Basic Real Analysis

January 29, 2002

1 Notations and Terminologies

A space () is an arbitrary, non-empty set, whose elements are denoted generically by w. The class
of all subsets of Q is denoted by P(£2). For any subset £ C , its complement is defined as
E¢=Q\FE = {w; w¢ E}.

Definition: A non-empty subset A C P(2) is said to be an algebra if it is closed under finite
unions and complements; that is

1. E¢ € A whenever E € A.
2. Ul_ B € A whenever Ej € A, 1 <j <n, for all n.

Moreover, A is said to be an o-algebra if, in addition, A is closed under countable unions.
That is,

3. U2, Ej € A whenever E; € A, j > 1.
Exercise: Show that an algebra is an o-algebra if it is closed under countable disjoint unions.

Ezercise: For any non-empty subset of P(2), say D, define o(D) as the intersection of all o-algebras
that contain D. Show that o(D) is the smallest o-algebra that contains D. We say o(D) is
the smallest o-algebra generated by D.

Definition: Let (€, p) be a metric space, and O be the collection of all open sets. Then B =
B(Q2) = o(0) is said to be the Borel o-algebra of .

Ezercise: Show that the Borel o-algebra B(R) of the real line is also generated by each of the
following family:

&1 ={(a,b); a<b}, & ={(a,b]; a <b}, & ={[a,b); a<b}, & ={[a,b]; a <b}

Definition: A class of subsets # C P(2) is said to be an elementary family if

(1). 0 e H;
(2). ENF € H whenever E € H, F € H;
(3). for every E € H, its complement E¢ = U?_, F;, where (F})} C H are disjoint.



Ezample: Let H = collection of intervals of form (a,b], (a,00),() where —0o < a < b < co. It is
easy to show that H is an elementary family.

Ezercise: Suppose H is an elementary family. Show that the class
& ={Uj_1E;; (E;)] CH are disjoint, n > 1}
is an algebra.

Definition: A nonempty class D C P(R) is said to be a n-class if E N F € D whenever both
E,F € D, whereas it is said to be a A-class if

(1). Q€D
(2). A\B € D if both A, B € D and A D B;
(3). for every increasing sequence {A,; n=1,2,---} C D, the limit lim A,, = UA,, € D.

Ezercise: If D is both a w-class and a A-class, then D is a o-algebra.

Dynkin system theorem: If a A-class A contains a m-class D, then A also contains o(D), the
smallest o-algebra generated by D.

Proof. Suppose & is the minimal A-class that contains D. Indeed, £ is the intersection of all
the A-classes that contain D. By definition, A D £. It suffices to show that £ is an o-algebra,
or £ is a w-class. To this end, define

& ={A; ACQ, AnDeé&, forall D€ D}.

It is easy to see that & is a A-class that contains D (why?). Therefore & D &, or AND € &
whenever A € £, D € D. Now define

E&={E; ECQ, ANE€&, forall Ac&}.
It follows that & is a A-class that contains D, in particular, & D £. This impliese that
ANE € & whenever A, E € £. This completes the proof. O
2 Measurable space and Measure

If F is an o-algebra of ©, then the pair (€2, F) is said to be a measurable space.

Definition: A set function p : F — [0,00] is said to be a measure on the measurable space
(Q,F) if

(1) u(®) =0,
(2). it is countably additive, that is,

p(Up2 En) = p(En)
n=1

for any sequence {E,; n=1,2,---} C F of which E,’s are disjoint.



The triple (2, F, 1) is said to be a measure space. In particular, if 4(£2) = 1, then the triple
is said to be a probability space.

Remark: A measure 4 is said to be a finite if ;(£2) is finite, and said to be o-finite if there exists
a sequence of subsets {A,; n =1,2,---} such that & = UA,, and p(A4,) is finite for all n.

Below are several example of measure spaces.

Ezample: Suppose Q = {wi, we, -, wy}. The counting measure on € is defines as u(E) =
card(E) for all E C Q.

Ezample: The Lebesgue-measure A on space (R, B(R)) is a measure such that
M(a,b)} = M(a,b]} = M[a,b)} = XM[a,b]} =b—a
The Lebesgue measure A on space (R”, B(R")) is such that
A (<G 1) = [T M)
7j=1
where I; are intervals on R.

Ezample: Suppose (fn; n=0,1,---) is a sequence of non-negative numbers such that > >°, f, =

1. The measure
N({n}) = fn, or N(A) = Z fn

neA

defines a probability measure on natural numbers Ng. In particular, if fo =p, f1 =1 —p, the
measure is said to be the Bernoulli measure. A Binomial measure is such that

fk:(z>pk(1_p)n_k, k:03132a"'3n

Ifp=p,= %, then

A k A n—k )\k
f’gn):<z>(ﬁ> (1—E> - e‘AF::uk, asn —o0; k=0,1,2,--

The measure defines by {ug; k=0,1,2,---} is a Poisson measure.

Ezample: At the other extreme, for a function f: R — [0,00) with [, f(z)dz = 1, one can define
a probability measure on (R, B(R)) by

W(E) = /Ef(x)dx, v B € B(R).

The function f is said to be the density function. Below are some examples.

(1). Exponential density function Exp(\)

0 ; :1:20



(2). Normal density function N (u, o)

1 _@-w)?
e 22, VzreR
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2wo
Theorem: For any measure space (Q,F, i), we have

1
2
3
4

u(E) < u(F) whenever both B, F € F and E C F.
p(USe Ey) < 302 u(Ey) for any sequence {Ep; n=1,2,---} C F.
for any increasing sequence E; C Fy C -+, p (US Ey,) = limy, u(Ey).

(1).
(2).
(3).
(4). for any decreasing sequence Ey D Ey D ---, u (N2, Ey) = lim, pu(Ey), provided that
u(Eg) < oo for some k. In particulr, if p is a probability measure, this condition

automatically holds.

Remark: The condition in (4) is necessary. Indeed, let ;1 be the Lebesgue-measure on the real line
and F,, = (n,00). We have u(E,) = co and N, E, = 0.

Proof. The assertions (1), (2) are trivial. To show (3), define F},, = E,,\ E,,—; with convention
Ey = 0. It is easy to see that (F),) are disjoint and US2 | E,, = U2, F),. Therefore,

p (U Bn) = (U2 Fa) = ) u(Fn) = ) [1(Bn) — p(En1)] = lim p(Ey).
n=1 n=1

As for (4), assume k = 1 without loss of generality. Let F; = Ey\E;. It follows from (3) that
u(Br) —limu(Ey) = lim u(Fy) = p (U2 Fy) = p (B1\ N2 Bj) = u(Br) = (M1 Ej)

The assertion follows since p(E7) is finite O

For a measure space (2, F,u), a set E € F is said to be a null set if u(E) = 0. We say a
statement holds p-a.s. (almost surely) or u-a.e. (almost everywhere) if it fails only on a null set.

If E € F is a null set, then p(F) = 0 whenever ' C F and F' € F. However, it need not be the
case that an arbitrary subset of any null set is a member of F. If this is the case, the measure p is
called complete; i.e., if F C E where F € F and u(F) =0, then F € F.

Completeness is a very useful property, as it simplifies technical arguments. It can always be
achieved by a completion of the o-algebra.

Theorem: Let (2, F, 1) be an arbitrary measure space, and
N={FCQ; FCE forsome E € F, u(E) =0}
be the class of all negligible sets. Define
F={FUN; FeF, NeN}

and a set function on F by ji(FUN) = u(F). Then the triple (22, F, ji) is a complete measure
space. It is called the completion of (Q,F, ). Indeed, it is the unique extension of y to a
measure on F.



Proof. We first show that F is a o-algebra. Note that A is closed under countable union
since the countable union of null sets is still a null set. It follows readily that F is closed
under countable union. F is also closed under complement: take FUN € F with N C E € F
and p(E) = 0. Assume F N E = () (otherwise, just replace the pair N, E by N\F, E\F). It
is not difficult to see that (FUN)® = (FUE)°U(F\N). But (FUE)® € F and E\N € N,

in other words, FUN € F.

Secondly, we show that fi defines a measure. Note [ is well-defined: if A = F1UN; = FhoUN, €
F,and N; C E; € F, then pu(Fy) < pu(Fp) + u(Eo) = p(Fy). Similarly, u(Fp) < u(Fy). Hence
i(A) = p(Fy) = u(Fy) is well-defined. Since fi(()) = 0 is a trivial fact, it remains to show that
fi is countably additive. Let {F; UN;; j =1,2,---} C F be disjoint sets. We have

a{UZ(FjUN))} = a{ (U1 F) U (U Nj) } = p {UR2, By} = w(Fy) = > i{F UN;};
=1 =1

here we have used the fact that U;N; € N.

Finally, the completeness of ji is trivial. It remains to show that f is the unique extension to
JF: suppose v is also an extension. Let FUN € F, and N C E € F. It follows that

W(F) = v(F) < v(FUN) < W(FUE) < v(F)+v(B) = p(F) = v(FUN) = u(F) = i(FUN).

This completes the proof. O

3 Measure extension, Lebsegue-Stieltjes measure

Consider a right-continuous, non-decreasing function F': R — R. The question is: does there exist
a measure on space (R, B(R)) such that

pr {(a,b]} = F(b) — F(a), V —oco<a<b<oo.

The answer is affirmative. Indeed, such measure is also unique. It is called the Lebesgue-Stieltjes
measure associated with F. In particular, when F(z) = z, it is called the Lebesgue measure
(more precisely, the complete extension of pup).

How to construct such a measure? In general, a typical path to construct an “interesting”
measure is as follows: (1) construct in a “natural” and “straightforward” way a “proto-measure”
on an elementary family; for example, all the intervals of form (a, b], (a, 00), 0. (2) extend the proto-
measure to the algebra generate by the finite disjoint union of members in H. (3) extend further to
obtain a measure y on F = o(H), the o-algebra generated by H. (4) complete the measure space
(Q,F, ). Here step (2) is usually some meticulous technical work, while steps (3),(4) are achieved
with the help of outer measure and Karathéodory theorem.

3.1 Outer measure, Karathéodory theorem

The outer measure is a bridge connecting the “measure” on an algebra to a true measure on an
o-algebra.

Definition: A set function p*: P(2) — [0,00] is called an outer measure if



(1). p*(0) = 0;
(2). p*(E) < p*(F) whenever E C F

W
(3.) p* ( 2B ) <3272 wH(Ej) for any sequence {Ej; j=1,2,---} C P(Q).
A set E € P(Q) is said to be p*-measurable, if
p (F)=p"(FNE)+p*(FNE®, VFecP).
Karathédory Theorem: Let p* be an outer measure on space €2, and M C P(Q2) be the class of
all p*-measurable sets. Then
(1). M is a o-algebra.
(2). p = p*|,\, the restriction of x* on M, is a complete measure on (2, M).

Proof. M is clearly closed under complement. Now take A, B € M. For every F € P(Q), by
definition,

p(E) = p(ENA)+p (BN A
= p(ENANB)+u (ENANBY) 4+ u*(ENA°NB) + p*(ENA°NB°)
p (EN(AUB)) +p* (EN(AUB)) (why?)

Vv

However, the above “>" can be replaced by “<” by the definition of outer measure. Hence it is
indeed an equality, which implies A U B € M, or M is an algebra. In order to show M is an o-
algebra, it suffices now to prove that M is closed under countable disjoint unions. Take a sequence
of disjoint sets {A;; j =1,2,---} C M and an arbitrary £ € P(Q2). For any n > 1, we have

p(EN(UIZ4) = p" (BN (Ujoi45) NAs) +u" (BN (UjZ145) N A7)
= u(ENA,)+p (E N (u?;llAj))

n
SRR WALLYS
j=1
It follows that
n
W (B) = it (BN (U A7) + it (BN (U 4)%) 2 30wt (B 0 A+ (B0 (U244))9)
=1
for all n. Letting n — oo, we obtain
o0
Z (ENAj)+p* (BN (U2 45)°) > p* (BN (U 4))) +p* (BN (UR4))°) > p*(E).
This not only proves that M is closed under countable disjoint union, it also shows that

pr(UR145) = ut(4))



by taking £ = U2, A;. In other words, p* is countably additive, and hence a measure on (Q,M).
It remains to show that u* is complete on (2, M). Take A € P(f2) such that u*(A) = 0. For
any E € P(Q2), we have p*(E N A) =0 and

p(E) 2 p (ENAY) = p (ENAS) +p"(ENA) 2 p'(E).

Therefore, all the inequalities are indeed equalities, which implies A € M, or (Q,M,pu*) is a
complete measure space. O

3.2 Extend a “measure” from an algebra to a o-algebra
The Karathéodory provides a birdge for this extension. Suppose £ is an algebra.

Defintion: A set function v : £ — [0, 00] is said to be a pre-measure, if
(1). v(0) =0.
(2). v (U;-";IEj) = Z‘J’il v(Ej) for any disjoint sequence {E;} C & such that U2 Ej € £.

Any pre-measure v on £ will define an outer measure p* on 2. Indeed, define

o0

“(A)=  inf E; A€ PQ).
WA= i Ejes;”( ),V AeP(Q)

Proposition: The above defined p* is an outer measure on Q, while p*|; = v .

Proof. Clearly u*(0) = 0 and p*(F) < p*(F) whenever E C F. Now take an arbitrary sequence
{A1,As,---} CTP(Q). For any € > 0, there exist {Ej; k=1,2,---} C £ such that

[o¢]
€ )
' (A;) ZZV(Ejk)—ga Vij>1
k=1
It follows that

o0 o0

w* (U;-";IA]') < ZI/(Ejk) < ZM*(AJ') + Z 2—63 = ZM*(AJ') t+e
=1 j=1 j=1

Jk

Since € is arbitrary, we have p* (U?‘;lAj) <3272 (4;). Or, p* is an outer measure.
Note p*(A) < v(A) for all A € £ by defintion. To show the equality actually holds, it suffices
to show that

v(A) <> v(E;), YV Ej€& ACURE;.
7=1

Let F; = EjN A, we have Fj € £, U;F; = A, and v(F}) < v(£}). However, this implies that

V(A) = v(F) +v(F\F) + -+ + v (FAUZTF)) + 0 < S ulFy) < 3wy,
J J

The first equality follows from the assumption that v is a premeasure. O



Theorem (Hahn): Let M denote all the p*-measurable sets. We have

. F=0(&) S M;
1= p*| £ is a measure on space (2, F) that satisfies p|g = v;
if v is o-finite, then p is the unique extension of v to F;

. if v is o-finite, then the measure space (2, M, 1*) is the completion of the measure space
(€, F, ).

Proof: (1). Since M is a o-algebra. It suffices to show that £ € M. That is, we want to show
p(A) =p*(ANE)+u (ANEY, VAcP), Ecé.

Given any € > 0, by definition,
o0
pr(A) +e> ZV(EJ'), for some Ej €&, ACU;E;.
=1

But
Z v(Ej) = Z [W(E; NE) +v(E; N E%)] > p* (AN E) 4+ u* (AN E°).

Since € is arbitrary, we have
WA > pANE) +p (ANES) = p*(4) = p*(AN E) + (AN E).

(2) now follows from Karathéodory theorem and the preceding proposition. We will use Dynkin
system theorem to prove (3): suppose p is another extension to F, and define

G={F; FeF, p(F)=pF)}.

We first assume that p(2) = v(2) to be finite. It is not difficult to see that G is a A-class that
contain the w-class £, whence G D o(€) = F, or G = F. In general, there exists 2, € £ such that
Q, 1T Q with v(€,) being finite. Define

En={QNE; E€&}; F,={Q,NF; FeF}.

Then &, is an algebra in space €2, and F,, = 0,(&,) (see exercise below); here o, means the smallest
o-algebra generated relative to €,. It follows that |z, = p|z, by the above discussion. That is,
w(ANQ,) = p(ANQ,) for all n and all A € F. Letting n — oo, we have u(A) = p(A) for all
A € F. This completes the proof of (3). The proof of (4) is left as an exercise. 0

Ezercise: For every nonempty D C P(2) and every nonempty set F' C Q, o(D)NF = op(F N D).
Here o means the smallest o-algebra is generated relative to set F'; that is

or(D N F) = smallest o-algebra in P(F') that contains DN F'.

By convention DNF ={DNF; D e D}



Proof. First of all, it is not difficult to verify that o(D) N F' is a o-algebra that contains F' N D,
which implies that o(D) N F D op(F ND). To show the reverse, define

G={B; BNF eop(FND)}
Clearly, G is a o-algebra and D C G, which implies that G D o(D), or o(D) N F Cop(FND). O

Ezercise: Suppose v is o-finite.

(1). For every A C €, there exists F' € F such that A C F and p*(A) = p*(F) = p(F).
(2). If E € M, then E=BUN, where B € F and N C D, D € F with p*(D) = u(D) =0.
(3). (92, M, pu*) is the completion of (2, F,u). Or M = F, u* = ji.

Proof: (1). For any A C Q and n € N, there exists {F}, ; k=1,2,---} C & such that

* * * 1
ACUpFyp:=F, and p*(F,) < Z,u (Fng) < p*(A) + n
k

Define F = N, F,,. We have F € F, A C F and

Hence p*(A) = pu*(F).

(2). We first assume that p*(E) is finite. It follows from (1) that there exists a F' € F such
that £ C F and p*(F) = p*(F). Since F € F C M, we have p*(F\FE) = 0. By (1) again, there
exists a set D € F such that D O F\E and p*(D) = 0. Now define

B=F\D, N=E\BCD.

In general, we can write F = U;F; where F; € M and p*(E;) < co. Let (Bj, N;) as constructed
above for E;. Just define B = U;B;, N = U;jN; and D = U;D;.
(3) now follows directly from (1), (2) and Karathéodory theorem. O

3.3 Lebegue-Stieltjes measure

For every finite measure p on (R, B(R)), one can define a function F(z) = p((—oo,z]).
Exercise: Show that F' is non-negative, non-decreasing and right-continuous.

Can we “reverse” this process? In other words, given a right-continuous, non-decreasing function
F, can we associate with it a measure pr on (R, B(R)) such that

pr{(a,b)} = F(b) — F(a), V —oo<a<b<oo.

The answer is affirmative and the measure is indeed unique.
The construction of this measure closely follows the steps described before.



Summary: Step 1. The collection of intervals of form (a,b], (a,00), ) consist of an elementary
family. One can define a “proto-measure” p by

p((a, b” :F(b) _F(a)v p((a,oo)] = F(OO) _F(a)'

Step 2. Let £ = finite disjoint unions of intervals from #. Then £ is an algebra. The proto-
measure p can be naturely extended to £ by

n
v(@) =0, v (U?lej) = Zp(Ij), where I; € H are disjoint intervals.
j=1

It can be shown (though very technical) that v is indeed a o-finite pre-measure (that is,
countably additive).

Step 3. From the pre-measure v, we can define an outer measure p* on R. It follows from
above discussion that u = p*| #(£)=B(R) is a measure and is the uniqueness of v to a measure
on F.

Step 4. The completion of (R,B(R),u) is (R, M,p*|r). Here M is the class of all p*-
measurable sets.

Theorem: For any given non-decreasing, right-continuous function F': R — R, there is a unique
measure pr on (R, B(R)) such that

pr((a,b]] = F(b) — F(a), V —oco<a<b<oo.

Its completion, denoted by fir is called the Lebesgue-Stieltjes measure induced by F', and
it is o-finite. When F'(z) = z, the measure is called the Lebesgue measure.

Proof. Following the steps described above, it suffices to show that the set function v is o-finite
(exercise) and countably additive on the algebra £. We first show that v is well-defined. Suppose
{1;}7 and K;" are two sequence of disjoint intervals such that U;I; = U;K;. We have

o) =) v{UiLnK) =YY vLinKy) =Y v{U(inK;)}=> v(K)).
i i g J J

2

Here we are using the obvious fact that
F(b) — F(a) = v{(a,b]} = ZV{(ai, bil},  if (a;,b;] are disjoint and (a, b] = U;(a;, by].
i=1

In order to prove the countably additivity of v on algebra &, it suffices to show that if U, I; =
U2, K, where {I;}T and {K;}7° are both disjoint sequence of intervals, then

I/{UZ'IZ'} = ZV(K]').
j=1

All we need to show the case where n = 1, since this will imply that, for every n,

oo

v{Uili} =Y v(l) =) v{UR(LNEK)} =Y Y v(LinK;) =Y v{U(LNK)} =Y v(K;).
i=1 i Jj=1

i—1 j—1 j=1

10



Now assume that I = (a,b] = U2, K; = U3, (aj, bj], where K; = (aj, b;] are disjoint intervals.
For every n > 0, since U;-‘Zl(aj, b;] C (a,b], it is not difficult to see that

> v{(aj,b1} =D [F(b)) = Flaj)] < F(b) - F(a) =v{(a,b]} = > v(K;)<v(I).
1 j=1 j=1

j=
For the reverse inequality, pick an arbitrary 0 < € < b — a. It follows that
o+ €,0] € (a,b] = UjZ,(aj,b;] € UFZ,(a;, b))
where b > b; such that (by right-continuity)

€

v{(az.b1} = F(bj) — Flaj) > F()) ~ F(a;) = 5.

It follows from Heine-Broel theorem that there is a finite cover of the compact interval [a + €, b];
that is, with a possible relabelling,

(a+€0b Cla+e€b] C U;yzl(aj,b;) - Uévzl(aj,b"j] for some N.

It is not difficult to show that (exercise)
N o0 o0
v{(a+e,b} < (a;,b5] <Y (a5, 0] <> v(a,b]+e.
, o

Letting € — 0, we obtain from the right-continuity of F' that

v{(a,b]} = F(b) - F(a) = im[F(b) - F(a+ ¢)] = limv{(a+eb]} < > v(ay,byl.

€

This completes the proof. O

4 Product space, product o-algebra

Let {(Xa,Fa); a € I} be a collection of measurable space, here I is the index set. Let X =[] .; X;
denote the (Cartesian) product space. The a-th projection 7, is defined so that

Ta(w) = wa, where w = (wq)rer is an arbitrary element in X.

Remark: More precisely, X is defines as the collection of all maps w on I such that w(a) € X,.
In the interesting case where « is uncountable, the non-empty-ness of X follows from the
so-called Aziom of choice.

The question is how to define a useful o-algebra on X. Define the cylinder sets
C={n, (Ea); Eo€Fo, acl}

Definition: The o-algebra generated by C is called the product o-algebra on X, and is denoted
by F = @aecrFa-

11



Ezercise: Suppose F,, = 0(E,), V @ € I. Then F = o(C") where C' is defined similarly as C, except
that F, is replaced by &,.

Proposition: In the case where I is countable, F = o(R) where R is the collection of “rectangles”:

R:{HEa; Ey € Fa, Vael}.

acl

Moreover, if F, = 0(&y), then F = o(R') where R’ is similarly defined as R, except that F,
is replaced by &,.

The proof of the proposition is left as an exercise.

Proposition: Suppose now {Xi,---, X, } are metric spaces, and X = [[;, X; is the product space
with the product measure. Then B(X) D ®}_, B(X;) and the equality holds if Xy,--- , X, are
seperable. In particular, B(R") = B(R) ® - -- ® B(R) n-times.

Proof. We shall give a proof for the case where n = 2. The proof for general n is the same,
but with heavier notation. Assume that the product metric is p(z,y) = max;—1 2 pi(x;, y;) where
x = (r1,72), y = (y1,y2). Note the specfic choice of p is not important, as long as it generates the

same topology; for example, p(z,y) = \/p?(z1,y1) + p3(w2,y2) is an equivalent measure. We have
B(X1) ® B(X3) =0o(C'), where (' = {W;I(Ai); A; C X, is open set, i=1,2}.

Since m; '(A;) is open in X, C' C B(X), which implies that B(X) D B(X;) ® B(X2).

Now assume that X2 are separable, and Dy = {z,}nen, D2 = {yn}nen are countable dense
set in X4, Xy respectively. It is not difficult to see that D = D; x D5 is a countable dense set in
X. Any open set in X now can be expressed as a countable union of the open sets of form

{B(z;r); = € D, r is a positive rational number}, here B stands for the open ball in X.

But B(z,r) = Bi(xi,r) x B2(yj,r) by the definition of metric p, whenever x = (z;,y;). Here B;
stands for the open ball in space X;. It follows that B(z,r) € B(X1) ® B(X2). This implies

B(X) =o{B(z;r); z € D, r > 0 is rational} C B(X;) ® B(X3).

We complete proof. O

5 Measurable functions, approximation by simple functions

Consider measurable spaces (X, F) and (Y,G). A map f: X — Y is said to be F/G-measurable
if f~1(E) € F whenever E € G. We simply say f is measurable if no confusion is incurred. Unless
specified, whenever Y = R, we take G = B(R).

Ezample: Suppose {E1,--- ,E,} C F is a collection of sets, and {1, , oy} is a collection of real
numbers. Then the simple function

fl@) =) ol (z), YzeX
=1
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is a measurable function. Here 1g(x) is the indicator function such that

1 ; z€F
Lemma: If G = o(€), then f is measurable if and only if f~'(E) € F whenever E € £.

Proof. Let A={E CY; f '(E)e€ F}. It is not difficult to verify that A is a o-algebra (exercise).
Since £ € A, then G = 0(£) C A. This completes the proof. O

Remark: Suppose X and Y are two metric spaces. Then any continuous function f : X — Y is
B(X)/B(Y)-measurable.

Ezercise: The composition of measruable functions is measurable.
Proposition: If {f,},en is a sequence of measurable functions, then
hm(x) = SUPp>m fn(x)a gm(x) = infan fm(x) (m € N)
k(x) = limsup,,_,, fo(z), [(z)=liminf, . fn(z)
are all measurable functions.

Remark: In the preceding proposition, the various functions could very possibly take value on the
extended real line R = [—00, 00]. The Borela o-algebra on the R is defined as

B(R)={ECR; ENReB(R)}.

This Borel o-algebra is generated by the intervals of form {(a,]; a € R} or {[~00,a); a €
R}. Now a function f : X — R is called F-measurable if it is 7/B(R)-measurable. The
preceding proposition remains valid even if { f,, },en takes value in R.

Suppose now Y = [],;Y; is a product space of measurable spaces {(Ya,Ga); a € I}. We
associate Y with the product o-algebra § = ®,G,. We have the following result, whose proof is
left as an exercise.

Proposition: A mapping f : X — Y is F/G-measurable if and only if 7y 0o f : X — Y, is
F/Gq-measurable, for all « € I.

Remark: 1t follows from the proposition that, if {f;: X - R; i =1,--- ,n} are measurable func-
tions, and ¢ : R® — R is a measurable function, then ¢ o (f1, fo,---,fn) : X = Ris a
measurable function. In particulr, if we take ¢(z1,--- ,x,) = 1 + - - - + z,,, which is continu-
ous and hence measurable, we conclude that fi +---+ f, : X — R is measurable. Similarly,
fi-+ - fn, max; f; and min; f; are all measurable functions.

13



5.1 Approximation by simple functions

Consider a measurable space (X, F). A simple function is of form 377, a;1; where {a;} are real
numbers, and {E£;} C F. The summation or product of simple functions is still a simple function.

Proposition: 1. If f : X — [0, 00] is a measurable function, there is an increasing sequence of
non-negative, simple function {¢y, },en such that f(w) = lim, ¢, (w) for all w € X; this
convergence is uniform on any sets where f is bounded.

2. If f : X — R is a measurable function, there is a sequence {¢y, }nen of simple functions
such that 0 < [¢1] < |pa| < --- < |f], limy, ¢p(w) = f(w) for all w € Q; this convergence
is uniform on any sets where |f| is bounded.

Proof. The proof is simply by construction.

1. Fix n, define

. k k+1 .
E}f):{weX;2—n<f(w)§ ;} k=0,---,4"—1; and F, = {we X; f(w)>2"}.

The simple function
-1y
k=0
Clearly ¢, < ¢p41 and ¢, — f. Moreover, 0 < f — ¢, < 27" on {f < 2"}.

2. Write f = f+ — f—, where f* = max(+f,0) are measurable functions. From part 1, there
exists {g;" },en which increases pointwise to f*. Let ¢, = g — g, . Note |¢,| = g} +g,,, the
claim follows readily. O

6 Integration

Consider a measure space (X, F, ). For any measurable function f : X — R, how can we define
the integration I(f) = [, f(z)du(x)? We should start with the case where f is non-negative.

6.1 Definition of the integration

For a non-negative simple function of canonical form
n
d(w) = Z ajlg;(w); here {E;} are disjoint and X = U}_, Ej;, a; € [0, 0],
i=1
its integration can be naturally defined as

I(¢) = /ng(w) dp(w) = Z aju(E;),  with convention oo - 0 = 0.
j=1

14



Now for a general non-negative measurable function f : X — [0, 00], the integral is defined as
— [ ) dnte) = sup 16)
Q {¢; 0<¢</, ¢ is simple}

A general measurable function f : X — R can be written as f = f©—f~ where f* = max{f,0} and
f~ = max{—f,0}. Clearly, f* are both measurable. We say I(f) is well-defined if I(f*) —I(f™)
is well defined (that is, I(f*) are not simultaneously 00), and in this case define

I(f)=I(f") - I(f").

We say I(f) is integrable if I(f*) are both finite.
We have the following elementary properties for the integration.

Proposition: Suppose f,g are measurable functions. The following relationships hold whenever
the associated integrations are meaningful.

. I(ef) =c-I(f), for an arbitrary constant c.
2. I(f) < I(g) if f < g.

3. If f >0, the mapping E — [, f(w)du(w) = I(f1g), for all E € F, defines a measure
on the space (X, F).

Proof. Part 1 is trivial. For part 2, it suffices to observe that f* < g% and f~ > g—. It remains to
show part 3. It suffices to show the countable additivity, that is,

I(f1g) = Z I(flg,), where {E}, },en are disjoint and U° | E), = E.

Without loss of generality, we assume E = X. We first show that this is true when f is simple, say
f=YF_, ajlp. It follows that

k k
I(f1g,) =T | Y ejlp,nr, | =Y aju(B. N Fj),

7=1 7=1
which implies that
0 o k k oo k
S oI(fle,) =YD auEn N F) =Y > aju(BEy N Fp) =Y aju(F) = I(f).
n=1 n=1j=1 j=1ln=1 j=1

Now assume that f is a general non-negative measurable function. For an arbitrary 0 < ¢ < f, we
have ¢1g, < flg, for all n, and

> I(fig,) > Z (Plp,) =1(¢) = Y I(flg,) >1I(f).
n=1 n=1

n=1

As for the reverse inequality, let 0 < ¢,, < flpg, be simple functions. For any IV,

pr+do+--+dN < flp, + flp, +--+ fley < f
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is a simple function. By definition,

I(f) 2 (g1 + 2+ -+ + ¢n) = I(¢1) + I(p2) +--- + I(Pn);

see the Remark below. It follows that

N

I(f) > I(flg,) = I(f) > _I(fig,)
n=1

n=1
This completes the proof. O

Remark: Tt is not difficult to verify that, if ¢1 and ¢o are two non-negative simple functions, then

I($1 + ¢2) = I(¢1) + 1(¢2).

This is also true for general integrable functions, whose proof will be deferred. As for simple

function case. Take N m
$1=>Y ajlp, d2=> Blg

It follows that

$1+ d2 = ZA ZIE ka+ZﬁklekmE = (o5 + Bi)lg;nm,
7.k

and

I(p1 + ¢2) = Y (N + Br)u(E; N Fy) = Zam Bj) + Y Ben(Fi) = I($1) + I(¢2)-
k

.k
6.2 Three main theorems

Three very important results in integration theory are Monotone Convergence Theorem (MCT),
Dominated Convergence Theorem (DCT) and Fatou Lemma.

Monotone Convergence Theorem: Suppose {f,},cy is a sequence of non-negative mesurable
functions such that f; < fo <--- < f, <--- and f =lim,, f. Then I(f) = lim, I(f,).

Fatou Lemma: For any sequence {f,}, oy of non-negative measure functions, we have
I (nm inf fn> < liminf I(f,).
n n
Dominated Convergence Theorem: Suppose {f,},cy is a sequence of measurable functions

such that lim, f, = f. If there exists a measurable function g such that I(g) is finite (i.e. g
is integrable) and |f,| < g for all n, then

1(f) =l ().
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Proof of MCT. It follows from the assumption that I(f,) < I(fp+1) < -+ < I(f), which
implies that I(f) > lim, I(f,). It remains to show the reverse inequality. To this end, fix an
arbitrary constant € € (0,1). Define sets

E,={we€X; folw)>ef(w)}.
By assumption, we have Ey C Ey C -+ and U2 | B, = X (why?). It follows that
Note that the mapping E — I(f1g) defines a measure on (X, F), we establish
lim I(flg,) =I(f1x) = I(f).
n—o0
Therefore, lim,, I(f,) > eI(f). Letting e — 1, we have lim,, I(f,) > I(f). 0

Proof of Fatou Lemma. Define g, (w) = infy>, fx(w), which is clearly an increasing sequence of
non-negative functions. We have

liminf f, = sup <inf fk> =supg, = limg,.
n n k>n n n
Clearly, I(g,) < infg>y, I(fx), which implies that

I (hm inf fn> = I(limgy,) = limI(gy) < lim { nf 1( fk)} — liminf I(f,);
n n n n >n n
here the second equality follows from MCT. O

Proof of DCT. Since I(f,) = I(f}f) — I(f;) and ff < g, lim, ff = f*, it is without loss
generality if we assume {f,},cn are non-negative. In order to proceed, we first prove that I(hy +
ha) = I(h1) + I(h2) if hy 2 are two arbitrary non-negative measurable functions. Indeed, let {¢7(1Z )}

be a sequence of approximating simple functions for h; such that lim, ¢7(f) = h;. It follows from
MCT that

I(hy + ha) =tim I (@) + 92) = lim (¢{)) + T 1($2) = I(ha) + I(h).

Here we use MCT in the last step. By assumption g=+ f,, > 0, which implies I(g+ f,,) = I(9) £ I(fn)
(why?). It follows from Fatou Lemma that

I(7+9) = I(Wminf{f,+g}) <TminfI(f, +g) < lminf{I(f,) + I(9)} = I(g) + liminf I(f,);

Hg-f) = T(lminflg - fu}) <limintI(g - f) < lninf{7(g) ~ 1())} = I(g) ~ limsup I(f,)
These two inequalities imply

limsupZ(f,) < I(f) <liminfI(f,) =  lmI(f,) = I(f).
n n n
This completes the proof. O
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6.3 Properties of integrals

In this section, we present a collection of useful properties of integral.

Proposition: For any measurable functions f, g, we have

I(f+9) =1(f) +1(9)
as long as I(f), I(g) are well-defined, and I(f) + I(g) is meaningful (that is, not oo — 00).

Proof. We have already seen from the proof of DCT that the claim is true if f and g are both
non-negative. In general, let h = f + g, we have

Wr—h =ft—f 49t —g = hT+f +g =h +fT+g"
which implies that
I+ L)+ 1(g") = I + [~ +g7)=1(h" + [T +g") =I(h7) +I(f7) +1(g")

’ I(h) = I(h*) — I(h™) = I(f) — I(/) + I(g*) — I(g™) = I() + I(g).
This completes the proof. O

Ezercise: A function f is integrable if and only if |f| is integrable. Furthermore, I(|f]) > |I(f)|-

Proposition: Suppose {f,}nen is a sequence of measurable functions. Then

o0 oo
H(3n) =S
n=1 n=1
provided either one of the following conditions holds:

(1). fn is non-negative for all n;
(2). S°0° | fnl is integrable; that is, Yo, I(|f]) is finite.

Proof. (1) is just an application of MCT; (2). As I(>_, |fn]) = >, I(|fa]) < o0, it is not
difficult to see that p(>, |fn| = 00) = 0; in other words, ) |fn| converge almost surely, which
implies ), f, also converge almost surely. The result follows from DCT. O

Proposition: Suppose f > 0 is measurable. Then I(f) = 0 if and only if f = 0 almost surely.

Proof. “<” is clear. “=": Define E,, = {w; flw) > %} It follows that E,, C E,+; and U;2 | E, =
{w; f(w) > 0}. Moreover,

0=I(f)zf(f1En)zI(%1En)=%M(En) S WE) =0 Y

Then p(E) = limy, p(E,) = 0. O
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Ezercise: Consider two integrable functions f,g. Then I(f1g) = I(glg) for all E € F if and only
f = g almost surely.

Below is a collection of exercises related to integration.

Ezercise: Suppose u,v are two measures on measurable space (X,F). If u(E) < v(E) for all
E € F, then [, fdu < [y fdv for all non-negative measurable functions f.

Ezercise: Consider a measure space (X,F,u) and a non-negative measurable function f. The
set function v : E — [, fdp defines a measure (X,F). Show that for any non-negative

measurable function g,
/ gdv = / gf dp.
X X

Ezercise: For any integrable function f and any constant € > 0, we can find a simple function
¢ = 2?21 a;lg; such that ¢ is integrable and I(|f — ¢|) <.

Ezercise: Let [a,b] be a given bounded interval on R, and f : [a,b] x X — R be a given measurable
function such that f(¢,-) is integrable for all ¢ € [a,b]. Define F(t) = [y f(t,w)du(w),

a < t < b. If the partial derivative % exists and satisfies ‘%(t, w)‘ < h(w) for some integrable
function h. Then F' is differentiable and

PO = [ Ftw dute)

6.4 Product Measure, Fubuni-Tonelli theorem

Suppose we have two measure space (X;, F;, ii), © = 1,2. We have already defined the product
o-algebra F = F; ® F> on the product space X = X; x X3. We wish to construct a product
measure p = 41 ® po such that

p(EL x E) = py(Er) - po(E2), VY E; €F;, i=1,2.

One way to go about this is to follow essentially the path that we used to construct the Lebesgue-
Stieltjes measure on real line: starting by constructing w(E; X Es) = u1(F1) - p2(E2) on rectangles
E = E; x Ej, extended in an obvious way to a pro-measure on the algebra generated by the
finite disjoint union of such rectangles, and then extend this pre-measure to a measure y on F by
Hahn-Karathéodory theorem.

But here we prefer to a more direct approach with the help of the integration theory at hand.
This approach also yields an integral representation of the product measure p = p; ® po. The
following elementary example is used for illustration.

Area of unit disk: Let X; = Xy =R, and F; = F, = B(R). The unit disk
E= {(wl,wz); w?+wi< 1}

is in F = B(R?). For any w; € R, the “section”

. /1 _ 2 . .
By, = {ws; (w1,w2)€E}={ {wes |w2|§@ L—wi} 5 iffwn] <1 }

;o if |wy| > 1

19



It follows that

2/1—w? ; if|w|<1
E,)= Lo =2 0
Ha (B, ) { 0 cif fwy] > 1

The area of the unit disk is

wu(E) = area of E = / E,,) dpi(wr) / 24/1 — w?dw; = .

From now on, we are going to use the following notation. For any set £ C X, define the
“sections”

By ={wy; (wi,w2) € B}, By ={wi; (w1,w2) € B}
For any function f : X; X X9 — R, define the “section functions”
fwl : X9 > R with wy — f(wl,UJQ); fw2 : X1 — R with wy — f(wl,UJQ)
Lemma: For every F € F = F; ® F», and every F-measurable function f : X — R. we have

1. E,, € F forall w; € Xj; and E,, € F; for all we € Xs.

2. fu, is Fo-measurable; and f,, is Fi-measurable.

Proof. Let € = {E € X; E,, € F; for all w; € X; and E,, € F; for all we € X5}. It is not
difficult to verify that £ is a o-algebra. But £ contains all the rectangles of form E; x Fs, where
E; € F;. Tt follows that £ D 0 {Fy x Ey; E; € F;, i =1,2} = F. Part 2 follows easily from part
1. O

Product Measure Theorem: Let (X;, F;, 1), ¢ = 1,2 be o-finite measure spaces. Let X =
X1 X X9, F =F, ®F,. For any E € F, the functions

w1+ p2(Fy,) is Fi-measurable;  wy — pi(FE,,) is Fa-measurable.

Furthermore, the set function

W(E) = /X wo(B) dps(wr), Y E€F

defines a o-finite measure on (X, F). This measure satisfies

u(E) = /X 2By dpis (1) = /X 11 (B dp ()

and is the unique measure on (X, F) such that pu(Fy x Eo) = p1(Ey) - pue(FEs) for all E; € F;,
i =1,2. Measure p is called the product measure and denoted by p1 ® ps.

Ezercise: For any E € F, u(F) = 0 if and only if ps(E,,) = 0 for pyi-a.e. wy € X if and only if
p1(Ey,) = 0 for ps-a.e. wy € Xo.
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Tonelli Theorem: For any non-negative measurable function f : X — [0, 0o], we have

//XIXXZf(wl,wz)d(m®M2)(w1,w2) = /Xl ( Xzf(wl,wg)duz(w2)> dpiy (wy)
= /)(2 ( le(w1,w2)du1(w1)> dpia (wo)

Fubini Theorem: For any integrable function f : X — R, f,, is pe-integrable for p;-a.e. wy € X,
and f,, is pi-integrable for po-a.e. wy € Xo. Furthermore, the equalities

//XIXXQf(wth)d(M ® p2)(wy,wz) /Xl ( Xzf(wl,wg)duz(w2)> dpiy (wy)
= /)(2 ( le(w1,w2)du1(w1)> dpia (wo)

still hold.

Remark: Fubini-Tonelli theorems are frequently used “in tandem”, when on wishes to invert the
order of a double integrable: one first verifies [|f|d(u1 ® p2) < oo using Tonelli theorem,
and then apply Fubini theorem to conclude [ fd(ui ® p2) = [ [ fdupodur = [ [ fdui dps.

Proof of product measure theorem. We first assume the p1(X1) and ps(X5s) are both finite. In
order to prove the measurability of function wy — uo(E,,) for all set £ € F, define

E={E CX; w > pz(E,,) is Fi-measurable} .
It is not difficult to see that
5QR£{A><B; A€ Fy, Be Fa};

here R is the collection of all the rectangles. Indeed, if E = A x B, ug(Ey,) = p2(B) - 14 is
clearly Fi-measurable. Since R is a m-class, it remains to show that £ is also a A-class. Obviously,
) € £ Take E,F € £ and E C F, we have pus {(F\E),,} = p2(Fo,) — p2(Ey, ), which is also
Fi-measurable. Moreover, for an increasing sequence {E(”)}n C &, and E = U, E™ we have

2 (Buy) = i {UnBGD b = tim s { BV}

But limit of measurable functions is still measurable, we have E € £. This concludes that £ is a
A-class, hence £ D o(R) = F1 @ Fo.

Next we show that y defines a measure. Indeed, for a disjoint sequence {E™} and E = U, E™),
we have

N(E) :/ NZ( w1 dﬂl wl ZNZ d,ul wl Z/ ,U2 d,u1 w1 Z,u

X1

Clearly, u(Ey x E2) = p1(Er) - pu2(F2). Uniqueness follows from the fact that R is an elementary
family (hence the collection of its finite disjoint unions form an algebra), and the uniqueness part
of Hahn extension theorem.
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Now repeat the above steps to see that fi(E) = sz p1(Fy,) dug(ws) also defines a measure on
(X, F) such that pa(Fy x Eo) = p1(E1) - pe(Es). It follows from uniqueness that g = fi, and the
equalities follow.

In general, if X2 are only o-finite, we can express X as the limit of an increasing sequence
of rectangles in R. It suffices to establish the theorem in each of these rectangles, which we have
already done. O

Proof of Tonelli theorem. The equalities obviously hold when f = 1g, V E € F, thanks to the
product measure thorem. Hence the equalities also hold for simple functions. For a general non-
negative measurable function f, there exist a sequence of simple functions {f,} such that f, 1 f
pointwise. The equalities follow by applying MCT twice. O

Proof of Fubini theorem. Write f = f* — f=. It follows that [} f* du < oo, which proves the
first part of the theorem, and the equalities follow by applying Tonelli theorem to f* separately.
O

7 Fundamental inequalities
Let (Q,F, ) be a measure space. For every 0 < p < 0o, define
LP = LP(Q, F,pu) ={f : Q= R; f is measurable and I(|f|’) < oo}

Furthermore, for any f € LP, its LP-norm is defined as || f||, = {I(|f|p)}%. Note, L' is just the
space of integrable functions, and f € L? if and only if |f|P € L.

Chebychev inequality: For any 0 < p < co and measurable function f, we have

p(fws @) 2 ah) < TUB g s

The proof is left as an exercise.

Holder inequality: For 1 < p < oo and % + % =1, then

Ifglly <11 £1lp - llgllq

for any measurable functions. If f € L? and ¢ € L9, then the inequality implies fg € L!.
Furthermore, in this case, the equality holds if and only if | f|? and |g|? are linearly dependent
(that is, there exists constants ¢ 2 such that c;|f|P + c2|g|? = 0 almost surely).

Proof. Note that the function log(z) is a strictly concave function on R™. Tt follows that log[Az +
(1 —X)y] > Alog(z) + (1 — A)log(y) for all z,y > 0 and 0 < A < 1, and the equality holds if and
only if z = y. This inequality is equivalent to

Pyt <A+ (1-Ny, Vao,y>0,0<A<1l

If either || f||, € {0,00} or ||g|lq € {0,000}, the inequality automatically holds. Otherwise, let

- |f|>p i(ﬂy 1
v (||f||p V=) 0 M
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It follows that

71 gl ;(|ﬂ>? 1<m|y
PR AN AN

d

Ifllpllglly —p ¢
This completes the proof. O

which implies that

Minkowski inequality: For every 1 < p < oo, and f,g € LP, we have
1f +gllp < 1 llp + llgllp-

Proof. The case where ||f +gl|, = 0 or p = 1 is trivial. Assume now p > 1 and ||f +g||, # 0. First,
observe that f + g € LP since |f + g[P < ¢,(|f|? + |g|?) for some constant ¢, independent of f, g.
Clearly

|f+gl? <If1-1f + gl + gl - If + gl
which implies, with (p — 1) - ¢ = p where % + % =1,
I(1f +gI?) < I(F1-1f + gl + T(gl - 1f + gl < Il - {IAS +9)}e + gl - {I(1f + 9P}
which implies
101 + )" < (1fllp + llglly)-
The Minkowski inequality follows readily. O

Jensen inequality: Suppose (2, F,u) is a probability space; that is p(£2) = 1. For any convex
function ¢ : R — R and any integrable function h : Q@ — R, we have

¢(I(h)) <I(p(h)), or ¢< / hdu) < / ¢(h(z)) dp(x)

Proof. Let xy = I(h). Since ¢ is a convex function, there exists a number B such that
¢(z) — d(zo) > Bz —z0); VzeR

see the remark below. It follows that
(@) ~ 9o ) > B ([ = o uls0)) = B{1(0) - 109] =0,

In other words, I(gb(h)) > gb(I(h)). O

Remark: Every (proper) convex function f on R is continuous. Its left- and right- derivatives

D () = fim LEAM T@ gy, TR - @)

h—0+ h h—0— h

exist for every x € R. Furthermore, D* f are both non-decreasing functions, and D~ f(z) <
DT f(z) < D™ f(y) for all z < y. For every B € [D™ f(xg), D" f(z0)], the inequality

f(z) — f(zo) > B(z —29), Vaz€ER.
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Ezercise: Suppose (2, F, u) is a finite measure space. Show that L™ C L? for all 0 < p < r < oc.

Exercise (Young’s inequality): If f : R® - R € L', g: R® = R € L? for some 1 < p < 0o, then the
convolution

(f*g)(z) = o flz—y)g(y) dy

satisfies
1f*gllp < I fll1 - [lgllp-

8 Modes of convergence

Definition: Consider a measure space (2, F, 1) and a sequence of measurable functions {f,}. Let
f be a measurable function. We say

1. f, — f almost surely (a.s., a.e.) iflim, f,(w) = f(w) for p-a.e. w. Notation: f, == f.

2. fo — f in measure if ;u {|f, — f| > €} — 0 for every fixed ¢ > 0. Notation: f, —= f.
In particular, if 4 = P is a probability measure, we say f, — f in probability, which
. P
is denoted by f, — f.

3. fn— fin LP for some p > 0, if || fn — f|l, — 0. Notation: f, — f.
Ezercise: Suppose fp L f for some p > 0. Then f, £ f-
Ezercise: Suppose fp LN fand f, LN g. Then f = g almost surely.

Remark: In general, f, <% f does not imply f, —— f. For example f, = lpnsry- Then fr, =0
almost surely. But f, does not converge to 0 in measure. However, this is true if p is a finite
measure.

Proposition: Suppose p(Q) < co. If f, <5 f, then f, —= f. Indeed, f, <5 f if and only if
lim, p {|fm — f| > € for some m > n} =0 for every € > 0.

Proof. We have

(05 10 12(0) # £} = URaen {01 1fn ) = F@)] >  bim VBB i Ut (NG0B

| =

(w1 o) = 1)) = PR Ui i {5 Um) = 1(0)] <

It follows that

Since p(2) < oo and By, 1, | By as n — oo, we have u(By) = limy, (B 1)-
“&<”: by assumption, p(By, z) — 0 as n — oo, hence p(By) = 0 for all k, which implies that

plw mfa) # f@} =0, or fu *% f.

“=": by assumption, u (UpBy) = 0, therefore u(By) = 0. O
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Remark: In particular, when p = P is a probability measure, then f, =% f if and only if
P{lfn — f| > €, 10.} =0 for all e. Here “i.0.” means “infinitely often”.

Remark: In general, f, - f does not imply f, <5 f. For example, let Q = (0,1], F = B(2) and
v be the Lebesgue measure. For every n, write n = 2¥ 4 j for some j = 0,1,--- ,2¥ — 1, and
k € N. Take

fn(w) = f2k+j(w) = 1(j2—k'7(j+1)2—k](w)'
Clearly, I(f,) = 27% — 0; in particular, f, +£50. But for every w € (0,1),

pute) = {

1, for infinitely many times
0, for infinitely many times

Hence p(lim, f, = 0) = 0.
Proposition: Suppose f, —— f. There exists a subsequence {fn }ken such that f,, 2% 7.

Proof. By assumption, we can find a subsequence { fy, } := {gx} such that

uB) < g where Be= {un o) - 7@ > 1}

Now the set
(w5 limgu(w) # S} = U M1 Uik {5 laml) = S > £}

However, for every m >n > k,

w{oi o) - 1@ > £ < {o lame) - > L) <o,
Therefore, for n > k,
L {U;ﬁ:n {w; |gm (W) — f(w)]| > %}} < mgng—m — o—(n-1),

which in turn implies

This shows g, =% f. O
Below is a collection of exercises.

Ezercise: Suppose f, > 0 and f, LN f. Show that

1(/) < liminf I(f,)
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Ezercise: If f, SN f and g, LN g, then

L. fu+gn L> f+yg
2. fugn == fg if () < co; but not necessarily otherwise.
3. d(fn) LN #(f) if ¢:R — R is uniformly continuous.

Ezercise: Suppose () < co. Then
fo 25 f ifand only if p(fn, f) = 0;

p(f.9) =1 (%)

is a metric on the space of (almost surely equivalence class) measurable functions f : Q& — R.

where

Ezercise: If |f,| < g € L' and f, - f. Then lim, I(f,) = I(f).
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