INTRODUCTION

The study of dynamical systems and the consequent mathematical theo-
ries have been making highly significant contributions in virtually every one
of scientific branches. This course is concerned with is the control theory
and an extremely important and elegant viewpoint introduced by Richard
Bellman in 1950’s, namely dynamic programming (DP). Some references are
listed in the end of this chapter [2, 3, 4, 5, 6, 7, 8, 9, 10]

Even though stochastic control theory is the main subject for this course,
the idea of DP can be fully illustrated by simple deterministic models. We
should do so, and introduce some terminologies at the same time, through
an example of finite-time-horizon utility maximization problem (in both
discrete time and continuous time).

Example 1 (Discrete-time utility maximization). Consider an agent with
initial wealth Xy. At each time point n € {0,1,...,N — 1}, the agent
determines to consume a proportion u, € [0, 1] of the total available wealth
X,, and put the rest in the bank. The bank will offer an interest rate of
r > 0 per unit of time. Write R = 1 4 r, then the dynamics of the total
wealth process is governed by

Xpy1 =RXp(1—wuy); n=0,...,N—1. (1)

For the amount of wealth u,, X,, consumed at time n, the agent will receive a
utility of f(u,Xp). For the amount of wealth X left at the terminal time N,
the agent will receive a utility of g(Xn). The optimization problem for the
agent is to come up with a sequence of consumption {u, : n=0,..., N —1}
so as to maximize the total utility

Z funXy) + g(Xn).

How should the agent proceed to find this optimal consumption sequence?
The solution is divided into two steps. The first step is to find a candidate
optimal solution via DP. The second step is to werify that the candidate
solution from Step 1 is indeed the true optimal solution.
From now on, we will denote the maximum of total utility by

v(Xo mix qun )+ 9(Xn)| - (2)



Step 1: The idea of DP, roughly speaking, is very much like backward
induction. The purpose is to divide the entire, complicated dynamic problem
into small, solvable, static sub-problems.

Suppose the agent is at the last time period n = N — 1 with a total
wealth, say x. Clearly the agent should consume the proportion uy_; which
maximize the total utility

flun—1z) + g (R(1 —un—1)z).
If we denote the maximal value by Vi_1(z), then

Vnaa(e) = _swp  [fluvaz)+ g (R —uva)z)].

This is a usual static calculus problem! Given the function f and g, function
Vn_1 can be calculated either analytically or numerically. The maximizer
ujy_; can also be obtained, and it (usually) depends on the wealth z at time
n = N — 1. Note that z is generic. The procedure is true for any z € R;.

Suppose the agent is at the time period n = N — 2 with a total wealth,
say again x. Clearly the agent should look for a consumption proportion
UN_9 SO as to maximize

f(uN_QI) + Vn—1 (R(l - uN_Q)fL‘) .
If we denote the maximal value by Vi_a(z), then

Vn_2(z)=  sup [f(un—2z)+ VN_1(R(1 —un—_2)x)].

0<uny—2<1

This again, is a static calculus problem, since we have already obtained
Vn—1! The maximizer u};_, is also dependent on z, the wealth at n = N —2.
Again, z is generic and the procedure is valid for any x € R

Similarly, suppose the agent is at time n with total wealth . The agent
should solve the static optimization problem

Vo(z) = S [f (un®) + Vg1 (R(1 — up))] .

Intuitively, V,,(x) has the interpretation as the mazimal total utility possible
from time n on if the total wealth at time n is x.
In conclusion, if we let Vx(z) = g(z), and let

Val@) = sup_[f(un2) + Viees (RO = w)a)], =01, . N1, (3)



then one would naturally expect v(Xp) = Vo(Xo), and that the following
sequentially defined consumption sequence {w}} is optimal:

ug = up(Xo) (4)
Xi = R(1—wugp)Xo (5)
up = ui(X7) (6)
Xy = R(l-wup)Xy (7)

Step 2: We will prove that v(Xp) = Vp(Xp) and that the sequence
{u}} defined by equations (4)-(7) is optimal. The proof goes as follows.
First we show that for any consumption sequence {u,}, the corresponding
total utility never exceeds V(Xp). Secondly we show that the total utility
associated with consumption sequence {u}} is exactly Vp(Xp). It follows
then v(Xo) = Vo(Xo) and {w})} is optimal.

Now let {u,,} be an arbitrary consumption sequence, and {X,} the cor-
responding wealth process. By the definition (3) of {V,,}, we have

Vo(Xo) > VA(R(1 —up)Xo) + f(uoXo)
= Vi(X1) + f(uoXo)
> Vo(R(1 —u2)X1) + furX1) + f(uoXo)
= VQ(XQ) + f(ule) + f(uOXo)
N-1

2 VN(XN) + Z f(uan)

Ny
= Q(XN) + Z f(uan)

n=0

But if we replace {u,} and {X,} by {u:} and {X]} respectively, all the
inequalities become equalities. Or,

N-1
Vo(Xo) = g(Xx) + D flupXy).

n=0

It follows readily that V(Xo) = v(Xp) and {u} is an optimal consumption
sequence. |}



Remark 1 A small loop-hole in the above analysis is that we have implicitly
assumed the existence of the optimizer {u}(z)} for equation (3). This as-
sumption is not restrictive since virtually all the problems we will encounter
have this property. Furthermore, even if this is not the case, the claim
v(Xo) = Vo(Xp) is still valid, though the existence of an optimal consump-
tion sequence will be in question.

The equation (3) sometimes is said to be the Dynamic Programming
Equation (DPE). Ideally, one would like to use the DPE to obtain (recur-
sively) closed-form expressions of {V,}. This is too much to ask in many
practical cases, and one has to resort to numerical algorithms instead. How-
ever, most of the examples in this course will lead to at lease semi-explicit
analytical solutions. Even though these examples have to use over-simplified
assumption, they will provide valuable insights about the structure of the
optimal solutions in more complex models.

Example 2 In the preceding example, set f(z) = g(x) = z® for some
a € (0,1). This form of utility function is often called the “power utility”
or “constant relative risk aversion utility”. Solve explicitly {V,,} and the
optimal consumption sequence.

Starting with n = NV — 1, we have

Vn_i(z) = S [f(un—12) + g (R(1 — un—1)z)]
SUN-1S
= z% sup [uj_q+R¥(1—uy-1)"]
0<un-1<1
= cny_12%.

The optimizing uj,_, is independent of x.
Taking n = N — 2, we have

VN-2(z) = S [fun—22) + V (R(1 — un—2)z)]
SUN-—2>
= z% sup [uR_g+cen-—1RY(1—un—2)°]
0<upny_2<1
= cy_az™.

Again the optimizing u},_, is independent of x.
Repeating the above process, we have, for every n =0,1,..., N,

Vo(z) = epz®.



The constants {c,} are recursively determined by

cy = 1

¢n = sup [uy +cp1RY(1—up)?, n=0,...,N—1 (8)
0<un<1

The optimal consumption sequence {u)} is a sequence of fixed proportions,
with each v}, the maximizer for the right-hand-side (RHS) of equation (8).
We conclude that, if the utility functions are of power type, the max-
imum utility function is also of power type, and the optimal consumption
proportion may depend on the current time, but is independent of the cur-
rent total wealth. |

Terminologies: The function v is said to be the value function. The se-
quence {uy} is called the control. The process {X,,} is the controlled state
process, or simply the state process. The sequence {u}} is an optimal con-
trol. The terminal time N is said to the time-horizon. Equations like (1) is
usually referred to as the system dynamics.

Remark 2 Tt is more precise to write the state process as {X*} in order to
make clear the dependence of the system dynamics on the controls. However,
to ease exposition, the index wu is usually omitted when no confusion is
incurred.

Our first theorem is concerned with general finite-time-horizon deter-
ministic control problems.

Theorem 1 Fiz a time-horizon N > 1. Suppose the system dynamics are
governed by
Xn+1 :hn(Xnyun), nZO,,N—l

The sequence {uy} is the control. It is assumed that, for each n, the control
un € Un(Xy), where Up(X,) is all available controls given the state X,, at
time n. For an arbitrary initial state Xo, consider the optimization problem

N-1
U(XO) = {lilf} g(XN) + Z fn(Xnyun)

n=0

Then the value function v equals the function Vg that is recursively deter-
mined by the DPE

Vn(z) = g(z)
Vo(z) = inf  [fo(z,un) + Vagi(hn(z,uy))], 0,...,N —1.
un €U ()



Furthermore, if there exists a sequence {u), = u’(x) € U,(x)} that attains
the infimum of the RHS, then {u}} is an optimal control sequence.

Proof. Analogous to Example 1, it is not difficult to show that, for any
sequence of control {uy,},

N-1
VO(XO) < g(XN) + Z fn(Xn’un)-

n=0
Taking infimum on the RHS over all controls, we have Vp(Xo) < v(Xp).
Again, similar to Example 1, if there exists a sequence {u), = u}(z) € U,(z)}
attaining the infimum of the RHS of the DPE, then

N-1
Vo(Xo) = g(XN) + D fu(Xoh,up).

n=0

In particular, Vo(Xo) = v(Xo) and {u},} is optimal.

It remains to show that V5(Xo) > v(Xp) even if we do not know the
existence of {u)} a prior. Let ¢ > 0 be an arbitrary small positive real
number. By definition, there exists a uf € Uy(Xy) such that

Vo(Xo) = fo(Xo,up) + Vi (ho(Xo, up)) — & = fo(Xo, up) + V1 (X7) —e.
Again by definition, there exists a u§ € U1 (X{) such that

Vi(XT) = fu(XT,ul) + Vo (ha(XT,u))) — & = fi(XT, ul) + V2 (X5) — &
Repeating this procedure, we arrive at (with X§ = X))

N-1
Vo(Xo0) > g(X%) + Y fa(X;,u;) — Ne > v(Xo) — Ne.

n=0
Letting € — 0, we complete the proof. |

The next example is a continuous-time deterministic optimal control
problem. The idea of the DP is similar, but the resulting DPE is a partial
differential equation (PDE).

Example 3 (Continuous-time utility maximization). Consider an agent with
initial wealth X. The money is put in a bank which will offer an (compound)
interest rate of » > 0 per unit of time. At any time ¢ € [0,7], the agent



withdraws part of the wealth for consumption. Let the total consumption
up until time ¢ is Cy and assume that C; has the form

t t
Ct:/ cstZ/ usXsds, Vtel0,T].
0 0

Naturally, we should put a constraint u; > 0 for every ¢t. The corresponding
wealth process has the dynamics

dX; = rXedt — ue Xy dt, Vite [0, T]

The optimization for the agent is to come up with a consumption process
{ut} so as to maximize the associated total utility

T
sup l/ flueXe)dt + g(X7)| -
{ue} [0

How should the agent proceed to find this optimal consumption process?

The solution is again divided into two steps. However, as we will see, the
second step (the verification) needs some extra regularity conditions. The
reason is that the existence of a solution to a differential equation, unlike a
difference equation (from discrete-time model), is not automatic.

Step 1: This step is to intuitively derive the DPE. The basic idea of
DP is the same as that of the discrete-time model. However, one now has
the freedom to choose time steps. Recall the interpretation of Vi, as the
maximal utility from time n. Analogously, assume for now that V(¢;z) is
the maximal utility from time ¢. Let J be a small positive number. What
should the agent do in a time interval of length 0, say [t,t 4 §]7 Apparently,
it is optimal to choose a control policy so as to maximize

t+9
FusXs)ds + V(t+ 6; Xpps).
t

The maximal value will equal V' (¢; X;). In other words, one expects
t+6
VtX) = swp | [ faX)ds+ V(8 Xews) |
{us:s€lt,t+6]} [ /¢

Now let u > 0 be an arbitrary constant, and consider a specific control by
us = u for s € [t,t + d]. It follows that

t+6
V(t; Xi) > f(uXs)ds + V(t+ 6 Xets),
t



or
1 o V(t+0; X)) — V(t;
0> = f(UXs)dS+ ( =+ 0; t+5) ( 7$)‘
0 Ji 0
Letting § — 0 and assuming that V' (¢; x) is continuously differentiable with

respect to t and x, we have

0> [f(u:c) + v + a—V(Tx - um)}

ot Ox 9)

ZL‘:Xt

However, suppose the optimal control {u} : s € [t,t + J]} exists, then
t+46
V(t: X)) :/ FiX?)ds+ V(t+06; X7\ s).
¢
Subtracting both sides by V (¢, X;) and dividing by §, one would expect

(under some minor continuity conditions) that

N ov oV N
0= {f(ut:c) + rr + %(Tl‘ — ut:c)}

(10)
ZL‘:Xt
as 0 — 0. Combining equations (9) and (10), and recalling that the argument
holds no matter what value X; is, one arrive at a non-linear PDE
ov ov
5 + fé% [%(m —uz) + f(um)] =0 (11)

V(Tia) = g(a). (12)

This equation is called the Hamilton-Jacobi-Bellman (HJB) equation, with
the terminal condition (12) being quite self-explanatory.

One would expect that the solution to the HJB equation, say (abusing
the notation a bit) V/, should yield the value function; more precisely,

v(z) =V(0; )

and the optimization u* in this equation (may depend on x and t) should
lead to an optimal control.

Step 2: The HJB equation (11)-(12) is nonlinear, and there may not
exist a (classical) solution. But when there does exist a (classical) solution,
usually the verification will work. We should assume the following.

Condition 1 1. The HJB equation (11)-(12) admits a solution V.



2. Suppose the optimizer in the HJB equation is u*(t;x). Then the equa-
tion
dX] =rX[dt —u*(t; X¢) X[ dt, X5 = Xo

has a solution.

We will show that, under Condition 1, v(Xy) = V(0; Xp), and {u; =
u*(t; X;)} is an optimal control.
Let {u;} be an arbitrary consumption policy. Then

ov. oV
— + —(rz —ux)

T
VTXn) - VX0 =[S+

dt
=Xt ,u=ut

IN

T
| s at
Thus
T T
V(0: Xo) > V(T; Xr) + /0 FlueXy) dt = g(X7) + /0 FuXy) dt.
Taking supremum over all consumption policy {u;}, we arrive at
V(0; Xo) > v(Xo).

Now plugging in {u;} and {X;}, all inequalities becomes equality, and we
have

T
V(0; Xo) = g(X3) + /0 FlupX7) dt.

It follows readily that V(0; Xo) = v(Xp) and {u]} is an optimal consumption
policy. |}

Remark 3 In general, if we define V' (¢; x) as the maximal utility from time ¢
given X; = x, then V is not continuously differentiable. Therefore, it cannot
satisfy the HJB equation in the classical sense. However, under very mild
conditions, it can be shown that V satisfies the HJB equation in a wviscosity
sense; see [1].

Example 4 Obtaining a closed-form solution to the non-linear HJB equa-
tion is usually impossible. But in some special cases, it is possible. In this
example, we will work out the details for the case where f,g are power
utilities; i.e., f(z) = g(z) = = for some « € (0,1).



The corresponding HJB equation becomes

ov ov
o + il;}()) %(m —uzx) +u®z* = 0
V(Tix) = z“
Guess that V(¢;x) has form V(¢t;2) = f(t)z®. It is easy to check that the
above PDE reduces to an ordinary differential equation (ODE)

Flt) +arft)+ (1 —a)[fE)]5T = 0
(1) = 1,

and the optimizing u*(¢; ) is independent of z; i.e.,

1

u(tx) = [FO)]=T = u* (D).

The solution to the ODE takes form

e
sy = [(A2 1) esro - L2

ar ar

Therefore, the HJB equation has a classical solution of form V(t;z) =
f(t)z*, and clearly the equation

dX{ =rX/dt —u*"(t)X{ dt = (r —u*(t)) X} dt
has a solution. Thus Condition 1 is satisfies, and
v(Xo) =V (0; Xo) = f(0)Xg"

We conclude that the maximal utility is of power type, if both f and
g are of power type, and the optimal consumption policy is independent of
the current wealth. |
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