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1 Notations and Terminologies

A space 
 is an arbitrary, non-empty set, whose elements are denoted generically by !. The class
of all subsets of 
 is denoted by P(
). For any subset E � 
, its complement is de�ned as
Ec = 
nE = f!; ! 62 Eg.

De�nition: A non-empty subset A � P(
) is said to be an algebra if it is closed under �nite
unions and complements; that is

1. Ec 2 A whenever E 2 A.
2. [nj=1Ej 2 A whenever Ej 2 A, 1 � j � n, for all n.

Moreover, A is said to be an �-algebra if, in addition, A is closed under countable unions.
That is,

3. [1j=1Ej 2 A whenever Ej 2 A, j � 1.

Exercise: Show that an algebra is an �-algebra if it is closed under countable disjoint unions.

Exercise: For any non-empty subset of P(
), say D, de�ne �(D) as the intersection of all �-algebras
that contain D. Show that �(D) is the smallest �-algebra that contains D. We say �(D) is
the smallest �-algebra generated by D.

De�nition: Let (
; �) be a metric space, and O be the collection of all open sets. Then B =

B(
) �
= �(O) is said to be the Borel �-algebra of 
.

Exercise: Show that the Borel �-algebra B(R) of the real line is also generated by each of the
following family:

E1 = f(a; b); a < bg ; E2 = f(a; b]; a < bg ; E3 = f[a; b); a < bg ; E4 = f[a; b]; a < bg

De�nition: A class of subsets H � P(
) is said to be an elementary family if

(1). ; 2 H;

(2). E \ F 2 H whenever E 2 H; F 2 H;

(3). for every E 2 H, its complement Ec = [nj=1Fj , where (Fj)
n
1 � H are disjoint.
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Example: Let H = collection of intervals of form (a; b]; (a;1); ; where �1 � a < b < 1. It is
easy to show that H is an elementary family.

Exercise: Suppose H is an elementary family. Show that the class

E �
=
�[nj=1Ej ; (Ej)

n
1 � H are disjoint; n � 1

	
is an algebra.

De�nition: A nonempty class D � P(
) is said to be a �-class if E \ F 2 D whenever both
E;F 2 D, whereas it is said to be a �-class if

(1). 
 2 D;
(2). AnB 2 D if both A;B 2 D and A � B;

(3). for every increasing sequence fAn; n = 1; 2; � � � g � D, the limit limAn
�
= [An 2 D.

Exercise: If D is both a �-class and a �-class, then D is a �-algebra.

Dynkin system theorem: If a �-class A contains a �-class D, then A also contains �(D), the
smallest �-algebra generated by D.
Proof. Suppose E is the minimal �-class that contains D. Indeed, E is the intersection of all
the �-classes that contain D. By de�nition, A � E . It suÆces to show that E is an �-algebra,
or E is a �-class. To this end, de�ne

E1 �
= fA; A � 
; A \D 2 E ; for all D 2 Dg :

It is easy to see that E1 is a �-class that contains D (why?). Therefore E1 � E , or A \D 2 E
whenever A 2 E ; D 2 D. Now de�ne

E2 �
= fE; E � 
; A \E 2 E ; for all A 2 Eg :

It follows that E2 is a �-class that contains D, in particular, E2 � E . This impliese that
A \E 2 E whenever A;E 2 E . This completes the proof. 2

2 Measurable space and Measure

If F is an �-algebra of 
, then the pair (
;F) is said to be a measurable space.

De�nition: A set function � : F ! [0;1] is said to be a measure on the measurable space
(
;F) if
(1). �(;) = 0;

(2). it is countably additive, that is,

� ([1n=1En) =

1X
n=1

�(En)

for any sequence fEn; n = 1; 2; � � � g � F of which En's are disjoint.
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The triple (
;F ; �) is said to be ameasure space. In particular, if �(
) = 1, then the triple
is said to be a probability space.

Remark: A measure � is said to be a �nite if �(
) is �nite, and said to be �-�nite if there exists
a sequence of subsets fAn; n = 1; 2; � � � g such that 
 = [An and �(An) is �nite for all n.

Below are several example of measure spaces.

Example: Suppose 
 = f!1; !2; � � � ; !Ng. The counting measure on 
 is de�nes as �(E) =
card(E) for all E � 
.

Example: The Lebesgue-measure � on space (R;B(R)) is a measure such that

�
�
(a; b)

	
= �

�
(a; b]

	
= �

�
[a; b)

	
= �

�
[a; b]

	
= b� a

The Lebesgue measure �(n) on space (Rn;B(Rn)) is such that

�(n)
��n

j=1Ij
�
=

nY
j=1

�(Ij)

where Ij are intervals on R.

Example: Suppose (fn; n = 0; 1; � � � ) is a sequence of non-negative numbers such that
P1

n=1 fn =
1. The measure

�
�fng� = fn; or �(A) =

X
n2A

fn

de�nes a probability measure on natural numbers N0. In particular, if f0 = p, f1 = 1� p, the
measure is said to be the Bernoulli measure. A Binomial measure is such that

fk =

�
n
k

�
pk(1� p)n�k; k = 0; 1; 2; � � � ; n

If p = pn = �
n
, then

f
(n)
k =

�
n
k

��
�

n

�k �
1� �

n

�n�k

! e��
�k

k!
:= uk; as n!1; k = 0; 1; 2; � � �

The measure de�nes by fuk; k = 0; 1; 2; � � � g is a Poisson measure.

Example: At the other extreme, for a function f : R! [0;1) with
R
R
f(x) dx = 1, one can de�ne

a probability measure on
�
R;B(R)� by
�(E) =

Z
E

f(x)dx; 8 E 2 B(R):

The function f is said to be the density function. Below are some examples.

(1). Exponential density function Exp(�)

f(x) =

�
�e��x ; x � 0
0 ; x < 0
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(2). Normal density function N(�; �)

f(x) =
1p
2��

e�
(x��)2

2�2 ; 8 x 2 R

Theorem: For any measure space (
;F ; �), we have
(1). �(E) � �(F ) whenever both E;F 2 F and E � F .

(2). � ([1n=1En) �
P1

n=1 �(En) for any sequence fEn; n = 1; 2; � � � g � F .
(3). for any increasing sequence E1 � E2 � � � � , � ([1n=1En) = limn �(En).

(4). for any decreasing sequence E1 � E2 � � � � , � (\1n=1En) = limn �(En), provided that
�(Ek) < 1 for some k. In particulr, if � is a probability measure, this condition
automatically holds.

Remark: The condition in (4) is necessary. Indeed, let � be the Lebesgue-measure on the real line
and En = (n;1). We have �(En) � 1 and \nEn = ;.
Proof. The assertions (1), (2) are trivial. To show (3), de�ne Fn

�
= EnnEn�1 with convention

E0 = ;. It is easy to see that (Fn) are disjoint and [1n=1En = [1n=1Fn. Therefore,

� ([1n=1En) = � ([1n=1Fn) =

1X
n=1

�(Fn) =

1X
n=1

[�(En)� �(En�1)] = lim
n
�(En):

As for (4), assume k = 1 without loss of generality. Let Fj
�
= E1nEj . It follows from (3) that

�(E1)� lim
j
�(Ej) = lim

j
�(Fj) = �

�[1j=1Fj
�
= �

�
E1n \1j=1 Ej

�
= �(E1)� �

�\1j=1Ej

�
:

The assertion follows since �(E1) is �nite 2

For a measure space (
;F ; �), a set E 2 F is said to be a null set if �(E) = 0. We say a
statement holds �-a.s. (almost surely) or �-a.e. (almost everywhere) if it fails only on a null set.

If E 2 F is a null set, then �(F ) = 0 whenever F � E and F 2 F . However, it need not be the
case that an arbitrary subset of any null set is a member of F . If this is the case, the measure � is
called complete; i.e., if F � E where E 2 F and �(E) = 0, then F 2 F .

Completeness is a very useful property, as it simpli�es technical arguments. It can always be
achieved by a completion of the �-algebra.

Theorem: Let (
;F ; �) be an arbitrary measure space, and

N �
= fF � 
; F � E for some E 2 F , �(E) = 0g

be the class of all negligible sets. De�ne

�F �
= fF [N ; F 2 F ; N 2 Ng

and a set function on �F by ��(F [N) = �(F ). Then the triple (
; �F ; ��) is a complete measure
space. It is called the completion of (
;F ; �). Indeed, it is the unique extension of � to a
measure on �F .
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Proof. We �rst show that �F is a �-algebra. Note that N is closed under countable union
since the countable union of null sets is still a null set. It follows readily that �F is closed
under countable union. �F is also closed under complement: take F [N 2 �F with N � E 2 F
and �(E) = 0. Assume F \ E = ; (otherwise, just replace the pair N;E by NnF;EnF ). It
is not diÆcult to see that (F [N)c = (F [E)c [ (EnN). But (F [ E)c 2 F and EnN 2 N ,
in other words, F [N 2 �F .
Secondly, we show that �� de�nes a measure. Note �� is well-de�ned: if A = F1[N1 = F2[N2 2
�F , and Ni � Ei 2 F , then �(F1) � �(F2) + �(E2) = �(F2). Similarly, �(F2) � �(F1). Hence
��(A) = �(F1) = �(F2) is well-de�ned. Since ��(;) = 0 is a trivial fact, it remains to show that
�� is countably additive. Let fFj [Nj ; j = 1; 2; � � � g � �F be disjoint sets. We have

��
�[1j=1(Fj [Nj)

	
= ��

�
([1j=1Fj) [ ([1j=1Nj)

	
= �

�[1j=1Fj
	
=

1X
j=1

�(Fj) =

1X
j=1

��fFj [Njg;

here we have used the fact that [jNj 2 N .

Finally, the completeness of �� is trivial. It remains to show that �� is the unique extension to
�F : suppose � is also an extension. Let F [N 2 �F , and N � E 2 F . It follows that

�(F ) = �(F ) � �(F[N) � �(F[E) � �(F )+�(E) = �(F ) ) �(F[N) = �(F ) = ��(F[N):

This completes the proof. 2

3 Measure extension, Lebsegue-Stieltjes measure

Consider a right-continuous, non-decreasing function F : R! R. The question is: does there exist
a measure on space (R;B(R)) such that

�F f(a; b]g = F (b)� F (a); 8 �1 < a < b <1:

The answer is aÆrmative. Indeed, such measure is also unique. It is called the Lebesgue-Stieltjes
measure associated with F . In particular, when F (x) = x, it is called the Lebesgue measure

(more precisely, the complete extension of �F ).
How to construct such a measure? In general, a typical path to construct an \interesting"

measure is as follows: (1) construct in a \natural" and \straightforward" way a \proto-measure"
on an elementary family; for example, all the intervals of form (a; b], (a;1), ;. (2) extend the proto-
measure to the algebra generate by the �nite disjoint union of members in H. (3) extend further to
obtain a measure � on F = �(H), the �-algebra generated by H. (4) complete the measure space
(
;F ; �). Here step (2) is usually some meticulous technical work, while steps (3),(4) are achieved
with the help of outer measure and Karath�eodory theorem.

3.1 Outer measure, Karath�eodory theorem

The outer measure is a bridge connecting the \measure" on an algebra to a true measure on an
�-algebra.

De�nition: A set function �� : P(
)! [0;1] is called an outer measure if
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(1). ��(;) = 0;

(2). ��(E) � ��(F ) whenever E � F ;

(3.) ��
�
[1j=1Ej

�
�P1

j=1 �
�(Ej) for any sequence fEj ; j = 1; 2; � � � g � P(
).

A set E 2 P(
) is said to be ��-measurable, if

��(F ) = ��(F \E) + ��(F \Ec); 8 F 2 P(
):

Karath�edory Theorem: Let �� be an outer measure on space 
, andM� P(
) be the class of
all ��-measurable sets. Then

(1). M is a �-algebra.

(2). �
�
= ��jM, the restriction of �� on M, is a complete measure on (
;M).

Proof. M is clearly closed under complement. Now take A;B 2 M. For every E 2 P(
), by
de�nition,

��(E) = ��(E \A) + ��(E \Ac)

= ��(E \A \B) + ��(E \A \Bc) + ��(E \Ac \B) + ��(E \Ac \Bc)

� ��
�
E \ (A [B)

�
+ �� (E \ (A [B)c) (why?)

However, the above \�" can be replaced by \�" by the de�nition of outer measure. Hence it is
indeed an equality, which implies A [ B 2 M, or M is an algebra. In order to show M is an �-
algebra, it suÆces now to prove thatM is closed under countable disjoint unions. Take a sequence
of disjoint sets fAj ; j = 1; 2; � � � g � M and an arbitrary E 2 P(
). For any n � 1, we have

��
�
E \ ([nj=1Aj)

�
= ��

�
E \ ([nj=1Aj) \An

�
+ ��

�
E \ ([nj=1Aj) \Ac

n

�
= ��(E \An) + ��

�
E \ ([n�1j=1Aj)

�

= � � � =
nX

j=1

��(E \Aj):

It follows that

��(E) = ��
�
E \ ([nj=1Aj)

�
+ ��

�
E \ ([nj=1Aj)

c
� � nX

j=1

��(E \Aj) + ��
�
E \ ([1j=1Aj)

c
�

for all n. Letting n!1, we obtain

��(E) �
1X
j=1

��(E \Aj)+��
�
E \ ([1j=1Aj)

c
� � ��

�
E \ ([1j=1Aj)

�
+��

�
E \ ([1j=1Aj)

c
� � ��(E):

This not only proves that M is closed under countable disjoint union, it also shows that

��
�[1j=1Aj

�
=

1X
j=1

��(Aj)
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by taking E = [1j=1Aj . In other words, �� is countably additive, and hence a measure on (
;M).
It remains to show that �� is complete on (
;M). Take A 2 P(
) such that ��(A) = 0. For

any E 2 P(
), we have ��(E \A) = 0 and

��(E) � ��(E \Ac) = ��(E \Ac) + ��(E \A) � ��(E):

Therefore, all the inequalities are indeed equalities, which implies A 2 M, or (
;M; ��) is a
complete measure space. 2

3.2 Extend a \measure" from an algebra to a �-algebra

The Karath�eodory provides a birdge for this extension. Suppose E is an algebra.

De�ntion: A set function � : E ! [0;1] is said to be a pre-measure, if

(1). �(;) = 0.

(2). �
�
[1j=1Ej

�
=
P1

j=1 �(Ej) for any disjoint sequence fEjg � E such that [1j=1Ej 2 E .

Any pre-measure � on E will de�ne an outer measure �� on 
. Indeed, de�ne

��(A)
�
= inf

A�[jEj ; Ej2E

1X
j=1

�(Ej); 8 A 2 P(
):

Proposition: The above de�ned �� is an outer measure on 
, while ��jE = � .

Proof. Clearly ��(;) = 0 and ��(E) � ��(F ) whenever E � F . Now take an arbitrary sequence
fA1; A2; � � � g � P(
). For any � > 0, there exist fEjk; k = 1; 2; � � � g � E such that

��(Aj) �
1X
k=1

�(Ejk)� �

2j
; 8 j � 1:

It follows that

��
�[1j=1Aj

� �X
j;k

�(Ejk) �
1X
j=1

��(Aj) +
1X
j=1

�

2j
=

1X
j=1

��(Aj) + �:

Since � is arbitrary, we have ��
�
[1j=1Aj

�
�P1

j=1 �
�(Aj). Or, �

� is an outer measure.

Note ��(A) � �(A) for all A 2 E by de�ntion. To show the equality actually holds, it suÆces
to show that

�(A) �
1X
j=1

�(Ej); 8 Ej 2 E ; A � [1j=1Ej :

Let Fj = Ej \A, we have Fj 2 E , [jFj = A, and �(Fj) � �(Ej). However, this implies that

�(A) = �(F1) + �(F2nF1) + � � �+ �
�
Fnn([n�1j=1Fj)

�
+ � � � �

X
j

�(Fj) �
X
j

�(Ej):

The �rst equality follows from the assumption that � is a premeasure. 2
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Theorem (Hahn): Let M denote all the ��-measurable sets. We have

(1). F �
= �(E) �M;

(2). �
�
= ��jF is a measure on space (
;F) that satis�es �jE = �;

(3). if � is �-�nite, then � is the unique extension of � to F ;
(4). if � is �-�nite, then the measure space (
;M; ��) is the completion of the measure space

(
;F ; �).

Proof: (1). Since M is a �-algebra. It suÆces to show that E 2 M. That is, we want to show

��(A) = ��(A \E) + ��(A \Ec); 8 A 2 P(
); E 2 E :

Given any � > 0, by de�nition,

��(A) + � �
1X
j=1

�(Ej); for some Ej 2 E ; A � [jEj :

But
1X
j=1

�(Ej) =

1X
j=1

[�(Ej \E) + �(Ej \Ec)] � ��(A \E) + ��(A \Ec):

Since � is arbitrary, we have

��(A) � ��(A \E) + ��(A \Ec) ) ��(A) = ��(A \E) + ��(A \Ec):

(2) now follows from Karath�eodory theorem and the preceding proposition. We will use Dynkin
system theorem to prove (3): suppose � is another extension to F , and de�ne

G �
= fF ; F 2 F ; �(F ) = �(F )g :

We �rst assume that �(
) = �(
) to be �nite. It is not diÆcult to see that G is a �-class that
contain the �-class E , whence G � �(E) = F , or G = F . In general, there exists 
n 2 E such that

n " 
 with �(
n) being �nite. De�ne

En �
= f
n \E; E 2 Eg ; Fn

�
= f
n \ F ; F 2 Fg :

Then En is an algebra in space 
n and Fn = �n(En) (see exercise below); here �n means the smallest
�-algebra generated relative to 
n. It follows that �jFn = �jFn by the above discussion. That is,
�(A \ 
n) = �(A \ 
n) for all n and all A 2 F . Letting n ! 1, we have �(A) = �(A) for all
A 2 F . This completes the proof of (3). The proof of (4) is left as an exercise. 2

Exercise: For every nonempty D � P(
) and every nonempty set F � 
, �(D) \ F = �F (F \ D).
Here �F means the smallest �-algebra is generated relative to set F ; that is

�F (D \ F ) = smallest �-algebra in P(F ) that contains D \ F :

By convention D \ F = fD \ F ; D 2 Dg.
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Proof. First of all, it is not diÆcult to verify that �(D) \ F is a �-algebra that contains F \ D,
which implies that �(D) \ F � �F (F \ D). To show the reverse, de�ne

G �
= fB; B \ F 2 �F (F \ D)g

Clearly, G is a �-algebra and D � G, which implies that G � �(D), or �(D) \ F � �F (F \ D). 2

Exercise: Suppose � is �-�nite.

(1). For every A � 
, there exists F 2 F such that A � F and ��(A) = ��(F ) = �(F ).

(2). If E 2M, then E = B [N , where B 2 F and N � D, D 2 F with ��(D) = �(D) = 0.

(3). (
;M; ��) is the completion of (
;F ; �). Or M = �F , �� = ��.

Proof: (1). For any A � 
 and n 2 N, there exists fFn;k; k = 1; 2; � � � g � E such that

A � [kFn;k := Fn and ��(Fn) �
X
k

��(Fn;k) � ��(A) +
1

n
:

De�ne F
�
= \nFn. We have F 2 F , A � F and

��(A) � ��(F ) � ��(Fn) � ��(A) +
1

n
; 8 n � 1:

Hence ��(A) = ��(F ).
(2). We �rst assume that ��(E) is �nite. It follows from (1) that there exists a F 2 F such

that E � F and ��(E) = ��(F ). Since F 2 F � M, we have ��(FnE) = 0. By (1) again, there
exists a set D 2 F such that D � FnE and ��(D) = 0. Now de�ne

B
�
= FnD; N

�
= EnB � D:

In general, we can write E = [jEj where Ej 2 M and ��(Ej) < 1. Let (Bj ; Nj) as constructed
above for Ej. Just de�ne B = [jBj , N = [jNj and D = [jDj .

(3) now follows directly from (1), (2) and Karath�eodory theorem. 2

3.3 Lebegue-Stieltjes measure

For every �nite measure � on (R;B(R)), one can de�ne a function F (x)
�
= �

�
(�1; x]

�
.

Exercise: Show that F is non-negative, non-decreasing and right-continuous.

Can we \reverse" this process? In other words, given a right-continuous, non-decreasing function
F , can we associate with it a measure �F on (R;B(R)) such that

�F
�
(a; b]

	
= F (b)� F (a); 8 �1 < a < b <1:

The answer is aÆrmative and the measure is indeed unique.
The construction of this measure closely follows the steps described before.
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Summary: Step 1. The collection of intervals of form (a; b], (a;1), ; consist of an elementary
family. One can de�ne a \proto-measure" � by

�
�
(a; b]

�
= F (b) � F (a); �

�
(a;1)

�
= F (1)� F (a):

Step 2. Let E = �nite disjoint unions of intervals from H. Then E is an algebra. The proto-
measure � can be naturely extended to E by

�(;) = 0; �
�[nj=1Ij

�
=

nX
j=1

�(Ij); where Ij 2 H are disjoint intervals:

It can be shown (though very technical) that � is indeed a �-�nite pre-measure (that is,
countably additive).

Step 3. From the pre-measure �, we can de�ne an outer measure �� on R. It follows from
above discussion that �

�
= ��j�(E)=B(R) is a measure and is the uniqueness of � to a measure

on F .
Step 4. The completion of (R;B(R); �) is (R;M; ��jM). Here M is the class of all ��-
measurable sets.

Theorem: For any given non-decreasing, right-continuous function F : R! R, there is a unique
measure �F on (R;B(R)) such that

�F
�
(a; b]

�
= F (b)� F (a); 8 �1 < a < b <1:

Its completion, denoted by ��F is called the Lebesgue-Stieltjes measure induced by F , and
it is �-�nite. When F (x) � x, the measure is called the Lebesgue measure.

Proof. Following the steps described above, it suÆces to show that the set function � is �-�nite
(exercise) and countably additive on the algebra E . We �rst show that � is well-de�ned. Suppose
fIign1 and Kj

m
1 are two sequence of disjoint intervals such that [iIi = [jKj . We haveX

i

�(Ii) =
X
i

� f[j(Ii \Kj)g =
X
i

X
j

�(Ii \Kj) =
X
j

� f[i(Ii \Kj)g =
X
j

�(Kj):

Here we are using the obvious fact that

F (b)� F (a) = �
�
(a; b]

	
=

nX
i=1

�
�
(ai; bi]

	
; if (ai; bi] are disjoint and (a; b] = [i(ai; bi]:

In order to prove the countably additivity of � on algebra E , it suÆces to show that if [ni=1Ii =
[1j=1Kj , where fIign1 and fKjg11 are both disjoint sequence of intervals, then

�
�[iIi	 = 1X

j=1

�(Kj):

All we need to show the case where n = 1, since this will imply that, for every n,

�
�[iIi	 = nX

i=1

�(Ii) =
X
i

�
�[1j=1(Ii \Kj)

	
=

nX
i=1

1X
j=1

�(Ii\Kj) =

1X
j=1

� f[i(Ii \Kj)g =
1X
j=1

�(Kj):

10



Now assume that I = (a; b] = [1j=1Kj = [1j=1(aj ; bj ], where Kj = (aj ; bj ] are disjoint intervals.
For every n � 0, since [nj=1(aj ; bj ] � (a; b], it is not diÆcult to see that

nX
j=1

�
�
(aj ; bj ]

	
=

nX
j=1

�
F (bj)� F (aj)

� � F (b)� F (a) = �
�
(a; b]

	 )
1X
j=1

�(Kj) � �(I):

For the reverse inequality, pick an arbitrary 0 < � < b� a. It follows that

[a+ �; b] � (a; b] = [1j=1(aj ; bj ] � [1j=1(aj ; b
0
j)

where b0j > bj such that (by right-continuity)

�
�
(aj ; bj ]

	
= F (bj)� F (aj) � F (b0j)� F (aj)� �

2j
:

It follows from Heine-Broel theorem that there is a �nite cover of the compact interval [a + �; b];
that is, with a possible relabelling,

(a+ �; b] � [a+ �; b] � [Nj=1(aj ; b
0
j) � [Nj=1(aj ; b

0
j ] for some N:

It is not diÆcult to show that (exercise)

�
�
(a+ �; b]

	 � NX
j=1

(aj ; b
0
j ] �

1X
j=1

(aj; b
0
j ] �

1X
j=1

�(aj ; bj ] + �:

Letting �! 0, we obtain from the right-continuity of F that

�
�
(a; b]

	
= F (b)� F (a) = lim

�

�
F (b)� F (a+ �)

�
= lim

�
�
�
(a+ �; b]

	 � 1X
j=1

�(aj ; bj ]:

This completes the proof. 2

4 Product space, product �-algebra

Let f(X�;F�); � 2 Ig be a collection of measurable space, here I is the index set. Let X =
Q

�2I Xi

denote the (Cartesian) product space. The �-th projection �� is de�ned so that

��(!) = !�; where ! = (!�)�2I is an arbitrary element in X:

Remark: More precisely, X is de�nes as the collection of all maps ! on I such that !(�) 2 X�.
In the interesting case where � is uncountable, the non-empty-ness of X follows from the
so-called Axiom of choice.

The question is how to de�ne a useful �-algebra on X. De�ne the cylinder sets

C �
=
�
��1� (E�); E� 2 F�; � 2 I

	
De�nition: The �-algebra generated by C is called the product �-algebra on X, and is denoted

by F = 
�2IF�.

11



Exercise: Suppose F� = �(E�), 8 � 2 I. Then F = �(C0) where C0 is de�ned similarly as C, except
that F� is replaced by E�.

Proposition: In the case where I is countable, F = �(R) where R is the collection of \rectangles":

R =

(Y
�2I

E�; E� 2 F�; 8 � 2 I

)
:

Moreover, if F� = �(E�), then F = �(R0) where R0 is similarly de�ned as R, except that F�

is replaced by E�.
The proof of the proposition is left as an exercise.

Proposition: Suppose now fX1; � � � ;Xng are metric spaces, andX =
Qn

i=1Xi is the product space
with the product measure. Then B(X) � 
n

i=1B(Xi) and the equality holds if X1; � � � ;Xn are
seperable. In particular, B(Rn) = B(R)
 � � � 
 B(R) n-times.

Proof. We shall give a proof for the case where n = 2. The proof for general n is the same,
but with heavier notation. Assume that the product metric is �(x; y) = maxi=1;2 �i(xi; yi) where
x = (x1; x2), y = (y1; y2). Note the spec�c choice of � is not important, as long as it generates the

same topology; for example, �(x; y)
�
=
p
�21(x1; y1) + �22(x2; y2) is an equivalent measure. We have

B(X1)
 B(X2) = �(C0); where C0 = ���1i (Ai); Ai � Xi is open set; i = 1; 2
	
:

Since ��1i (Ai) is open in X, C0 � B(X), which implies that B(X) � B(X1)
 B(X2).
Now assume that X1;2 are separable, and D1 = fxngn2N, D2 = fyngn2N are countable dense

set in X1;X2 respectively. It is not diÆcult to see that D = D1 �D2 is a countable dense set in
X. Any open set in X now can be expressed as a countable union of the open sets of form

fB(x; r); x 2 D; r is a positive rational numberg ; here B stands for the open ball in X:

But B(x; r) = B1(xi; r) � B2(yj; r) by the de�nition of metric �, whenever x = (xi; yj). Here Bi

stands for the open ball in space Xi. It follows that B(x; r) 2 B(X1)
 B(X2). This implies

B(X) = �fB(x; r); x 2 D; r > 0 is rationalg � B(X1)
 B(X2):

We complete proof. 2

5 Measurable functions, approximation by simple functions

Consider measurable spaces (X;F) and (Y;G). A map f : X ! Y is said to be F=G-measurable

if f�1(E) 2 F whenever E 2 G. We simply say f ismeasurable if no confusion is incurred. Unless
speci�ed, whenever Y = R, we take G = B(R).
Example: Suppose fE1; � � � ; Eng � F is a collection of sets, and f�1; � � � ; �ng is a collection of real

numbers. Then the simple function

f(x) =

nX
j=1

�j1Ej (x); 8 x 2 X

12



is a measurable function. Here 1E(x) is the indicator function such that

1E(x) =

�
1 ; x 2 E
0 ; x 62 E

�
:

Lemma: If G = �(E), then f is measurable if and only if f�1(E) 2 F whenever E 2 E .
Proof. Let A �

= fE � Y ; f�1(E) 2 Fg. It is not diÆcult to verify that A is a �-algebra (exercise).
Since E 2 A, then G = �(E) � A. This completes the proof. 2

Remark: Suppose X and Y are two metric spaces. Then any continuous function f : X ! Y is
B(X)=B(Y )-measurable.

Exercise: The composition of measruable functions is measurable.

Proposition: If ffngn2N is a sequence of measurable functions, then

hm(x)
�
= supn�m fn(x); gm(x) = infn�m fm(x) (m 2 N)

k(x)
�
= lim supn!1 fn(x); l(x)

�
= lim infn!1 fn(x)

are all measurable functions.

Remark: In the preceding proposition, the various functions could very possibly take value on the
extended real line �R = [�1;1]. The Borela �-algebra on the �R is de�ned as

B(�R) �
=
�
E � �R; E \ R 2 B(R)	 :

This Borel �-algebra is generated by the intervals of form f(a;1]; a 2 Rg or f[�1; a); a 2
Rg. Now a function f : X ! �R is called F-measurable if it is F=B(�R)-measurable. The
preceding proposition remains valid even if ffngn2N takes value in �R.

Suppose now Y =
Q

�2I Yi is a product space of measurable spaces f(Y�;G�); � 2 Ig. We
associate Y with the product �-algebra G = 
�G�. We have the following result, whose proof is
left as an exercise.

Proposition: A mapping f : X ! Y is F=G-measurable if and only if �� Æ f : X ! Y� is
F=G�-measurable, for all � 2 I.

Remark: It follows from the proposition that, if ffi : X ! R; i = 1; � � � ; ng are measurable func-
tions, and � : Rn ! R is a measurable function, then � Æ (f1; f2; � � � ; fn) : X ! R is a
measurable function. In particulr, if we take �(x1; � � � ; xn) = x1 + � � �+ xn, which is continu-
ous and hence measurable, we conclude that f1 + � � �+ fn : X ! R is measurable. Similarly,
f1 � � � � � fn, maxi fi and mini fi are all measurable functions.
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5.1 Approximation by simple functions

Consider a measurable space (X;F). A simple function is of form
Pn

j=1 �j1Ej where f�jg are real
numbers, and fEjg � F . The summation or product of simple functions is still a simple function.

Proposition: 1. If f : X ! [0;1] is a measurable function, there is an increasing sequence of
non-negative, simple function f�ngn2N such that f(!) = limn �n(!) for all ! 2 X; this
convergence is uniform on any sets where f is bounded.

2. If f : X ! �R is a measurable function, there is a sequence f�ngn2N of simple functions
such that 0 � j�1j � j�2j � � � � � jf j, limn �n(!) = f(!) for all ! 2 
; this convergence
is uniform on any sets where jf j is bounded.

Proof. The proof is simply by construction.

1. Fix n, de�ne

E(k)
n

�
=

�
! 2 X;

k

2n
< f(!) � k + 1

2n

�
; k = 0; � � � ; 4n� 1; and Fn

�
= f! 2 X; f(!) > 2ng :

The simple function

�
�
=

4n�1X
k=0

k

2n
1
E

(k)
n

+ 2n1Fn :

Clearly �n � �n+1 and �n ! f . Moreover, 0 � f � �n � 2�n on ff � 2ng.
2. Write f = f+ � f�, where f�

�
= max(�f; 0) are measurable functions. From part 1, there

exists fg�n gn2N which increases pointwise to f�. Let �n
�
= g+n � g�n . Note j�nj = g+n + g�n , the

claim follows readily. 2

6 Integration

Consider a measure space (X;F ; �). For any measurable function f : X ! �R, how can we de�ne
the integration I(f) =

R

 f(x)d�(x)? We should start with the case where f is non-negative.

6.1 De�nition of the integration

For a non-negative simple function of canonical form

�(!) =

nX
j=1

�j1Ej (!); here fEjg are disjoint and X = [nj=1Ej , �j 2 [0;1];

its integration can be naturally de�ned as

I(�) =

Z


�(!) d�(!)

�
=

nX
j=1

�j�(Ej); with convention 1 � 0 = 0:
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Now for a general non-negative measurable function f : X ! [0;1], the integral is de�ned as

I(f) =

Z


f(!) d�(!)

�
= sup
f�; 0���f; � is simpleg

I(�):

A general measurable function f : X ! �R can be written as f = f+�f� where f+ = maxff; 0g and
f� = maxf�f; 0g. Clearly, f� are both measurable. We say I(f) is well-de�ned if I(f+)�I(f�)
is well de�ned (that is, I(f�) are not simultaneously 1), and in this case de�ne

I(f) = I(f+)� I(f�):

We say I(f) is integrable if I(f�) are both �nite.
We have the following elementary properties for the integration.

Proposition: Suppose f; g are measurable functions. The following relationships hold whenever
the associated integrations are meaningful.

1. I(cf) = c � I(f), for an arbitrary constant c.

2. I(f) � I(g) if f � g.

3. If f � 0, the mapping E 7! R
E
f(!) d�(!)

�
= I(f1E), for all E 2 F , de�nes a measure

on the space (X;F).
Proof. Part 1 is trivial. For part 2, it suÆces to observe that f+ � g+ and f� � g�. It remains to
show part 3. It suÆces to show the countable additivity, that is,

I(f1E) =
1X
n=1

I(f1En); where fEngn2N are disjoint and [1n=1En = E:

Without loss of generality, we assume E = X. We �rst show that this is true when f is simple, say
f =

Pk
j=1 �j1Fj . It follows that

I(f1En) = I

0
@ kX

j=1

�j1En\Fj

1
A =

kX
j=1

�j�(En \ Fj);

which implies that

1X
n=1

I(f1En) =

1X
n=1

kX
j=1

�j�(En \ Fj) =

kX
j=1

1X
n=1

�j�(En \ Fk) =

kX
j=1

�j�(Fk) = I(f):

Now assume that f is a general non-negative measurable function. For an arbitrary 0 � � � f , we
have �1En � f1En for all n, and

1X
n=1

I(f1En) �
1X
n=1

I(�1En) = I(�) )
1X
n=1

I(f1En) � I(f):

As for the reverse inequality, let 0 � �n � f1En be simple functions. For any N ,

�1 + �2 + � � �+ �N � f1E1 + f1E2 + � � �+ f1EN � f
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is a simple function. By de�nition,

I(f) � I(�1 + �2 + � � �+ �N ) = I(�1) + I(�2) + � � �+ I(�N );

see the Remark below. It follows that

I(f) �
NX
n=1

I(f1En) ) I(f) �
1X
n=1

I(f1En):

This completes the proof. 2

Remark: It is not diÆcult to verify that, if �1 and �2 are two non-negative simple functions, then

I(�1 + �2) = I(�1) + I(�2):

This is also true for general integrable functions, whose proof will be deferred. As for simple
function case. Take

�1 =
nX

j=1

�j1Ej ; �2 =
mX
k=1

�k1Fk

It follows that

�1 + �2 =
X
j

�j
X
k

1Ej\Fk +
X
k

�k
X
j

1Fk\Ej =
X
j;k

(�j + �k)1Ej\Fk ;

and

I(�1 + �2) =
X
j;k

(�j + �k)�(Ej \ Fk) =
X
j

�j�(Ej) +
X
k

�k�(Fk) = I(�1) + I(�2):

6.2 Three main theorems

Three very important results in integration theory are Monotone Convergence Theorem (MCT),
Dominated Convergence Theorem (DCT) and Fatou Lemma.

Monotone Convergence Theorem: Suppose ffngn2N is a sequence of non-negative mesurable
functions such that f1 � f2 � � � � � fn � � � � and f = limn f . Then I(f) = limn I(fn).

Fatou Lemma: For any sequence ffngn2N of non-negative measure functions, we have

I
�
lim inf

n
fn

�
� lim inf

n
I(fn):

Dominated Convergence Theorem: Suppose ffngn2N is a sequence of measurable functions
such that limn fn = f . If there exists a measurable function g such that I(g) is �nite (i.e. g
is integrable) and jfnj � g for all n, then

I(f) = lim
n
I(fn):
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Proof of MCT. It follows from the assumption that I(fn) � I(fn+1) � � � � � I(f), which
implies that I(f) � limn I(fn). It remains to show the reverse inequality. To this end, �x an
arbitrary constant � 2 (0; 1). De�ne sets

En
�
= f! 2 X; fn(!) � � � f(!)g :

By assumption, we have E1 � E2 � � � � and [1n=1En = X (why?). It follows that

I(fn) � I (fn1En) � I (�f1En) = �I (f1En) :

Note that the mapping E 7! I(f1E) de�nes a measure on (X;F), we establish
lim
n!1

I (f1En) = I(f1X) = I(f):

Therefore, limn I(fn) � �I(f). Letting �! 1, we have limn I(fn) � I(f). 2

Proof of Fatou Lemma. De�ne gn(!) = infk�n fk(!), which is clearly an increasing sequence of
non-negative functions. We have

lim inf
n

fn = sup
n

�
inf
k�n

fk

�
= sup

n
gn = lim

n
gn:

Clearly, I(gn) � infk�n I(fk), which implies that

I
�
lim inf

n
fn

�
= I(lim

n
gn) = lim

n
I(gn) � lim

n

�
inf
k�n

I(fk)

�
= lim inf

n
I(fn);

here the second equality follows from MCT. 2

Proof of DCT. Since I(fn) = I(f+n ) � I(f�n ) and f�n � g, limn f
�
n = f�, it is without loss

generality if we assume ffngn2N are non-negative. In order to proceed, we �rst prove that I(h1 +

h2) = I(h1) + I(h2) if h1;2 are two arbitrary non-negative measurable functions. Indeed, let f�(i)n g
be a sequence of approximating simple functions for hi such that limn �

(i)
n = hi. It follows from

MCT that

I(h1 + h2) = lim
n
I
�
�(1)n + �(2)n

�
= lim

n
I(�(1)n ) + lim

n
I(�(2)n ) = I(h1) + I(h2):

Here we use MCT in the last step. By assumption g�fn � 0, which implies I(g�fn) = I(g)�I(fn)
(why?). It follows from Fatou Lemma that

I(f + g) = I
�
lim inf

n
ffn + gg

�
� lim inf

n
I(fn + g) � lim inf

n
fI(fn) + I(g)g = I(g) + lim inf

n
I(fn);

I(g � f) = I
�
lim inf

n
fg � fng

�
� lim inf

n
I(g � fn) � lim inf

n
fI(g) � I(fn))g = I(g) � lim sup

n
I(fn):

These two inequalities imply

lim sup
n

I(fn) � I(f) � lim inf
n

I(fn) ) lim
n
I(fn) = I(f):

This completes the proof. 2
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6.3 Properties of integrals

In this section, we present a collection of useful properties of integral.

Proposition: For any measurable functions f; g, we have

I(f + g) = I(f) + I(g)

as long as I(f); I(g) are well-de�ned, and I(f) + I(g) is meaningful (that is, not 1�1).

Proof. We have already seen from the proof of DCT that the claim is true if f and g are both
non-negative. In general, let h = f + g, we have

h+ � h� = f+ � f� + g+ � g� ) h+ + f� + g� = h� + f+ + g+

which implies that

I(h+) + I(f+) + I(g+) = I(h+ + f� + g�) = I(h� + f+ + g+) = I(h�) + I(f+) + I(g+)

or,
I(h) = I(h+)� I(h�) = I(f+)� I(f�) + I(g+)� I(g�) = I(f) + I(g):

This completes the proof. 2

Exercise: A function f is integrable if and only if jf j is integrable. Furthermore, I(jf j) � jI(f)j.
Proposition: Suppose ffngn2N is a sequence of measurable functions. Then

I

 
1X
n=1

fn

!
=

1X
n=1

I(fn)

provided either one of the following conditions holds:

(1). fn is non-negative for all n;

(2).
P1

n=1 jfnj is integrable; that is,
P1

n=1 I(jfnj) is �nite.
Proof. (1) is just an application of MCT; (2). As I(

P
n jfnj) =

P
n I(jfnj) < 1, it is not

diÆcult to see that �(
P

n jfnj = 1) = 0; in other words,
P

n jfnj converge almost surely, which
implies

P
n fn also converge almost surely. The result follows from DCT. 2

Proposition: Suppose f � 0 is measurable. Then I(f) = 0 if and only if f = 0 almost surely.

Proof. \(" is clear. \)": De�ne En
�
=
�
!; f(!) � 1

n

	
. It follows that En � En+1 and [1n=1En =

f!; f(!) > 0g. Moreover,

0 = I(f) � I (f1En) � I

�
1

n
1En

�
=

1

n
�(En) ) �(En) = 0; 8 n:

Then �(E) = limn �(En) = 0. 2
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Exercise: Consider two integrable functions f; g. Then I(f1E) = I(g1E) for all E 2 F if and only
f = g almost surely.

Below is a collection of exercises related to integration.

Exercise: Suppose �; � are two measures on measurable space (X;F). If �(E) � �(E) for all
E 2 F , then R

X
f d� � R

X
f d� for all non-negative measurable functions f .

Exercise: Consider a measure space (X;F ; �) and a non-negative measurable function f . The
set function � : E 7! R

E
f d� de�nes a measure (X;F). Show that for any non-negative

measurable function g, Z
X

g d� =

Z
X

gf d�:

Exercise: For any integrable function f and any constant � > 0, we can �nd a simple function
� =

Pn
j=1 �j1Ej such that � is integrable and I(jf � �j) � �.

Exercise: Let [a; b] be a given bounded interval on R, and f : [a; b]�X ! R be a given measurable
function such that f(t; �) is integrable for all t 2 [a; b]. De�ne F (t) =

R
X
f(t; !) d�(!),

a � t � b. If the partial derivative @f
@t

exists and satis�es
���@f@t (t; !)��� � h(!) for some integrable

function h. Then F is di�erentiable and

F 0(t) =

Z
X

@f

@t
(t; !) d�(!):

6.4 Product Measure, Fubuni-Tonelli theorem

Suppose we have two measure space (Xi;Fi; �i), i = 1; 2. We have already de�ned the product
�-algebra F = F1 
 F2 on the product space X = X1 � X2. We wish to construct a product
measure � = �1 
 �2 such that

�(E1 �E2) = �1(E1) � �2(E2); 8 Ei 2 Fi; i = 1; 2:

One way to go about this is to follow essentially the path that we used to construct the Lebesgue-
Stieltjes measure on real line: starting by constructing �(E1 �E2) = �1(E1) � �2(E2) on rectangles
E = E1 � E2, extended in an obvious way to a pro-measure on the algebra generated by the
�nite disjoint union of such rectangles, and then extend this pre-measure to a measure � on F by
Hahn-Karath�eodory theorem.

But here we prefer to a more direct approach with the help of the integration theory at hand.
This approach also yields an integral representation of the product measure � = �1 
 �2. The
following elementary example is used for illustration.

Area of unit disk: Let X1 = X2 = R, and F1 = F2 = B(R). The unit disk
E =

�
(!1; !2); !2

1 + !2
2 � 1

	
is in F = B(R2). For any !1 2 R, the \section"

E!1

�
= f!2; (!1; !2) 2 Eg =

� f!2; j!2j �
p
1� !2

1g ; if j!1j � 1
; ; if j!1j > 1

�
:
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It follows that

�2(E!1) =

�
2
p
1� !2

1 ; if j!1j � 1
0 ; if j!1j > 1

�
:

The area of the unit disk is

�(E) = area of E =

Z 1

�1

�(E!1) d�1(!1) =

Z 1

�1
2
q
1� !2

1 d!1 = �:

From now on, we are going to use the following notation. For any set E � X, de�ne the
\sections"

E!1

�
= f!2; (!1; !2) 2 Eg ; E!2

�
= f!1; (!1; !2) 2 Eg :

For any function f : X1 �X2 ! R, de�ne the \section functions"

f!1 : X2 ! R with !2 7! f(!1; !2); f!2 : X1 ! R with !1 7! f(!1; !2)

Lemma: For every E 2 F = F1 
F2, and every F -measurable function f : X ! R. we have

1. E!1 2 F2 for all !1 2 X1; and E!2 2 F1 for all !2 2 X2.

2. f!1 is F2-measurable; and f!2 is F1-measurable.

Proof. Let E = fE 2 X; E!1 2 F2 for all !1 2 X1 and E!2 2 F1 for all !2 2 X2g. It is not
diÆcult to verify that E is a �-algebra. But E contains all the rectangles of form E1 � E2, where
Ei 2 Fi. It follows that E � � fE1 �E2; Ei 2 Fi; i = 1; 2g = F . Part 2 follows easily from part
1. 2

Product Measure Theorem: Let (Xi;Fi; �i), i = 1; 2 be �-�nite measure spaces. Let X =
X1 �X2, F = F1 
F2. For any E 2 F , the functions

!1 7! �2(E!1) is F1-measurable; !2 7! �1(E!2) is F2-measurable:

Furthermore, the set function

�(E)
�
=

Z
X1

�2(E!1) d�1(!1); 8 E 2 F

de�nes a �-�nite measure on (X;F). This measure satis�es

�(E) =

Z
X1

�2(E!1) d�1(!1) =

Z
X2

�1(E!2) d�2(!2)

and is the unique measure on (X;F) such that �(E1 �E2) = �1(E1) � �2(E2) for all Ei 2 Fi,
i = 1; 2. Measure � is called the product measure and denoted by �1 
 �2.

Exercise: For any E 2 F , �(E) = 0 if and only if �2(E!1) = 0 for �1-a.e. !1 2 X1 if and only if
�1(E!2) = 0 for �2-a.e. !2 2 X2.
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Tonelli Theorem: For any non-negative measurable function f : X ! [0;1], we haveZ Z
X1�X2

f(!1; !2) d(�1 
 �2)(!1; !2) =

Z
X1

�Z
X2

f(!1; !2) d�2(!2)

�
d�1(!1)

=

Z
X2

�Z
X1

f(!1; !2) d�1(!1)

�
d�2(!2)

Fubini Theorem: For any integrable function f : X ! R, f!1 is �2-integrable for �1-a.e. !1 2 X1,
and f!2 is �1-integrable for �2-a.e. !2 2 X2. Furthermore, the equalitiesZ Z

X1�X2

f(!1; !2) d(�1 
 �2)(!1; !2) =

Z
X1

�Z
X2

f(!1; !2) d�2(!2)

�
d�1(!1)

=

Z
X2

�Z
X1

f(!1; !2) d�1(!1)

�
d�2(!2)

still hold.

Remark: Fubini-Tonelli theorems are frequently used \in tandem", when on wishes to invert the
order of a double integrable: one �rst veri�es

R jf j d(�1 
 �2) < 1 using Tonelli theorem,
and then apply Fubini theorem to conclude

R
f d(�1 
 �2) =

R R
f d�2 d�1 =

R R
f d�1 d�2.

Proof of product measure theorem. We �rst assume the �1(X1) and �2(X2) are both �nite. In
order to prove the measurability of function !1 7! �2(E!1) for all set E 2 F , de�ne

E �
= fE � X; !1 7! �2(E!1) is F1-measurableg :

It is not diÆcult to see that

E � R �
= fA�B; A 2 F1; B 2 F2g ;

here R is the collection of all the rectangles. Indeed, if E = A � B, �2(E!1) = �2(B) � 1A is
clearly F1-measurable. Since R is a �-class, it remains to show that E is also a �-class. Obviously,
; 2 E . Take E;F 2 E and E � F , we have �2 f(FnE)!1g = �2(F!1) � �2(E!1), which is also
F1-measurable. Moreover, for an increasing sequence

�
E(n)

	
n
� E , and E = [nE(n), we have

�2(E!1) = �2

n
[nE(n)

!1

o
= lim

n
�2

n
E(n)
!1

o
:

But limit of measurable functions is still measurable, we have E 2 E . This concludes that E is a
�-class, hence E � �(R) = F1 
F2.

Next we show that � de�nes a measure. Indeed, for a disjoint sequence fE(n)g and E = [nE(n),
we have

�(E) =

Z
X1

�2(E!1) d�1(!1) =

Z
X1

X
n

�2(E
(n)
!1

) d�1(!1) =
X
n

Z
X1

�2(E
(n)
!1

) d�1(!1) =
X
n

�(E(n)):

Clearly, �(E1 � E2) = �1(E1) � �2(E2). Uniqueness follows from the fact that R is an elementary
family (hence the collection of its �nite disjoint unions form an algebra), and the uniqueness part
of Hahn extension theorem.
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Now repeat the above steps to see that ~�(E)
�
=
R
X2

�1(E!2) d�2(!2) also de�nes a measure on
(X;F) such that ~�(E1 � E2) = �1(E1) � �2(E2). It follows from uniqueness that � = ~�, and the
equalities follow.

In general, if X1;2 are only �-�nite, we can express X as the limit of an increasing sequence
of rectangles in R. It suÆces to establish the theorem in each of these rectangles, which we have
already done. 2

Proof of Tonelli theorem. The equalities obviously hold when f = 1E , 8 E 2 F , thanks to the
product measure thorem. Hence the equalities also hold for simple functions. For a general non-
negative measurable function f , there exist a sequence of simple functions ffng such that fn " f
pointwise. The equalities follow by applying MCT twice. 2

Proof of Fubini theorem. Write f = f+ � f�. It follows that
R
X
f� d� <1, which proves the

�rst part of the theorem, and the equalities follow by applying Tonelli theorem to f� separately.
2

7 Fundamental inequalities

Let (
;F ; �) be a measure space. For every 0 < p <1, de�ne

L
p := L

p(
;F ; �) �
= ff : 
! R; f is measurable and I(jf jp) <1g

Furthermore, for any f 2 L
p, its Lp-norm is de�ned as kfkp �

= fI(jf jp)g 1
p . Note, L1 is just the

space of integrable functions, and f 2 Lp if and only if jf jp 2 L1.
Chebychev inequality: For any 0 < p <1 and measurable function f , we have

� (f!; jf(!)j � ag) � I(jf jp)
ap

; 8 a > 0:

The proof is left as an exercise.

H�older inequality: For 1 < p <1 and 1
p
+ 1

q
= 1, then

kfgk1 � kfkp � kgkq
for any measurable functions. If f 2 L

p and q 2 L
q, then the inequality implies fg 2 L

1.
Furthermore, in this case, the equality holds if and only if jf jp and jgjq are linearly dependent
(that is, there exists constants c1;2 such that c1jf jp + c2jgjq = 0 almost surely).

Proof. Note that the function log(x) is a strictly concave function on R+. It follows that log[�x+
(1 � �)y] � � log(x) + (1 � �) log(y) for all x; y � 0 and 0 < � < 1, and the equality holds if and
only if x = y. This inequality is equivalent to

x�y1�� � �x+ (1� �)y; 8 x; y � 0; 0 < � < 1:

If either kfkp 2 f0;1g or kgkq 2 f0;1g, the inequality automatically holds. Otherwise, let

x
�
=

� jf j
kfkp

�p

; y
�
=

� jgj
kgkq

�q

; � =
1

p
:
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It follows that
jf j
kfkp �

jgj
kgkq �

1

p

� jf j
kfkp

�p

+
1

q

� jgj
kgkq

�q

;

which implies that R

 jfgj d�
kfkpkgkq �

1

p
+

1

q
= 1:

This completes the proof. 2

Minkowski inequality: For every 1 � p <1, and f; g 2 Lp, we have
kf + gkp � kfkp + kgkp:

Proof. The case where kf + gkp = 0 or p = 1 is trivial. Assume now p > 1 and kf + gkp 6= 0. First,
observe that f + g 2 L

p since jf + gjp � cp(jf jp + jgjp) for some constant cp independent of f; g.
Clearly

jf + gjp � jf j � jf + gjp�1 + jgj � jf + gjp�1;
which implies, with (p� 1) � q = p where 1

p
+ 1

q
= 1,

I(jf + gjp) � I(jf j � jf + gjp�1) + I(jgj � jf + gjp�1) � kfkp � fI(jf + gjp)g 1
q + kgkp � fI(jf + gjp)g 1

q

which implies

I(jf + gjp)1� 1
q � (kfkp + kgkp):

The Minkowski inequality follows readily. 2

Jensen inequality: Suppose (
;F ; �) is a probability space; that is �(
) = 1. For any convex
function � : R! R and any integrable function h : 
! R, we have

�
�
I(h)

� � I
�
�(h)

�
; or �

�Z
h d�

�
�
Z

�
�
h(x)

�
d�(x)

Proof. Let x0 = I(h). Since � is a convex function, there exists a number B such that

�(x)� �(x0) � B(x� x0); 8 x 2 R:
see the remark below. It follows that

I
�
�(h)

�� �(x0) � �(
) � B

�Z


h d�� x0 � �(
)

�
= B

�
I(h) � I(h)

�
= 0:

In other words, I
�
�(h)

� � �
�
I(h)

�
. 2

Remark: Every (proper) convex function f on R is continuous. Its left- and right- derivatives

D+f(x)
�
= lim

h!0+

f(x+ h)� f(x)

h
; D�f(x)

�
= lim

h!0�

f(x+ h)� f(x)

h

exist for every x 2 R. Furthermore, D�f are both non-decreasing functions, and D�f(x) �
D+f(x) � D�f(y) for all x < y. For every B 2 [D�f(x0); D

+f(x0)], the inequality

f(x)� f(x0) � B(x� x0); 8 x 2 R:
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Exercise: Suppose (
;F ; �) is a �nite measure space. Show that Lr � L
p for all 0 < p < r <1.

Exercise (Young's inequality): If f : Rn ! R 2 L
1, g : Rn ! R 2 L

p for some 1 � p <1, then the
convolution

(f � g)(x) �
=

Z
Rn

f(x� y)g(y) dy

satis�es
kf � gkp � kfk1 � kgkp:

8 Modes of convergence

De�nition: Consider a measure space (
;F ; �) and a sequence of measurable functions ffng. Let
f be a measurable function. We say

1. fn ! f almost surely (a.s., a.e.) if limn fn(!) = f(!) for �-a.e. !. Notation: fn
a:s:�! f .

2. fn ! f in measure if � fjfn � f j � �g ! 0 for every �xed � > 0. Notation: fn
��! f .

In particular, if � = P is a probability measure, we say fn ! f in probability, which

is denoted by fn
P�! f .

3. fn ! f in L
p for some p > 0, if kfn � fkp ! 0. Notation: fn

Lp�! f .

Exercise: Suppose fn
L
p�! f for some p > 0. Then fn

��! f .

Exercise: Suppose fn
��! f and fn

��! g. Then f = g almost surely.

Remark: In general, fn
a:s:�! f does not imply fn

��! f . For example fn = 1[n;n+1). Then fn ! 0
almost surely. But fn does not converge to 0 in measure. However, this is true if � is a �nite
measure.

Proposition: Suppose �(
) < 1. If fn
a:s:�! f , then fn

��! f . Indeed, fn
a:s:�! f if and only if

limn � fjfm � f j � � for some m � ng = 0 for every � > 0.

Proof. We have

f!; lim
n
fn(!) = f(!)g = \1k=1 [1n=1 \1m=n

�
!; jfm(!)� f(!)j � 1

k

�
:

It follows that

f!; lim
n
fn(!) 6= f(!)g = [1k=1\1n=1[1m=n

�
!; jfm(!)� f(!)j > 1

k

�
:= [1k=1Bk := [k=1 (\1n=1Bn;k) :

Since �(
) <1 and Bn;k # Bk as n!1, we have �(Bk) = limn �(Bn;k).
\(": by assumption, �(Bn;k)! 0 as n!1, hence �(Bk) = 0 for all k, which implies that

�
n
!; lim

n
fn(!) 6= f(!)

o
= 0; or fn

a:s:�! f:

\)": by assumption, � ([kBk) = 0, therefore �(Bk) = 0. 2
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Remark: In particular, when � = P is a probability measure, then fn
a:s:�! f if and only if

P fjfn � f j � �; i.o.g = 0 for all �. Here \i.o." means \in�nitely often".

Remark: In general, fn
��! f does not imply fn

a:s:�! f . For example, let 
 = (0; 1], F = B(
) and
� be the Lebesgue measure. For every n, write n = 2k + j for some j = 0; 1; � � � ; 2k � 1, and
k 2 N. Take

fn(!) = f2k+j(!)
�
= 1(j2�k;(j+1)2�k](!):

Clearly, I(fn) = 2�k ! 0; in particular, fn
��! 0. But for every ! 2 (0; 1),

fn(!) =

�
1, for in�nitely many times
0, for in�nitely many times

�
:

Hence �(limn fn = 0) = 0.

Proposition: Suppose fn
��! f . There exists a subsequence ffnkgk2N such that fnk

a:s:�! f .

Proof. By assumption, we can �nd a subsequence ffnkg := fgkg such that

�(Ek) � 1

2k
where Ek

�
=

�
!; jgk(!)� f(!)j > 1

k

�
:

Now the set

f!; lim
k
gk(!) 6= f(!)g = [1k=1 \1n=1 [1m=n

�
!; jgm(!)� f(!)j > 1

k

�
:

However, for every m � n � k,

�

�
!; jgm(!)� f(!)j > 1

k

�
� �

�
!; jgm(!)� f(!)j > 1

m

�
� 2�m:

Therefore, for n � k,

�

�
[1m=n

�
!; jgm(!)� f(!)j > 1

k

��
�

1X
m=n

2�m = 2�(n�1);

which in turn implies

�

�
\1n=1 [1m=n

�
!; jgm(!)� f(!)j > 1

k

��
= 0:

This shows gk
a:s:�! f . 2

Below is a collection of exercises.

Exercise: Suppose fn � 0 and fn
��! f . Show that

I(f) � lim inf
n

I(fn)
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Exercise: If fn
��! f and gn

��! g, then

1. fn + gn
��! f + g

2. fngn
��! fg if �(
) <1; but not necessarily otherwise.

3. �(fn)
��! �(f) if � : R! R is uniformly continuous.

Exercise: Suppose �(
) <1. Then

fn
��! f if and only if � (fn; f)! 0;

where

�(f; g)
�
= I

� jf � gj
1 + jf � gj

�

is a metric on the space of (almost surely equivalence class) measurable functions f : 
! R.

Exercise: If jfnj � g 2 L1 and fn
��! f . Then limn I(fn) = I(f).
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