Dynamic Programming

Dynamic programming (DP) is the most important technique to solve many optimozation prob-
lems. In most applications, dynamic programming obtains solutions by working backwards from
the end of a problem to the beginning, in such a way that a large, complicated problem is broken
up into a series of smaller, more tractable problems.

1 Simple examples of dynamic programming

1.1 Which is the heaviest coin

We have 21 coins and are told that all the coins are of the same weight except one is heavier than
any of the other coin. How many weighings on a balance will it take to find the heaviest coin?

Analysis: The answer of the question is not so clear at first glance. However, let us think
backwards. What is the maximum number of coin we should have left in order for the last wei ghing
to successfully tell the heaviest coin. This is an easy question to answer: 3 coins. We only need to
pick two of three coins and weigh them on the balance. If they are of the same weight, then the
one coin left is the heaviest coin. If they are not, the heavier one is the heaviest coin in the bunch.
However, if we have 4 or more coins left, we cannot always tell which one is the heaviest if only one
weighing is left.

Now let us go back one step and ask what is the maximum number of coin we should have left
in order for the last two weighing to successfully tell the heaviest coin. Suppose we have m < 9
coins left. What we can do is to divide the coin into three groups (g, e, b) such that a + a + b = m,
and a < 3, b < 3. Then we weight the first two groups on the balance. If they have the same
weight, then the heaviest coin is in the group of b coins. If they are not, then the heaviest coin
is in the heavier group of a coins. Either way, since a < 3,5 < 3, we can always tell the heaviest
coin in the last weighing. Now assume that we have m > 10 coins, and we divide into three groups
(a,a,b). A weighing on balance will tell which group the heaviest coin belongs to. No matter how
we do it, there is at least a group with at least 4 coins. If it turns out that the heavier coin is in
that group, we are in trouble, because the last weighing cannot tell the heaviest coin. Therefore,
we can tell the heaviest coin from at most 9 coins, and cannot not tell if there are at least 10 coins.

Go on step futher, it is casy to sec that if we have at most 3-9 = 27 coins, we can tell the
heaviest one in three weighings. Thercfore, for 21 coins, we need at most 3 weighings. Not only does
the above procedure gives the number of weighing need, it also yields how should the weighings go:
We will divide the coins into three groups (a,a,b) such that a < 9,b < 9. Say we take a = b = 7.
The first weighing will tell us the group the heaviest coin belongs to. Then we divide that group
(of 7 colus) iutu three groups (2,2,3) or (3,3,1). The second weighing will tell which group the
heaviest coin belong to, and the last weighing will only need to tell the heaviest coin from at most
3 coins.




Remark: The above procedure indeed solves a more general problem: suppose we have n > 2
coins to start with, then the number of weighings needed to tell the heaviest coin is k with
31 o < 3% Tn other words, k weighings will tell the heaviest coin from at most 3% eoins.
A mathematical description for the above process is as follows. Let

vy = max {n: the heaviest coin can be distinguished from at most k weighings} .

We start with v1 = 3 and we have v,1 = 3v;. Therefore, v, = 3.

The analysis also tells how to weigh these n coins in k weighting: each time divide the coins
into three groups (a, a,b) such that a < 37!, b < 371 if there are [ weighings left.

Remark: The coin problem can be viewed as a optimization problem: minimize the number of
weighings to tell the heaviest coin. The above analysie, though simple, give some basic
characteristics of the dynamic programming: not only does DP gives a systematic way to
solve an optimization problem, it also tells you more information on the optimal policy. In
the coin problem, the policy corresponds ta the process of weighing.

1.2 Shorest path problem

‘The following example is a simple sheortest path problem, which we will discuss later in great
generality. Consider the following map, and one wants to find the shortest path from NY to LA,
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This shortest path problem has a very distinctive feature in that the problem can be divided
into several stages.

Stage 0 = {NY}
Stage 1 = {Cleveland, St. Louis, Nashville}
Stage 2 = {Phoenix, Dallas, Salt Lake City}
Stage 3 = {LA}

Each stage consists of one or several cities, and one always moves from a city in one stage to a
city in the next stage. A direct approach to the problem is to enumerate all the possible paths
and choose the one with the minimal distance. Such an approach will work in such a small-scale
example. But Imagine doing this for a complicated map!

The idea here is again working backwards. Let

Vi(x) = shortest path to LA when you are at city z of stage k.




Clearly, V3{LA) =0
Va(Phoenix) = 400, V3(Dallas) = 1300, V3(Salt Lake City) = 600.
And it is easy to see that

Vi(Cleveland) =  dist(Cleveland, Phoenix) + V2(Thoenix) = 1800 + 400 = 2200,
V1(St. Louis) min {dist(St.Louis, Phoneix) + V{Phoenix), dist(St.Louis, Dallas) + Vz(Dallas)}
= min {1100 + 400, 600 + 1300} = 1500.
Vi(Nashville) = min {dist(Nashville, Dallas) + Vi(Dallas),
dist(Nashville, Salt Lake City) + Vo(Salt Lake City)}
= min {600 + 1300, 1200 + 600} — 1800.

It is easy now to have

VW(NY) = min{dist(NY, Cleveland) + Vi (Cleveland), dist(NY, St. Louis) + Vi (St. Louis),
dist(NY, Nashville) -+ V4 (Nashville) }
—  min{400 + 2200, 950 | 1500,800 |- 1800} = 2450.

As before, the DP also tells us the shorest path is “NY—St. Louis—Salt Lake City—LA".
Remark: The above iterations can be written in a more compact form.
Vi(z) = min{dist(z,y) + Viya(y): v € Stage(k + 1)},

with the convention that d(z,y} = oo if there is no path from z to y. This is called the
dynamic programming eguation (DPE).

1.3 American option pricing

The next example is an American option pricing problem and can be viewed as a simple example of
Decision Analysis. A bit of intuitive probabilities is involved. Even though the notation becomes
more messy, the basic idea of dynamic programming remains same and simple.

Suppose you own a share of American put option on IBM with strike price 60 dollars. In other
words, if you liquidate the option when the IBM stock price is S, you get a payofl (60 — S)+t =
max{0, 60 — 5§}. Everyday the stock price has probability 0.6 to go up 10 dollars and probability
0.4 to go south 10 dollars. Figure 1 is a tree for the stock price. The option can be liquidated at
any time t =0, ¢ = 1, or £ = 2. You want to maximize your average payoff from the liquidation.
Question: should you liquidate the optlon now, or should you wait? What is the maximal a,veragc
payoff you can achieve? 7 o
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Solution: The solution is not at all clear. If you liquidate now, you will get (60 — 50)* = 10
dollars. If you choosc to wait, it is hard to tell that whether you could get more or less.

Now let us work backwards. Suppose we are at ¢ = 2, what should we do? This is obvious since
we will liquidate if the price is below the strike to get a payoff (60 — §)T, and the option is toilet
paper is the stock price is above the strike. The payoff is calculated in Figure 2.

Go back one step, say we are at t = 1, and the stock price become 60. The liquidation of the
option will yield a payoff of 0. If we choose to wait, we will get an average payoff 0.6-04+0.4.10 = 4.
Therefore, if we are at ¢ = 1 and the stock price is 60, we should wait and expect an average payoff

max{(60 — 60)*,0.6 - 0 | 0.4 10} = max{0,4} - 4.

What if at ¢ = 1 the stock price is 40 dollars. If you liquidate, you will get a payofl 20 dollars. If
not, you will on average get a payoff 0.6 - 10 - 0.4 - 30 = 18 dollars. Therefore, if we are at ¢ = 1
and the stock price is 40, we should immediately liquidate and get a payoff

max{(60 — 40)*,0.6 - 10+ 0.4 - 30} = max{20, 18} = 20.

Go back one more step, and we are t = 0. If we liquidate, we get a payoff 10 dollars. But if we
wait, we will expect to get a payoff 0.6 -4 4+ 0.4- 20 = 10.4. Therefore at ¢ = 0, we should wait and
expect an average payoff

max{(60 — 50)%,0.6 - 4 + 0.4 - 20} = max{10,10.4} = 10.4
At t = 1, if the stock price is 60 dollars, keep waiting; if the stock is 40 dollars, liquidate.
Remark: Again, the DP works backwards, and tell us the information on the optimal strategy.
Remark: The above DP procedure can be written in a more compact form. Let
Vi(z) = The maximal average payoff if you are at t = & and the stock price is .
We are interested in Vo(x) at = = 50. However, we have Vi(z) — (60 — z)*, and
Vie(z) = max {{60 — 2)", puViy1(z0) + paVirr(za)} ;

here =, = z + 10, xq = = — 10, p, = 0.6, p; = 0.4. This equation is again said to be the
dynamic programming equation (DPE). The first term in the maximization corresponds to
the payoff if you liquidate at ¢t = k, while the second term corresponds to the average payoff
if you choose to wait. Note that at any time, we have two strategies, either liquidate or wait.

2 A general framework of deterministic dynamic programming

Consider a system whose evolution is determined by

Togl = falZn, un), n=0,1,--,N.

The parameters in the above equation has interpretation as

n = the label for the stage (usually it is naturally defined),
T, = the state at stage n
up = the control (or, decision) variable at stage n.

4




In other words, suppose at stage n, the system is in state z,,. If a decision u,, is applied, the system
will move to state s+ al stage n 4 1.

In the previous example of shortest path, the stage is artifically defined, and the state is the
city, and the decision variable is which city to travel to. In the example of American option pricing,
the stage is naturally defined as the time, and the state is the price of the IBM stock, and the
decision variable is binary “liquidate” or “wait”.

Let us consider the following cost criteria. The goal is to select a decision (control) sequence
U= {up,u1,--- ,un} so as to

N
gloNn1) + Z n(Zn; Un)
n=_0
We can view
g(x) = terminal costif the terminal state zy41 is T
cn(z,u) = running cost if at stage n, a decision uy, = u is made at state z,, — z.

In the example of shortest path, the running cost ¢,(z,u) is nothing but the distance from z to
destination determined by the control u. There is no terminal cost involved.

Remark: For American option pricing, the situation is a bit subtle since if a decision of “liqui-
dation” is made at any stage, the stock price (the state)} after that stage does not matter a
bit. Therefore the problem cannot directly fit into the cost structure we mentioned above.
However, the idea to solve the problem using DPE (which we will describe below) remains the
same. We will come back to this later in the section of Probabilistic Dynamic Programming.

Remark: Sometimes the above cost criteria is called additive. Of course one can congider a mul-
tiplicative (or even mixed) cost criteria. A general multiplicative cost reads

N

g($N+1) : H Cn(fcna un)-

n=0
The analysis of this cost is exactly the same as that of the additive cost criteria.

The value function is defined as

N
Volz) = mLirn glansr) + Z en{Tn, tn) given xg = z.

n=0

To solve for 1y, we will ezpand the problem and work backwards. For notation convenience, we will
denote by

N
Vilz) = mbi’n g(zn1) + ch(ifmun) given r; = z,
n=j
for j=1,2,--- , N +1, with convention that Eﬁ+l 0,




Dynamic Programming Equation (DPE)

It is not difficult to see that Viy,i{x) = g(z) for any z by definition. Furthermore,
it is intuitive that the [unclions V5 should satisfy the following equation

(DPE) Vi(e) = m&n [ej(z, u) + Vi (fi(z,u))], for every z.

This equation is called the dynamic programming equation (DPE). Knowing Vy 1,
one can recursively solve all V. The interpretation of DPE is also clear. Suppose
at stage j, the system is at state 2; — «. Choosing a control u; = u, at stage j -+ 1,
the state will become
Ti+1 = fj(mj':uj) = fj(myu)'

LTherefore the DPE says “The minimum of the cost from stage j to the end of
the problem must be attained by choosing at stage j o decision that minimize the
sum of the costs incurred during the current stage plus the minimum cost that can
be incurred from stage § + 1 to the end of the problem.” We give a short (not so
rigorous) proof below.

Proof: Given z; = gz, fix an arbitrary control u; = u. For any control U —
{#j41, -, un} afterwards, by definition,
N
Vi) Sojle,u) + 37 enla,un) + g(@n 1),
n=j+1
Now minimize the right-hand-side over I/ = {t41,--+ ,mn}, we have

V(@) < cjlm, u) + Vi (f(e, u)).

But remember that u is arbitrary, we have
Vilz) < min [¢;(z, u) + Vig1(f(z,w))].

On the other hand, if we use an optimal control u* — u* at stage 7 and afterwards

optimal control I7* = {u;f_H, -+ ,uy}, then we have
N
Vilz) = c¢i{x,u*)+ z enl{tn, up) + g(zn41) = ¢l u™) + Vg1 (fi(2, u®))
n=y+1

> min [ej(z,u) + Vi1 (fi(z, u))] .

These two inequalities yield the (DPE). Furthermore, from the proof we verify that
“the optimal control at stage j is the control u* that achieving the minimum in the
RHS of the DPE.”

Remark: Note that the DPE actually solve Vj(z) for any z. In practice zo = z is a specific value,
but which is not important since one only need to plug this specific initial state into function
Vo to obtain the value of optimization problem associated with this specific zgq.
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Remark: It is not hard to believe that for the multiplicative cost criteria,one can similarly define
V; (with convention [¥*? = 1), and the DPE will become

(DPE)  Vj(z) = minlej(@,w) - Via(fy(z, w))],  for every z,

with Vi 1(z) = g(x). Again, the optimal control at stage j is the minimizing «* in the RHS
of the DPE.

Remark: The above procedure remains true in a maximization problem — just replace all the
“min” above by “max”.

2.1 Examples of DP

Example: The owner of a lake must decide how many bass to catch and sell at the beginning of
each year. Assume that the market demand for bass is unlimited. If z is the bass sold in year
n, a revenue of r(z) is earned. The cost to catch z bass is ¢(x, b), where b is the number of
bass in the lake at the beginning of the year. The number of bass in the lake at the beginning
of a year is 20% greater than the number in the lake at the end of the previous year. The
owner is interested in maximizing the overall profit over the next N years.

DP Formulation: In this case, the stage is naturally defined as the time n, which varies from
1 to N. The state variable is the number of bass at the beginning of year n, denoted by s,. The
decision variable at year n (control) is the number of bass caught, denoted by z,,.

The dynamic for the system is

antvl = L2(sp —2n); w=1,2-+ N —1.

The objective is to maximize the overall profit

N
v(s) = r{na}}cz [r(zn) — ¢(Tnysn)], given s; = .

n=1

The dynamic programming will work backwards: define

N
vi(s) =max » {r(zn) —c(Tn,s,)], given s = s,
{on} 7
=j
for j = 1,---, N, and define vn41(s) = 0 for any s (note the terminal cost in the optimization

problem is 0).
Clearly the quantity of interest is v = v;. The dynamic programming equation (DPE) can be
written as
: = — ; s — = . A
vils) = max [r(z) ~ ez, s) +vim(12(s - 2))], j=1,2,---,N
Since vx 41 = 0, one can work backwards to solve for all vj. At year j, the optimal amount of bass
to sell z7 is the maximizing x in the above DPE, given that s; = s (i.e., at the beginning of year M
the number of bass in the lake is s). O




Remark: A weakness of the previous formulation is that the profits received during later years are
weighted the same as profits received during earlier years. Now we consider the following

discounting factor 0 < 7 < 1: $1 received in year j + 1 is equivalent to 3 dollar received in
year j. Then the optimization becomes (abusing the notation a bit)

N
v(s) = max 3G r(wn) oo, )], given s = s,

{an} n=1
Similarly we define
N .
v;(s) = max Z B [r(@n) — c(@n, sn)}, given s; = s.

{2

n=j
v; can be interpreted as the optimal profit from year j to year N (valued by the dollar in
year j). Clearly v; = v. The DPE becomes

vj(s) = max [r(a) = ol 5) + Buy1(1.2(s — 2])].

and vy41(s) = 0. O

Example: Farmer Jones now possesses $5000 and 10 tons of wheat. During month j, the price
of wheat is p; (assumed known). During each month, he must decide how much wheat to
buy or to sell. There arc three restrictions uu vach month’s wheat transaction: (1} During
any month, the amount of money spent on wheat cannot exceed the cash on hand at the
beginning of the month; (2) during any month, he cannot sell more wheat than he has at the
beginning of the month; {3) because of limited warehiouse capacity, the ending inventory of
wheat for each month cannot exceed 10 ton. Show how dynamic programming can be utilized
to maximize the amount of cash farmer Jones has on hand at the end of three months.

Formulation: Again, time is the stage. At the beginning of month n (the present is the beginning
of month 1), farmer Jones must decide how much wheat to buy or sell. We will denote by wu, the
change (i.e., the control) in Jones’ wheat position during month n: u,, = 0 corresponds t0o a month
of wheat purchase, and u, < 0 to a month of wheat sale. The state at the beginning of month n
is the amount of wheat on hand, denoted by Wy, and the cash on hand, denoted by ¢,. To ease
notation, write s, = (wp,¢,). The optimization is to maximize the cash gain during the 3 month
period,

3
v(s) = maxz —Pnin,  given s = s,
{un} n=1

under the constraints (1)-(3).

As before, define
3

vj(s) = max » —puu,,  given s; = s,

{un}

n=j

with v4(s) = 0. Note that v = v. The DI'E takes the [orm.

vi(s)= . - S [—pju+v11(8)], forall s = (w,c);




here 5 = (w, ¢) with
W=w+1u, C-—c—pu.

That the control w is constrained in the interval —w < u < min{10 — w,c/pj} is due (o the
constraints: (1) cannot buy more than the cash on hand gives u < ¢/p;; (2) cannot sell more wheat
than he has gives u > —w; (2) cannot store more than 10 tons of wheat gives u + w < 10 or
w << 10 —w.

The DPE can recursively determine all v;. For example,

vg(s) = max [-psu+va(5)) = psw,  with maximizing w* = —w.
—wsusmin{10—w,c/pa}

That is in month 3 Jones should sell all the wheat. v9 and v; can also be determined in the same
manner.

A special case is that p; > po > ps, in which case it is obviously optimal to sell all the wheat in
the beginning of month 1. This is verified by the DPE. Under this circumstance, we have

vga(s) = max —pot + v3(8)] — max —pau + p3lw + )| = paw
UZ(S) —wgugmin{l{}—w,c/pg}[ bz 3( )] —wLuLmin{10~w,c/pa} [ b2 p3( )J P2t
with maximizing «* = —w; and
vils) = max —piu+ 1l(s)] = max i+ polw +u)| = prw
1(s) ~wgugmm{107w,c/p1}{ Pi 2(8)] —wSUSmin{IO—w,c/pl}[ P1u + paf )] = p1w,
with maximizing u* = —w. For the specific initial state 5] = s = (10, 5000), the optimal cash gain

is v1(s) = prw — 10p1, and Jones should sell the wheat immediately. His overall cash on hand at
the end of month 3 is 5000 -+ 10p;.

Another special casc is p; < py < p3. The obviously optimal policy is Lo buy as much wheat as
the cash and warehouse capacity will allow, and sell them in month 3. This is also confirmed by
the DPE. In this case,

UQ(S) - —wSuSmIiE{al)(c)—w,c/Pz} [—qu * US(S)] - —wSuSm?I}?I}(()-iU,C/Pz} [—pzu +p3(w * U)]

p3w + (p3 — p2) min{10 — w, ¢/pa};

with maximizing «* = min{10 — w, ¢/p2}, and
vi(s) = max [—p1u + va(5)]

—w<u<min{10—w,c/p1 }

— — in{10 — w — —
S ey TP P30 )+ (3 = p2) min{10 — w — u, e — pru) /pe)]

However, the term to be maximized equals
Flu) = —piu+p3(w+u)+ (p3 — p2) min{10 — w — u, (c — pyu)/ps}
= psw+min{(10 — w){p3 — p2) + (P2 - p1)u, c(p3 — p2)/p2 +u(p2 — P1)p3/p2},
which is an increasing function of u. Therefore,
vi(s) = paw + min{ (10 — w)(ps — po) + (p2 — p1)u*, c(pz — p2)/po + u*(p2 — p1)pa/pat

with 4* = min{10 — w, ¢/p; }. |




Brercise: Can you formulate an LP to solve this maximization problem?

Example: It’s the last weekend of the 1996 campaign, and candidate Blaa Blaa is in NY. Before
election day, he must visit Miami, Dallas, and Chicago and then return to his NY headquar-
ters. Blaa Blaa wants to minimize the total distance he must travel. In what order he should
visit the cities?

NY Miami Dallas Chicago

NY - 1334 1559 809
Miami | 1334 - 1343 1397
Dallas | 1559 1343 - 921

Chicago | 809 1397 921 -

Solution: It is not obvious how to work this problem into the structure of dynamic programming.
The stage j is easily defined as the j-th stop of the trip, with j = 0 as the starting point and j=4
as the ending point (both are NY in this case). The definition of the state, however, is a bit more
subtle: The state is (I, 5) where I = {last city visited} and S = {cities visited}.

Let us define

fi{I,§) = the minimal distance that must be travelled to complete the tour
it Blaa is at the j-th stop with I being the last city visited and §
being all the j cities visited,

10 ease notation, we will denote by {N, M, D, C} the four cities, and the distance between city
I and city J is denoted by dys. The DPE for this problem can be written as

£(1,8) = minldis + fn (S U], vosjse

with
f3(1,{M,D,C}) = dsn = distance from city I to NY.

Recursively, we have

JofI,8) = mln [d]]+f3(J Su{Jhl = ngn[du—l-dJN]

or
f2(M,{M,D}) = duyc+ don = 1397 + 809 = 2206;
f2(D,{M,D}) = dpc+dony =921 4 809 = 1730;
fo(M,{M,C}) = dup+dpy = 1343 + 1559 = 2902;
fa(C, {M, C}) = dep+dpy =921 1559 = 2480;
fa(D,{D,C}) = dpar+ darnv — 1343 4 1334 = 2677;
f(C.{D,CY}) dom +dyn = 1397 + 1334 = 2731,
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and

or

f

HM {M}) =

fl(Da{D}) =

h(CACYH =

and finally

fg(N, {N}) =

fl

min

1(I,S)=r;;

nldry + f2(4, S U{J})]

s ldaes + f2(J,{M, T})]

min{dyp + fo(D,{M,D}), duc + f2(C,{M,C})}
min{1343 + 1730, 1397 + 2480}
3073 (with the minimum achieved ai J* = D),

JeIFni/fI,lC} [dps + f2(J,{D, J})]

min{dpas + fz(M,{D, M}), dpc + f2(C, (D,C})}
min{1343 + 2206, 921 + 2731}
3549 (with the minimum achieved at J* = M)

Jer{nﬂ;r,lD} [des + folJ,{C, T})]

min{dCM + fQ(Ma {07 M}): dep + fZ(Di {Cw D})}
min{ 1397 + 2902, 921 + 2677}
3598  (with the minimum achieved at J* = D);

[dng + f1(J,{7})]

Je{M D,

min {dnar + fl{M,{M}), dnp + f1{D,{D}), dnc + f1(C,{C})}

min{1334 + 3073, 1559 + 3549, 809 + 3598}

4407

(with the minimum achieved at J* = M or J* = C).

Therefore, the shortest tour will be either

N->M-=-D->C—-SN oo N-C—>D—>M-N.

Both has total distance 4407 miles. Note these two tours are reverse to each other.
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