Chapter 4.  Total Expected (Discounted) Cost Problem

Total expected (discounted) cost criteria come up quite often in the lit-
erature. The properties of optimization problems of this type are relatively
well understood under the Markov setting. However, no convenient theory
is available for general non-Markovian setup, with the exception of the du-
ality approach in some specific problem settings when the cost functions are
concave Or convex.

1 Markov control models

There are several different ways to define a Markov control process (MCP).
A commonly used framework is as follows. The state process {X, : n =
0,1,...} evolves by

Xn—|—1 = h(XnaunS £n+1)a n= 0’ 1’ s (1)

where {,} is a sequence of iid random disturbances with common distribu-
tion, say u. The sequence {u,} is the control.

Unless specified, we will always assume that the state process {X,,} takes
value in a subset S of the Euclidean space R%. For each state z € S, the set
of feasible controls when the system is at this state is denoted by U(z). A
(pure) control policy {uy} is said to be admissible if for each n = 0,1, .. ., the
control u, can be expressed as a function of (Xo, ug, X1, u1,...,X,) taking
value in the set U(X,). An admissible policy {u,} is said to be a Markov
policy if for each n, the control u, can be expressed as a function of X,
alone.

Remark 1 The above “definition” of the MCP is at best a formal description.
A mathematically sound definition will involve all sorts of measurability
conditions on the components of MCP. Also, the controls we consider are
sometimes termed as deterministic (or pure) policies, as opposed to the
more general case where u, is a realization of a probability measure (the
randomized control) on U(X,,).

2 Finite-horizon

Given a Markov control process (1), the total expected cost associated with
a control policy {u, :n=20,1,...,N — 1} is
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1
J(z;{un}) = Bz |g(Xn) + o(Xj,uj) | 5
=0



where E, just means the expectation is taken under the initial condition
Xo = x € S. The function ¢ : S — R is said to be the running cost and
g : S — R the terminal cost. The objective of the control problem is to
judiciously choose an admissible control policy so as to minimize the total
expected cost. The value function is thus

oy (z) = {i&f} J(x;{un}).

The DPE associated with this problem is as follows.

Vva) = g(a) (2)
Val@) = inf clwiu) + [ Van(h(a, i ©)n(ds) (3)

foralln=0,1,..., N — 1. We have the following result

Proposition 1 The value function vy(x) = Vo(z). If there is a sequence
{u} =u'(x) € U(x)} achieving the infimum on the RHS of the equation (3),
then {u}} defines an optimal Markov control policy with the corresponding
dynamics

X; = Xo
o= h(XEu(XD)inp), n=0,1,...,N—1.

n’-'n

Proof. Consider an arbitrary control sequence {u,}. Let {X,} be the
corresponding state process, and define

n—1
ZniVn(Xn)—i—Zc(Xj;uj), n=20,1,...,N.
=0

It is not difficult to see that {Z,} is a submartingale. Indeed,
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In particular, we have Vy(Xo) = E[Zy] < E[Zn]. Thanks to the terminal
condition (2), we have

n—1

9(Xn)+ ) C(Xj;ug')] = J(Xo; {un}).

J=0

W(Xo) <E

Since the control {u,} is arbitrary, we have Vp(Xo) < v(Xo).

Now assume that there exists a minimizer {u) = u}(z) € U(z)} to the
RHS of the DPE (3) with the corresponding state process {X;}. Define
the process {Z}} in a similar way, and it is not difficult to see that {Z} is
indeed a martingale. In particular,

n—1

9(XR) + D e(XT; u;f)] = J(Xo; {up}).
=0

Vo(Xo) = ElZg] = E[Zy] = E

Thus Vp(Xo) > v(Xp) by definition, from which it follows readily that
Vo(Xo) = v(Xp) and {u)} is optimal.

It remains to show that v(Xy) < Vp(Xo) when {u}} may not exist. Let
e > 0 be arbitrary, and let uf, = u (x) be such that

clasuy (@) + [ Vi (hla,us (2); )(de) < Vale) + 2

Abusing the notation a bit, let X, be the state process corresponding to the
control {u5,}, and define Z,, as before. We have

M=

E[Zn—H |Xn7 ufw -y Xo, uE:)] = C(X" u;) + E[Vn+1(Xn+1) |Xn7 ufz]
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In particular, E[Z,] > E[Z,1] — €. It follows that
Vo(Xo) = E[Zo] = E[ZN] — Ne > v(Xo) — Ne.

Letting € — 0, we complete the proof. |



Remark 2 The value function {v,} satisfies the DPE of forward form

wz) = gl)
ve) = inf lelai)+ [ on(hGeui€)n(d9)

for all n > 0.

Remark 3 Suppose we want to minimize the total expected discount cost

Ey

N—-1 ]
BNg(XN)+ Y ﬂJC(Xjan)] ;

j=0

for some constant 5 € (0,1]. Then all the DPE becomes

V() = @)
Vle) = inf Jelain) + 8 [ Vi (bl ws €)u(de)

for all n > 0. The value function v(x) again, equals Vp(x).

Remark 4 Sometimes the cost involved in the control may depend on the dis-
turbances. For example, suppose the running cost takes form ¢(X,,, un; £n41)-
In this case, the DPE can be written as

Wn(z) = g(x)
Valw) = inf [c<x;u>+ [ Vs (0 )|

where

claiu) = [ ela,wOu(de).

Thus the problem is reduced to a problem with running cost of form ¢(x; u).

2.1 Words of caution on measurability

The proof we have given for Proposition 1 is not completely rigorous. Re-
member that the probability theory is established on some probability space,
with all operations taken on functions or sets that are measurable. We in-
tentionally put the measurability out of the picture, because otherwise many
annoying problems will obscure the idea of DP. For example, the definition
of V,,(x) by equation (3) does not necessarily imply that the function V,, is a



suitable measurable function. Without such measurability, its integral will
not be well defined. Also, the minimizer u;,, if exists, may not be measur-
able, which leads to the difficulty that the resulting state process {X,,} may
not be legitimate random variables, and the expectation of the total cost
will not be well defined. Moreover, in the proof, we construct the e-optimal
policy {u5}. But there is no guarantee that the policy {u5} is measurable,
and thus all the following lines are not entirely justifiable.

In most applications, one can directly check that the functions V,, is mea-
surable from the DPE, and that there exists a measurable (in some proper
sense) minimizer {u)}. However, to resolve the measurability concerns for a
general control problem is not an easy task. One approach is to extend the
notion of Borel measurability so as to include more admissible controls, such
that {V},} is measurable in this generalized sense and that the existence of
e-optimal policies (and the validity of DPE) can be proved; see [1]. Another
approach is to put some constraints on the cost functions ¢ and g, the con-
trol space U(z), and the dynamics of the system, so that the equation (3)
will admit a measurable minimizer, and the functions {V,,} defined through
DPE will be measurable; see [4]. For example, one type of such conditions
is

1. For every = € S, the control space U(z) is compact.

2. For every z € S, the function c(x;-) is non-negative and lower semi-
continuous on the control space U(x).

3. For a function V : S — R, define

Viwiu) = [ Vhla,w)p(de).
Then either one of the two following conditions hold.

(a) V(z;-) is lower semicontinuous on U(z) for every x € S and
every continuous bounded function V' on S, and function g is
non-negative and lower seimcontinuous.

(b) V(x;-) is lower semicontinuous on U(z) for every z € S and
every bounded measurable function V on S, and function g is
non-negative and measurable.

2.2 Examples

Example 1 (Inventory control) Consider an inventory production system
in which the state variable X, is the stock level at the beginning of period



n for n = 0,1,...,N. The control u, > 0 is the quantity ordered (or
produced) and immediately supplied at the beginning of period n, and the
disturbance &,+; is the demand during this period. We assume {¢,} is a
sequence of iid non-negative, integrable random variables. For the simplicity
of computations, we will further assume that {,} have a common density
f and denote by F' the cumulative distribution function.

The dynamics of the system follow

Xn+1:Xn+un—§n+1, nZO,l,...,N—l.

Here we allow a “negative” inventory level by assuming that excess demand
is backlogged and filled when additional inventory becomes available. We
also have assumed that the capacity of the system is infinity. One wishes to
minimize the total expected operation cost

N-1

E Z BnC(Xm Unp; §n+1)

n=0

with a discount factor 8 € (0,1] and a cost function
c(Xn, tun;€ny1) = b un + - (Xp + up — §n+1)+ +p (Xn+up —&nt1) s

where b is the unit production cost, h the unit holding cost for excessive
inventory, and p the unit shortage cost for unfilled demands. We assume
p > b (otherwise there is no incentive for production).

The value function will be denoted by vy (x) given Xy = x. The corre-
sponding DPE is (see Remark 4)

Vn(z) = 0
Valw) = inf [o(:c;u)w / vn+1<x+u—s>f<f>df].

dlaiw) = buth [ @+ru—O S©ds+p [ (@+u—) f(E)de
= bu+ L(z+u).

Note that the function L is a convex function, and that

T+u
Ve+w=(h+p) [ F€)d—p=(h+p)Fa+u)—p.

—0o0



Let us first take a look of the case n = N — 1, in which case
Viv-i(e) = inf clos )
It follows trivially from the convexity of L that

B L(z) ;o ifa>ay
VN—I(“’”)‘{ Ly ) + bk, —a) 5 ifa<ay,

with 2%_; = F~1[(p — b)/(p+ h)] and the minimizer

. 3 *
0 it >ay
ey —z 5 ifx<ay_y

uy_1(z) = {

Clearly, V_1 is convex (even though it is the minimum of convex functions).
Now consider n = N — 2. The DPE implies

Viv-a(e) = int [bu Lo +u)+ 6 [ V(o +u—f(E)de|

The argument will be exactly the same except that function L(z + u) is
replaced by

L(z + u) iL(w—I—u)—i—ﬁ/RVN—l(UC-i'U—ﬁ)f(ﬁ),

observing that L is again a convex function. In particular, there exists a
Z7_o such that

B L(z) ;o ifx>ay_,
VN”(‘”‘{ Lwh_y) + bk o) 5 ife<ay_,

and

0 i if x> xh
uya(@) =4 . e
TN —T 5 ifrx<ay_,
Again Viy_s is convex.
It is not difficult to see that for an arbitrary n = 0,1, ..., the function V,
is convex. In particular vy = Vj is convex. The optimal policy is determined

by
0 ;o ifx >t
* o ) = dp
u"(m)_{x*—x ;e <al

for a sequence of thresholds {z}}. Sometimes it is called a threshold-type
policy. Many control problems have optimal policies of this type. |



3 Infinite-horizon: an overview

Given the Markov control process (1), the total expected discounted cost
associated with control {u, : n = 0,1,...} on the infinite horizon is defined
by

J(z; {un}) = Ey

> Fe(X;, “j)]
=0

for some discount factor 5 € (0,1). The objective is to minimize J over all
control sequences {uy} such that u, € U(X,) for every n. We will denote
the value function by U, or

The DPE associated with this problem is

W(z) = inf
uelU(z)

clasw)+ 8 [ W(h(a,u:)n(de) @

There are three main questions that we are interested in.

1. Characterize the value function u through the DPE. More precisely,
does the value function U satisfy the DPE?

2. Characterize the optimal control policy through the DPE. More pre-
cisely, does the minimizer to the RHS of the DPE induce an optimal
control policy?

3. Convergence of the DP algorithm. More precisely, does the finite hori-
zon value function v, (with terminal cost g = 0 and discount factor
() converge to U as n tends to infinity? This is related to the compu-
tational methods of solving for the value function U.

More often than not, the answers to the above three questions are affir-
mative. However, there are pathological counter examples that the answer
to these questions are negative. We list below one such example. For more
counter examples, see [2, 5].

Example 2 Consider a deterministic control problem with dynamics
2

ﬁXn—l—un, n=01,...

Xn—|—1 -



with control u,, € (0, 00) and initial condition X¢ = 0. We want to minimize
the cost defined by

o0

J(x;{un}) = ZBij.

5=0
It can be easily argued that the corresponding finite horizon problem has a
value function vy (0) = 0 for all N € N. However, we claim that U(0) = oo,
and thus vy (0) does not converge to U(0). Indeed, for any control sequence
{un}, we have

Xnt1 2 %Xn > > <%>nX1 = <%)nu1

Thus ,
J(0;{un}) ZZﬁ]Xj Zulzﬁ] <B> = 00.
=0 j=1

This complete the proof. |

4 Infinite-horizon: the contraction mapping approach

We should assume throughout this section that the boundedness condition.
Condition 1 The cost function c(x;u) is uniformly bounded.

Under this assumption, the value function U is bounded.
Let f be an arbitrary bounded function from the state space S, and
define an operator I by

clwiu) + B [ £(hiaw,ui€)p(ds)] )
Then L is again a bounded function. The DPE can be rewritten as
W =LW.

In other words, a function W is a solution to the DPE if and only if the
function W is a fized point of the operator .. We want to establish that the
operator IL is a contraction mapping.



4.1 The characterization of value function and optimal policy

Let L be the operator defined by the equation (5). Let M;(S) be the space
of all bounded (measurable) functions on S, endowed with the sup norm.
The operator L defines a mapping from space My(S) to Mp(S); see Remark
5 for more discussion on this issue.

Furthermore, let v,, be the value function for the corresponding discount
cost control problem with finite horizon n and terminal cost 0, then the
forward DP algorithm for the {v,} (see Remark 2 and take into consideration
of the discount factor) is

vg = 0
Upr1 = Lv,, n=0,1,...

Lemma 1 Under Condition 1, the operator IL : My(S) — M(S) is a con-
traction, where My(S) in endowed with the sup norm.

The proof is an easy corollary of the Blackwell’s sufficient condition for
contraction (Theorem 7). We omit the proof.

Theorem 1 Under Condition 1, we have

1. The value function U is the unique fized point of the operator LL; i.e.,
U is the unique bounded solution to the DPE (4).

2. The DP algorithm converges, that is, vp(x) — U(z) as n — oo. In-
deed, the convergence is uniform over x € S.

3. If u* = u*(z) is a minimizer of the RHS of the DPE (4), then u*
defines an optimal Markov control policy with the corresponding dy-
namics

Xo = Xo
w1 = h(X5,u"(X))iény1), n=0,1,....
Before we give a proof of the theorem, it worth pointing out that even

though the DPE (4) has unique bounded solution, it may admit other solu-
tions that are unbounded.

Example 3 Consider a Markov control process with state space S = {1,2,...

control space U(z) = {0}, and running cost c¢(z;u) = 0. The transition
probability for this chain is
2X,

10



and

4X, -3
( ’fl+1 n | ny {Un }) 3(2Xn _ 1)
Let the discount factor 8 = 3/4. The DPE associated with this problem is

2x 4r — 3
32z — 1)W( )+ 32z — 1)

Clearly the value function U(z) = 0 is a solution to the DPE, but W(z) = «
is also an (unbounded) solution to the DPE. [ |

W(z)=p W(2z)|, xz=0,1,...

Proof of Theorem 1. Under Condition 1, the operator L : M;(S) —
My(S) is a contraction when M;(S) is endowed with the sup norm. Thus
there exists a unique fixed point, say U* € Mp(S), such that U* = LU*.

We prove now U* = U. Assume |c(x;u)| < K for every z and u. By
definition, for any control sequence {u,}, we have

00 N-1
E, Zﬁjc(X u Z/J’jc(X u
3=0 3=0

But the absolute value of the last term is bounded by

+ Ey

> ﬁjC(Xj’uj)] :

Jj=N

f} BFK =KpBN/(1-p).

Jj=N

Taking infimum over {u,}, we have |U(x) — vy (z)| < KBV /(1— (). Letting
n — oo, we arrive at U(z) = limy,, v,(x) = U*(z).

It remains to show that {w’}, if exists, defines an optimal control se-
quence. Consider the process

Zﬂf D+BUX); n=0,1,....
It is not difficult to verify that {Z}} defines a martingale. In particular,

Ulz) = Ex[Zg] = ZB’ o) +0U(Xy)

for every n. Letting n — oo, thanks to the boundedness of ¢ and the DCT,

[Eoos]

This completes the proof. |

11



Remark 5 As usual, we are intentionally avoid any measurability concerns.
Given a function f € M;(S), the image Lf is a bounded function for sure,
but may not be a measurable. However, there are conditions like those in
Section 2.1 to guarantee the measurability of ILf. In most applications,
however, one can directly check the measurability of L f. Since {v,} satisfy
v, = Lv,_1 = L™y, Theorem 6 implies that v,, converges to U* uniformly.

4.2 Example: An optimal stopping problem

Let the dynamics be X, 11 = h(Xy;&r1) where {&,} is a sequence of iid
radon variable with common distribution pu. Let ¢ : S — R be a non-
negative, bounded function, and k£ > 0 a constant. The problem is to

find a stopping time 7 taking values in {0,1,...,00} so as to maximize the
expectation
T—1 )
E, Z ﬁ]C(Xj) +B7k| .
§=0

Let the value function be ®(z).

One can put this problem into the framework of infinite horizon total
expected discounted problems. Introduce a generic state z and expend the
state space to S = S UZ. The control will be u, € {0,1} with “0” for
continuation, and “1” for stop. The state process will be

{ WM Xn;ény1) ; ifu,=0and X, #7
Xn+1 - -

T i ifu,=1lor X, =2
The payoff associated with the problem is

N c(x) i ifu,=0and X, # 7
C(m’“)_{u—ﬂ)k - ifu,=1lor X, =7

Then it is not difficult to check that

0 .
> Fe(Xju)|
and ® the unique bounded solution (fixed point) to the DPE

®(x) = max {k, o(o)+ 5 [ @(h(as €)utds)

for x € S. This is exactly the DPE we should be expecting from the outset
using the theory of optimal stopping!

12



We will state the following result, which is needed for the next exam-
ple. For convenience, we denote the value function ®(z) by ®(x; k) for the
obvious reason.

Lemma 2 The mapping k — ®(z; k) is non-negative, convez, non-decreasing,
and satisfies ®(z;k) > k. Denote its right-derivative by Dy ®(x;k). Then
0 < D} ®(z;k) <1 for every x and k. Furthermore, for k > ||c[lo/(1 — 3),
we have ®(z;k) = k and D; ®(z;k) = 1.

Proof. Clearly the mapping k — ®(z;k) is non-negative, non-decreasing,
and satisfies ®(x; k) > k. The convexity is also trivial from the definition
since the value function can be regarded as the supremum of a collection of
linear functions of k.

For the remaining claims, all we need to show is that ®(z;k) = k for
k> |clloo/(1 — B). Indeed, it follows that

7—1
®(z;k) <supEy | > Fk(1—p)+ k| =k
T =0
We complete the proof. |

4.3 Example: Multiarmed bandit problem

The example we are going to discuss is the classical “multiarmed bandit
problem”. Consider the following scenario. There are d projects of which
one can be worked on at any time period. For simplicity, we assume d = 2.
The same argument works for general d. We will denote by Xi, and Xs,
the state of the two projects at time n. If project i (i = 1,2) is worked on,
it will produce a reward §"R;(X; ) with 8 € (0,1). The state of project @
at the next time step will become

Xint1=h1(Xin 5 &int1),
while the state of the other project will stay the same; i.e.
Xj,n+1 = Xj,'rw fOI‘j 75 7.

The sequences {1} and {&2,} are assumed to be independent, iid se-
quences with distribution g and ps respectively. We will further assume
that 0 < R;(z) < B; i.e. the reward function is non-negative and bounded.
The question is to find a policy so as to maximize the total expected dis-
counted reward.

13



Let X, = (X1,n,X2n) be the state at n, and the initial state Xo = z =
(z1,x2). The control u, can only take two value, say u, = 1 if project 1 is
worked on, and u,, = 2 if project 2 is worked on. The problem falls into the
framework of maximizing

[ee)
V(l‘) = V(mlv CCQ) = sup E, [Z ﬂnC(Xm Un)‘|
Un n=0
with the payoff ¢(X,,un) = R1(X1) if u, = 1 and (X, up) = Ro(Xap) if
Uy = 2. Theorem 1 immediately yields

Lemma 3 The value function V is the unique bounded function satisfying
the DPE

Vienzs) = max{Rl(m) 6 [ Vin(ers )02 m(d6y),
Ra(a) + 8 [ V(on ha(oss ) maldia) . (0)

Let {u} = u)(z1,22)} be index of the mazimizing term on the RHS of the
DPE. Then {u}} defines an optimal policy.

This result is not entirely satisfactory because it does not provide much
information on the value function and the optimal policy.

Instead, we consider the following auxiliary optimal stopping problems.
For i = 1,2, and constant £ > 0, define

T—1
®;(zsk) = By, | > B"Ri(Xin) + 87|
n=0
where the supremum is taken over all stopping times taking value in {0, 1, ..., 00}

and the dynamics of the system is X 41 = hi(Xipn ; &nt1). The properties
of ®; has been presented in Lemma, 2.
Define the Gittins index

mi(x;) =inf{k >0: ®(z;5k) =k}, i=1,2.
Clearly, for every k > m;(x;), ®(x;; k) = k. We have the following result.

Theorem 2 Let C be an arbitrary constant such that C > (|| R1||oo V|| R2llc0)/(1—
B). The value function V' admits the following representation.

Cc 2
V (21, 29) :c—/ 11 Dif ®i(i; k) dk
0 =1

14



for every (x1,x2). An optimal policy is determined by {u* = u*(z1,22)}
which is the mazimizing index for mi(x1) V ma(z2). In other words, it is
optimal to work on the project with the mazimal current Gittins indez.

Proof. Let )
C
Ul(xy,22) = C—/ 11 Dif ®i(wi; k) dk.
(U

We wish to prove that U is a bounded solution to the DPE (6) and u* is
the maximizer. To this end, we first rewrite U by integration by parts:

C C
U(l‘l, CCQ) =C - D]j_q)l(ml; k‘)@g(mg; k‘)’o + A (1)2(1‘2; k)de]:_(I)l(zCl; k})
Thanks to Lemma 2, ®3(z2;C) = C and D; ®1(z1;C) = 1. Thus
C
U(l’l, 1'2) = D:‘I’l(.%l; 0)@2(1’2; 0) + /0 ‘I’Q(l’g; k‘)de]_:(I)l(l'l; k)
It follows that
/U($17h2(562;f2))u2(d§2) = D;th(l‘l;o)/<1>2(h2(502;f2);0) p2(dé2)

[ © a2, £2); k) D B (13 k) s ().

By Tonelli theorem, one can switch the order of integration in the last term,
and we arrive at

U(z1,22) — Ro(z2) —ﬁ/U(wl,M(ﬂﬂz;&))m(d&)
= D} ®q(z1;0) [@2(:02;0) — Ry (x2) — 5/¢2(h2($2;§2);0) H2(d§2)}

+/OC [%(m;k) — Ra(72) — ﬂ/%(h(@,&); k) H2(d§2)} dp D} @1 (z15 k),

thanks again to D,‘:@l(wl; C) = 1. To ease notation, we will use “LHS” for
the left hand side of this equation in this proof.
Write, for i = 1,2,

bi(zis k) = ©i(wi; k) — Ri(z;) — ﬁ/@i(h(%ﬁi); k) pi(d&;).

The DPE for ®; implies that ¢;(z;;k) > 0, ¢;(z;,0) = 0, and the definition
of Gittins index implies that ¢;(z;; k) = 0 if k < m;(z;). Since D} ®1(z1; k)
is non-decreasing, we have

C
LHS = [ ga(o2; K)u Df @1(a1:K) > 0.
0

15



However, on set {ma(z2) > m1(z1)}, the above inequality is indeed equality,
since ¢2(z2; k) = 0 for k < my(z1), and D,‘:gbl(xl; k) =1for k > mi(x1). In
other words,

U(z1,22) — Ra(z2) — 5/U($1, ha(2; §2)) pa(da)

is always non-negative, and 0 on set {ma(z2) > m(z1)}. Similarly,

Ulasaa) = Ralar) = 8 [ Ulh(eri€0),2) i (d1)

is always non-negative, and 0 on set {ma(z2) < mi(z1)}. This completes
the proof. ]

Example 4 Assume that we have two gold mines, and a gold mining ma-
chine. Let x1,x2 be the current amount of gold in Gold Mine 1 and Gold
Mine 2, respectively. When the machine is used in Gold Mine %, there is a
probability p that r;z; of gold will be mined without damaging the machine,
and a probability 1 — p that the machine will be damaged beyond repair
and no gold will be mined. Assume 71,72 € (0,1). Find the mine selecting
policy that maximize the total expected discounted (with discount factor (3)
amounted of gold mined before the machine breaks down.

Solution: Let the value function be V(x1,22). Then the value function V'
satisfies the DPE (see Remark 6)

V (21, 22) = max {priz1 + pBV((1 — r1)z1;x2), proxe + pBV (x1; (1 —r2)z2)} .

Compare this equation with the DPE (6), the value function corresponding
to a multiarmed bandit problem with

Ri(x;) = priz;, i=1,2,

and the discount factor p3, and the dynamics for project ¢ (if project i is
worked on)
Xi,n—i—l = (1 — ri)Xi,na = 1, 2.

Thus, the corresponding auxiliary optimal stopping problems are
—1

iz k) = sup Ez, | (pB)"Ri(Xin) + (pB)7k

n=0
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with X; n41 = (1—73)X; . It is not difficult to check that the value function
is (check!)

ok ite<ar
®i(xis k) = { eix; 5 ifm;>al
with
o pri L e Gt )
Cl-pp-m) Tt pri '

The Gittins index is thus
mz(wz) = inf {k‘ : ‘I’i(l'i; k‘) = k‘} = &;T;.
Thus the optimal control is to use the machine in the mine with the maximal
Eilq.
In order to compute the value function V', note that

Dy ®i(x5; k) = 1j>e,z,)-

Take the constant C, say as x1 + z2 (why we can do so?). We have

C
V(z1,m2) =C —/0 Lik>e 21 veszs} Ak = €171 V £222.
This complete the solution. |

Remark 6 In the above example, one may protest that the payoff R;(x;) =
pr;x; is not a bounded function, and thus we cannot apply the existing
result. However, since in this example the dynamics is such that {X;,} is
non-negative and non-increasing, one can literally put the problem into the
bounded-cost framework.
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4.4 Application: Asset price in an exchange economy

Consider an economy with a single consumer, interpreted as a representative
for a collection of identical consumers. There are a finite number, say d, of
(after normalization) unit distinctive productive assets. There is also a single
type of consumption good. Each asset produces a random quantity of this
consumption good each period; we call these dividends. Denote by

Y, =(YLy2 ... v

the vector of dividends produced by unit productive assets at period n. We
assume that {Yp,Y7,...} form a non-negative, time homogeneous, Markov
chain with transition probability function P(dy|x).

Suppose at the beginning of period n, the consumer owns

X, = (X!, x2 ..., X%

units of productive assets, which will produce for this period a total dividend
of

d
SN XIY] =X, Y
j=1
These dividend can be used for two purposes: (1) consumption; (2) reallo-

cation of the ownership of the productive assets through a competitive stock
market. At period n, let the price vector for unit productive assets be

pn = (ph, 2, ..., p%).

Suppose that the consumer wants to consume c,, dividends for period n and
owns X,,+1 productive assets at the beginning of period n+ 1, he or she can
do so as long as the constraints

Cn+pn'Xn+1§Xn'Yn+pn'Xn7
as well as
cn > 0, 0§Xn+1§(1+(5,1+(5,...,1+5)i1+5.

is satisfied. The value of the positive constant J is not essential, since it will
not affect the equilibrium state as we will see below. The consumer wishes
to maximize the quantity

E [i ﬂnU(Cn)‘| )

n=0
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where 3 € (0,1) is a discounting factor, and U : RT — R* is a bounded
utility function.

We will study the determination of equilibrium asset prices in the econ-
omy, in other words, the behavior of {p,} in the equilibrium. The equilib-
rium state in this economy is fairly easy: all productive asset will be held in
each time period, that is,

X, =1,

and all dividends have to be consumed, that is,
en=Xp Yo=1-Y,.

But this says that in equilibrium all the information of the system at period
n is contained in the random variable Y,. Since the problem is of infinite
horizon, the asset price p, in equilibrium should have form

Pn = ﬁ(Yn) = [ﬁl(Yn)’ﬁ2(Yn)’ s aﬁd(Yn)]

for some price function p. The question is what characterizes the equilibrium
price function p.

Now given this equilibrium, the consumer will be able to determine the
optimal consumption rule {c}} and the optimal state process {X,:}. Thus
the price function p defines the behavior of the consumer. On the other
hand, given the optimal consumption rule {c}} and the optimal state process
{X}, the market clearing conditions determines a price function p. In this
sense, the consumer’s behavior determines the price function. We close the
system by an assumption of rational expectations: the market clearing price
function p implied by consumer behavior is the same as the price function
p on which consumer’s decisions are based.

Given a price function p, denote by v?(z, y) the value function with initial
condition Xy = x and Yy = y. Then v? satisfies the DPE

(a,9) = sup [U(0) +8 [ () Pldunly)] = (o).
(¢2)

where the supremum is over all ¢ € R and z € R? such that
ctply)-z<y-z+ply) - =z

and
c>0, 0<z<1+44.
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Thus an equilibrium price function p is such that, for vP(1,y), the supremum
on the RHS of the DPE is attained at

=1y, 2zr=1L

Our discussion will be taken upon the space of bounded continuous func-
tions. For that, we will impose the following regularity conditions.

Condition 2 1. The Markov chain {Y,} is non-negative, takes value in a
compact subset S C R, and P(1-y > 0|z) = 1 for every z € S.

2. The Markov chain {Y,} satisfies the Feller property; i.e., for any
bounded continuous function h : S — R, the function

(Th)(@) = [ hw)P(dyla)
s a bounded continuous function.

3. The utility function U : RT — RT is bounded, strictly increasing,
strictly concave, continuously differentiable, with U(0) = 0.

We are only going to consider price function that are continuous (and non-
negative).

Definition 1 An equilibrium price function p : S — R? is a continuous,
non-negative function such that, for the consumer with initial state X9 =1,
the optimal policy is

=1y, 2ZF=1

We will start with the following lemma that characterizes the value func-
tion v? for any price function p.

Lemma 4 For every continuous, non-negative, price function p : S — R,
the value function vP is the unique bounded, non-negative, continuous func-
tion satisfying equation

v=Lw.

Furthermore, for each y € S, the function vP(x,y) is an increasing, concave
function of x.

Proof. For the first part, it suffices to show that IL. maps any bounded con-
tinuous function to a bounded continuous function, and it is a contraction.
It is immediate from Lemma 6 and Theorem 8 (Appendix B) that Lo is
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bounded and continuous (and the supremum is attained). As for the con-
traction property, observe that the operator IL is monotone in that for any
v1 < v2, we have Lv; < Luvg, and for any constant ¢ > 0, L(v+c¢) = Lv+ fSe.
Thus L is a contraction, thanks to Theorem 7. It follows that Lv = v has a
unique bounded continuous solution, which is clearly vP.

Note that ILv is increasing with respect to x for every function v, thus
vP = ILoP is increasing with respect to x.

It remains to show that v? is concave with respect to z. We first show
that for any function v(z,y) that is concave in z, the function Lv is also
concave in z. Fix arbitrarily x1,z9 and 0 < 0 < 1, and let x = 0z1 + (1 —
02)xae. Let (c;, z;) be arbitrary but

ci+py) -z <y-x +ply) -z,

and let
c=0c1+(1—0)ca, z=0z+(1—-0)z.

Then
ct+ply) - 2<y-z+py) -z
It follows that

Lo(@.y) = U©+8 [ () Pldyly)
> U(er) + 0 [ ol Pldyaly)
(L= 0)U(e2) +(1=0) [ vlza,p) P(dnly)
Taking supremum at the RHS over (¢;, z;), we have
Lo(z,y) > 0 Lo(z1,y) + (1 — 0) L v(za, y).

This completes the proof. LB
The next lemma is concerned with the derivatives of vP in x.

Lemma 5 For every continuous, non-negative, price function p : S — Rd,
the value function vP is differentiable with respect to x, and its derivative is

ovP * *,1 ;
%(m,y) =U'(c") {Z " +Pz(y)} ;
where ¢* and z* = (2*1,2*2,. .., 25%) is the maximizer for the DPE at (x,y),

provided c* is strictly positive.
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Proof. Fix y. Define for every a > 0,

f(a) = sup {U(c) + ﬂ/vp(z,yl)P(dyﬂy)

=s
(c;2)
where the supremum is taken over
c+ply)-z2<a, ¢>0, 0<z<1

Then vP(z,y) equals the value of f at & = y-x+p(y) - z, and the function f
is concave in . The supremum will be attained since (c, z) is in a compact
set, say at ¢* and z*. Because U is strictly concave in ¢ and vP(z,y) is
concave in z, it is not difficult to see that ¢* is uniquely determined.
Assume now that ¢* > 0 (thus @ > 0). Let ¢ be an arbitrarily small
positive number. Then (¢* + €, 2*) is feasible at a + €, which implies that

fla+e) = U +2)+8 [ v p)Pldnly)
= fla)=U(c")+U(c" +¢).

It follows that

D+f(01) = lim f(Oé + 5) — f(Oé) > lim U(C* + E) — U(C*) — U’(C*).
el0 £ el0 IS

Similarly, (¢* — ¢, z*) is feasible at a — ¢, which implies that

fla=e) = U —o)+8 [ (") Pldnly)
= fla)=U(c")+U(c" —¢).

Thus

B L fla)y=fla—e) .. U()-Ulc"—¢e) ., .
D f(oz)—lslfol . §lslfol . =U'(c").

But concavity implies that DT f(a) < D™ f(a). Hence f is differentiable at
« with derivative U'(c*). The rest is just chain rule. [ |

Now we come back and work on the equilibrium state. Suppose the
equilibrium price function is p(y). For vP(x,y), denote the maximizer for
the DPE by (c¢*,2*) = (1-y,1). It is easy to see that

0w = 8 [ 20 )Py,
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However, for vP(2*,y1) the maximum of DPE is attained ¢ = 1 -y; which is
strictly positive with probability 1, thanks to Condition 2. Thus Lemma 5
implies that )
ovP
0zt
It follows readily that

U1y ) =6 [ Uy [+ 5 )] Pldinly)

(z"91) =U"(1-y1) [yi +I3i(y1)] :

Let
gzwﬂfwuﬂ%,g%oiﬁ/wﬂwm%Pwmm,
and _ .
fﬁ (f17f27"'7fd)7 fz(y) :U,(ly)ﬁl(y)

Then the equation becomes

£() = 9(0) + 8 [ Fn)Pdly) ™
Note g only depends on U and the transition probability of {Y¥,,}.

Theorem 3 There exists a unique non-negative, bounded continuous func-
tion f satisfies equation (7), and the equilibrium price function is given by

_ fy)
p(y) = m

Proof. It can be easily shown that

£w) = 90+ 8 [ £ Pldly)

defines a contraction from the space of non-negative bounded continuous
function to itself. We complete the proof. |

We will give a simple example with one asset (d = 1), assuming that
{Y,.} is an iid sequence with common distribution x. Then function ¢ is a
constant

9y) =g

[v'euta),

and easily the solution to (7) is

_7__9
The equilibrium price function is
_ g 1
ply) =—— :
) 1-8U'(y)



4.5 Computational issues

The dynamics programming idea already gives an iterative method for com-
puting the infinite horizon value function; see Theorem 1. This successive
approximation is sometimes called value iteration, and its convergence rate
is A" since L is a contraction with modulus 3.

In this section, we will discuss another approximation method, some-
times called policy iteration. At each step, the algorithm generates a new
(stationary) control policy whose associated cost improves over the preced-
ing one.

Definition 2 A control policy {u,} is said to be (pure) stationary if there
exists a function ¢ such that

Un = ¢(Xn)

When no confusion is incurred, we denote by J(x; @) the cost associated with
a stationary cost.

The algorithm roughly go as follows. Given a stationary policy ¢’, then
an improved policy is

¢”%miammm@mmo+ﬂ/Jw@m¢x¢mu®-

In other words, given ¢’, the algorithm compute the value J(x; gbi), and
¢'! is the optimizer for the RHS of the DPE save that the value function
is replaced by its approximation J(x; gbi).

Proposition 2 Given any initial policy ¢°, the policy iteration yields a se-
quence of controls {¢"'} such that

J(@; ¢t < J(x;¢"), VzeS

The equality holds for all x if and only if ¢ is optimal. Furthermore,
J(x;¢") — v(x) as i — .

Proof. It is not hard to see that, for any stationary control policy ¢, the
corresponding cost J(z; ¢) is the unique bounded solution to the equation

U=LyU, LgU(x)=c(z; o(2)) +5/U(h($,¢(w);£))u(d£)-
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Furthermore, given any bounded function U, we have
J(x;p) = lim LgU(x).
To ease notation, let J; = J(z; #"). By construction, we have
Ji = Lgid; > Lgitr J;.
This, combined with the monotonicity of L1, yields
Ji 2 Lginnd; = -+ = L Ji.

Letting n — oo, we have J; > Ji11.
Now assume that J; = J;41, then we have

J; = Ld;ie]i > L¢i+1 J; > L¢i+1 Jiv1 = Jiy1 = J;.

Thus
J;i = L¢i+1 J; =LJ;.

or J; = v and ¢’ is optimal. On the other hand, if ¢’ is optimal, J; = v >
Jit1 > v, thus Jip1 =v = J,.
It remains to show that J; | v. Clearly J; > v. Define

A; = 21612 [Ji(z) —v(z)].

Since L is a contraction with modulus 3, we have, for every = € S,

sup [LJ(z) — Lo(z)] = sup [LJi(z) — v(2)] < 4.
€S €S
But
LJi = L¢i+1 Jz > L¢i+1 Ji+1 = Ji+1-

It follows that

sup [Jit1(z) —v(z)] < BA;.

This implies that J; | v. We complete the proof. |

Corollary 1 Suppose the state space S is a finite set and for each x €
S, the control set U(x) is finite. Given any initial condition, the policy
iteration algorithm yields a stationary optimal policy after a finite number
of iterations.
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5 Infinite-horizon: The monotonicity assumption

In many control problems, the boundedness assumption (Condition 1) is
violated; e.g., the linear-quadratic case. The analysis for the unbounded
cost is more sophisticated than that for the bounded cost.

We will consider the case where the cost is either non-negative or non-
positive. When the cost is non-positive, the control problem is equivalent
to a maximizing problem with non-negative running cost.

5.1 Infinite-horizon: A maximizing problem

Given the Markov control process (1), the control problem under consider-
ation is

U(z) = sup J(x; {u,}) = sup E,

{un} {un}

5= ;)

for some discount factor 8 € (0,1). We have the following assumption.
Condition 3 The running cost c(z,u) is non-negative.

The value function U is clearly non-negative. It is possible, however,
that U takes value +o0o. The associated DPE is

W =1LW, (8)
where

LW (x) = max
uelU(z)

o) + [ W(hla,usnlde)].

Again, the corresponding finite horizon value functions are denoted by
{vn}, which satisfy the forward DPE

vo(x) = 0
Uny1(z) = Lop(z), n=0,1,...

A similar result to Theorem 1 holds here.
Theorem 4 Under Condition 3, we have

1. The value function U is the (pointwise) smallest, nonnegative solution
to the DPE (8).

2. The DP algorithms converges. That is vy(x) — U(x) for every x € S.
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3. A stationary policy {u* = u*(z)} is optimal if and only if J(x;{u*})
is a solution to the DPE (8). Or, if u* is a mazimizer of the RHS of
the DPE (8) with U in place of W, and

lim 8" E,, [U(X;)] = 0

n
then u* is optimal. Here {X}} is the MCP corresponding to {u*}:
Xi = X
ni1 = h(X,u"(X})i6ny1), n=0,1,....

Before the proof, we will first give the following example.

Example 5 Let S = [0, 00), the discount factor 8 € (0,1), and the dynam-
ics

Xnt1 = X’fl/\/ﬁa
the control space U(z) = {0}, with cost
c(z;u) = (1 — /B)z.
The DPE is
W(z) = (1 - Bz + W (z/ /D).
x

The value function U(z) = z is a solution to the DPE. There are other

solutions to the DPE,
Wi(z) =z +2% Wa(z) =z — 22
But Wi(x) > U(x), and Wa(z) is not non-negative for all .

Example 6 This example shows that a control policy v* maximizing the
DPE with U in place of W alone is not sufficient for optimality. Let S =
[0,00) and U(z) = [0, 00) for every z € S. The dynamics

Xng1 = Uy
with value function

[e.e]
U(z) = sup ZﬂjUj .
{un} | j=0

The associated DPE is

W(z) = sup [u+ BW (u)] .

Clearly, the value function U(z) = oo for all z, and {v* = u*(z) =0} is a
maximizer, but with the corresponding cost 0. |
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Proof of Theorem 4: By definition v, 1(x) > v,(x). Thus v, 1 U* for
some non-negative function v. By MCT, we have, for every z € S, and
u e Ul(x),

clasw) + [ on(hle, s €)ude) 1 closw) + [ U (hlayui€)u(do)
This implies that (why?)
U* = liﬁnvnﬂ = liﬁn]Lvn =LU".

Thus U* is a solution to the DPE (8).

Next we show that U = lim,v, = U*. Assume U(zx) is finite. The
case for U(x) = oo is completely similar and thus omitted. Indeed, for any
control process {u,} and € > 0, there exists NV such that

J (@5 {un}) = Zﬂj (X3 uj) Zﬂj (X5 uy)

+e,

thanks to MCT. Thus,
J(x;{un}) <on(z) +e <U*(x) + €.

Taking supremum over {u,} and letting ¢ — 0, one has U(x) < U*(z). The
reverse inequality is trivial since U(x) > vy, (z) by definition. It follows that
U(z) =U*(x).

We now show that U(x) is the smallest, non-negative solution to the
DPE. Let W be an arbitrary non-negative solution. Then for any control
{un}, consider the process

n—Zﬁc suj) + B"W(Xy).

It is not difficult to see that {Z,} forms a supermartingale, whence

n—1
3 Ble(X;; u»] .
j=0

Letting n — oo, the MCT implies W(z) > J(x;{un}). It follows readily
that U(z) < W(z).

It remains to show that u* defines an optimal control policy. The if
and only if part is simple — if {u*} is optimal then J(z;{u*}) = U(x) is

W(z) = ElZ] 2 E[Zy] > E
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a solution to the DPE, and if J(z;{u*}) is a solution to the DPE then
J(z;{u*}) > U(x), whence J(z;{u*}) = U(z) or {u*} is optimal.

Now assume u* is the maximizer in the DPE with U in place of W.
Define

n—1
Zy = Fo(X5ut(X])) + BUX).
=0

Then {Z}} defines a martingale, and

Ulx) = ElZ] = E[Z,] = Eq

n—1
> Fe(X5ut (X)) + U (X))
Jj=0

Letting n — oo, by assumption and MCT, we have

U(z) = Ey

ZﬁjC(X;";u*(X}‘))] = J(z;{u"}).
=0

This completes the proof. |

Corollary 2 Let U be an arbitrary non-negative solution to the DPE (8),
and {u = u(z)} the mazimizer for this DPE with U in place for W. If

lim 3" E, [U(Xn)] = 0,

then U = U and u is optimal. Here {X,.} is the MCP corresponding to {u}.
_ In particular, if U is a non-negative, bounded solution to the DPE, then
U =U and u is optimal.

Proof. The proof is just a simple verification argument analogous to the
preceding theorem, and is omitted. |

Example 7 (pure credit economy). Consider a household in an economy
that wants to the following problem: At each time period n = 0,1,..., the
economy has an endowment of non-storable consumption goods (which is
indeed for both consumption and trading). The household has X, shares of
certain “claim” at time n. One unit of this claim will allow the household
to obtain one unit of consumption good for each time period {n,n+1,...}.
This claim can also be traded with price ) in unit of consumption good.
The dynamics for {X,,} is then

X X, —
Xn+1iQ n+Qn Cn;

29
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where {c,} is the consumption for each period. The constraints are that
Cn, Xn > 0 for each n. The optimization problem for this household is to
find a consumption process {cy,} so as to maximize the total expected utility

o0

ZﬁJU ;)

9

where {6,} is an iid, non-negative, bounded, “taste shock” sequence with
common distribution p, and U is the power utility function

U(c) =c*/a, for some a € (0,1).

The taste shock 6, is known to the household at the beginning of period n.
The value function will be denoted by v(z;0) given Xo = = and 6y = 6, and
it satisfies the DPE

v(z,0) = max {U(C)H + ﬂ/v (m +Q Yz —¢); z) ,u(dz)]

where the maximization is over ¢ such that 0 < ¢ < Qx + x.
The DPE admit an explicit solution for every o (when (3 is appropriated
bounded from 1). For illustration, we only consider & = 1/2, and assume

that 8 < /Q/(Q + 1). An explicit solution is of form
o(z,6) = BO)VE,

Vo Es ST

where B is unique positive solution to the equation

/,/QJrl B2 + 2ud6 ) = 1.

with

The maximizer is

92

SEmie @D
and the corresponding controlled process is
2p? 1

TR Q v
In order to show that v = v and that c¢* is optimal, it suffices to show that

hmﬁnE[ (X,,0,)] =0
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This is trivial following from X, < (Q +1)/QX;:.
An equilibrium price @) is such that the average of { X} stays the same.
In other words,

5232 Q+1
B2B2Z+ 602 Q

More precisely, does there exist a (unique) @ such that § < Q/(Q +1
(or @ > B?/[1 — 8%]) and the preceding equality holds. Note that B is a

function depending on Q. This is true. As @ | 3%/[1 — 3] one has B 1 oo,
and by MCT, LHS 1 3~2. However, as Q 1 0o, clearly the LHS decreases to
some constant less than 1.

Suppose now that the price @ is the equilibrium price, and define

32B? Q+1
h(0) = 5232_1_92' Q

Thus Eh(f) = 1. The optimal process {X} can then be written as
T =h0)XE e logXi,, =log X} — logh(0,).

If the distribution of {6, } is not degenerate, then Jensen inequality implies
that
Ellogh(6,)] <0, Vn.

In other words, the process {log X} is a simple random walk with negative
drift, and it follows that
X, =0

with probability 1.

Now consider a large collection of such households, each starts with the
same share of claims, say one unit, and each solves its own optimization
problem as above. Then for each household, the number of shares will con-
verge to zero. However, the average number of shares across households will
stay at one unit. This says that “wealth concentrates in an ever shrinking
number of ever wealthier households”.

5.2 Infinite-horizon: A minimizing problem

Given the Markov control process (1), the control problem under consider-
ation is

v(x) = {inf} J(z; {un}) = mf E,

S et ]
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for some discount factor 8 € (0,1). The DPE for this control problem is
W =LW 9)
where

LW (x) = 13{ :
uclU(x

claiu) + B [ W(h(z,u:©)u(do)|
Condition 4 The running cost c(x,u) is non-negative, and v(x) is finite for
every x € S.

The following result is immediate.

Proposition 3 Suppose Condition 4 holds. If v is a non-negative, bounded
solution to the DPE (9), and {u* = u*(x)} the minimizer for this DPE with
v in place for W. then v = v and u* is optimal.

Proof. The proof is just a straightforward verification argument, and is
thus omitted. |

The general theory for this type of optimization problem is quite in-
volved. We will need more assumptions.

Condition 5 1. The set U(x) is compact for every x € S, and the corre-
spondence x — U(x) is upper-semicontinuous.

2. The running cost c(-,-) is lower-semicontinuous.

3. The MCP satisfies the Feller property; i.e., for every bounded contin-
wous function W on S, the function

W) = [ W(hia,u €)u(ds)

1s bounded continuous.

This assumption is not necessary to establish the desired result, but is con-
venient to work with.

Again, we will denote by {v,} the corresponding finite horizon value
function. They satisfies the forward form DPE:

vo(cc) =0
Uny1(z) = Lop(z), n=0,1,...

We have the following result.
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Theorem 5 Assume Condition 4 and Condition 5 holds.

1. The value function v is the (pointwise) smallest, nonnegative, lower-
semicontinuous solution to the DPE (9).

2. The DP algorithms converges. That is v, (x) — v(x) for every x € S.
Furthermore {v,} are all lower-semicontinuous.

3. There ezists a stationary policy {u* = u*(z)} minimizing the RHS of
the DPE (9) with v in place of W. This stationary policy u* is optimal.

Proof. Clearly by definition, we have 0 < v, < vp41 < v. Assume v, T v*,
whence 0 < v* <w.

We now show that {vy,} are all lower-semicontinuous by induction, which
in turn implies that v* is lower-semicontinuous. The claim is true for n = 0.
Suppose now v, is lower-semicontinuous, then

trr(e) = ntefeyu) + 8 [ vn(hle s €))lde) .

uelU(x)

The function v, can be approximated from below by a non-decreasing se-
quence of non-negative bounded continuous functions; see Lemma 8. It is
easy to see then the function

8 [ valh(a, s €)n(do)

as the limit of a non-decreasing sequence of continuous functions (thanks
to Feller property), is lower-semicontinuous. By Corollary 3, the infimum is
achieved at some u* = u*(x) and the infimum v,,1; is lower-semicontiuous.
Taking limit as n — oo, by MCT,

clau) + 8 [ vnlhla,us€)de) + ele,w)+ 8 [ o (b us€))ude)

for any u € U(x). By Lemma 7, the infimum of the LHS also converges to
the infimum of the RHS, or

v* = limwv,y; = Lo*.
n

Thus v* solves the DPE.

To argue that v* = v it suffices to show that v* > v. Abusing the
notation a bit, let {u* = u*(x)} be the minimizer for the DPE with v* in
place for W. Note v* always exists. Consider the process

Zﬂ” joug) + B (X5).
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It is not difficult to show that {Z}} is indeed a martingale, and thus

n—1
v'(z) = E[Z§] = E[Z}) > E | > ﬁjc(X;,u;)] .
§=0

Letting n — 0o, we have
v* () > J(z; {u*}) > v(x).

Thus v*(z) = v(z) and u* is optimal. The same argument can be used to
show that v is the smallest non-negative, lower-semicontinuous solution to
the DPE. We complete the proof. |

Example 8 (Production and inventory accumulation) In markets for many
agricultural commodities, inventories play an important role in smoothing
the stochastic shocks to supply that result from weather fluctuations. One
model is as follows.

Suppose the demand is constant over time, and the market-clearing price
when the supply is s is denoted by D(s). The function D : Ry — Ry is
assumed to be continuous, strictly decreasing and limg .o, D(s) = 0. The
consumers’ surplus is defined as

Ulz) = /Ox D(s) ds.

Clearly U is a non-negative, strictly increasing, strictly concave function.
Assume lim,_, o U(z) < o0; i.e., U is bounded.

Let X, denote the stock of goods at the beginning of period n, which is
the stock carried from the last period plus the current harvest). The planner
must decide the consumption 0 < ¢, < X, for this period and the input
zn > 0 for production. The size of z, will yield a harvest of size z,&n11.
Thus the dynamics is

Xnt1 = Xn — cn + 2nént1-
The holding cost is given by function ¢ and the cost for production is given
by function f. Both functions are assumed to be non-negative, strictly
convex, strictly increasing, continuously differentiable, and ¢(0) = ¢'(0) =
f(0) = f(0)=0.
Assuming that {&,} is a sequence of iid, non-negative, bounded random

variables with common distribution u, the goal for the planner is to solve
the optimization problem

v(z) = sup E, {i B" [U(en) — d( X — ) — f(zn)]} .

{enszn} n=0
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Since each summand is bounded from above, it can be regarded as an min-
imization problem with cost bounded from below. However, the control set
is not compact because z, can take any non-negative value.

For M > 0, let vp(x) be the value function for the same optimization
problem save that an additional constraint 0 < z, < M is imposed. Note
that v and vy are all non-negative (taking ¢, = z, = 0) and bounded from
above by constant lim, ,, U(z)/(1 — ().

Theorem 5 implies that vy, is a solution to the DPE

wi@) = s U= dle - )~ £2)+ 6 [omla - e+ )ulde)]

{0<c<z,0<z<M}

Moreover, it is not difficult to see that vy is strictly increasing and strictly
concave (whence continuous). For M large enough, it follows that vys sat-
isfies the DPE of the original control problem; i.e.,

(@)= s |U(Q) = (=)= £(2)+ 6 [varle - o+ 2ulds)|.

{0<c<z,0<2}

But from this equation, the boundedness of v;; and Proposition 3, we have
vpyr = v. Thus v is the (unique) bounded continuous solution satisfying the
DPE

wa)= s (U)o =)~ f(2)+ 8 [oo— et ()]

{0<c<z,0<2}

and v is strictly increasing and strictly concave.

Many properties of the optimality can be derived from this DPE. One
may easily check that for each z, there exists a unique ¢*(z) and a unique
z*(x) that attains the maximum over the RHS, that ¢* and z* are both con-
tinuous functions, and that v is continuously differentiable with derivative
v'(z) = U'(c*(x)) = D(c*(z)). This yields that ¢*(z) is strictly increasing.

With some effort, it can also be shown that z — ¢*(x) is non-decreasing
with respect to z and z*(x) is strictly positive and strictly decreasing. In-
deed, it is not difficult to see that

V(e @) + ¢l = @) 2 8 [ vla - (@) + @) ude)

with equality if ¢*(z) < z, and
@) 28 [ 'l - ¢ (@) + = @)
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with equality if z*(xz) > 0. However, this inequality automatically yields
that 2*(z) is strictly positive since f'(0) = 0. Thus

FE @) =8 [ &'l — ¢ (@) + 2 @)el ().

Now let 0 < z < y. We want to show =z — ¢*(z) < y — ¢*(y). Assume
otherwise. Then x — ¢*(z) > 0 and it follows that

[ve-c @+ = @au(d) > [vly- @)+ @Ende).

But this implies that z*(z) < z*(y). But this implies that z*(y) > 0 and

[e/ly=< @+ e > [ &'l — @)+ = @euld).

Let
Z =[xz — M (x) + 2" (@)] = V'[y — " (y) + 2" (y)¢]-

Then the above two inequalities are equivalent to
E[Z] >0, E[Z¢ <O.

Define

L= (2)] - [y — c*(y)]
A=y e 0

Then Z > (=, <)0 if and only if £ > (=, <)A. But this implies that

E[Z1¢) > AE[Z") > AE[Z™] > E[Z7¢],

or E[Z£] > 0, a contradiction. Thus z — ¢*(z) < y — ¢*(y) as ¢ < y. The
fact that z*(z) > z*(y) is then trivial by contradiction. |
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A [Appendix]| A brief review of contraction mapping

We give a brief review of some of the basics of functional analysis in this
section. The contraction mapping yields the most elementary fixed point
theorem [3].

Definition 3 A metric space is a pair (X, p) where X is a set and the metric
p is a mapping from X x X to R;. The metric p satisfies

1. p(x,y) > 0 for all z,y € X, and the equality holds if and only if z = y.

2. p(z,y) = p(y, ).

3. p(z,y) < p(z, z) + p(z,y) for all z,y,z € X.

Definition 4 A sequence {z,} € X is said to be a Cauchy sequence if
for any € > 0 there exists an N € N such that p(x,,z,) < ¢ for every
n,m > N. The metric space (X, p) is said to be complete if each Cauchy
sequence converges to a point in X.

Example 9 The following metric spaces are complete.

1. Let S be a Borel set in R%. Let X = Cy(S) be the set of all bounded
continuous functions on S. Then Cy(S), equipped with the metric
induced by sup norm, is a complete metric space. The metric induced
from sup norm is, for every f, g € Cp(S),

p(f:9) = sup 1f(x) = g()].

2. Let S be a Borel set in R%. Let X = M;(S) be the set of all bounded
(measurable) functions on S. Then M (S), equipped with the metric
induced by sup norm, is a complete metric space. |

Definition 5 Let (X, p) be a metric space. A mapping L : X — X is said
to be a contraction (with modulus ) if there exists a real number a € (0,1)
such that

p(Lz,Ly) < a- p(z,y),
for all z,y € X.

The following result is elementary yet very powerful.
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Theorem 6 Let (X, p) be a complete metric space, and L : X — X a
contraction. Then there exists a unique fixed point x* € X satisfying Lz* =
xz*. Furthermore, for any x € X, L™z — z* as n tends to infinity. Here
Lz =L(L(--- L (z))) for any x € X.

Proof. Consider an arbitrary x € X, and define x, =L"z for n =1,2,....
It is not difficult to see that

P(Tn; Tpt1) < @ p(Tn-1,2n) < -+ < " p(z, 71).

This, together with the triangle inequality, yield that {z,} is a Cauchy
sequence. Since X is complete, there exists an z* € X such that x, — x*.
But then we must have x,,+1 = Lz, — Lz* since L is necessarily continuous.
This implies * = Lz*. Furthermore,

p(L"z,z*) = p(L"z,L"z*) < a™ - p(z, x¥),

for every n € N. Thus L"x — z*. As for the uniqueness, suppose T is
another fixed point. Then

p(Z,z*) = p(Lz,La*) < a- p(Z,z%),
or p(Z,z*) = 0. This completes the proof. [ |

Theorem 7 (Blackwell’s sufficient condition for a contraction). Let S € R?
be a Borel set, and X = Cy(S) or My(S) with the metric induced by sup
norm. Let L : X — X be a mapping satisfying

1. Lf <LLg for all f,g € X such that f < g.
2. there exists a constant o € (0,1) such that
L(f4+c) <Lf+ac
for all f € X, and constants ¢ > 0.

Then L is a contraction with modulus o.

Proof. For any f,g € X, we have f < g+ p(f,g). Then we have Lf <
Lg+a-p(f,g). Reversing the roles of f and g, we have Lg < Lf+a-p(f,9g).
Thus

p(Lf,Lg) < a-p(f,9).
We complete the proof. |
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B [Appendix] Miscellaneous results

Lemma 6 Assume Condition 2 holds. Then for any bounded continuous
function f(x,y), the function

() = [ f@,2)P(dzle), Y ay
1s also bounded and continuous.

Proof. The boundedness of Tf is trivial. Let (x,,yn) be a sequence such
that (n,yn) — (z,y). Then

[(Tf)(2,y) = (TF)(@n, yn)l
< [(TH)(@,y) = (TF) (@, yn)| + [(TF) (@, yn) = (T)(@n, yn)] -

The Feller property implies that the first term converges to zero as n — oco.
As for the second term, since x, — x, then there exists a compact set, say
@, such that ¢ € @ and z,, € Q for sufficiently large n. The product @ x S
is also a compact set, and thus f is uniformly continuous on this set. But

() @s5n) = (TN @, yn)| < [ 15(8,90) = F(@ns )| P2l

Thanks to uniform continuity, this term converges to zero. |

The next result is concerned with the continuity of the maximum (or
minimum) of a collection of continuous functions. Abusing the notation a
bit, let X and Y be two Borel sets in some metric spaces, and f : X XY — R
a continuous function. For every x € X, assign a non-empty set I'(z) C Y.
We are interested in the function

h(z) = sup f(z,y).
y€l(z)

We need the following definitions.

Definition 6 1. We say T is compact-valued if for every z, the set I'(z)
18 compact.

2. We say T islower semi-continuous at x, if for any x € X,y € I'(z), and
every sequence {zn} C X such that x, — x, there exists y, € I'(xy)
such that y, — y.
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3. We say ' is upper semi-continuous at z, if for any z € X, {z,} C X
such that x,, — x, and every sequence {yn} such that y, € I'(zy), there
exists a convergent subsequence of {yn} whose limit point belongs to

().

4. We say I' is continuous at x, if it is both lower semi-continuous and
upper semi-continuous at x.

We can state now the Theorem of Maximum.

Theorem 8 Let f : X XY — R be a continuous function. Assume that I’
s compact-valued and continuous, then the function

h(z) = sup f(z,y)
yel'(z)

is continuous. Furthermore, the set-valued function

L(z) ={y € T(z) : f(z,y) = h(z)}
s non-empty, compact-valued, and upper semi-continuous.

Proof. Since f is continuous and I' is compact valued, the supremum is
attained at every x, or L(x) is non-empty for every x. The compactness is
trivial since f is continuous, thus L(z) is a closed subset of the compact set
I'(z).

Now let {z,} C X be an arbitrary sequence such that =, — = € X.
Given any sequence {yy, } such that y, € L(z,) C I'(x,), the upper semicon-
tinuity of I" implies that there exists a subsequence, still denoted by {y,},
such that y, — y € I'(z). We want to show y € L(x) (thus finish the upper
semicontinuity of L), or equivalently, for any z € L(z), f(z,y) > f(=z,2).
Indeed, due to the lower semicontinuity of ', there exists a sequence of {z,}
with z, € I'(zy), such that z, — z. But f(zn,yn) > f(zn,2n). Letting
n — oo, we arrive at f(z,y) > f(z, 2).

It remains to show that A is continuous. Let x,, — x be an arbitrary
sequence. Without loss of generality, we assume lim h(z,,) exists. We want to
show lim h(zy,) = h(z). Let y, € L(zy). Since L is upper semi-continuous,
there exists a subsequence, still denoted by {y,}, such that y, — y € L(z).
Thus

lim A(zn) = f(Tn, Yn) — f(z,y) = h(z).
This completes the proof. |
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Corollary 3 Let f: X XY — R be a lower-semicontinuous function. As-
sume that I' is compact-valued and upper-semicontinuous, then the function

hw) = inf f(r.y)

1s lower-semicontinuous.

Proof. For each z, the infimum is attained since f is lower-semicontinuous
and I' is compact-valued. Let x, — x be an arbitrary sequence, and let
yn € I'(zy,) be such that h(zy,) = f(xn,yn). Due to upper-semicontinuity,
there exists a subsequence, still indexed by n, such that y, — y € I'(x). We
have

liminf A(z,) = iminf f(z,, yn) > f(z,y) > h(x).

This completes the proof. |

Lemma 7 Suppose {F,, : X — R} is a sequence of non-negative, lower-
semicontinuous functions, and Fy,(xz) T F(x). Then for any compact set
I' C X, we have

lim inf F; = inf F(x).

W) =
Proof. Suppose z,, € I" is the minimizer for F,,(x) over I'. Such z,, always
exists, thanks to the lower-semicontinuity of F,, and the compactness of
I'. Without loss of generality, assume that z,, — «* € I'. It follows from

assumption that
F.(zn) > Fp(zy), Vn>m,

and thus

liﬁn ;}rellﬁ F,(z) = ligl Fo(zyn) > lin%inf Eo(zn) > Fp(x¥).

Now let m — oo we have

o S . '
h}?li%% F,(z) > F(z*) > iléfl;F(:c)

The reverse inequality is trivial. |

Lemma 8 Suppose F' : X — R is a non-negative, lower-semicontinuous
function. Then there exists a sequence of non-negative, bounded continuous
functions {F,, : X — R}, non-decreasing in n, such that

F(z) = lim 1 Fo(x).
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Proof. Define forn =1,2,...,

Fn(z) =n A inf [F(y) +np(z,y)]

Clearly F, is non-negative, non-decreasing in n, bounded, and F,(z) <
F(z). Furthermore,

Jnf [F(y) +np(z,y)] — inf [Fy) +np(z, )| < np(z, 2).

Thus F,, is continuous. It remains to show that F,(z) — F(x) for an
arbitrarily fixed x € X. Suppose this is not true. Then for all n > F(z), we
have

Fo(a) = inf [F() +npla.y)] < F(@) — ¢

for some ¢ > 0. This implies the existence of a sequence {z,, € X} such that
F(zy) +np(x,z,) < F(z) —e.
But since F' is non-negative, we have p(x,z,) — 0, and thus z,, — x, and
lin%ian(xn) < F(z) —e < F(z).

A contradiction. [
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