Chapter 7. Deterministic Control and Viscosity Solutions

The concept of viscosity solution was introduced by M.G. Crandall and
P.L. Lions in their celebrated 1983 paper [3]. A nice survey can be found in
[2]. Useful textbooks include [1, 5].

Viscosity solutions are generalized solutions to PDEs. They do not re-
quire the differentiability as the classical-sense solutions do. The concept is
very useful to characterize the value functions from control problems which
usually do not meet the differentiability requirement as a classical solution
to the associated Hamilton-Jacobi-Bellman equation.

To illustrate the mains, we will consider continuous time, deterministic
control problems. The associated HJB equation is usually a non-linear first-
order PDE.

For example, consider a system with dynamics described by a differential
equation

dXt = f(Xt, ut) dt, t > 0,

with initial state Xo = . The control u = {u;} (“open-loop” controls) is an
arbitrary measurable mapping from R, into the feasible control set U that
is a Borel subset in some Euclidean space. The optimization problem is to
find a control policy {u:} so as to minimize the discounted cost
o0
J(z; {us}) = /0 e Ple( Xy, uy) dt.

The value function is denoted by v(z). The discounting factor 5 is a positive
constant.
The HJB equation associated with this control problem is

Bu(x) — [Vu(z) - f(z,u) + c(z,u)] = 0.

inf
uelU
In general, the value function does not satisfy this equation in the classical
sense.

1 Viscosity solution: definition and basic properties
Let © C R? be an open domain, and consider the PDE
F(z,u(x),Vu(z)) =0, VazeQ, (1)

where F': Q x R x R* = R is a continuous mapping.



Definition 1 A continuous function u : 2 — R is said to be a wviscosity
subsolution of PDE (1) if for any continuously differentiable function ¢ :
) — R and any local maximum point y € £ of u — ¢, one has

F(y,u(y), Vé(y)) < 0.

Similarly, if at any local minimum point z € 2 of u — ¢, one has
F(z,u(2),V¢(2)) >0,

then u is said to be a viscosity supersolution.
Finally, if u is both a viscosity subsolution and a viscosity supersolution,
then u is called a wviscosity solution. |

The following lemma shows that the definition of viscosity solution is
consistent with that of classical solutions.

Lemma 1 A classical solution is a viscosity solution, and a continuously
differentiable viscosity solution is a classical solution.

Proof. Suppose u is a classical solution (i.e., continuously differentiable,
and satisfy the equation pointwise). Given any test function ¢, if y € Q is
a local maximum (or local minimum), then Vu(y) = V¢(y). That u is a
viscosity solution follows trivially.

Suppose now w is a continuously differentiable viscosity solution. Just
pick the test function ¢ = u. |

Remark 1 Actually one can show that if u is a viscosity solution and is
differentiable at z € €, then F(z,u(z), Vu(z)) = 0.

Remark 2 The local maximum (or minimum) can be replaced by “strict”
local maximum (or minimum) since one can replace ¢ by ¢(z) + ||z — y||? at
the maximum or minimum point y.

Example 1 The fact that u is a viscosity solution to the PDE F'(z,u, Vu) =
0 does not necessarily imply that it is a viscosity solution to the PDE
—F(xz,u, Vu) = 0.

To see this, consider the differential equation

—W(z)|+1=0, Vaze(-1,1).

It is not difficult to check that u(x) = |z| is a viscosity solution to this
equation.



However, u(z) = |z| is not a viscosity solution to the equation
|u/(z)| — 1= 0.

Indeed, consider the test function ¢(x) = —x2. Then u — ¢ = |z| + 22 has a
local minimum at z = 0. But

|¢'(0)] —1=-1<0.
Thus u violates the viscosity supersolution property at x = 0. |

1.1 An equivalent definition of viscosity solutions

Another definition of viscosity solutions uses the concepts of sub- and super-
differentials.

Definition 2 For any continuous function u : 2 — R and z € €2, the sets

Viu(z) = {p eR?: limsup wy) —ul@) —p-(y =) < 0}

y—e ly — ||

and

Vu(z) = {p e R?: liminf uly) zu@) =p-(y =) > 0}

P v~
are called the super-differential and sub-differential of u at point x.
Lemma 2 A function u is a viscosity subsolution to (1) if and only if
F(z,u(z),p) <0, VzecQ, pecViu(z),
and u s a viscosity supersolution if and only if
F(z,u(z),p) >0, VzeQ, peV uz).

Proof. We should only prove the equivalence for subsolution, and the other
equivalence is totally similar and thus omitted.

It suffices to show that, for any y € Q, p € V*tu(y) if and only if there
exists a continuously differentiable ¢ : & — R such that Vé(y) = p and
u — ¢ has a local maximum at y.



The sufficiency is trivial. For the necessity, assume p € VTu(y). It is
not difficult to see that, by assumption, there exists a function h : Ry — R4
such that 2(0) = 0 and h is non-decreasing, and satisfies

u(z) —uly) —p- (z—y)

h(r) >  sup
0<lz—yl|<r |z — vyl
Define s
H(s) = / h(r) dr
0
and

¢(z) =uly) +p- (z—y)+H2|z —yl).
It is not difficult to check that ¢ is a continuously differentiable function
with V¢ (y) = p, and furthermore,

u(@) — ¢(z) < h(llz —yl)llz —yll = H2llz - yll) <0 =u(y) — ¢(y)-

This completes the proof. |

1.2 Some basic properties of viscosity solutions
Below is a list of basic properties of viscosity solutions.

Proposition 1 1. The maximum of two viscosity subsolutions are again
a viscosity subsolution. The minimum of two viscosity supersolutions
are again a viscosity supersolution.

2. Suppose u is a viscosity solution to PDE (1) and ® : R — R is a
continuously differentiable function. If ®(x) > 0 for all x, then v =
®(u) is a viscosity solution to the equation

G(z,v(x),Vo(z)) =0,

with
G(z,r,p) = F(=x, <I>_1(r), (@Y (r) - p).

3. (Stability) Let {un} be viscosity solutions to equations
Fo(z,un(x), Vup(z)) =0, Vaze

Assume that u, — u uniformly on compact sets in  and F, — F
uniformly on compact sets in QxR xR, Then u is a viscosity solution
to the equation

F(z,u(z), Vu(x)) = 0.



Proof. The proof of the first claim is immediate from the definition and
thus omitted.

Proof of Claim 2. We will show that v is a viscosity subsolution and omit
the supersolution. Let ¢ be a continuously differentiable function on €2, and
such that y € Q is a local maximum of v — ¢ = ®(u) — ¢. It suffices to show
that for (®71)[v(y)]Ve(y) € VTu(y), thanks to Lemma 2. Or equivalently,

i u(z) —u(y) — (2 [wy)]Vey) - (z —y)
im sup
Ty Hl‘ - y”

<0

By construction,

v(z) —¢(z) <v(y) —¢(y), V €Ny,

where N, C G is an open neighborhood of y. The increasing property of
®~! implies that

o u(z)] > &' [u(y) + é(z) — d(y)]
= o o))+ (@ )] [¢(z) — ¢(¥)] + o(|(z) — d(y)])
= o o)+ (@ @)IVe(y) - (z —y) + o(l|lz — yl).

But ®~!(v) = u, and we complete the proof.

Proof of Claim 3. Again we are only going to give a proof for the case
that w is a viscosity subsolution. Let ¢ be a continuously differentiable test
function, and y € Q is a local maximum for u — ¢. Thanks to Remark 2, we
should can assume that y is a strict local maximum. It follows that there
exists a § > 0 such that

u(z) — o) <u(y) —d(y), VO<|z—y|<é
Let y,, be the maximizing point for u,, — ¢ in the closed ball 0 < ||z —y|| < 4.
Or
un(z) = ¢(x) < un(yn) — d(yn), VO <|lz—yll <4
The uniform convergence of {u,} implies that any convergent sequence of

{yn} converges to y, thus y,, — y. It follows that, at least for n large enough,
Yn is a local maximum for u, — ¢. Therefore,

Fn(yna Un(yn)a V¢(yn)) <0.

Letting n — oo, thanks to the uniform convergence of {u,} and {F,}, we
have

F(y,u(y), Vé(y)) < 0.
We complete the proof. |



2 The control problem and dynamic programming principle

We consider the infinite horizon problem whose dynamics is described by a
differential equation

dXt = f(Xt, ut) dt, t > 0,

with initial state Xg = x. Sometimes to distinguish between initial condi-
tion, we denote the state process X*. The set of admissible controls is the
collection of measurable mapping u = {u;} from Ry into a Borel set U. The
optimization problem is to minimize the discounted cost with value function

v(x) = {mf J(z; {ur}) = 1nf} e Ple(Xy,uy) dt.
0

The discounting factor § is a positive constant.
We will assume the following conditions for the convenience of analysis.
They are by no means necessary.

Condition 1 1. The set of controls U is compact.

2. The function f : RIxU — R? is continuous, and there exists a positive
constant L such that

If(z,u) = fly W)l <Ll —yl, VeyeR, uell

3. The cost function c : RY x U — R is continuous, uniformly bounded,
and there exists a constant L such that

le(z,u) — c(y,u)| < Lz —yl, VYaz,yeRY uel.
The HJB equation for this control problem is

Bo(e) — inf [Vo(a) - f(z,u) + c(z,w)] = 0. (2)

We have the following main theorem, which characterize the value func-
tion as the unique viscosity solution to the HJIB equation in a certain class.

Theorem 1 The value function v is the unique bounded viscosity solution
of the HJB equation (2).

The proof of this result goes as follows: we first establish the dynamic
programming principle (DPP), from which it can be shown that the value
function is a viscosity solution to the HJB equation. Then we finish the
proof by prove the uniqueness by a comparison result.



2.1 The regularity and DPP

We start by giving the regularity of the value function.

Lemma 3 Assume Condition 1 holds. Then the value function is bounded
uniformly continuous.

Proof. The boundedness of v is trivial. Fix an arbitrary € > 0. Consider
z,y € R and a control policy u° such that

o
v(y) > / e Ple(XY, ub)dt —e.
0
Therefore,

o@) = o) < [ e elXT uf) — (XY )] dt + ¢

However, since c¢ is uniformly bounded, there exists a 7' > 0 (independent
of z,y) such that

o0
/T Bt [o(XF,uf) — (XY, uf)] di < e.

It follows that
T
v(@) — v(y) < L/ P XF — XV dt + 2.
0
However, a standard argument involving the Gronwall’s inequality yields,
17 — XY < ez —yll.

Thus, there exists a ¢ (independent of z,y) such that v(z) — v(y) < 3¢ as
long as ||z — y|| < §. This completes the proof. [ |

Lemma 4 (Dynamic Programming Principle) Assume Condition 1 holds.
Then for every x € R%, and t > 0,

v(z) = inf {

¢
inf /e_ﬂsc(Xs,us)ds—Fe_ﬂtv(Xt) .
Ut

0

Here X is the state process corresponds to {u:} starting at Xo = x.

Proof. The proof is simple and thus omitted. |



2.2 The value function as a viscosity solution

In this section we will show that the value function v is a viscosity solution
to the HJB equation from DPP.

Lemma 5 Assume Condition 1 holds. Then the value function v is a vis-
cosity solution to the HJB equation (2).

Proof. The proof of v being a viscosity subsolution is easier and is given
first.

Consider a continuously differentiable test function ¢, and let y be a
local maximum of v — ¢. Or there exists a neighborhood of y, say N,, such
that

v(z) —v(y) < o(x) —d(y), VazeN,

Consider a control u; = @ for some u € U. Then DPP implies that
t
v(y) < / e Pe(XY, a) ds + e Plu(XY).
0
It follows that for ¢ small enough,

WX =) = [Pt ds < 60X - 9lo)

Dividing both sides by ¢ and letting ¢ — 0, since

v(XY)(1 — =)

lim ; = Bu(y),

we arrive at
Bu(y) — c(y,u) < Vo(y) - fy,u).

Since u is arbitrary, it follows that

po(y) — inf [V(y) - fy, u) + ey, w)] <0,

and that v is viscosity subsolution.

In order to prove that v is a viscosity supersolution, consider a continu-
ously differentiable test function ¢ and let z be a local minimum of v — ¢.
Or, there exists a (bounded) neighborhood of z, say N, such that

v(z) —v(z) = ¢(x) — #(2), VaeN..



Thanks to Lemma 6, there exists a ¢ > 0 such that X7 € N, for all control
v and 0 <t < t. Fix an arbitrary € > 0. For every 0 < ¢ < ¢, there exists a
control u! = {ul} such that

t
v(z) > / e Be(XZ, ub) ds + e Plo(XF) — te.
0
It follows that for every 0 <t < ¢,

t
V(X)L — e Pt) 1 te — /0 e Bse(XZ, ut) ds > $(X7) — b(2).

However, we have (why?)

t t
BX7) = 0() = [ Vo(X5) - (X5 ) ds = [ Vo) f(zul)ds+oft)

and . .
/0 e Poe(XZ ul) ds :/0 c(z,ul) ds + o(t),
and
v(X7)(1— e Pt = Bu(z) + oft).
Therefore,

/t [ﬁv(z) —Vo(2) - fz,ul) — c(z,ui)} ds > —te + o(t).
0
It follows that

Bu(z) — inf [Vo(2) - f(z,u) + c(z,u)] = —<.

inf
uelU
Since € is arbitrary, we completes the proof. |
Lemma 6 Assume Condition 1 holds. For every x € R%, and every open

neighborhood of x, say N, there exists a t > 0 such that for any control
u = {u}, the state dynamics given by

dXt = f(Xt, Ut) dt, XO =T

satisfies Xy € N, for all 0 <t < tg.



Proof. Given z € R, let

M = sup || f(z,w)]|.
uelU

Since f is continuous and U is compact, M is finite. Since

Xo=ot [ Fuds =o+ [ fleu)ds+ [ 1F(Xus) = o)) ds
we have .
1X; — | < Mt + L/O 1X, — | ds,
thanks to Lipschitz continuity. The Gronwall’s inequality implies that
| X; — z|| < Melt,

We completes the proof. |

2.3 Uniqueness: a comparison result

The following lemma gives the comparison for viscosity subsoultions and
supersolutions. With this we have complete the proof of the main result
Theorem 1.

Lemma 7 Assume Condition 1 holds. Let uy be a viscosity subsolution to
the HIB equation (2) and ug a viscosity supersolution. If both uy and ug are
bounded, then uy < us.

Proof. We will prove by contradiction. Suppose that there exists a positive
constant § > 0 and an z € R such that u;(z) — uz(z) > 29.
Consider now a function ® : R? x R — R defined by

o — ul2
B(a,y) = ur(e) —ualy) ~ oY o [ el (14 Y]

with e, a, p being some positive constants. The constant « is fixed to be
small enough such that

(2, 2) = u1(z) — uz(z) — 2a(1 + ||z||*)P > 6.
The definition of ® also implies that

lim  ®(z,y) — —o0.
] llyll—o0

10



Therefore, there must exist a pair (Z,7) that attain the maximum of ®. In
particular,

B(z,7) = sup B(z,y) > B(2,2) > 0.
x,Y

For simplicity, let

H(z,p) = in(f] [f(z,u) - p+c(z,u)].

ue

Then the HJB equation can be rewritten as
Bu(z) — H(z,Vov(z)) = 0.

Define a test function

o — a2
o) = us(@) + 2 [0 4 Py 4+ 14 P

Clearly u; — ¢ attains its maximum at z, and thus

0> Buy(z) — H [z, Vo(z)]

with o
Vo(&) = 2 + 2ap(1 + |72z,
Similarly,
0 < Bua(y) — H[y, V()]
with

N T=Y _2vp—1 -
V() = —= — 2ap(1 + 775

However, thanks to the Lipschitz continuity and the compactness of U, with
M = sup{||f(0,u)|| : uw € U}, we have for every u € U,

[f(Z,u) - VO(T) + (T, w)] = [f (7, u) - V(§) + c(§, u)]

L, . _ _ 2vp—11 =
< Zlle— gl + (M + Lig]) - 2ap(1 + 2] |z
+ (M + L|gl) - 2ap(1 + [|7]1*)*~ |zl + Lllz — gl
L, o _ _
< Zlle— gl + Lz - gll + (M + 2L)ap [ (1 + |27 + 1+ [g1*)7]

Fix an p such that (M + 2L)p < B. It follows that
5) —us(§)] < 217 — glI? + Lllz — § L+ [1z%)P + 1+ [|lg)*)P
Blur(z) —u2(y)] < —llz = gl" + Lllz = gll + b |1+ [1Z[1P)" + (1 + |[gl1*)"} -

11



It follows that
_ L, _ 5 _
B < 52(2,9) < —llz — glI" + Lllz - 7]

Note here the definitions of @ and (3 are independent of ¢ (but Z,y do), and
the above inequality is true for every positive €.
Observing that ®(z,z) + ®(y,y) < 2®(z,y), we have

lz—9l* _ (. - . _ )
I < (@) = a (9)] + [2(2) — a(5)
The boundedness of u1,us implies that as ¢ — 0, £ — y — 0. However,
it is not difficult to see that there exists a compact set, say K C R such

that z,y € K for € small enough. The uniform continuity of uj,u2 in this
compact set further implies that

— 12
lz—g1®
9

Under these consideration, we have, letting ¢ — 0, 89 < 0, a contradiction.
|

Remark 3 A slight extension of the definition of viscosity solutions is to al-
low the subsolution to be upper-semicontinuous and the supersolution lower-
semicontinuous (the test function ¢ is always continuously differentiable).
Consider the HJB equation (2) with Condition 1 holding. One can again
get a similar comparison result such as Lemma 7, with uw; only be upper-
semicontinuous and ug only lower-semicontinuous. The proof does not need
much modification: Follow the same steps, and we only need to show that
|1z — 9| — 0 and e71|Z — g||> — 0. But the boundedness of uj,us again
implies that ||Z — 7| — 0 and there exists a compact set K C R such that
z,y € K for € small enough. For this reason, one can assume z — z* € K
and § — x* as ¢ — 0. However, thanks to the semicontinuities, we have

limsup (z,7) < ui(z*) — ua(z*) — 2a(1 + ||x*H2)p.
e—0
But

. . % 7)) > 1 . * *) *) *) *[|2\p
llgl)%lfq)(x,y) > hIEIl)lglf(I)(CC &%) = up(z%) —ua(z®) — 2a(1 + ||2™|%)P.

This easily implies that e~!||z — 7||*> — 0. [ |

12



2.4 Approximation of value functions and stability

In this section we consider a numerical algorithm for solving the value func-
tion v, and prove its convergence. Let h be the discretization parameter,
eventually we will let h — 0. We assume that the discretized dynamics (still
denoted by X)) given by recursion

X(n+1)h = nh + hf( nhs unh) XO =7z,

and cost structure

vp(x) = inf h (Xjns wjn).

Proposition 2 Assume that Condition 1 holds. Then vy, — v uniformly on
compact sets as h — 0.

Proof. Clearly {v;} is continuous and uniformly bounded, and it satisfies
the DPE

vp(z) = Jrellf] [hc(m,u) + e Phyy [z + hf(z, u)]} .

Define
v(z) = liminf wi(y), o(z)= limsup wvp(y).
(y,h)—(z,0) (y,h)—(z,0)
It is not difficult to see that v is lower-semicontinuous and v is upper-
semicontinuous, and satisfies v < 7.

Suppose for a moment that v is a viscosity supersolution and @ is viscosity
subsolution to the HJB equation (2). Then we have v > v (Remark 3). It
follows that

v=12
and is thus a continuous (and bounded) viscosity solution. Thanks to The-
orem 1, we have v = v = v. This implies that v — v uniformly on compact
sets. Because otherwise, there exists a compact set K C R? and a positive
constant § > 0 and a sequence {z;, € K} such that

lvn(zn) — v(zn)| =6

for all A small enough. Assuming z;, — = € K, we have either v(x)—v(x) > ¢
or v(z) —v(z) < —J. A contradiction.

It remains to show that v is a viscosity supersolution. The argument for v
being a subsolution is the similar and thus omitted. Let ¢ be a continuously
differentiable test function, and y € R? is a local minimum of v — ¢. Thanks

13



to Remark 2, we can assume that y indeed is a strict local minimum, say in

Ny (the closure of a bounded open neighborhood NN, ). Assume (if necessary,
pick a subsequence) that z; attains the minimum of vy — ¢ in Ny, and
Ty — T € Ny. We must have £ = y since y is a strict local minimum.
Indeed, by definition, we have

()~ ¢(2) < liminffop,(2p) —P(2p)] < limsuplop(zn) —$(zn)] < 2(y)—¢(y),

h—0

whence Z = y, and lim vy (zp,) = v(y). The DPE for {v;,} and the compact-
ness of U imply that, there exists a uj € U that attains the infimum such
that

vp(zn) = e Phupzn 4+ hf (zh, up)] + he(zn, ug),

or equivalently
e " [op(en) — valen + hf (zn, up)]] + (1 = e PM)vn (@) — he(@n, un) = 0.
It follows that for h small enough,
e [@(xn) — dlan + hf (wn, un)]] + (1 — e Yop(@n) — he(n, up) > 0.

Without loss of generality, assume that up — u* € U. Dividing h on both
sides and let h — 0, it follows that

=Vo(y) - fly,u") + Bu(y) — ey, u*) = 0.
This complete the proof. |

3  Finite horizon control problem

Consider a finite horizon control problem, with value function

T
v(z,t) = {Tf} [/t e_ﬁ(s_t)C(Xs,Us) ds + e_ﬁ(T_t)g(XT)

given X; = x, for all t € [0,T] and 2 € R%. The dynamics are still described
by equation
dXy = f( X, ur)dt.

The associate HJB equation
—vg + v — Héllrjl [Vev(z,t) - f(z,u) + c(z,u)] =0 (3)
u
with terminal condition

v(z,T) =g(z), VazeR (4)

14



3.1 Definition of viscosity solution

Consider a PDE of type
—ug(z,t) + H(z,u(z,t), Vyu(z, t)) =0,
with terminal condition u(z,T) = g(z).

Definition 3 A continuous function u : [0,7] x R? is said to be the a
viscosity subsolution if u(z,T) < g(x) and that for every continuously dif-
ferentiable function ¢ : R? x [0,T) — R, and (z,t) € R? x [0,7) — R a local
maximum of u — ¢, we have

—¢i(z,t) + H(z,u(z,t), Viep(z,t)) <O0.

The definition of viscosity supersolution is to replace all the “<” by “>” and
the local maximum by the local minimum.

3.2 The characterization of the value function

We impose the following condition on the terminal payoff g : R¢ — R.

Condition 2 The terminal payoff g is bounded and uniformly continuous.
The following theorem is the main result.

Theorem 2 Assume 8 > 0, and assume Condition 1 and Condition 2 hold.
Then the value function v is the unique bounded continuous viscosity solution
to the HJB equation (3)-(4).

The proof again is divided into several steps. First, the regularity of the
value function and the DPP. Secondly, from DPP we obtain that the value
function is a viscosity solution. And finally, from a comparison result we
obtain the uniqueness.

Proof. We first show that v is bounded and continuous on [0, 7] x R%. The
boundedness is trivial. As for the continuity, the proof is similar to that of
Lemma 3, but more technical due to the time variable. We leave this as an
exercise to interested students.

We now prove the DPP. More precisely, we claim that, for every 0 <t <
t < T and every x € R,

t _
v(z,t) = E&% [/t e PN (X, ug) ds + e PEDy(X5, D)

15



The proof again is very simple and thus omitted.

We first prove that the value function v is viscosity subsolution. Clearly
v(T,x) = g(zx). Consider a test function ¢ : [0,T) x R — R and such that
(z,f) € R x [0,T) is a local maximum of v — ¢. In other words, in a small
neighborhood of (Z, %), say N,

o, 1) = v(@,7) < $(a,t) — 6(7,), ¥ (a,8) € N.
Fix an arbitrary u € U, and consider the process
dXs = f(Xs,u)dt, t<s<T,

with initial condition X7 = Z.
For ¢ > ¢ and close to t, we have (¢, X;) € N. Moreover, by the DPP, we
have

t
v(z,t) < ﬂ e PEDe(Xy, u) ds + e PEDy( Xy, 1),
7

It follows that
o(z,1) — p( Xy, t) < /t te—ﬂ“—%(xs,u) ds + (e—ﬁ<t—f> - 1) v(Xy, t).
Dividing both sides by ¢ — ¢t and then let t — | 0, we have
(3, 1) — Va(3,) - (7, 0) < o(@,u) — Bo(@, ).
Since u is arbitrary, we have

_¢t<i’?i) + ﬁv('f’f) - [quﬁ("f,f) ’ f('f’u) + C(f?u)] <0.

inf

uelU

As for the viscosity supersolution, again consider the test function ¢ and
o(@,t) = v(@,D) > d(z,t) — $(@. ),V (w,1) € N.

For every € > 0 and every t > t, there exists a control process {us} such
that

¢
v(Z,t) > ﬁ e BED (X, ug) ds + e P Dy(Xy, 1) — (t — D),
7

where X7 = Z and

dXs = f(Xs,us)ds, W

*
IN
»

IN
~
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It follows that for ¢ close to ¢,

B(Z, 1) — (X, t) > / t e PDe(X,, u,) ds+ (e—ﬁ<t—f> - 1) v(Xy,t)— (t—1)e.

t

But ; ;

ﬁ e PDe(X,, ug) ds = [ c(Z,us)ds + o(t — t),

z z
and

(774D — 1) w(X;,t) = B(t — Do(,8) + ot — ©)
and

¢(i’? E) - ¢(Xta t) = - /t_t [¢t(Xs’ 3) + qub(Xs, s) : f(XSa US)] ds
= - /t_t (p1(Z, ) + Vad(Z,F) - (T, us)] ds + ot — ).

It follows readily that (dividing both sides by ¢ — ¢, letting ¢ | ¢ and then
e — 0), just like Lemma 5,

_¢t(j’f) +ﬂv(f@ - ;25 [Vm(f@ ' f(ivu) + C(j’u)] > 0.

It remains to show the uniqueness. Again, we establish a comparison
principle; i.e., vy < wo if g is a bounded viscosity subsolution and wuo a
bounded viscosity supersolution. Consider the function

=yl s
2¢e
—a (U4 [P+ 1+ Y2 = (T —t+T —s).

q)(xay;ta S) = ul(xat)_UQ(yﬂS)

Assume that ui(z,t9) — u2(z,tg) > 26 > 0 for some (z,t9) € R? x [0,T).
Then

sup® > ®(z, z;tg, to) > 20 — 2a(1 + HZH2)p —2n(T — ty),

where the supremum of ® is taken over all z,y € R and t, s € [0,T]. Fix «
and 7 and p small enough such that

n
M +2L)([lur]loo + lluzlloo)’

29(T —t9) <6/2, p< ( 20(1+ ||2|])P < /2,

then
sup® > 4.
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Due to the boundedness of w1, uso, it follows easily that the supremum of ®
is attained at, say (z,¢;%, 5) for some z,7 € R% and £,5 € [0, T].

We first want to show that ¢ # T and 5 # T for € small enough. It is
clear that there exists a compact K C R? such that z,7 € K for all positive
e. (From inequality ®(z,z;t,t) + ®(7,7; §,5) < 2®(Z, y;t,5) we have

= SN2 LT =2
Iz~ gl + 1~ 5 _

- [ur(Z,8) — w1 (9, 8)] + [ua(Z, ) — u2(7, 5)).

Therefore, as € — 0, we have
Iz -9l =0, [t—s =0,
and (from uniform continuity on K x [0,7]),

= a2 17 g2
— t_
1z —gl" + [t —s|
g

Assume now that ¢ = T for a sequence of € — 0, then
d<sup®=&(z,y5;7T,s) <u(z,T) — ua(y,s) <ua(z,T) — ua(y,Ss).

But the right-hand-side goes to zero along this sequence of ¢, a contradiction.
Thus t # T. The proof of 5 # T is similar.
Now proceed as before, define the test function

_al2 4t — 52
set) = w(gs) + 12

+n(T —t+T-5).

o |(+ 2lP)P 4+ (1 1)

The function u; — ¢ attains maximum at (z,t) with ¢ € [0,7)). Thus by
definition,

t T —

¥ 2ap(1 + H:L‘HQ)p_lx} <0,

;5+77+ﬂu1(5075_ﬂ[$,

Here
H(z,p) = f [p- f(z,u) + ez, u)]

Similarly, we have

t—3 o _ -y
—n+ Pu(y,5) — H {y

~ 2ap(L+ }g1*Pg] 2 0.
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The same argument as in the infinite horizon case leads to

277 + /B[ul(ia B - UQ(@, 5)]
L
< Zlle =gl + Lz — gl + (M + 2L)ap (1 + |27 + 1+ [g1*)7]

However, by construction,
(M +2L)ap [(1+ |22 + (1 + [912)7] < (M +2L)p(ur oo + luzlloe) < 7.
It follows that

2n < 20+ B(2,7;%,5) < =|z - gl* + L|z — g +n.

o |~

Letting € — 0, the right-hand-side goes to 1, a contradiction. |

3.3 The Hopf-Lax formula
We consider a concrete PDE of type
—v;+ H(Vev) =0, VYzeR? tel0,T)
with terminal condition
v(z,T) = g(z), VzeR
We assume the following condition.

Condition 3 1. Function g : R — R is bounded Lipschitz continuous.

2. Function H is convex and Lipschitz continuous.

Proposition 3 Under Condition 3, the unique bounded continuous viscosity
solution is given by

v(z,t) = ;2%%% [(T —t)L <%) —I-g(y)] , YzeRY tel0,1),

where L is the Legendre transform of H, that is

L(y) = sup [z-y — H(x)].
z€RI
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Proof. For simplicity, let C' be the Lipschitz constant for g and H.

It is not difficult to see that v is uniformly bounded. The continuity of
v on R x [0, T) is not so difficult to prove once we observe that L is infinity
outside the compact set {y : ||y|| < C}. Indeed, suppose ||y|| > C, then for
every k > 0,

L(y) > k|yl® — H (ky) > k||| — kC|ly|| — H(0),

which implies that, as &k — oo, L(y) = oc.

It remains to show that as z, — z and t, — T, v(zp,t,) — g(z).
One direction limsup,, v(zp,t,) < g(x) is trivial. For the other direction,
it suffices to observe that the minimum is obtained at a point y, such that
Yn — Y, and that L is bounded from below.

The proof of the uniqueness is essentially the same as the proof of The-
orem 2. We only need to observe that

-7 -7
|22 s 2ap(+ oyt B [T - 2ap(1+ gl

< Cap [+ Il + A+ g

and we just pick p such that

7
p< )
C(llulloo + lluzlloo)

We show now that v is a viscosity subsolution. This is achieved by
observing an implicit “DPP” connected with definition v. More precisely,

e @-ﬂL(m_?>+u@¢ﬂ (5)

t—t

u(z,t) = min
( 73 zER4

for every £ < t < T and every Z € R? The proof of this claim is just a
simple convexity argument and thus omitted.

The proof that v is a viscosity solution is quite similar to that of Theorem
2, and is left to the students as an exercise. A useful fact is that

H(z) = sup [z -y — L(y)],
y€Rd

that is, H is the Legendre transform of L. |
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4 Differential Games

In this section we discuss two-person zero-sum differential games in contin-
uous time on infinite horizon. We will mainly follow the definition of Elliott
and Kalton [4]. This definition, involving the so called strategies, allows one
to use the idea of Dynamic Programming for analysis. It is worth pointing
out that in all the definitions of games, a very important aspect is to specify
the information structure for either of the players.

To be more specific, the state dynamics is determined by the ordinary
differential equation

dXt = f(Xt; ag, bt) dt, t Z 0

with initial condition Xo = 2 € R? Player A picks control {a;} taking
values in U and Player B picks {b;} taking values in B, where A and B are
some Borel sets in some FEuclidean spaces. More precisely, define the sets of
“open-loop controls”

A = {a=(a): ais a measurable function from [0,c0) to A}
B = {b=(b): bis a measurable function from [0,00) to B}.

The associated cost on infinite horizon is
o
(3 {ac}, (b)) = /O e Ne( Xy a, by) dt
where (X;) is the state process corresponding to initial condition = and
control {a;} and {b;}. Player A is tries to minimize this cost and is called

the minimizing player and Player B tries to maximize this cost and is called
the mazimizing player.

Remark 4 A static game is where the Player A chooses control from A and
Player B chooses control from set B. The value of the lower game is defined
as

vy = sup inf J(x;{a:}, {b:}),
beB aCA

and the value of the upper game is defined as

Us = inf sup J(x;{at}, {bs}).
a€A peB

By definition, we have v, < v;. We say the game has a value if v, = ;.
However, the method of Dynamic Programming is not appropriate for the
analysis of such a game. |

21



Definition 4 A strategy for Player A is a mapping a : B — A such that, for
any t > 0, and b,b € B with bs = bs for all 0 < s < ¢, one has ab]; = a[b]s
for all 0 < s <t. A strategy (3 for Player B is similarly defined.

Definition 5 Let the collection of strategies for Player A be denoted by ©
and those for Player B by A. The lower value of the game is defined as

v(z) = inf sup J(z:alt],b),
a€® pep

and the upper value of the game as

v(z) = sup inf J(z;a, Ba]).

When v(z) = v(x) we say the game has a value.

Unlike the static game, it is not clear a priori that the lower value is dom-
inated by the upper value. It will be proved by a rather indirect approach
based on the comparison principle of the viscosity solution.

Example 2 This example shows that the lower value does not always equal
the upper value. Consider f(z;a,b) = (a —b)?, and A = B = [-1,1], with
cost (independent of controls)

c(z) = sign(z) - (1 — exp{—|z[}).

This running cost is strictly increasing, and the state process {X;} is non-
decreasing thanks to the non-negativity of f.

For the lower game, the optimal strategy for Player A is obviously given
by a*[b](t) = b(t), and the lower value of the game is then

Assume = > 0. Then v(z) = 1 — exp{—z}.
As for the upper game, the optimal strategy for Player B is to maximize
f(x;a,b), which leads to

ﬂ*[a](t):{ 1 if a(t)<0

-1 ; if a(t)>0.

For this choice of strategy, the best Player A can do is taking a(t) = 0. It
follows that

o(z) = /OOO e Me(x +t) dt.
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Assume z > 0. Then

o) = [ e = expfr - e = 3 - 22

It can be shown that v(z) > v(x) and v(z) < v(x) are both possible depen-
dent on the choice of A and the initial condition . |

4.1 The Dynamic Programming Principle (DPP)

We will adopt the following assumption for the general theory.
Condition 4 1. Both sets A and B are compact.

2. The function f is continuous, and there exists a constant L such that

1f(z;a,0) = f(y;a,b)|| < Ljjz —y||
for all € RY and all a,b.

8. The cost function c is continuous, uniformly bounded, and satisfies
|e(@;a,b) — c(y; a,b)| < Lz -y
for all z € RY and all a,b.

The first result gives the regularity of the value function, whose proof is
very much like that of Lemma 3 and thus omitted.

Lemma 8 Assume Condition 4 holds. Then both the lower value and the
upper value are bounded uniform continuous functions.

The following Dynamic Programming Principle is essential for the sub-
sequent analysis.

Proposition 4 Assume Condition 4 holds. Then for all x € R and t > 0,

t
v(zr) = inf sup [/ e (X afbls, bs) ds + 6_/\tQ(Xt):|
€0 pep LJo

¢
o(r) = sup inf {/ e_’\sc(Xs;as,ﬂ[a]s)ds—I—e_>‘tv(Xt)}.
geAacA LJo

Here the state process { X} is accordingly defined.
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Proof. We only give a proof for the part corresponding to the lower game.
The case for the upper game is similar and thus omitted.

Denote by u(x) the RHS. We first prove v(z) < u(x). Fix an arbitrary
€ > 0, and pick a strategy a € © such that

t
u(z) > sup {/ e (X g albls, bs) ds + e Mu(Xy)| —e.
beB LJO

For each z € R?, and let a, € © be a strategy such that

u(z) = sup J(z . [b], b) — <.
beB

Define a new strategy & € © by pasting

. N albls : if 0<s<t
a[b](s) = { ax, b+ )]s ; if s>t
It follows that,
v(z) < supJ(z;afbl,b)
beB
t o]
= sup [/ e (X, albls, bs) ds +/ e (X y; abls, bs) ds]
beB LJO t
t
< sup {/ e Me(Xy; albls, bs) ds + e Mu(Xy) + E]
beB LJO
< u(zx) + 2e.

Letting e — 0 we have v(z) < u(z).
For the reverse inequality, let b € B be such that

t — —
u(z) < / e Me(Xy; oz [bs, bs) ds + e_Aty(Xt) +e.
0

However, let z = Xy, and define a strategy & € © defined by

afbls = ag[blste,

with bs = b for 0 <s<tand bs = bs_; for s > t. Then there exists an
open-loop control b such that

v(Xy) = v(z) < J(z;alb],b) +e.

It follows that
u(z) < J(x;a[b*],b%) + 2¢
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with b* € B defined as
, by ; if 0<s<t
bs_t if s>t

Thus

u(z) < J(z; ag[b*],b") + 2 < sup J(z; az[b], b) + 2e < v(z) + 3e.
beB

Letting ¢ — 0 we complete the proof. |

4.2 The characterization of value functions
The following theorem is the main result of the section.

Theorem 3 Assume Condition 4 holds. Then

1. The lower value v is the unique bounded continuous viscosity solution
to the equation

v (z) — 22}153 ;gf [Vou(z) - f(z;a,b) + c(z;a,b)] = 0. (6)

2. The upper value v is the unique bounded continuous viscosity solution
to the equation

Av(z) — ;ggglelg [Vou(z) - f(z;a,b) + c(z;a,b)] = 0. (7)

3. The lower value is dominated by the upper value; i.e., v < V.

Proof. For notational simplicity, we denote by

H(x,p) = sup inf [p- f(z;a,b) + c(z;a,b)] (8)
beB aEA
and similarly
H(z,p) = inf sup[p- f(z;a,b) + c(;a,b)] (9)
a€ApcB

Clearly H > H.

Assume for now that claims (1)-(2) (except the uniqueness part) hold.
It is not difficult to see that @ is indeed a supersolution to the equation (6).
Thus claim (3) and the uniqueness part will follow from Lemma 8 if one
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can establish a comparison principle result for bounded continuous viscosity
sub- and super- solutions. Indeed, the proof is exactly the same as that of
Lemma 7 save that the constant M is now defined as

M = sup{||f(0;a,b)|| : a € A, be B}.
It remains to show that v is a viscosity solution to equation (6), or
Av— H(z,Vv) =0.

The proof for v is similar and thus omitted. For simplicity, we write H = H.
We first prove that v is a supersolution. Let ¢ be a continuously differ-
entiable test function, and z* is a local minimum of v — ¢. We wish to show
that
Av(z*) — H[z*, Vo(z*)] > 0.

Assume by contradiction that
Av(z*) — Hjz*, V¢(z*)] = —4e < 0.
By the definition of H, there exists a b* € B such that
M(z*) = Vo(z*) - f(2%;a,b") — c(z*;a,b%) < —2¢

for every a € A. Due the compactness of A, there exists a small £ > 0 such
that

v(Xt) — ¢(Xy) > v(z™) — (")
and such that
Av(Xy) = Vo(Xy) - f(Xes a[b"], 07) — (X3 b7, b7) < —€
for every 0 < t < t and every a € ©. Multiplying both sides of the last
inequality by exp{—At} and taking integral, we have

/Ot_e_ktc(Xt; alb*]s, b*) dt + e Mu(Xy) > e(1 — exp{—AE})/ X\ + v(z*).

This is true for every a € ©, and whence a contradiction to the DPP.

It remains to show that v is a subsolution. Let ¢ be a continuously
differentiable test function and z* attains the local maximum of v — ¢.
Again assume by contradiction that

Av(z*) — Hlz*, Vo(x™)] = 4 > 0.
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Without loss of generality, we can assume v(z*) = ¢(z*). We claim that
there exists a strategy a* € © and a ¢ > 0 such that

t
/O e Me( Xy o [Bly, be) dt + e MG(X,) — d(z*) < —ef.
for every b € B and such that
v(Xy) — d(Xy) <w(z*)— () =0, VO<t<t

Assume this is true for the moment. It follows that
{ —_
/ e Me( Xy 0 [Ble, be) dt + ¢ No(Xy) < v(z*) — ef.
0

This again contradicts the DPP.
We finish the proof by giving the existence of a* € ©. Define

A(z;a,b) = Ap(x) — [Vo(z) - f(z;a,b) + c(;a,b)].
Then by assumption

Au(z*) — Hjz*;Vp(z*)] = z}?]fa sggA(m*; a,b) = 4e > 0.

Since A, B are both compact and all the relevant functions are continuous,
it follows that for every b € B, there exists an a = a(b) € A such that

A(z*;a(b),b) > 4e.

Furthermore, there exists an open-ball neighborhood B(b;7(b)) with radius
r(b) > 0 such that

A(x*;a(b),b') > 3¢, Vb € B(b;r(b)).

Since B is compact, there exists a finite open cover {bi,bs,...,b,} and
{ri = r(b;)} such that
B C U?ZIB(bi;T‘i).

Let a; = a(b;), then for every i = 1,...,n,
A(z*;a4,b) > 3¢, VY be B(bi;ri).
Define a measurable mapping ® : B — A as

O(b) = ax, if be B(bg;ri) \ UL B(bis i),
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and it follows immediately that
A(z*; ®(b),b) > 3¢, VbeB.
Define a strategy (check!)
by = P(by).
Then
A(x™;a*[b],b) > 3e, VbeDB.

By the Lipschitz continuity of f and the compactness of A, B, there exists
an open neighborhood N » such that, for every & € Ng«, we have

A(z; " [bly, b)) > 26, Y beB.

This N« can be chosen small enough such that v(z) — ¢(z) < v(z*) — ¢(z*)
for every & € N,«. For the same reason, there exists a ¢ > 0 such that X; €
N« for every 0 < t <t and every b € B, and such that 1 —exp{—At} > 1/2.
Multiplying the last inequality by exp{—At} and taking integral, we have
the desired inequality. |

Corollary 1 Assume Condition 4 holds. Suppose that both A and B are
convex sets and both functions f and c are convexr in a and concave in b.
Then the game has a value.

Proof. Thanks to the uniqueness, it suffices to show that H(z,p) = H(z,p).
But this follows from the classical min/max theorem [6]. |

Example 3 It is not difficult to show that in general (exercise!),
ngygl_)S) ngﬂgﬁs

However, it is possible that the static game does not have a value (i.e.,
vy # Us) even when the dynamic game has a value (i.e., v = v). Consider
the following example.

Consider a state process in R* with dynamics

= —a(t)Xa(t) dt

-

=S

o=
N—r

=

—~

& A

& o

&@F
~
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The control sets A = B = {—1,1}. The cost is (with A = 1)
[ee)
T o} o) = [T e telX ()t
0
with
c(x) = arctan {(wl —23)% + (2 — m4)2} .

It is not difficult to verify that Condition 4 holds in this case. The lower
value is then the unique viscosity solution to the equation

v(z) —sup in

sup in, (Vo f(50,) + e()] = .

However, it is not difficult to verify that ¢(x) is a bounded classical solution
to this equation. Thus v(x) = ¢(z). Similarly v(x) = ¢(z). In other words,
the game has a value, and it equals ¢(z).
Now consider the static game with initial condition X (0) = z = (21, x2, 3, Z4).
We wish to find some initial conditions z such that

v,(z) < v(x) =0(x) < v5(x).

Consider the static lower value, i.e.,

v, = sup inf J(z; {a()}, {0(t)})-
beB ac

It follows that
vy < sup J(z; {=b(t)}, {b(t)}).

Now the RHS is the value function of a control problem, and it follows
from Theorem 1 that the RHS is thq unique bounded continuous viscosity
solution to the HJB equation

v(z) —sup [Vu - f(x;=b,b) + c¢(x)] =0,
beB

However, if we plug in the function v(x) = v(z) = ¢(x), then

4‘1’11’4 — 1'21'3‘ <0

LS = o — 292+ (32 — 2 =

with equality if and only if z124 = xox3. A verification argument can easily
show that
vs(z) < ()

if x124 # x2x3. Similarly, under this condition, ¢(z) < vs(z) holds. [ |
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