APPLIED MATH 33: Practice Exam 2 (Solution)

1. Find the general solution to the differential equation
y”+y'—6y:€2“”—2.
Solution: To find a particular solution, we will split the equation into two.

(1) y'+y —6y = ¥
(2) y'+y -6y = -2

The method we are going to use is the method of undetermined coefficients. Guess a particular
solution to equation (1) of form

Y= Ae*® = 4 = 2A62‘”, y' = 4 A3
Substituting into (1) we have
y' +y — 6y =e*(4A+24 —6A) =0.

Try
y=Aze®™ = Y = (A+242)e**, Y = (4A + 4Ax)e*

Substituting into (1) we have
1
¥ (4A +4Ax + A+ 2Ax — 6Ax) = 5Ae* =¥ = A= R
Therefore, a particular solution to equation (1) is y = éxe%.

For equation (2), guess a particular solution is a constant y = B. Hence y' = 0,y” = 0, and
1
y'+y —6y=-6B=-2 = B:§

Therefore, a particular solution to equation (2) is y = 1.

A particluar to the original non-homogenous equation is therefore
1
Yp = 3$€2x + -

The corresponding non-homogenous equation is

y'+9y —6y=0 = characteristic equation P4r—6=0 = 1 =-3 rp=2.

3z

A set of fundamental solutions is y; = e 3%, yo = €?*. The general solution is therefore

1 1
Y=g+ ey yp = 1o+ epe’ e’ 4 <.



2. One solution of

2%y’ —2xy + (2—-92%)y =0
is y1(x) = xe3®.

e Find a second linearly independent solution ¥s.
e Calculate the Wronskian W (y1, y2)(x).
e Solve the initial value problem for the given ODE and data y(1) = 1,y'(1) = 0.
Solution: We let
Y2 = uy1 = ure’,

so that

Yy =t 2’ 4+ u (€% + 3ze™]

"

yy =u ze®® + 20 (€% + 3ze®] + u [6e* + 9ze’™] .
Plugging in to the equation gives

' 23e3t 4+ 20/ [:c2e3‘” + 3$3€3$] +u [6&0263‘” + 9x363$]
—2u 223 — 2 [weg’x + 3$2€3$]
+(2 — 92 uxed®
=" 23e3% 4 6u 23e3% = 0.

Therefore

u +6u =0.
Letting v = «" and solving v + 6v = 0 gives v(x) = e~% and thus u(z) = —ge7 5% Since
the constant in front does not matter, we can take ys = e~ %%2e3* = 2e73%. The Wronskian
is then

bl — v = e [e — e~ — e [ 4 30 = 6
With
y(@) = craze’ + copme™
y(@) = a [63” + 3$63$] +c2 [6_3$ - 3906_?“]

the initial data imply

6163 + 626_3 =1, 46163 — 2026_3 =0,

w

and Gaussian elimination gives ¢; = %e* ,Co = %e .



3. Consider the second order linear equation
y' +pt)y +alt)ly=0, t=0,

where p(t) and ¢(t) are continuous functions. Suppose that y; (¢) satisfies the equation together
with the data y1(1) = 1,y1(1) = 3, and that yo(t) satisfies the equation together with the
data y2(1) = 2,95(1) = 6. Are the function y; and yo linearly independent? Why? Let
g1 =vy1 +y2 and 2 = y1 — y2. Are g1 and @ linearly independent? Why?

Solution: The functions y; and y, are linearly dependent. The reason is as follows: the
value of the Wronskian W (y1,y2) at t = 1 equals

W(y1,y2)(1) = y1(Dya(1) — 1 (1y2(1) =1-6 —3-2=0.

Since y; and yo are both solutions to the differential equation, the Wronskian is zero every-
where and the two functions are linearly dependent.

First of all, y; and go are also two solutions to the differential equation. Their Wronskian at
t=1is

W (g1, 92)(1) = 5(1)5(1) = 1 (Dg2(1) = (14+2)-(3-6) = (34+6) - (1 =2) = =9 — (=9) =0

By the same token, ; and ¥, are linearly dependent too.



4. The homogeneous equation
2%y + 3ty —y =0, t>0

has two solutions y1(t) = Vv, ya(t) = % Use the method of variation of parameters to find
the general solution of the non-homogeneous equation

1
2t2y” + 3ty —y = 7 t>0.

Solution: Consider a particular solution of form

Yp = U1Y1 + U2y2
where u1,us are two functions yet to be determined. It follows that

A

Yp = (ury) + u2yy) + (uiyr + usya).

We obtain the first equation by letting
(1) iy + ubys = 0, or uh NVl % =0.
Therefore, we have

Yp = (ury) + ugyh) = wryy + uaylhy + uyyy + usys
and

20%y" + 3ty —y = 26%(uhy] + ubyh) +un (26%y] + 3tyh — y1) + ua (26795 + 3tyy — ya)
= 2t%(ujyl + ubyh),

which yields the second equation

1 1 1
(2) 7= 20 (uyyy + upys) = 2t7 (Uﬁ eV uy - t_2> :

Solve equations (1) and (2) to obtain

1
u’1:§t*g, u’2:———
In other words,
_3 1
u = —=t 2, u2:—§logt
and
n 2 1 1llogt
= U U = —_——r = — —_—
Yp 191 2Y2 9 7 37 ¢
The general solution can be written as
1logt 2\ 1
= = - t — | =
Y =1Yp+cy1+ cay2 377 +C1\[+<62 9) g
or simply as
1logt 1
= - t _
Y 3¢ +Cl\/—+62t

Here ¢y, co are arbitrary generic constants.



