CHAPTER 2. LEAST SQUARE REGRESSION (1)



MULTIPLE LINEAR REGRESSION MODELS

Model:
Y = 0By + Brxy + Boxg + -+ + By + €.

1.Y: dependent variable.
2. x: independent (or, explanatory) variable.
3. e: random error, with E[e] = 0 and Varle] = o2,

4. Bo, B, - - -, Br: population parameter, unknown.

EY|z] = By + B1z1 + Gowa + - - - + By,



MATRIX NOTATION

Data of size n: The i-th data point (x;1, %2, ..., Y;), ¢ =
1,2,...,n. And

Y, = Bo + Brxi1 + Boxio + - - - + B + €.
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METHOD OF LEAST SQUARE

Find B so as to minimize Sum of squares for error
n

SSE =) (Vi —Yi)" = (Y = XB)(Y — X))

1=1

Solution: )
3=(X'X)"'X'Y.

Proof and the special case of k£ = 1.



PROPERTIES OF THE REGRESSION

1. B is an unbiased estimate for (.

2. The variance matrix
Var[f] = o?(X'X) 1.

3.8SE=Y'(Y - X3) =YY - XY,

2 is

§2— — 1 goF
n—k—1

4. An unbiased estimate for o




If we further assume that &; ~ N(0, ¢?), then

1. B is normally distributed.

2.
n—k—1

o2
3..5% and B are independent.

S% ~ XA n—k—1)




INFERENCE OF REGRESSION COEFFICIENT
Assumption: g; ~ N(0,0?)

Variance matrix: A
Var[f] = o(X'X) ™1
Quantity of interest: # = a’3, where a = (ag, ay,...,a;)".

An unbiased estimate for 0 is a’ B .

Proposition.

AN

B a3 —0
SV (X'X)La

T ~tn—Fk—1).




1. Confidence interval for 6.

2. Hypothesis testing for 6. (Two-sided and one-sided).

3. The special case of 8 = 3;.



ESTIMATION AND PREDICTION

Two problems:

1. Estimate the population mean of Y given x = (27,25, ..., 27).

2. Predict an individual Y given o = (27, 25, ..., 27).

Answer: Let




fy =d'g.

My — iy
S+v/d (X' X) La

~tn—Fk—1).

Confidence interval and hypothesis testing.
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error =Y —Y =d'6 — (d/B +¢)

error ~ N (O, o[l + a,/(X/X)_la,])

AN

Y -Y

T —
Sv/1+d(X'X)"la

~tn—k—1)



ANALYSIS OF VARIANCE FOR MULTIPLE REGRESSION

Testing the hypothesis that none of the explanatory variables con-
tribute to the regression?

Hy: 61 =p0r="---=0=0.



Total variation of Y.

SST = (V; = Y)".

1
e Variation accounted for by linear regression.

SSR= ) (V;—Y)".
1
e Variation NO'T accounted for by linear regression.

SSE=) _(¥; - V)"

(



n

SST =) (V;—Y) =YY —nY?

1=1

SST = SSR + SSFE,

SSE = Y'(Y — X3)

Source of Variation d.f. Sum of Squares| Mean Square
Regression k SSR MSR = SSR/k
Error n—k—1 SSE MSE = 52
Total n—1 S5 T

SSR and SSE are independent.




F-test

Hy:061=---=0.=0, Hg:oneof 3 is non-zero.
Under HQ,
SOR SSE
k). k- )
% o2
nd MSR
F=——~F — k—1).
VISE (k,n—k—1)

Rejection Region with significance level « = {F > Fy, }.



EXTENSION OF ANALYSIS OF VARIANCE

Testing the hypothesis that only a subset of the explanatory vari-
ables, say (1,9, ..., Z4), contribute to the regression.

Hy: Bgy1 = PBgr2="...= P =0.

In general,

g = number of explanatory variables in the reduced model.



1. Reduced model: Fit linear regression with explanatory variables
(21,29, ...,Tg).
SSEp = sum of squares for errors in the reduced model
= variance NO'T" accounted for by the reduced model.

2. Complete model: Fit linear regression with explanatory vari-
ables (x1,79,...,2¢,Zg41,...,T}).

Sol = sum of squares for errors in the complete model
= variance NO'T" accounted for by the complete model.

SSER — SSE@ = Variance accounted for by variables (2441, ...,xy),
after variables (x1,...,zg).



Source of Variation d.f. Sum of Squares Mean Square

by <£Cg+1, c e ,ZCk)
after (xy,...,2,) | k—g | SSEr-SSE¢ |SSEr —SSE¢/(k — g)
Complete model |n —k —1 SSEc SSEc/(n —k —1)

Reduced model |n —g—1 SSER

SO p — SSE(¢ is independent of SSE .

Disscusion on the special case where g = 0.



Hy: fBgr1=--=0=0
Undeng,
SSEp — SSE SSE
EC vk —g), S~ XPn—k—1)
o 0'2
and
Ep — SSE k —

SSEq-/(n — k —1)

Rejection Region with significance level « = {F > Fy, }.



EXAMPLES

1. Data from the study of metabolic rate on a set of dogs.

Log-body mass (kg) 3.44 3.18 299 290 2.26 1.87 1.16
Log-body surface (cm?) 9.28 9.08 8.92 894 857 822 7.79
Log-Metabolic rate (kcal/day)|7.01 6.89 6.81 6.74 6.44 6.06 5.64

(a) Write down the vector Y and the matrix X. Compute X'X,
(X'X) 7L XY, and Y'Y

(b) Calculate 3, and find an unbiased estimate for o2,

(¢) What is you estime for the average metabolic rate for a dog
with weight 12 ke and surface area 6000 cm?. Find a 95%
confidence interval.

(d) Test the following three hypotheses: (i) Hg : 81 = B9 = 0;
(ii) Hy: By = 0; (iii) Hy : B9 = 0.



Solution: (a) & (b)n="7 k= 2.

- 7.01 1 3.44 9.28
6.89 1 3.18 9.08
6.81 1 2.99 8.92
Y=1674], X=1129089
6.44 1 2.26 8.57
6.06 1 1.87 8.22
| 5.64 1116 7.79
7.0 178 60.8 | - 45.59
X'X =178 49.25 157.17 |, X'V = |118.36

60.8 157.17 529.75 | 397.55




[ 5235.87 477.48 —742.59 |

(X'X)"t=| 47748 4393 —67.83

AN

3=(X'X)"'X"y =

SSE=Y"Y —Y'X3=Y'Y —

An unbiased estimate for o2 is S% =

742,59 —67.83 105.35

[ (0.191 |
0.175 | ,

0.677

AX'Y =0.01157

SSE
n—k—1

= 0.00219.



(¢). 27 = In(12) = 2.48, 25 = In(6000) = 8.70. Let

1 1
a = a:ik = | 2.48
I :CS | | 8.70 |
The estimate is A
a3 = 6.512.

A 95% confidence interval is

CL/B + to.0o5(n — k — 1)5\/@’(X’X)_1a,

or

6.512 + 2.776 % /0.00289 % v/0.418 = [6.415, 6.609]

The estimate of average metabolic rate is €922 = 673, and a
95% confidence interval is [e041°, 0-009) = 611, 742].



(d). (i) Testing the hypothesis Hy: 81 = G2 = 0. g = 0.
The complete model use both explanatory variables x1, x9, and
ook = 0.01157.

The reduced model uses none of the explanatory variables, that
is, the reduced model is

Y =5y +e.
and
n
SSEp = ) (¥; — V)= 1.50154,
1=1
Source of Variation | d.f. | Sum of Squares | Mean Square F P-value
by (z1, x2) 2 1.48997 0.745
0.745
Complet del | 4 0.01157 0.00289 = 2571 < 0.005
PIHPTERE THOTE 0.00289
Reduced model § 1.50154




(ii) Testing the hypothesis Hy: 61 =0. g =1
The complete model use both explanatory variables x1, x9, and
ook = 0.01157.

The reduced model only uses the explanatory variables x1, that
is, the reduced model is

Y =g+ Bix + €.

and (Discussion)

SSEp = 0.01227

Source of Variation | d.f. | Sum of Squares | Mean Square F P-value
by (x2) 1 0.00070 0.00070
0.00070
Complete model | 4 0.01157 0.00289 09R0 0.25| 0.64
Reduced model 5 0.01227 |




Remark: Another way to test Hy : 81 = 0 is to use the ¢-test.
This is equivalent to the F-test.

Under HQ,
3 —0
ro_ Y ~tn—k—1)
S+v/a (X' X) La
where .
A A 0
Bi=dp, ora= |1
_O_
0.175
1 = 0.5

/0.00280 % 43.93
P-value = 2P(t(4) > |T']) = 0.64.

Note T2 = F.



(iii) Testing the hypothesis Hy: fo = 0. g =1
The complete model use both explanatory variables x1, x9, and
ook = 0.01157.

The reduced model only uses the explanatory variables x5, that
is, the reduced model is

Y = 5y + Boxo + €.

and

SSEp = 0.01592

Source of Variation | d.f. | Sum of Squares | Mean Square F P-value
by (1) 1 0.00435 0.00435
0.00435
Complete model | 4 0.01157 0.00289 09R0 1.50 0.29
Reduced model 5 0.01592 |




DiscussiONS: The interpretation of coefficients in multiple
linear regression.

Graphs.

Y =0.19+0.17521 4+ 0.677x9 + €
Y =4.96 +0.611x1 + + e
Y = —1.71+ + 0.95x9 + €



2. Data on wheat yield (x) and protein content (Y'). n = 19.

Graph
Model:
Y:ﬁg+51x+ﬁga¢2+5
or
Y = 06y + Pz + Poxg + €
where

r1=x, I = 7°.



19 421 11469
X'X = | 421 11469 355621
11469 355621 11966805 |

C 11448 —0.1019  0.001930
(X'X)"l = | —0.1019 0.01018  —0.0002048
1 0.001930 —0.0002048 4.319 x 1070

Y = 18.677 — 0.4367x + 0.0058692> + &

1
SSE = 26.3, S%= SSE = 1.6445

19—-2—-1
Graph of the fitted model.




Remark: The test of departure from linearity. That is Hy

AN

B9 = 0. We use analysis of variance (one can also use t-test.)

The reduced model is

Y =00+ Bir1 +¢

Source of Variation | d.f. | Sum of Squares | Mean Square F P-value
by (w9 = %) 1 7.975 7.975
7.975
Complete model | 16 26.311 1.644 e 4.85| 0.0427
Reduced model | 17 34.286 |




