Solution to AM 33 HW 5

1. 3.1.15. Solve y" + 8y — 9y = 0, y(l)=1, 4 (1)=0
Solution:

the characteristic equation is:

2> +8x—-9=0
T12=1,-9
let
y=ae® !+ be9(@=1)
then

plug the initial value in:

at+b=1
a—9% =20
solve it, get
- 1 9
“100 ‘T 10

so the solution to the ODE is

y =9/10e""1 +1/10e=°@1)

2. 3.2.5 Find Wronski for given pair e'sint, e’cost

Solution:

et sint et cost
W = t t o t t o
e'cost+e'sint e‘cost —e'sint
2

2 t

e sintcost — €2

sin?t — e* cos®t — e?! sint cost

3. 3.2.13 Verify y;(t) = t? and y2(t) = t~! are two solutions of the ODE #?y" — 2y = 0 for ¢ > 0.
also show ¢1t2 + cot ! is also a solution for any ci, co

Solution:

do the latter part. let
Yy = clt2 + CQt_1
y = 2c1t — et ™2
Yy =2c1 + 26225_3

i

it is easy to see that t?y” — 2y = 0, from above. O



4. 3.2.14 Verify y1(t) = 1 amd yo(t) = t'/? are solutions of the ODE yy" +(3')> = 0, fort >0
and ¢ + CQtl/ 2 is not, in general the solution

Solution:
let y = ¢; + cot!/?, then
1 2412

" €2,-3/2
——t
4

y(t) is the solution, if and only if:
2
—(c1 + c2t1/2)%2t*3/2 + Z—Qt* =0

—Z—lcQt*?’/?:o for t>0

so y(t) as above is the solution to the ODE, if and only if ¢jcy = 0. O

5. 3.2.15.Can y = sin(¢?) be a solution on an interval containing ¢ = 0 of an equation y" +
p(t)y' + q(t) = 0 with continuous coefficients?

Solution:
No.
otherwise, if y = sin(¢?) satisfy the ODE 3" + p(t)y’ + q(t) =0,
y = sin(t?)
y' = 2t cos t?
y" = 2cost? — 4t% sin t?
plug back to the equation, and get:
2cost? — 4t sint? + 2t cos t*p(t) + q(t)sint? = 0 for Vt € a neighborhood of 0
but when t = 0, LHS=2, while RHS=0, contradiction! O

6. 3.2.19. if W (f,g) is the Wronskian of f and g, and if u =2f — g, v = f + 2g, find W (u,v)

Solution: <5>=<$_21><§>



v(v) = (0 v)
- (1(5) (7))
- (5 9)

= AW(f,9)
- ( ? _21 >W(fvg)
- 5W(fvg) 0

7. 3.2.21 find the fundamental set of solutions for given ODE. y” +¢' — 2y = 0, to =10
Solution:

the characteristics equation of the ODE is: z? + 2 — 2 = 0, solve it, z12 = 1,—2 so the

fundamental solution is: e*, e 2%, O
8. 3225 2%y —z(z+2)y + (2 +2)y=0, 2>0; yi(x) =z, yo(x)=xe®
Solution:

only do the verification part for ys(x),
y(z) = we”
Y(z) =xe® +e* = (z+1)e”
y'(z) = ze® + 2e* = (x + 2)e”

plug back to the equation and got the result trivially.

x xe’
W(y17y2) = < 1 ze® + e >

W = 22e® # 0, for = #0,

so the given y1, yo did form a fundamental solution. O

9. Solution

similar as discussed in Problem 3.2.19,

{ 1 = ay + by2 }
G2 = cy1 + dyo

()=(ei)(n)

so, the same discussion as in Problem 3.2.19.

S0,

W (o1, ¢2) = det[A]W (y1,y2)



1.e.

W (1, ¢2) = (ad — bc)W (y1,y2)

from this expression, we know, (¢1, ¢2) form a fundamental solution set, if and only if ad—bc #
0. O



