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1 Probability space and random variable

Probability theory has its own vocabulary; this is due partly to the circumstances of its development
and partly to the fact that the central problems, motivation, ideas and techniques of Probability
are distinctively its own.

De�nition: A measure space (
;F ;P) is a probability space if P(
) = 1. 
 is the collection of
all possible outcomes, and is called the sample space. Each member in the �-algebra F is
an event.

De�ntion: A measurable function X : 
 ! R is called a random variable. Clearly then, f(X)
is also a random variable if f : R! R is a measurable function.

De�nition: The expectation of a random variable X is de�ned as EX
�
=
R

X dP if the integral

is well-de�ned. If X 2 L2(P), then we de�ne the variance of X as

VarX
�
= E

�
X � EX

�2
= E

�
X2
�� �EX�2

The square-root of the variance
p
VarX is called the standard deviation.

De�nition: The p-th absolute moment of X is de�ned as E (jXjp) = R

 jXjp dP.

Example (Bernoulli random variable): A ramdom variable X with

P(X = 1) = p; P(X = 0) = q; p+ q = 1:

We have EX = p and VarX = pq.

Example (Binomial random variable): A ramdom variable Sn with

P(Sn = k) =

�
n

k

�
pkqn�k; k = 0; 1; � � � ; n:

We have ESn = np and VarSn = npq.

Example (Geometric random variable): A ramdom variable T with

P(T = k) = qk�1p; k = 1; 2 � � � :
We have ET = 1

p
and VarT = q

p2
.
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Example (Poisson random variable): A ramdom variable X with

P(X = k) = e��k
�k

k!
; k = 0; 1; � � � : � > 0

We have EX = � and VarX = �.

Exercise: Show that a Poisson distribution can be approximated by Binomial distributions with
\n large and p small. That is, let pn =

�
n
, show�

n

k

�
pkn(1� pn)

n�k � e��
�k

k!
�! 0; 8 k 2 N0:

De�nition: Suppose X is a random variable. For every set E 2 B(R), de�ne

�X(E)
�
= P f!; X(!) 2 Eg = P(X 2 E):

It is not diÆcult to verify that �X de�ne a probability measure on space
�
R;B(R)�. We call

�X the probability measure induced by X.

De�nition: Function F (x)
�
= P(X � x) = �X

�
(�1; x]

	
is said to be the cumulative distribu-

tion function of X. It is non-decreasing, right-continuous, with

F (1) = 1; F (�1) = 0:

Any function F : R ! [0; 1] with these properties are called a probability distribution

function. If there is a non-negative function f such that F (x) =
R x
�1 f(z) dz, then f is

called the probability density function of X.

Example (uniform random variable): With �1 < a < b < 1, f(x) = 1
b�a1[a;b](x) the density of

X, we have EX = b+a
2 , VarX = 1

2(b� a)2.

Example (exponential random variable): With � > 0, f(x) = �e��x1[0;1)(x) the density of X, we

have EX = 1
�
, VarX = 1

�2
.

Example (normal random variable): With � 2 R; � > 0, f(x) = 1
�
p
2�
e
� (x��)2

2�2 the density of X, we

have EX = �, VarX = �2.

Below is a collection of exercises.

Exercise: For every random variable X and measurable function h : R! R, we have

Eh(X) =

Z
R

h(x) d�X (x);

whenever either side is well-de�ned.

Proof. Ehe equality holds when h = 1E for some E 2 B(R), and thus holds for non-negative
simple functions. Using MCT, the equality holds for any non-negative measurable function h.
Note h = h+ � h� in general. We complete proof. 2
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Exercise: For any non-negative random variable X, we have

EX =

Z 1

0
P(X � x) dx =

Z 1

0
P(X > x) dx =

Z 1

0

�
1� F (x)

�
dx

Proof. By de�nition,

EX =

Z


X(!) dP(!) =

Z



Z
R+

1[0;X(!)](x) dx dP(!) =

Z
R+

Z


1[0;X(!)](x) dP (!) dx

=

Z
R+
P(X � x) dx:

We can also replace 1[0;X(!)](x) by 1�
0;X(!)

�(x) to obtain the second equality. 2

Exercise: For any given probability distribution function F : R! [0; 1], consider its right- and left-
continuous inverse

X+(!)
�
= inf fx 2 R; F (x) > !g = sup fx 2 R; F (x) � !g ; 8 0 � ! � 1:

X�(!) �
= inf fx 2 R; F (x) � !g = sup fx 2 R; F (x) < !g ; 8 0 � ! � 1:

Then the result mapping X� : 
 ! R on the probability space (
;F ;P) = ([0; 1];B[0; 1]; �)
are random variables with probability distribution functions FX� = F .

Proof. It is easily checked that for any ! 2 [0; 1], x 2 R, we have

! � F (x) , X�(!) � x:

Therefore P(X� � x) = �
�f!; ! � F (x)g� = F (x). It suÆces now to show that P(X+ 6= X�) = 0.

Since X+ � X�, we have
fX+ 6= X�g = [q2QfX� � q < X+g;

here Q is the set of all rational numbers. But for every q 2 Q, we have

P(X� � q < X+) = P(X� � q)� P(X+ � q) � F (q)� P
�f!;! < F (q)g� = 0:

This completes the proof. 2

2 Independence

Consider a probability space (
;F ;P).
De�nition: A collection of events fE�g�2I � F is said to be independent if

P
�\nj=1E�j

�
=

nY
j=1

P
�
E�j

�
for every n 2 N and f�1; � � � ; �ng � I:

Exercise: If fE�g�2I is a collection of independent events, then so is fF�g�2I where F� = E� or
F� = Ec

�.
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Broel-Cantelli Lemma: For any collection of events fEngn2N � F with
P

n P(En) <1,

P(En; i.o.) = 0; where fEn; i.o.g = \1n=1 [1m=n Em:

Conversely, if fEngn2N are independent events and
P

n P(En) =1, we have

P(En; i.o.) = 1:

Proof. Note that P([1m=nEm) �
P1

m=n P(Em)! 0 as n!1, we have P(En; i.o.) = 0. Conversely,
note that

P (f[1m=nEmgc) = P(\1m=nE
c
m) � P(\Nm=nE

c
m) =

NY
m=n

P(Ec
m)

by independence, for all N . However, for every x � 0, 1� x � e�x, it follows that

P (f[1m=nEmgc) �
NY

m=n

e�P(Em) = e�
PN
m=n P(Em) �! 0; as N !1:

This completes proof. 2

De�nition: A family of random variables fX�g�2I are independent if the corresponding events
E� = fX� 2 B�g, � 2 I are independent for all B� 2 B(R).

Remark: If fX�g are independent random variables, so are ff�(X�)g�2I ; here f� : R ! R is
measurable, 8� 2 I.

Remark: Suppose X1;X2; � � � ;Xn are independent random variables. Show that

�X1;��� ;Xn = 
n
j=1�Xj ;

Here �Xj is the probability measure induced on R by Xj, and �X1;��� ;Xn is the probability
measure induced on Rn by (X1; � � � ; Xn). Indeed, these two measures agree on rectangles,
thanks to independence. Therefore, they are the same measure (why?)

Proposition: Suppose X1;X2; � � � ;Xn are independent random variables.

1. If Xi 2 L1(P), then
Qn

j=1Xj 2 L1 and E
�Qn

j=1Xj

�
=
Qn

j=1 EXj .

2. If Xi 2 L2(P), then Var
�Pn

j=1Xj

�
=
Pn

j=1VarXj.

Proof. It follows from Tonelli theorem that

E

0
@ nY
j=1

jXj j
1
A =

Z
Rn

nY
j=1

jxj j d�X1;��� ;Xn =

Z
Rn

nY
j=1

jxj j d
�
�Xj� =

nY
j=1

Z
R

jxj j d�Xj <1:

Then 1 follows from Fubini. Claim 2 is a direct consequence of 1. 2
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Exercise: Weistrass Approximation Theorem. For any continuous function f : [0; 1] ! R,
there exists a sequence of polynomials

Bn(x) =
nX

k=0

f

�
k

n

��
n

k

�
xk(1� x)n�k; 0 � x � 1; n 2 N;

such that Bn ! f uniformly as n!1.

Proof. Let fXngn2N be a sequence of iid (independent, identically distributed) Bernoulli random
variables with

P(Xj = 1) = p = 1� P(Xj = 0):

It follows that

Bn(p) =

nX
k=0

f

�
k

n

�
P(Sn = k) = Ef

�
Sn

n

�
:

It follows that

jBn(p)� f(p)j =

����Ef
�
Sn

n

�
� f(p)

���� � E

����f
�
Sn

n

�
� f(p)

����
� E

�����f
�
Sn

n

�
� f(p)

���� 1fjSnn �pj�Æg
�
+ E

�����f
�
Sn

n

�
� f(p)

���� 1fjSnn �pj>Æg
�

for every Æ > 0. However, f is continuous on [0; 1], it must be bounded, say by K, and uniformly
continuous on [0; 1]. For an arbitrary � > 0, choose Æ > 0 such that

jf(x)� f(y)j � � whenever jx� yj � Æ; 8 x; y 2 [0; 1]:

It follows that, for every p 2 [0; 1],

jBn(p)� f(p)j � �+ 2KP

�����Snn � p

���� � Æ

�
� �+ 2K

E
�
Sn
n
� p

�2
Æ2

= �+ 2K
pq

nÆ2
� K

2Æ2
� 1
n
+ � � 2�

for suÆciently large n. This completes the proof. 2

3 Uniform integrability

A family of random varaibles fX�g�2I is said to be uniformly integrable if

sup
�

Z


jX�j � 1fjX�j��g dP �! 0; as �!1:

Proposition: A family of random varaibles fX�g�2I is uniformly integrable if and only if

1. sup� EjX�j <1
2. for every � > 0, there exists a Æ > 0 such that

sup
�

Z
A

jX�j dP < �; 8 A 2 F ; P(A) < Æ:
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Proof. \(": Let K = sup� EjX�j. For every � > 0, we have

P(jX�j � �) � K

�
< Æ; 8 � 2 I;

for any � > K
Æ
. It follows that

sup
�

Z


jX�j � 1fjX�j��g dP < �

by assumption.
\)": For any � > 0, choose � such that

sup
�

Z


jX�j � 1fjX�j��g dP � �;

which implies that

EjX�j � �+

Z


jX�j � 1fjX�j��g dP � �+ �; 8 � 2 I:

Moreover, let Æ = �
�
, then for any A 2 F , P(A) < Æ, we haveZ

A

jX�j dP =

Z
A\fjX�j��g

jX�j dP+

Z
A\fjX�j<�g

jX�j dP �
Z
fjX�j��g

jX�j dP+ �P(A) � �+ � = 2�:

This completes the proof. 2

Exercise: Show that each of the following conditions is a suÆcient condition for uniformly integra-
bility.

1. jX�j � X for some X 2 L1.
2. sup� Eh(jX�j) <1 for some function h : [0;1)! [0;1) such that

h(x)

x
is non-decreasing, and lim

x!1
h(x)

x
=1:

In particular, if sup� EjX�jp <1 for some p > 1 then fX�g are uniformly integrable.

Absoulte continuity of integral: Suppose X 2 L1. Then for an arbitrary � > 0, there exists a
Æ > 0 such that

R
A
jXj dP < � whenever P(A) < Æ. This is a direct consequence by taking

X� � X.

Proposition: Suppose fXngn2N is a sequence of integrable random variables such that Xn
P�! X.

Then the following conditions are equivalent.

1. fXngn2N is uniformly integrable.

2. Xn ! X in L1.

3. EjXnj ! EjXj and EjXj <1.

Remark: Suppose Xn ! X in L1. It follows that fXngn2N is uniformly inegrable.
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Proof. \1 ) 2": There exists a subsequence, say X 0
n such that X 0

n ! X almost surely. It follows
from Fatou Lemma EjXj � lim infn EjX 0

nj � supn jX 0
nj <1, or X 2 L1. Therefore,

EjXn�Xj =
Z
fjXn�Xj��g

jXn�Xj dP+
Z
fjXn�Xj��g

jXn�Xj dP � �+

Z
fjXn�Xj��g

jXn�Xj dP; 8 � > 0:

However, by assumption P(jXn �Xj � �)! 0, we haveZ
fjXn�Xj��g

jXn �Xj dP ! 0;

since that the sequence fXn �Xgn2N is also uniformly integrable (why?). For n large enough, we
should have

EjXn �Xj � �+ � = 2�:

\2) 3": This claim is trivial, thanks to the inequality jxj+ jyj � jx+ yj.
\3 ) 1": Since jXnj P�! jXj (why?), we can assume Xn and X are all non-negative. We �rst

show that Xn ! X in L1. Indeed, (X �Xn)
+ � X, and (X �Xn)

+ P�! 0, it follows from DCT
that limn E(X �Xn)

+ = 0, which implies

E(X �Xn)
� = E(X �Xn)

+ � E(X �Xn) ! 0;

which in turn implies
lim
n
EjXn �Xj = 0:

In order to show the uniform integrability of fXngn2N, note that supn EjXnj <1 is trivial. More-
over, Z

A

jXnj dP �
Z
A

jXj dP+

Z
A

jX �Xnj dP �
Z
A

jXj dP + EjX �Xnj; 8 A 2 F :

The uniform integrability follows readily, thanks to the absoulte continuity of integral, and the fact
that limn EjXn �Xj = 0. 2

4 Law of large Numbers and Central Limit Theorem

The strong law of large numbers (SLLN) and central limit theorem (CLT) are two most important
results in classical probability theory.

Strong Law of Large Numbers: Suppose fXngn2N is a sequence of iid random variables and

let Sn
�
=
Pn

j=1Xj . Then

Sn

n
�! EX1 alomst surely, as n!1;

whenever EX1 is well-de�ned.

We will later present a proof of SLLN using martingale convergence theory.
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Central Limit Theorem (Classical): Suppose that fXngn2N is a sequence of iid random vari-

ables with � = EXj and �2 = VarXj 2 (0;1). Let Sn
�
=
Pn

j=1Xj . Then for every pair of
real numbers x,

P

�
Sn � n�

�
p
n

� x

�
�! �(x) =

Z x

�1

1p
2�

e�
z2

2 dz:

The proof of CLT can be achieved with the help of characteristic functions. We also have the fol-
lowing extension, which deals with independent but not necessarily identically distributed random
variables.

Central Limit Theorem (Lindeberg): Suppose that fXngn2N is a sequence of independent

random variables with �j
�
= EXj and �2j = VarXj 2 (0;1). Let Sn

�
=
Pn

j=1Xj and Bn
�
=Pn

j=1 �
2
j . If for any � > 0,

lim
n!1

1

B2
n

nX
j=1

E

h
(Xj � �j)

2 � 1fjXj��j j��Bng
i
= 0;

then for every pair of real numbers x,

P

"
Sn �

Pn
j=1 �j

Bn
� x

#
�! �(x):

Exercise: Show that the Lindeberg condition is satis�ed if either of the following conditions holds.

1. fXngn2N is a sequence of iid random variables.

2. jXnj � K for all n 2 N; that is, jXnj is uniformly bounded, and B2
n !1.

3. (Lyapounov condition) for some Æ > 0,

lim
n!1

1

B2+Æ
n

nX
j=1

EjXj � �jj2+Æ = 0:

The rate of convergence of CLT is obtained in the following theorem.

Theorem (Berry & Esseen): Let fXngn2N is a sequence of iid random variables with � = EXj ,
�2 = VarXj and EjXj j3 <1. Then

sup
x2R

����P
�
Sn � n�

�
p
n

� x

�
� �(x)

���� � C � EjX1j3
�3
p
n

for some universal constant C.

Remark: It can be shown that 1p
2�
� C � 0:8.
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