Fi(¢r) <> T urll eyl ey
T

+ Zh;71+q||uh —urllgr—1 ()l ga(r)-
T
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Using inverse estimates, the triangle inequality and Lemmas 4.2 and 4.3, we get

Db U un = gl ey 161 pagr)
T

<> hENun = uillmr ) |61 )
T

1/2
2
< Cllun —url|gr () (Z (h;j_qHQSIHHQ(T)) >

’ , 1/2
<Cnt (Z (A N6l lmo ) ) ) -
T

Now by considering two separate cases (dr > 0 and dr = 0), and using argu-
ments as above in bounding F5, we get

1/2
2
(Z (thJrqHébIHHq(T)) ) < C’h1+q\|¢|\Kg+1(Q),

T

Therefore, we have

SR s = wrl syl llaaery < R 18] .
T

Next, we bound > h;_HqHuIHHrﬂ(T)Hd?]HHq(T).
If d7 > 0,

hgfl+qHuIHH*—%TjH¢IHHqgj
r—1
gChT +q|‘u|‘H7‘(T)|‘QZSHHrH—l(T)
r— r—1— r—1— r—1
< hroitagr ﬁl\uHHr(T)d%( B/( )|\¢\|Ha+1(T)

< hr_H_qHuHKg(T)HQSHKZ‘H(T)‘

In the first inequality we used approximation properties of u; and ¢;. In the
second inequality we used the definition of hr. Finally, in the third inequality
we used that ¢(r —1—08)/(r—1) > ¢— .

Ifdr =0,

W e oy
< Wpl|urll g oy |6l oy
< hQTH“HKg(T)HQbHK;(T)
< h2(r71)/ﬁ\|“\|Kg(T)H¢HK§(T)

< hrilJr(]H”HKg(T)HQSHKZ'“(T)‘
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In the first inequality we used an inverse estimate. For the second inequality we
used an argument as was done to bound F5. In the third inequality we used the
definition of hy. We used that 1 < ¢ < r—1,r > 2 and § < 1 in the last
inequality.

Therefore, we have that

> Fuallae-seny el aaery < Bl g 101 g o)
T

We conclude that

(4.6) Fi(¢r) < Chr_1+q||¢||f<g+1(9)-

Finally, using (4.5), (4.6) and Lemma 4.1 we arrive at our conclusion.

5 Sharpness of result.

In order to prove the sharpness of Theorem 1.4, we need to state a corollary
to this result with ¢ = s (see [9]).

COROLLARY 5.1. Let Qg CC Q1 CC Q and let x € Q. Let u solve (1.2) and
let uyp, satisfy (2.1) where we use a quadrature rule of order 2(r —1) — 2+ s. Let
v <7 —1+s. Suppose that 3, |, < | Du(@)| =0, then

(5.1) WW—%MM<C%gG)W

provided that
(5.2) llu —un|lg—+(,) < C1h?  for somet.

Here C is independent of h, x, u, and up,.

Let now € = (—1,1) and consider the problem

(5-3) —((@ T+ 2)d/ (2) = fl2) z€Q,
u(—1)='(1)=0.

Suppose that w is a linear function with slope one in an interval I containing
x = 0. Suppose also that we have a uniform mesh of mesh size h and that
x = 0 is always a mesh point. Suppose further that we are using elements
of polynomial order » — 1 to approximate u. Let us first assume that we use
a quadrature rule of order 2(r — 1) — 2+ s with 1 < s <r — 1. For this problem
we can easily show that [|[u — up||g--1) () < CR""'*%. As we have shown in
higher dimensions, Corollary 5.1, we have superconvergence on 1. More precisely,
1t — wnY o) < Clog(1/h)h™="+2.

However, as we shall now show, if we use a quadrature rule of order 2(r — 1) —
2 4+ s — 1 then we no longer have a superconvergence result of this order. This
would show that are results are sharp.
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For simplicity let us suppose that we integrate the right hand side ( fQ fudz)
exactly. Suppose we use a quadrature rule of order 2(r — 1) — 2 + s — 1 for
the left hand side. We show that the error in I can not be of order A" if
v>2(r—1)—2+s—1. To this end, let T = (0,h). We conveniently choose
a continuous v in the following way: v(z) = 0 if x < 0, v(z) =1 if x > h and
v(z) = (x/h)"~1 on T. Since v’ = 0 outside of T,

Qr(aujv) :/vada;

where a(z) = 2”715~ 4+ 2. Of course, the exact solution will satisfy

/au’v'dx:/fvdx.
T Q

Therefore, for this v, we have the relationship
(5.4) / au'v'dr — Qr(au'v") = Qr(a(up — u)'v').
T

Now we investigate the left hand side of (5.4). Note that [, 2u"v’ = Q7 (2u’v’)
since 2u'v’ is polynomial of degree r — 2 < 2(r — 1) — 2+ s — 1 on T. Since
u'(z) =1 and v'(x) = (r — 1)(1/h)(z/h)"~2, we get after a change of variables
that

/ au'v'dz — Qr(au'v")
T

1
— (7’ o 1)hrfl+sfl </ @2(T71)72+Sd§,} _ Q(i,Q(rl)2+s)> )

0

Of course, since we are using a quadrature rule of order 2(r — 1) — 24+ s — 1, we
have that

1
/ :/[:'2(7‘71)72+Sdi' _ Q(£2(T71)72+S) = CQ # 0.
0

Therefore, for the left hand side in (5.4),
/ au’fu/dx _ QT(GUI’U/) — 02(7,, o 1)hr—1+s_1.
T

On the other hand, if |[(u —un)'|[z () < ChY for v > r — 1+ s — 1, then for
the right hand side in (5.4),

Qr(a(up —u)'v') < C’h7|\av'|\Lw(T)QT(1) < Ch".

Which leads to a contradiction. Therefore, (u — up)" is at most O(h"~1+571)
on I. This, of course, shows that Corollary 5.1 is sharp, and in turn, implies that
Theorem 1.4 is sharp.



QUADRATURE 707

Acknowledgement.

The author would like to thank Lars Wahlbin and Alfred Schatz for their

guidance. The author benefited greatly from the fruitful discussions with Victor
Nistor.

10.

11.

12.

REFERENCES

1. Babuska, Finite element method for domains with corners, Computing, 6 (1970), pp.
264-273.

C. Bacuta, V. Nistor and L. T. Zikatanov, Improving the rate of convergence of ‘higher
order finite elements’ on polygons and domains with cusps, Numer. Math., 100 (2005),
pp. 165-184.

U. Banerjee and J. E. Osborn, Estimation of the effect of numerical integration in finite
element eigenvalue approzimation, Numer. Math., 56 (1990), pp. 735-762.

P. G. Ciarlet, The Finite Element Methods for Elliptic Problems, North-Holland, Amster-
dam, 1978.

W. Hoffmann, A. H. Schatz, L.. B. Wahlbin and G. Wittum, Asymptotically exact a pos-
teriori error estimators for the pointwise gradient error on each element on irreqular
grids. I. A smooth problem and globally quasi-uniform meshes. Math. Comput., 70 (2001),
pp- 897-909.

V. A. Kozlov, V. G. Maz’ya and J. Rossman, FElliptic Boundary Value Problems in Do-
mains with Point Singularities, Mathematical Surveys and Monographs, vol. 52, Amer.
Math. Soc., Providence, Rhode Island, 1997.

V. A. Kozlov, V. G. Maz’ya and J. Rossman. Spectral Problems Associated with Corner
Singularities of Solutions to Elliptic Equations, Mathematical Surveys and Monographs,
vol. 85, Amer. Math. Soc., Providence, Rhode Island, 2000.

G. Raugel, Résolution Numérique de Problémes Elliptiques Dans des Domaines Avec
Coins, Thesis, University of Rennes, 1978.

A. H. Schatz, Pointwise error estimates and asymptotic expansion inequalities for the
finite element method on irregular grids: Part II. Interior estimates, SIAM J. Numer.
Anal., 38 (2000), pp. 1269-1293.

A. H. Schatz, Perturbation of forms and error estimates for the finite element method at
a point, with an application to improved superconvergence error estimates for subspaces
that are symmetric with respect to a point, STAM J. Numer. Anal., 42 (2005), pp. 2342—
2365.

A. H. Schatz, V. Thomée and W. L. Wendland, Mathematical Theory of Finite and Bound-
ary Element Methods, Birkh&user, Basel, 1990.

A. H. Schatz and L. B. Wahlbin, Interior maximum-norm estimates for finite element
methods, Part II, Math. Comput., 64 (1995), pp. 907-928.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


