CHAPTER 1. SPECIAL PROBABLITY DISTRIBUTIONS

READING ASSIGNMENT

Sections 5.10, 7.2. 8.8. 10.8, 10.9, and Appedix ONE.



MULTIVARIATE NORMAL DISTRIBUTION

Random vector X = (X1, X, ..., X,) has distribution N (u, %)
if the joint density takes form

f(z) = (2m) 25|22l S ),

Here

1. Two parameters: pu = (p1,...,0q)" and ¥ = [04;]4xq is a
symmetric positive definite matrix.

FE|X|=p, Var[X]=2X.
Or,
EX;] = p;,  Var[Xj] =04, Cov(X;, Xj) =055 = 0.



PROPERTIES OF MULTIVARIATE NORMAL DISTRIBUTION

1. Suppose X1, Xo, ..., X are independent normal random vari-
ables with E'|X;| = p; and Var|X;| = 0,?.
Then the random vector X = (X1, Xo,...,X;)" has (multi-
variate) normal distribution N (u,>) with

=1, )

and
Y=oy, ou=o07 oij=0(ifi# )



2. Suppose X = (X1, Xo,...,X;) has distribution N(u,X).
Then any marginal distribution of X is still normal.

For example,
(a) X; has distribution N (u;, 0;;).
(b) (X1, X5) has normal distribution N (i, ) with

011 (712]

. / —
= (p1, p2) [021 .



3. Any linear transform of a normal random vector is still normal.

THEOREM. Suppose X = (X1, Xo,..., X ) has normal dis-
tribution N (u, ). Then for any m X d matrix C' and m x 1

vector b, the linear transform
Y=CX+5b
is still normal with distribution N(Cu + b, CXC).



4. Suppose X ~ N(u,X) and Y ~ N(f,>). Assume X and Y
are independent.

Then X + Y has distribution
N(p+ i, X+ %).



5. THEOREM: Suppose X ~ N(u,>). Let #; and 69 be two
subvectors of X. Then 61 and 6y are independent if and only if

Cov|fy, 6] = 0.

COROLLARY: Suppose X ~ N(u,X). Then X; and X are
independent if and only if 0;; = Cov|X;, X;] = 0.



6. Any conditional distribution is still normal.

THEOREM. Suppose X = (X1, Xo,.... X)) ~ N(u,X).
Suppose we partition X into subvectors

|4
X[92]’

p1 = El61], ps = E|6)]
Y11 = Varlth], g = Var|fy],
Then the conditional distribution of 6y, given 6, is N(fi, )
with

and denote

= p1 + S19505 (00 — po)
Y =311 — L1985 D1



How DOES THE PROOF GO?

Suppose X ~ N(u, ). Then for any t = (t1, 19, . ..

M(t)= E [e@faX >} ER(AERTS



EXAMPLES

1. Suppose two different tests A and B are to be given a randomly
chosen student. Assume that the population mean score on test
A is 85 with standard deviation 10, that the mean score on test
B is 90 with standard deviation 16, that the scores on the two
test have a bivariate normal distribution with correlation 0.8.
Find the probability that the student’s score on test A will be
oreater than his score on test B.



2. Supose two random variables X and Y has bivariate normal

distribution and
Var| X| = Var|Y].
Argue that X +Y and X — Y are independent.



How WE SIMULATE N (p, )7

Find a matrix A such that
Y= AA

Simulate Y7, Yo, ..., Y, iid N(0,1). Write Y = (Y7, Y5, ... ,Yd)/.
Then
X =AY +u

has distribution N (u, ¥).



THE ¢t DISTRIBUTION

[t is also known as Student’s ¢-distribution in honor of W.S. Gos-
set, who publish his studies of this distribution in 1908 under
pen-name “Student”.

DEFINITION: Suppose Z ~ N(0,1) and W ~ x%(k). If Z and
W are independent, then

is said to have t-distribution with £ degrees of freedom (d.f.), de-
noted by t(k).



The density for the t-distribution with k& degrees of freedom is

_ k4l
2 ’

f(:l?)C(l—F?

Symmetric, heavier tails than normal.

When k — oo, t(k) — N(0,1).



DISTRIBUTIONS ASSOCIATED WITH NORMAL SAMPLES

Assume that X7, Xo, ..., X, are iid samples from N (p, %). Then

1. Sample variance

1 _

2 o 2

o= n—1 Z(XZ X)

1=1
is independent of sample mean X, and
n—1)5?
( 2) N X2(n o 1).
o
2. The ratio: <

What happens for the ratio when .S is replaced by o7



A general proof use the concept of orthogonal matrix (C'C =1
to show that X and S are independent. The special case of 2-D
is rather simple, and can be found in the textbook [Theorem 7.3]|.



APPLICATIONS OF {-DISTRIBUTION

SMALL SAMPLE ESTIMATION:

1. Normal population mean. Xq, Xo,...,X,, iid samples from
N(p,0%). Both p and o unknown.

The 1 — a confidence interval for p is

Bk



2. Difference of means of two normal populations.
X1, Xo, ..., Xy iid samples from Population 1 of N (1, 0%).
Y1, Y5, ..., Yy, iid samples from Population 2 of N (9, 03).

Assumption: 0% = 0% = o2,

The 1 — a confidence interval for p; — po is

_ 1 1

where \S), 1s the pooled estimate for o2

o _ (n — 1)5%+(m—1)5§
P n+m—2




SMALL SAMPLE HYPOTHESIS TESTING:

1. Normal population mean. Xi, Xo,..., X, iid samples from
N(p,0%). Both p and o unknown.

Hy:p=py,  Hg:p# po

P-value = P(t(n — 1) > |T)
where _
Y — g

TN




2. Difference of means of two normal populations.
X1, Xo, ..., Xy iid samples from Population 1 of N (1, 0%).

Y1, Y5, ..., Yy, iid samples from Population 2 of N (9, 03).

Assumption: 0% = O'% = o2,

Hy:pp—po =Dy, Hg:py— po# Do

P-value = P(t(n+m —2) > |T)

where




EXAMPLES

1. Comparison of weight gain by two lots of rats under two diets.

Diet n |sample mean gain 7 (g) > _;(z; — 7)°
High Protein|12 120 5032
Low Protein | 7 101 2552

Do these two diets yield different weight gain”

Solution: df =12+ 7 — 2 = 17. Pooled sample variance
o 0032 + 2552

— = 446.12.
p 12+7—2
120 — 101 — 0O
T = = 1.809.
11
Sp\/ 15+ %

P-value = P(t(17) > |1.89|) = 0.08

Discussion on the assumptions.



Handout of normal plot.



THE F-DISTRIBUTION

Suppose X ~ x?(n) and Y ~ y%(m), and that X and Y are

independent. Then
X/n
W= 2L
Y/m
is said to have F' distribution with n degrees of freedom for nu-

merator and m degrees of freedom for denominator, denoted by
F(n,m).

The density of F'(n,m) is



