Chapter 3. Optimal Stopping of Markov Chains

The optimal stopping theory is well understood in both continuous time
and discrete time. The major development was the work of Snell Envelop,
which deals with the general non-Markovian setting [3, 1]. The applications
of optimal stopping usually specialize to the Markovian setting [2].

The chapter considers the optimal stopping of time-homogeneous Markov
chains. Assume that, defined on some probability space (2, P) is the Markov
chain {Xg, X1, ...} taking value in some set S (which is called state space).
The transition probability kernel is denoted by P(dy|z); i.e.,

P(Xn—l—l € A|Xn =z, Xn 1, '7X0) = P(A|:E)7

and
Elf(Xnp1) 1 Xn = 2, Xno1s. ., Xo] = /g £(y) P(dy|)

for any measurable function f : S — R. The main information from
these equalities is that the distribution of X, 11, conditional on the history
{Xn, Xpn-1,..., X0}, is independent of {X,_1,..., Xo}.

Let ¢: S — R and g : S — R be two functions on the state space. The
objective is to minimize the total expected cost

E

T—1
9(Xn) + > c(Xj)]

J=0

over a class of admissible stopping times 7. Depending on the class of stop-
ping times, the problem is classified as finite-horizon and infinite-horizon.

We will assume the following condition throughout the chapter, so that
the value function cannot take value plus/minus infinity.

Condition 1 The function c is non-negative, and g is bounded.

1 Finite-horizon

Suppose N is a fixed non-negative integer (i.e. horizon). Assume the class
of admissible stopping times is {7 : P(1 < N) = 1}. The value function is
denoted by

T—1
= if B l|g(X, X;)| Xo = x| . 1
on(e)= b B g( )+JZ:;C( 3| Xo :v] (1)



The DPE for this problem is quite simple: Define

Vn(z) = g(z)

Vo(z) = min{ —I—/ Vot (y dy|:n)}
for alln =0,1,..., N — 1. Then one would expect that vy(z) = Vy(x).
Proposition 1 The value function vy(x) = Vo(z), and the optimal stop-
ping time s

v =inf {j > 0: V;(X;) = g(X;)}.

Proof. Consider the process
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Zp = co(X;)+Vu(Xn); n=0,1,...,N.
0
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Then the process {Z, : n=0,1,..., N} is a sub martingale. Indeed,
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In particular, we have
E[Z:] = E[Zo] = Vo(z)

for any stopping times taking values in {0,1,..., N}. But by definition,
V; < g for any j, thus

But for every n =10,1,..., N — 1, we have

E[ZTI’(,/\(n—l—l) |Xn7 K1+ XO]



= lgp<nyZry + 1{T§Z(n+1)}E[ 1 [ Xny Xn—1, ., Xo

= 1y Zrg +1mz<n+1)} )+ / Vit (y) P(dy| X )]

3 k:
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= Yrp<nd ey + 1r>mi)) o(X;) + Va(Xy,)

T
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1{7'1’(,Sn}ZT1’<7 + 1{7’;{,2(n+1)}Zn
= ZTI’(,/\n
Therefore,
Vo(zo) = E[Zo] = EZrzpo] = E[Zrgpi] = -+ = E[Zr aN] = E[Z: ]

But

TN—l
> e(Xy) + Q(XT;V)] :

J=0

It follows that
Vo(z) = vn ()

and that 7y is optimal for the problem with horizon N. [ |
The following result is a rewrite of the Proposition 1, which is indeed
the forward form of the above DPE.

Proposition 2 The value function {v,} satisfies v,41 < v, for every n,
and

vo(z) = g(x)
Unt1(z) = min{ —I—/vn P(dy|z) }
For each N > 0, the stopping time
N =inf {j > 0:oy_;(X;) = g(X;)}
1s optimal for the problem with horizon N.

Example 1 Let us consider a search problem with following setup. Sup-
pose there are totally three offers {Yp, Y7, Y5}, Offers are iid with common
Bernoulli distribution

P(Yy=a) = P(Yo=b) = 1/2



with 0 < @ < b. Each solicitation will cost c. After the first offer comes in,
what should the agent do so as to minimize the total cost plus the minimum
T—1
X, + Z c
§=0

price attained?
XO = :E] )
where N =2, and X,, =Yy A...AY,.
It is not difficult to check that {Xg, X1, X2} is a time-homogeneous
Markov chain taking values in {a, b}, with transition probability matrix

Solution: The objective is to find

un(z) =F

P(Xp41 =a|lXp,=0a) = 1,
(Xny1 =0[Xy=0a) = 0,
( )

)

ae R

Xy =a|Xn=b) = 1/2,
P(Xni1 =b|X,=b) = 1/2.

We will write

Define Va(z) = x, or
Vg(a) = a, Vg(b) =b.

and

Vi(a) = min{a,c+1-Va(a)4+0-V5(b)} =a
Vi(b) = min{b,c+1/2-Va(a)+1/2-Va(b)} =bA (b+¢),

and

Vo(a) = min{a,c+1-Vi(a)+0-Vi(b)} =a
Vo(b) = min{b,c+1/2-Vi(a)+1/2-Vi(b)} =bA (b+ 3¢/2).

We have vo(x) = Vy(x) and the optimal stopping time is
™ =inf{n > 0;V,(z) = z}.
More precisely,

1. For € > 0, va(x) = z, and the optimal stopping time is 7% = 0, or stop
immediately.



2. For € < 0, then vy(a) = a, and v9(b) = b+ 3¢/2. It is not difficult to
see that
=inf{n >0; X, =a}.

That is, the optimal policy is to search until the lowest price a is
solicited. ]

2 Infinite-horizon

The objective is to determine the value function

T—1
v(x) = inf E X, + c(X;)| Xo=2xf . 2
(02 i) B |+ X el5)| X ] 2)

The restriction of P(1 < oo) =1 is to avoid the confusion of the definition
of X, on set {7 = oo}.
The DPE associated with this problem is

V(z) = min{ —I—/ V(y)P(dy|z) } (3)
The following result claim that the value function satisfies the DPE.

Theorem 1 The value function satisfies the DPE (3); i.e.,

v(z) = min{ —I-/ P(dy|x) }

An optimal (finite) stopping time exists if and only if the stopping time
™ =inf{n >0:v(X,) =9(Xn)}

is finite; i.e. P(7* < 00) = 1. Furthermore, if T is finite, then " is an
optimal stopping time.

Proof. We claim v(z) = lim,, | v,(x) for every z € S. By definition, we
have v < v, < vy for all n, and whence v < lim, v,. Now for the reverse
inequality, fix Xg = « € S and an arbitrary constant € > 0. There exists a
finite stopping time 7. such that

v(z)+e>FE |g(

Te—1
Xq—s) + Z C(Xj)] .
7=0



But thanks to Condition 1, MCT, and DCT, we have

Te—1
X))+ > c(Xj)] = lmE
=0

> limwy, (z).

(1eAn)—1

g(XTE/\’fL) + Z
j=0

Therefore,
v(z)+e> liy{nvd:n).

Since ¢ is arbitrary, we have v(z) > lim,, v, (), which in turn implies v(x) =
lim,, v, (), for every z € S.
By Proposition 2, we have

Unt1(z) = min{ —l—/vn P(dy|x) }

Letting n — oo on both sides, and noting that {v,} is clearly uniformly
bounded, we have

v(z) = min{ —I—/ P(dy|x) }
from DCT.

Fix Xg = x, and assume now there exists an optimal finite stopping
time, say o. Consider the process

n—1
Zn = c(X;)+v(Xn), n=0,1,....
7=0

Then {Z,} is a submartingale, similar to the proof of Proposition 1. We

have
oAn—1

E[Zspn] = [ > X)) +o(Xonn)

J=0

Letting n — oo, thanks to the MCT, DCT, that v < g, and that o is
optimal, we arrive at

Z c(X;) +v(Xs)

In particular, with probability one,

v(Xo) = 9(Xo).



This implies ¢ > 7*. Whence 7* is finite if there exists an optimal finite
stopping time.
Suppose now 7* is finite. The same proof in Proposition 1 yields that

T*An—1
,U(:E) = E[ZO] == E[ZT*/\n] = Z C(Xj) + U(XT*/\’I’L)
7=0

Letting n — oo, we complete the proof, thanks to MCT, DCT, and that
o(XE) = g(X3). .

Remark 1 For obvious reasons, sometimes the set {z € S : v(z) = g(x)} is
called the “stopping region”, and the set {z € S : v(z) < g(z)} is called the
“ continuation region”.

Remark 2 The forward form of DPE (Proposition 2) also provide a recursive
numerical algorithm to compute v in general.

Corollary 1 The value function v is largest solution to the DPE (3) in the
sense that: if u is another solution to the DPE, then v(x) > u(x) for every
zelsS.

Proof. Suppose u is another solution. The proof of theorem 1 implies that
v(z) = lim, v,(x). In order to show u(x) < v(z), it suffices to show that
u(z) < vy, (x) for every n.

We will use induction. For n = 0, u(z) < vo(z) = g(z) is trivial.
Suppose u(z) < vy, (x) for some n. We want to show u(z) < v,41(x). But
by Proposition 2,

Upt1(x) = min{ —l—/vn dy|:n}
> min{ —I—/ P(dy|z) }

= u(x).
This completes the proof. |

Corollary 2 Suppose {Xo, X1,...} is a time-homogeneous Markov chain
with finite state space: i.e., the state space S is a finite. Then 7* is always
finite and optimal.



Proof. Let £ € S such that

9(z) = ming(z).

Since S is a finite set, such a Z always exists. Clearly, v(z) = ¢g(z). Thus
r={n>0:v(X,)=9Xn)}<{n>0:X, =z} =0.

But since {X,,} is an irreducible, finite Markov chain, o is finite, whence so
is 7* [

The following proposition is useful to verify whether a solution of the
DPE equals the value function.

Proposition 3 Suppose v is a bounded solution to the DPE (8), and that
the stopping time

T=inf{n >0:0(X,) =g(X,)}
is finite; i.e. P(T < oo)=1. Then v =v and T is optimal.

Proof. The proof is exactly the same as the last part of the proof of Theorem
1 with v replaced by v. We omit the details. |

Remark 3 Suppose 5 € (0,1) is the discount factor, and we consider the
discounted optimal stopping problem

inf E
{r:P(T<00)=1}

T—1
BTg(Xr)+ > FelX;)| .
§=0

Then the DPE becomes

V(@) = min {go), (o) +0 [ V)Pldgle) |

All the results we have obtained hold for the discounted problem, as long as
Condition 1 holds.



3 Examples of infinite horizon

Example 2 (Concave majorant) Suppose that {Xo, X1,...} is a simple
symmetric random walk on integers S = {0,1,...,b} with absorption at
two end points {0, b}. Let f: S — R be a non-negative function. Show that
the value function

v(z)=  sup  E[f(X;)[Xo = 1]
{r:P(T<00)=1}

is the least concave majorant of f (i.e., the smallest concave function that
dominates f).

Solution: Theorem 1 implies that the value function v satisfies

v(z) = max{f(:n), /Sv(y)P(dy|:L")}, Vazel.

Thus v > f. Also, for z € {1,2,...,b— 1}, the above equation yields
1 1
v(z) = max{f(:n), §v($ +1)+ §v($ - 1)} .
In particular, for all such =z,
1 1
v(z) > §v($ +1)+ §v($ -1).

Thus v is a concave majorant of f.

It remains to show that v is the smallest concave major ant. To this
end, let u be another concave major ant; that is, v > f and u is concave.
Note that the proof of Theorem 1 implies that v = lim,, | v,, where {v,} is
recursively determined by

v(z) = f(x)
ta(e) = max{ (@), [ va(o)Playlo)}.

It suffices to show that u > v,, for every n. We will use induction.
The claim holds when n = 0. Suppose u > v,, for some n. Since u is
concave, it is not difficult to see that

[ utwPlgla) < uw)
S



for every x € S. Then

vns1(z) < max {f<:c>, / u(y)P(dmx)} < max {f(z), u(x)} = u(x).

We complete the proof. |

Example 3 (Discrete put option) Suppose the log-stock price is modeled
by the simple symmetric random process { Xy, X1, ...} on Z. In other words,
the stock price at time n is exp(X,,). Let 8 € (0,1) be a discounter factor.
Compute the value function

v(z) = sup [ﬁT (1 —exp(X ’XO = :E] ,
{r:P(r<o0)=1}

and the optimal strategy. The value function represents the price of a dis-
crete put option.

Solution: Theorem 1 and Proposition 3 are applicable since Condition 1 is
satisfied; see Remark 3. The DPE associated with this optimal stopping
problem is

Viz) = max{ (1—¢€") ﬁ/V dy|:n}
_ max{(l—em)"', §V(m+1)+§V(:ﬂ—1)}.

The idea is to find a bounded solution to the DPE, and then apply Propo-
sition 3.
It is natural to expect that the optimal stopping time will take form

inf{n >0:v(X,)=(1—exp(X,))T}=inf{n >0: X, <b}

for some integer b € Z that has to be determined. Of course, since it is never
optimal to stop if X,, > 0, we also conjecture b < 0.

The above discussion prompts us to consider a candidate bounded solu-
tion v such that v(z) = 1—e” forallx < b, and v(z) = 3/2 [v(z + 1) + v(x — 1)]
for x > b. The general solution for the latter difference equation is

v(r) = Ae* + Be™**, VY ax >0b.

for some constants A and B, where

1-1-p32
—F

a =log

10



Clearly, a < 0. But since we assume 9 is bounded, it follows B = 0, and
thus
o(z) = Ae*®, Y ax >0b.

But at x = b, we must have
1— e’ = Ae,
or
A=e (1 — eb) .
In other words, a candidate solution is

~ 1—¢€* ; if 2<b
U(:E) - ea(m—b) (1 _ eb) : if >0 (5)

But what is the value of the free boundary b € Z7 Recall that for v to be a
solution, we will have

1—e">p3/20(x+1)+v(x—1)], Vaz<b, (6)

and
1—e* <B20(x+1)+v(x—1)], Va>b. (7)

These inequalities indeed uniquely determines b € Z. We have the following
Lemma.

Lemma 1 There exists a unique negative integer b € Z such that the above
inequalities (6)-(7) hold. Indeed, b € Z is the unique integer such that
be (B -1, B], with

1—e®
The function v given by (5) is the value function, and the optimal stopping
time 1s
™={n>0:X, <b}.

The proof of this lemma is given in the Appendix. |

Remark 4 In the above example, what happens if the discount factor 3 = 17
It is not difficult to see that the value function is v(x) = 1 for every = € Z.
Indeed, it is clear that v(z) < 1 for all . But for an arbitrary j € N, let
oj =inf{n > 0: X,, < —j}, then o; is finite, and we have, for x > —j,

v(z) = B [(1 - exp(X,,))"| = (1 - exp(—j)) = 1

11



as j — oo. This implies that v(z) > 1, and whence v(z) = 1. The value
function clearly satisfies the DPE

v(z) = max{(1—e")*, v(z+1) +v(x—1)]/2}.
But since the stopping time
inf{n >0:v(X,) = (1—exp(X,))T} = o0,

there is no optimal stopping time. Note that {o;} is a sequence of stopping
times that approach the value function (i.e., {o;} is an optimizing sequence).

4 When Condition 1 is violated: The verification argument

The results in the previous sections rely on Condition 1. What if the con-
dition fails to hold? Or more seriously, what if the cost structure is not
as specified; e.g. the cost is path-dependent? In this case, one method we
can apply the so-called verification argument. This approach has been used
many times in Chapter 2, and is also implicitly used in the proof of Theorem
1. The next two examples show that this method is quite general.

Example 4 (Search for mazimum) This is another search model, but with
a different cost. Let {Yp, Y7,...} be a sequence of iid non-negative random
variables, representing the offers, with common distribution F' and such
that E[Y)] < oco. Let ¢ > 0 be a constant, representing the cost for each
solicitation. The objective for the agent is to solve the optimization problem

max E[YoVY1 V... VY, —cT]

over all finite stopping times 7.

Solution: Let X,, =Yy VY1 V...V X,. Then {X,} is a (non-decreasing)
Markov chain. We will denote its transition probability matrix by P(dy|z).
Moreover, the optimization problem is equivalent to

T—1
infE | —X, + Z cl|.
j=0

This does not satisfies Condition 1 since { X,,} may not be bounded. Denote
the value function by

v(z) = sup ElX;—cr|Xo=1x].
{r:P(T<00)=1}

We will consider two cases separately.

12



1. If E[Yp] < ¢, then the optimal stopping time is 7 = 0, and the value
function is v(z) = z for all z. Indeed, it is trivial to check that the
process { X,, —cn} is a supermartingale. Thus, for every finite stopping
time 7 and n € N, we have

E[Xpn—c(tAn)] < E[Xg| ==
Letting n — oo, using MCT twice, we have
E[X;—cr] <.

Thus v(z) < z. But if we take 7% = 0, then E [X;+ — ¢7*] = z. Hence
v(z) = x and 7* = 0 is optimal.

2. Suppose now E[Yy] > ¢. We claim that the value function is

¥ if z<a*
U(:E)_{ x 5 if x> af (8)

where z* is the solution to the equation
o
c= [ 11 Fly)dy.
:E*
We also assert that the optimal stopping time is
TF=inf{n>0: X, >z} =inf{n>0:Y, >z}

Before proving the claim, it worth pointing out that xz* always exists,
since

Aﬂv%@mwzmm>a

and that 7% is obviously finite.

The idea of the proof is the same as Case 1. Denote by v the RHS of
equation (8). It is not difficult to check that the

i(z) = max{:n, et / 17(y)P(dy|:n)} (9)
= max{:n, —c—l—/l_)(:n\/y)dF(y)}

13



Indeed, for x > z*, we have
—c+ [ v y)dF(y)
_ —c—|—/0m:1:dF(y)—|—/moode(y)
- _c+E[YO]+/O (z—y)dF(y)
- _C+E[Y0]+/IF(y)dy
o0 0 S z
— — [n-Fuldy+ [T Fady+ [P dy
_ /m*u_F(y)]der/mF(y)dy
0 0
- :E—/m*[l—F(y)]dya

and thus RHS = x = LHS. For z < z*, we have similarly

—c—l—/i‘)(:n\/y)dF(y):—c—l—/om*:n*dF(y)—l—/;Ode(y)::1:*,

and thus again RHS = z* = LHS.

It follows equation (9) that the process {v(X,) —cn} is a supermartin-
gale. Thus for every finite stopping time 7 and n € N, we have

E[v(Xran) —c(t An)] < o(z).

Letting n — oo, using MCT twice, then taking supremum over 7 on
the LHS, and observing v(x) > z, we arrive at v(z) < v(x). But for
the stopping time 7*, one can show analogously, for every n > 0,

E [0(X opnin) = (7" A(n+1)] = E[5(Xpenn) = o(r* An)]

= ...=19(x).
Letting n — oo and using MCT twice, we have
U(z) = E[0(X+) —cr’] = E[ X — 1]

Thus v(z) = v(z) and 7" is optimal. [ |

14



Example 5 (Discrete up-and-out put option) Suppose the log-stock price
is modeled by the simple symmetric random process { Xy, X1, ...} on Z. Let
B € (0,1) be a discounter factor. Compute the value function

U(':U) = Sup E |:/3T (1 - eXp(XT))+ : 1{max0<j<7. X]<H}’ XO = ':U:| .
{7:P(1<00)=1} ==

Here H € Z is a positive integer. The value function represents the price of
a discrete up-and-out put option with barrier H.
Consider the following variational inequality, which is the DPE in detail.

Variational Inequality: Find a bounded function V : Z — R* and an integer
(free boundary) b < 0, such that

V(z) = 0, x> H (10)
Vi) = plV(e+1)+V(z—-1)]/2; b<zx<H (11)
V(z) = 1—¢€", x<b (12)
V() > (1-e9)7T, b<x<H (13)
V() > pBlV(x+1)+V(ze-1)]/2. x<b (14)

Lemma 2 Suppose (V,b) is a solution to the variational inequality. Then
v(z) =V (z) for all x and the optimal stopping time is

7 =inf{n > 0: X, <b}.

Proof. Let ¢ = inf{n > 0: X,, > H}. Then the value function can be
rewritten as

@)= swp B[ (1 - exp(Xn) " 1raqy| Xo = 2],
{r:P(T<00)=1}

Now consider the process Z, = {37V (Xspn) : n = 0,1,...}. We claim
{Z,} is a supermartingale. Indeed,

E[Zpi1| Xn, - ., Xo]
= BV(Xo)locn) + Yoznsy 8 E[V(X01a) [ X, - - -, X0
= BV(Xo)lio<ny + Lioonsy 8" V(Xn + 1) + V(X,, — 1)] /2
< BVI(Xo) o<y + Yooy BV (Xn)
= Z.

15



It follows from Optional Sampling Theorem that for any stopping time 7
and any n € N, we have

E|Z:pn) < E[Zy) = V().
Letting n — oo, the DCT further implies that
E[Z.] = liyrln EZ:pn) < V(x).

But
Zr = ﬁUATV(XUAT) > [ (1— eXp(XT))+ ) 1{7-<cr}'
Whence
V() > BB (1 - exp(X2) "+ 1reoy) -

Taking supremum over 7 on the RHS, we have V(x) > v(x).
Now define Z} = {B° """V (Xopnrinn) : m = 0,1,...}. Similarly to the
above argument, we have

ElZ: 1| X, .., X0
— /BU/\T*V(XU/\T*)l{U/\T*Sn} + 1{0’/\7’*2n+1}ﬁn+1 [V(Xn + 1) + V(Xn - 1)] /2

— /BU/\T*V(XU/\T*)l{U/\T*Sn} + 1{0—/\T*Zn+1}ﬁnV(Xn)
- 7

In particular,
E 87NNV (Xoprepn)| = BIZ3) = B[Z; 1] = ... = E[Z)) = V(x).
Letting n — oo, we have, thanks to DCT,
E 87NV (Xopee)| = V(@).

But

ﬁg/\q— V(XU/\T*) = ﬁT (1 - eXp(XT*))+ ! 1{T*<cr}7
Thus V(x) > v(z), which in turn implies that V(z) = v(z) and that 7* is
optimal. |

Lemma 3 The solution to the variational inequality is

0 ; if > H
V(iz) =14 Ae*™ + Be ™™ ; if b<x<H ,
1—¢€" ; if x<b

16



with a as defined in (4), and

e (1 _ eb)e—ab B (1 _ eb)eab
T 1 — e2a(H-D)? T 1 — e 2a(H-Y) "

The free boundary is the unique integer in the interval (D — 1, D], with D
being the unique negative solution satisfying the equation

(1- eD—l) [1 . e2a(H—D)] + (eD —1) [e‘a _ ea+2a(H—D)] —0.

Proof. The proof of the lemma is just some technical details, and is deferred
to the Appendix. [ |

A Appendix

Proof of Lemma 1. It suffices to solve for an integer b < 0. The rest is
implied by Proposition 3. The inequalities (6)-(7) amount to

1—e® > ﬁ/2(1—em+1—|—1—em_1), Voe<b—1
1—eb > ﬁ/2(ea(1—eb)—|—1—eb_1), =0
(1—e")t < el b (1—eb), Va>b+1

The last inequality is equivalent to
% 4 e(=b) (1—eb) >1, Vzz>b+1

However, since b < 0, the LHS is a convex function, and taking value 0 if
x = b. Thus the above inequality reduces to

(1 —eb) > 1,

or
fe'

=B -1.
e—e%

b > log
The inequality corresponding to x = b gives
e’ (1— Be*/2— Be)2) <1— Be*/2— /2.
But observing exp(«) + exp(—a) = 2/, we have

o
b<log— = B.
(& — €

17



These uniquely determine b as the integer in the interval (B — 1, B].
It remains to verify the inequality for z < b — 1, or

1— B> (1—56/2—56—1/2), Vao<b-l.
But this is trivial since e + e~ > 2 and
RHS < e 1(1-8)<1-4.
We finish the proof. |

Proof of Lemma 3. Consider the function
fly)=(1- ey—l) [1 o eza(H—y)} + (¥ — 1) [e—a o ea+2a(H—y)}

for all y < 0. It can be shown that f is a strictly increasing function with
f(00) < 0 < f(0) (the details are left for interested students). Thus there
exists a unique solution D < 0 such that f(D) = 0. The monotonicity of f
implies that f(y) >0 for y > D, and f(y) <0 for y < D.

Let b be the unique integer such that b € (D — 1,D]. We want to
show that (V,b) defines a solution to the variational inequality. Clearly V'
is bounded. It remains to show that inequalities (13)-(14). We first show
inequality (13). It is not difficult to see that, for b < z < H,

Viz)=e (Aezam + B) >e (Aezab + B) = ¢ olb) 5 0,
Thus, we only need to show V(x) > 1 — ¢” for all b < z < H. However,
(Ae™® + Be™ ) = a?(Ae™ + Be™**) > 0

on interval (b, H). Therefore, V is convex and so is V(z) + e*. Since V (b) +
e® = 1, inequality (13) amounts to V (b+1) > 1 —eb*!, or equivalently (after
some algebra) f(b+ 1) > 0, or b > D — 1. But by definition, this inequality
holds, so does (13). Next we show inequality (14). But for z < b, it is
equivalent to

1—3>e"(1—Be/2— [et)2).

This is trivial for x < b < 0. We remains to show, for x = b,
1—eb>p3/2 (Aea(b"'l) + Bem @+ g eb_l) .

This, after some algebra, is equivalent to f(b) <0, or b < D. We complete
the proof. [ ]
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