Discrete-Time Martingale

March 20, 2002

The notion of martingale is fundamental in stochastic analysis. It was first discussed by P. Lévy.
The realization of its potential and the fundamental development of the subject, however, are due
to J.L. Doob.

Consider a probability space (2, F,P). A filtration F = {F,,; n =0,1,---} is an increasing
sequence of F; that is, F, is a o-algebra and

FoCFRC--CFC-o-F.

We can regard F,, as the collective information up to day n. The space (2, F,F,P) is sometimes
called a filtered probability space. Sometimes, we need the following notation

Foo = o(UpZoFn)

Consider a sequence of random variable {X,; n > 0}. We say {X,} is adapted (or, F-
adapted), if X,, is F,-measurable for each n. Intuitively, we can understand this as that X,, is
known at day n. The filtration generated by this {X,,} by

ffia(Xo,---,Xn), YV n>0,

is said to be the natural filtration, denoted by FX. Note that {X,} is always adapted to its
natural filtration.

Definition: We call the process X = (X,,F,; n > 0) a martingale (resp. submartingale,
supermartingale) if
1. (Xn;n > 0) is F-adapted.
2. X, € L! for each n > 0.
3. E(Xyt1|Fn) = X, for each n > 0 (resp. “>7, “<”).

Intuitively, if X, represents the cumulative wealth of a gambler after n-th play and F, is the
cumulative information available to him at that time, then a martingale represents a fair game, in
the sense that his (conditional) expected funture fortune is exactly his current aggregate. Similarly,
a submartingale (resp. supermartingale) represents a favorable (reps. unfavorable) game.

Ezercise: If X = (X,,,F,) is a submartingale, then —X = (—X,,,F,) is a supermartingale, and
vice versa.



Ezercise: If X = (X,,Fy) is a martingale (i.e. submartingale, supermartingale), then

E(Xpm | Fn)=Xn, VO0O<n<m (resp. “>", “<”).

Ezercise: If X = (X,,;n > 0) is a martingale (resp. submartingale, supermartingale) with respect
to some filtration F, then X = (X,;n > 0) is also a martingale with respect to its natural
filtration FX. (Hint: use tower property).

Below is a collection of martingales.

Ezample: Suppose X = (X,;n > 1) is a sequence of independent random variables with E(X;) = 0.
Define

S() = 0, Sn = ETL:X]'
j=1

Fo=A{0,Q}, Fpo=0(X1, -, Xn).

Then the process (Sp,Fn; n > 0) is a maringale. In particualr, if X = (X,;n > 1) is a
sequence of iid random variables with E(X7) = u, then (S,, — nu, F,;n > 0) is a martingale.

Ezample: Suppose X = (X, > 1) is a sequence of independent random variables with E(X;) = 1.
Define

Fo=A{0,Q}, Fpo=0(X1, -, Xn).

Then the process M = (M,, F,; n > 0) is a maringale. In particular, if X = (X,;n > 1)
is a sequence of iid random variables with E(X;) = p # 0, then (u="M,, Fo;n > 0) is a
martingale.

Ezample (Wald’s martingale): Suppose X = (Xp;n > 1) is a sequence of iid random variables with
moment generating function ¢(f) = E (eer). Then

6S,
My =1, Mni(;n—(m; where S, =X;+---+X,,, Vn>1

fOi{@agh fnia(Xla"'aXn)
is a martingale.

Ezample (Doob’s martingale): For an arbitray filtration F = (F,; n > 0) and every X € L!, one
can define the following sequence

X, =E(X|F,), Vn>o0.

Then (X, Fn;n > 0) is a martingale.



Ezample (Lévy martingale): Suppose P and Q are two probability measures on space (€2, F), and
Q < P. Let F = (F,; n > 0) be an arbitrary filtration. Define sequence

. dq

Xn— ToY 9
dP |

n > 0.

. . . d
Then X = (X, Fn;n > 0) is a martingale. Here #

! g is the Radon-Nikodym derivative when
Q, P are restricted on G, for some G C F.

Below is a collection of exercises.

Ezercise: Suppose (X,;n > 1) is a sequence of iid random variables, with E(X;) = p. Then
(Sp;n > 0) is a martingale (resp. submartingale, supermartingale) if ;1 = 0 (resp. “>”, “<”).

Ezercise (likelihood ratio): Let (X,;n > 1) be a sequence of iid random variables with common
density f(z). Suppose g(z) is another arbitrary density function. Define the process

. X;
My =1, Mn:Hg( D owns1

fﬂi{mvg}v fnia(Xla"'aXn)-
Then M = (M, F,) is a martingale.

Ezercise: Consider the Doob’s martingale (X,,, F,,) with X,, = E(X | F,,) where X € L!. Show that
(X,) is a uniformly integrable sequence.

Proof. For any A > 0, we have

/ Xo|dP = / E(X | F)|dP < / E(IX|| F,) dP
{|Xn|>A} {|Xn|>A} {|Xn|>A}

_ / IX|dP  (since {|Xn| > A} € ).
(X022}

However,

| E(E(X]|F»
P(|Xn|zA)§E|if|é ((IA\I )):E‘f‘ S0, as A — oo

The uniform integrability follows from the absolute continuity of integral. O

Proposition: Suppose X = (X,,, F,) is a martingale, ¢ is a convex function. If ¢(X,,) € L! for all
n, then the process

is a submartingale. Special cases include ¢(x) = |z|P for some p > 1.

This proof is an immediate consequence of conditional Jensen inequality, and hence omitted. O



1 Doob decomposition and martingale transform

A stochastic process A = {A4,,,n > 0} is said to be predictable (or F-predictable) if A4,, is F,,_1-
measurable for all n > 0 (with convention F_; = Fy). We say A is increasing if Ag < A7 < ---.
We have the following result.

Doob’s decomposition: Every submartingale X = (X,,, F,;n > 0) can be written as
X=M+A

where M = (M, F,) is a martingale, and A = (A4,,, F,) is an increasing, predictable process,
with Ag = 0. Such decomposition is unique.

Proof. Take
AO = 0, An+1 = An + E(Xn+1 |-7:n) — Xn, Vn > 0.

This process is obviously increasing and predictable. Furthermore, let M, = X,, — A,, We have
E(Mpt1|Fn) = E(Xn41 — Ang1 | Fn) = E(Xnt1 | Fn) — Apt1 = Xn — Ap =M, Vn>0.
As for the uniqueness, assume X = M’ + A’ is another decomposition. We have
Y=M-M=A-A
is a predictable martingale with Yy = 0, which implies that Y,, = 0 (why?). O

Martingale transform: Suppose M = (M,,F,) is a martingale, and A = (A,,F,) is a pre-
dictable process. Then the process X = (A e M, F,,) defined as

(AeM)o=0, (AeM),=> Aj(M;—M;.1); YVn>1
j=1

is called the martingale transform of A by M.

Proposition: If the process X = (A e M) is integrable, then its a martingale.

Proof. 1t is not difficult to deduce that

E((A * M)n+1 ‘fn) = Z E(Aj(Mj - Mj—l) |'7:n) + E(An+1(Mn+1 - Mn) ’]:n)
j=1

= ZAj(Mj - Mjfl) + An+1E(Mn+1 - Mn ‘ ]:n) = (A i M)"
7=1

for all n > 0. O

Remark: In general, the martingale transform will not result in martingales. However, the martin-
gale transform always lead to a so-called local martingale, which is a very useful (especially
in the continuous-time case) concept.



Remark: Martingale transform is the discrete analogue of continuous-time stochastic integral [ A dM.
The theory of stochastic integral is one of the greatest achievement in modern probability.

Remark: If we think of A as a betting strategy for a player in a fair game M, that is, A, = {your
bet on day ¢t = n, placed right before the announcement of M,,, the n-th day’s randomness}.
A, is predictable in the sense that you will only use the information you obtained during the
previous n — 1 days. Then (A e M), is your cumulative wealth up to the end of day ¢t = n. It
is always a martingale (provided the integrability condition is satisfied), in other words, you
cannot beat the system!.

Lemma: Suppose M = (M,,F,) is a submartingale (resp. supermatingale), and A = (A4,,F,)
is predictable and non-negative. Then the transform (A e M) is still a submartingale (resp.
supermartingale) provided that (A e M) is integrable.

The proof is left as an exercise.

2 Stopping times and basic optional sampling theorem

A F-stopping time is a mapping 7 : @ — {0,1,2,---} U {oo} such that {r < n} € F, for
all n = 0,1,2,---. It is equivalent to replace {7 < n} by {r = n} in this definition (exercise).
Intuitively, stopping time is one type of “non-anticipative” decision in the sense that, at t = n,
whether or not the process is stopped only depends on the history up to time (including) ¢t = n. It
should not rely on any information afterwards (i.e. cannot see the future).

Remark: Sometimes we use notation
o0
X, = Z Xjlgr=jp + Xool{r=oc}, Where X, = limsup,, X,, by convention.
§=0
It is easy to see that X, is F-measurable.

Ezample (Hitting time): Suppose that X = (X, F,; n > 0) is an adapted process, and A € B(R).
Let
7(w) =inf{n > 0; X,(w) € A} = the first time the process X hit set A.

By convention, inf{()} = oo; that is, 7 = oo if the process X never hits set A. Obviously
{r<n}=U_{X;€B}eF,, Vn>0.
Hence 7 is a stopping time.
Ezample: Suppose X = (X, Fp; n > 0) is an adapted process, and A € B(R). Let
7(w) =sup{0 <n <100; X,(w)e A}
with convention sup{()} = 0. Then X is NOT a stopping time in general.

The following elementary optional sampling theorem is very useful.



Optional sampling theorem: Suppose X = (X,,F,) is a martingale (resp. submartingale,
supermartingale), and 7 is an arbitrary F-stopping time. Then the stopped process

X" = (XT/\na}—n; n > 0)
is also a martingale (resp. submartingale, supermartingale). In particular,

E(XT/\'n,) = EX07 Y n> 0’ (resp. “Z”, “g??)‘

Proof. We should express the stopped process X7 as a martingale transform.

n n
Xonn = Xo + Z I{sz}(Xj — Xj—l) = X0+ ZAJ(X] — Xj—l) =X+ (A ° M)n, Vn>0.
j=1 Jj=1

Note that the process A = (1{;>p},Fn) is a predictable process (why?), and the integrability of
(A e M) is obvious since 0 < A; < 1. The claim follows readily. O
An immediate sorollary is the following special case of optional sampling theorem.

Optional sampling theorem: Suppose X = (X,,F,) is a martingale (resp. submartingale,
supermartingale), and 7 is a bounded F-stopping time; that is, P(7 < K) = 1 for some
constant K. Then

E(X;) = E(Xo), (resp. “>7, “<7).

It is worth mention that the optional sampling theorem does not hold in general. Later we
will see more sufficient conditions such that E(X,;) = E(Xp) (resp. “>”, “<”) will hold for general
stopping times under some integrability conditions. The following are several examples.

Ezample: Let (X1, X2, --) be a sequence of iid Bernoulli random variables with P(X = +1) = %

Let

Sy = ZXj7 So=0; Fo={0,Q}, Fo=0(X1,---,Xpn) =0(S0,51, - ,5n).
Jj=1

Then S = (Sy, Fy) is a martingale; indeed, S is a symmetric simple random walk. The hitting
time

T=inf{n>0; S,=1},
Suppose we are interested in the distribution of the hitting time 7.

The moment generating function of Xj; is
1
E (eoXJ) =3 (60 + e*9> =coshf; VO eR.

It follows that the process M = (M, F,) with

. efn
M, = ———— >0
" (cosh @)’ "=



is a martingale for any # € R. Now consider specifically § > 0. It follows that
E(Mprr) =E(Mp) =1, Vn>0,

thanks to the optional sampling theorem. However,

e? e?

< Mupr < < ) = 0.
0< Man (cosh @)""T ~ cosh 6 vnz0

We have, from DCT, that

Hm E(Myp,) = E(lim Mpar) = 1.

But on set {7 < oo}, lim,, M,rnr = M, and on set {7 = oo}, we have

e? e?

Mppr < = — 0, — 00.
" (cosh@)""7  (cosh6)” as o

Hence

ef?

1= E(]iﬁn MTL/\T) =E (M’rl{r<oo}) =E (m : 1{7-<oo}

), Vo >0.

Letting 6 — 0, it follows from DCT that
E(1{7<oo}) =1, or P(T < OO) =1.

Furthermore, for all § > 0,

1 1
E(— .1 —E(— ) =e
<(cosh9)T {T<°°}> <(cosh9)7> ¢

Let (coshf)~! = a € (0,1), then

1-VI—a2
E(@)=—>—"%" vae(01).
(6%

It is easy to check from the table of Laplace transform that

P(t =2m) =0, P(T—Qm—l)—(—l)m—'_l(i); VY om>1.

Ezxample: Continue with the above example. The hitting time 7, as we see in the above example, is

always finite; that is, P(7 < co) = 1. Note 7 is not bounded; i.e., there do not exist a number
K, such that P(7 < K) = 1. It is easy to see that S; = 1, whence

E(S,) =1 # 0 = E(S).

Therefore the optional sampling theorem does not hold in this case.



Example (A doubling strategy): Suppose in the symmetric simple random walk, we interpret {X; =
1} as “success” (gain) and {X; = —1} as “failure” (loss) of a player at the n-th turn. Let A, =
{player’s stake at time n}, for n > 1, which is non-negative, F,,_j-measurable (predictable
betting strategy). The total wealth process M = (M,,, F,,) can be written as

My = m (initial wealth); M, = M,,_1+A, X, = M,—1+A,, (Sp, — Sn—1) = Mo+(AeS),, Vn>1.
It is not difficult to see that M is a martingale ( “You can beat the system”). A particular

choice of betting strategy is

n—1 . ; — — .. = - —
A1£17 An:{ 2 3 if Xl—XQ— Xn—l 1

0 ; otherwise.

}, Vn>2.

In other words, the player double the stake after a loss and drop out of the game immediately
after a win. If the first win comes at the (n + 1)-th play, that is, on set {X; = --- = X, =
—1, Xp41 = 1}, then the total wealth at or after time (n + 1) is

n
- = n+2=Mn+1=m—Z2j_1+2”:m+1.
j=1

Define 7 = inf{n > 1; M, = m + 1}. It follows that M, =1 for all k¥ > 0. Furthermore,
P(tr =n) =27" and P(7 < co) = 1. In this case, we have

E(M,) =m+1#m = E(My).

Remark: The above betting strategy guarantees that you are always going to win. Does this mean
we can beat the system? The answer is “no” in practice, because that, for such a strategy
to work, you would have to be able to finance your short position, which could be as big as
possible, as we will see in the next example.

Ezxample: Continue with the above example. Suppose the game would also end if you bankrupt,
that is, the game will end at

o=inf{n>0; M,=m+1or M, <0.}

What will be E(M,)? In this case, we know P(c < o0) = 1 (why?), and for any n > 0,
Mopn = E(Mp) = m.
Letting n — oo, since 0 < Msp, < m+ 1, we have
E(M,) =E (hTILn Mm> — E(Mp) = m.
You still cannot beat the system.
Remark: Same argument will work if we replace o by
o=inf{n>0; M,=1or M, <-K}.

where K is an arbitrary positive number (the amount you are allowed to borrow). o



Below is a collection of exercise.

Ezercise: Suppose X = (X,,, F,,) is a martingale (resp. submartingale, supermartingle), and 7 is a
stopping time with ET < co. If | X, — X,,—1| < K, for some K and all n, then

E(XT) — E(Xo) (resp. 442777 (LS”)

Ezercise: Prove the Wald’s equation by optional sampling theorem: suppose (X, Xg,---) is a
sequence of iid random variables with X; € LL. Let

S, = zn:Xj, So=0; Fo={0,9}, F,=0(X1, ,X,).
j=1
If 7 is a F-stopping time with ET < 0o, show that
E(S,) = Eixj = Er-EX}.
j=1
3 Basic convergence theorem

Suppose X = (X,,, Fp;n > 0) is a supermartingale, with X,, — X,,_1 representing your winnings per
unit stake on the n-th play. Consider the following strategy: “pick two numbers a < b. Wait until
X gets below a, then start betting one unit of stake in each play until X gets above b. Repeat.”
See the following graph.

Define the following stopping times (check!):

nn = inf{n>0; X, <a}
= inf{n>7; X, >0b}
Ton = inf{n>m, 1; X, <a}



with convention inf{(}} = co. The above betting strategy can be expressed as A = (A, F,) with

A = 1 ;  if 7y < k < 7y for some odd m.
" 0 ; otherwise.

It is not difficult to check that A is predictable. Indeed,
{An =1} = Uy, oqqimm < n} N0 {Tme1 > n} = Uy, odddimm < n} N {mme1 < n}c e Fro1.
Suppose your initial wealth is Yy = 0. Then the total wealth after n-th play is
Yo=(AeX),, Vn>0,

which is a supermartingale (why?). However, if we let Uy, (a, b; w) denote the number of upcrossings
of interval [a, b] up to time n, made by sample path w; i.e.

Un(a,b;w) =sup{m > 1; 7o, <n}, with convention sup{0} =0,

we have

Yo(w) = (b—a)Upn(a,b;w) — (Xn(w) —a)”, Vwe.
This implies the
Doob’s upcrossing inequality: For a supermartingale X, we have

E(X,—a)”
b—a

for all constants a < b. Here U, (a,b) is the number of upcrossings of interval [a, b] by time n.

This simple inequality can be used to prove the following basic convergence theorem.

Basic martingale convergence theorem: Suppose X = (X, F,) is a supermartingale with

sup EX, < oo.
n

Then lim,, X,, exists almost surely, and X, = limsup,, X,, = lim,, X,, € LL.
Proof. Define now Uy (a, b;w) = lim,, 1 Up(a, b;w) for all w € Q. Since
E(X,—a)” <EX, +|a| <supEX, +|a|], Vn

it follows from MCT that

sup, EX, + |a| ‘o

=1 <
EUx(a,b) hﬁn EU,h(a,b) < s

Let
A = {weQ; lim, X,(w) does not exist on [—oo, o]}

= {w € Q; liminf X,,(w) # limsup Xn(w)}
= Ula,beQ; a<b} {w € Q; limniann(w) <a <b<limsup Xn(w)} = Ufa,beQ; a<b}Nap

10



However, on set Agp, Uso(a,b;w) = oco. It follows that P(A,p = 0, which implies that P(A) = 0.
Hence lim X, exists almost everywhere. It remains to show that X, € L!. Indeed,

1Xo| = X;' + X;) = Xo +2X, = E|X,| <EX, +2EX, <EX,+2supEX,.

Fatou lemma implies X, € LL. O

It is easy to see that X, is Fyo-measurable. The natural question to ask now is whether
{Xn, Fn; n=0,1,--- oo} is itself a supermartingale. We have the following definition.

Definition: Suppose X = (X, F,) is a martingale (resp. supermartingale, submartingale). We
say Y is a last element, if Y € L! is F..-measurable, and

(X():FO)u (X17f1)7 T (Yvafoo)
is a martingale (resp. supermartingale, submartingale).

Theorem: Suppose X = (X,,F,) is a martingale (resp. supermartingale, submartingale). Then
X has a last element if and only if {|X,|} (resp. {X,, }, {X;I'} is uniformly integrable, and in
this case, X, = lim,, X,,, which exists almost surely, is indeed a last element; i.e. the process
X = (X, Fn; n=0,1,--- ,00) is a martingale (resp. supermartingale, submartingale). In
particular, when X is a martingale, X is uniformly integrable if and only if there exists a
integrable random variable Y such that X,, = E(Y | F,,) for all n.

Proof. It suffices to show for the case where X is a supermartingale.
“=": suppose X has a last element Y. Then

EY|F)<Xn = X, <(E(Y|F)) <EY|F).

The last inequality following from conditional Jensen inequality. However, since {E(Y ™| F,)} is
uniformly integrable (see the exercise on page 3), so is {X,, }.

“<”: suppose {X,, } is uniformly integrable, in particular, sup EX, < oo. It follows from the
basic convergence theorem that X, = limsup,, X,, = lim, X,, € L! almost surely. It remains to
show that

E(Xoo | Fn) < Xn, V n>0.

However, for all m > n and A € F,,, we have

/deP:/E(Xm|fn)dP§/XndP.
A A A

with X,/ — X and X,, — X, it follows from Fatou lemma and DCT

[oo})

lim/deP:hm</ X,,JgdP—/deP) z/X;dP—/XOOdP:/XOOdP.
mJja m A A A A A

In other words,

Since X, = X} — X,
that

/XoodP:/E(Xoo|fn)dP§/XndP, VAe T,
A A A

This completes the proof. O

11



Corollary: Suppose X = (X,,,F,) is a non-negative supermartingale. Then X, = lim, X,, is
well-defines almost everywhere, and X = (X,,, Fp; n =0,1,--- ,00) is a supermartingale.

Ezample (Consistency of Likelihood-ratio test): Suppose X = (X,; n > 1) is a sequence of iid
random variables with density f(z). However, there are two possibilitites, either f(x) = p(x)
or f(x) = g(z). The question how to determine f from all the samples X = (X,,). The usual
likelihood-ration test goes as follows: suppose for simplicity g(x),p(x) > 0, for all z. Let

If the ratio is bigger than a positive number, say a, then we determine that f(z) = p(z),
otherwise, f(z) = g(z). For a fixed n, the probability of making a wrong decision is positive.
However, such a hypothesis testing procedure is always consistent (no matter what a is), in
the sense that, as n — 0o, the probability of making the right decision goes to 1.

Suppose f(z) = g(z) is true. Let Fo = {0,Q}, and F,, = {X1, -+, X}, then M = (M,,F,)
is a martingale. It follows from basic convergence theorem that M, converges almost surely
and My, = lim M,, € L'. However,

oy PXG)
log(M,) = ]Z_jllog g(—X;)

is a summation of iid random variables. It follows from SLLN that

p(X;) p(X1)
(X)) — Elogg(Xl) as n — o0.

1 1 &
~log M, :_E:l
nog nj:l Og

But Jensen inequality implies that

og Zg&; < log <E§E§3> — log (/ %g@)dm> — log (/p(az)d;v) — log(1) = 0;

here the strict inequality holds since p # g. We conclude that M,, — 0 or M., = 0 with
probability 1. This explains the consistency. Note in this case, EMy, # EMj, or M, is not
a last element. Hence the martingale M is not uniformly integrable, and it will not have any
last element. O

El

4 (General optional sampling theorem

Suppose (2, F,P) is a probability space and F = (F,,) is a filtration on it. We first define the
c-algebra up to stopping time 7, which is denoted by F:

Fr={AeF, An{r<n}eF,, Vn=0,1,2--- 00}
Ezercise: Show that F is a o-algebra, and when 7 =n, F, = F,.

Ezercise: Suppose 7,0 are both arbitrary stopping times. If ¢ < 7, then F, C F,.

12



Ezercise: Suppose 7,0 are both arbitrary stopping times. Show that ¢ + 7, o A7, o V 7 are all
stopping times. Furthermore,

Fornr = Fo N Fr, fa’\/T:U(fTafO');
and all the following event belong to Foar = F, N Fr:

{r<o}, {r<o}, {r>0}, {r>0}, {r=0}

Ezercise: Suppose {7} is a sequence of stopping time. Then

infr,, sup7,, liminfr,, limsupr,, limm, (if exists)
n n n n n

are all stopping times.

Ezercise: Suppose 7 is a F-stopping time. Then 7 is F,-measurable. In addition, if X = (X, F,)
is adapted, then X, is also F,-measurable.

We have the following results.

Optional sampling theorem: Suppose X = (X,,, Fp; n > 0) is a martingale (resp. supermartin-
gale, submartingale), and o, 7 are two F-stopping times, with P(c < 7) = 1. We have

E(XT |-7:0') — Xo_ (resp. “S”, “277)
if either of the following two conditions holds:

(a). o and 7 are both bounded; i.e. P(oc < 7 < K) =1 for some constant K.

(b). The process X has a last element; i.e. {|X,|} (resp. {X,}, {X;F}) are uniformly
integrable.

Proof. Tt suffices to show for the case where X is a supermartingale. We first show that X, € L!
(similar for X,). It is trivial in case (a). As for case (b), note X; = lim, XA, (why?), which
implies that

E|X,| <liminf E[X pp| = liminf (Xran + 2X;,,) < E(Xo) 4+ 2liminf EX,,,,.
However, we have E(Y | F,,) < X,, for all n; here Y € L! is the last element, which implies that
X, <(EY|F)) <EY |F).

It follows that

n—1

Z/ YdP+/ Y~ dP =EY ™,
{r=4} {r>n}

n—1
EXTM—Z/_‘ Xj‘dPJr/ X dP <
j=0 /{r=3} {r>n} =0

and
E|X;| < E(Xo) 4+ 2liminfEX_,, < E(Xp) +2EY ™ < 0.
n

13



It remains to show that
/XTdPS/ngP, vV A€ Fy,,
A A

which amounts to

/ XTdPS/ ngP:/ X,dP, VAcF,,¥Vn=0,1,---,00.
An{o=n} An{o=n} An{o=n}

However, let B = AN{o =n}, we have B € F,, by definition, and

/XndP:/ XpdP = / XndP—i-/ X, dP

B Bn{r>n} Bn{r=n} Bn{r>n+1}

/ X, dP + / E(Xps1 | Fn) dP
Bn{r=n} Bn{r>n+1}

/ X, dP+ / X1 dP
Bn{r=n} Bn{r>n+1}

/ X, dP + / X, dP,

Bn{n<r<m} Bn{r>m+1}

/ X, dP + / E(Xoo | Fpn) dP
Bn{n<r<m} Bn{r>m+1}

= / XTdP—i—/ XwdP Y m>n.
Bn{n<r<m} Bn{r>m+1}

For case (a), we complete the proof by picking m big enough. As for case (b), letting m — oo, we

have
/XndPZ/ XTdP—I-/ XoodP:/ XTdP:/XTdP.
B BN{n<r<oo} BN{r=00} Bn{n<t} B

This completes the proof. |

Y]

v

v

v

Another result is as follows.

Optional sampling theorem: Suppose X = (X,,F,; n > 0) is a martingale (resp. super-
martingale, submartingale), and o, 7 are two F-stopping times, with P(c <7 < c0) = 1. We

have
E(X7‘|fa') — Xa' (resp. “S”; “277),
provided
X,, X, €L lim |Xn|dP =0 (resp. {X, }, {X,[}).
n—oo {T>TL}

Proof. 1t suffices to show for the case of supermartingale. The proof is similar to the preceding
result. Note that we have

/XndP > / XTdP—l—/ Xm dP
B Bn{n<r<m} Bn{r>m+1}

/ XTdP—/ X,,dP, Vm>n.
Bn{n<r<m} Bn{r>m+1}

14

Y



Letting m — oo, we have

/XndPZ/ XTdP:/XTdP
B Bn{n<r<oo} B

/ X,;dpg/ X.dP = 0.
Bn{r>m+1} {r>m+1}

while

We completes the proof.

5 Martingale inequalities

First submartingale inequality: Suppose X = (X,,, F,; n > 0) is a submartingale. Then

1 1
P<maxXk2/\>§—/ X,dP < ZEX], VA>o0.
O<k=n {maxg<p<n Xp>A} A

Proof. Define a stopping time 7 = inf {k > 0; Xj > A} An. It follows that

A::{max XkZ)\}:{XTZ)\}E}"T
0<k<n

However, optional sampling theorem implies that
E(X,|F)>X, = AP < / X, dP < / X,dP <EX.
A A

This completes the proof.

Second submartingale inequality: Suppose X = (X,,, F,; n > 0) is a submartingale. Then

P(min Xkﬁ—/\>§

+ _
0<k<n (EX,; —EXo), VA>0.

> =

Proof. Define a stopping time 7 = inf {k > 0; X} < —A} An. It follows that
A::{ min ng—)\} e Fr
0<k<n
However, optional sampling theorem implies that
E(Xy) <EX, = / X, dP + X, dP < —AP(A) + X, dP < —AP(A) +EX,'.
A Ac Ac
This completes the proof.

Ezercise: Suppose X = (X, F,) is a non-negative supermartingale. Show that

EXo, vV A>0.

>| =

P <sup X, > )\> <
n>0

15



Ezercise (Kolmogorov inequality): Suppose (X1, Xo, - - ) is a sequence of indepent random vari-
ables such that EX; = 0 for all j. Define Sop =0 and S,, = Z?:l X;. Show that

P |Sk| > A <Eﬁ VA>0
oskan M =) =20 '

Doob’s maximal inequality: Suppose X = (X,,, F,,) is a submartingale. Then

<L oxfl. e

max X]j' <
p—1

0<k<n

here || - ||, denotes the LP-norm.

Proof. Without loss of generality we assume X,, > 0; indeed, if (X, F;,) is a submartingale, so is
(X;¥,Fn) (check!). We assume || X[, < co, which implies that

max X

< ||X0 +oee +Xan < HXOHP +oet HXan < (n—i— 1)HXan < o0,
0<k<n

since (X%, F,,) is also a submartingale (exercise). Write Y = maxo<g<y, X, we have

YP = /pr)\p_l d\ = p/ooo AP sy dA
which implies that
[Y|h =EY? = p/ooo P(Y > \)- AP1aA
< p/ooo (/Q Xn - Lysay dP) -XP72d)\ (1st submartingale inequality)

= p// Xn - Liysay - A2 dAdP
QJO

= 2 /Xn-Yp_ldP:—p E(X, - Y?Ph)

It follows from Holder inequality that

1 3 1 1
E(X, Y7 < (EXD)7 - (EVOD)" = [Xallp - (V1) 5 here 2 4+ — =1 or g =T
Since Y|, is finite, we have
p
Y, < -2 | X,
¥y < Z— 1 Xnlly
This completes the proof. O

Ezercise: (Doob’s maximal inequality) Suppose X = (X,,F,) is a non-negative submartingale.
Then

0<k<n

e | < 55 (1 10 Qo X))
1

16



Proof. As before, Y = maxo<i<n Xk. Without loss of generality we assume EX;, < oo, which
implies that EY < co. We have

EY -1 < E(Y—l)*:/ P(Y21+t)dt§/ L X, dP
0 o 1+t Jiys14y

& 1
= / / Xn— Ly>14dt = / X, (logY)" dP = E(Xn(logY)+).
However, for every a > 0,b > 0, the inequality
i b
a(logh)™ < aloga+ -
e
holds (exercise). This implies that

EY — 1 < E(X,(log X)) + %EY = EY < % [1+ E(Xn(log X,)T)] -

This completes the proof. O

Ezercise: Suppose X = (X,,, F,) is a submartingale. Show that for all z € R and 6 > 0,

P (max X; > x) < e 0TI Xn,
0<j<n

Ezercise: Suppose (X,,) is a sequence of iid N(0,1) random variables, and S,, = 2?21 X;. Show
that for all A > 0,

A2
P (max S; > )\) <e 2nm,
1<j<n

17



6 Other convergence theorems and their applications
Consider the probability space (2, F;P).

P. Levy’s “upward” theorem: Suppose (X,,) is a sequence of random variables such that | X,,| <
Y, Vn for some random variable Y € L!, and X, = lim X, exists almost surely. Then for
any filtration F = (F,,), we have

ImE (X, | Fp) = E(Xoo | Fo) a.s.;

here Foo = 0(UpFy,) as usual. In particular, for a fixed integrable random variable X, we

have
ImE(X | F) =E(X|Fx), as.

P. Levy’s “downward” theorem: Suppose (X,) is a sequence of random variables such that
| Xn| <Y, Vn for some random variable Y € L!, and X = lim X,, exists almost surely.
Suppose (F,) is a decreasing sequence of sub-o-algebras, then

ImE (X, |Fn) =E (X | Fo)  a.s;

here Fyo = N, F,. In particular, for a fixed integrable random variable X, we have

ImE (X |F,) =E(X|Fx), as.

Proof of the “upward” theorem: We first show for the special case where X = X; = Xo =---. Let
Y, = E(X | F,). It follows that (Y,,, F,) is a uniformly integrable martingale. Hence Yoo = lim,, ¥,
exists and is a last element; i.e.,

E(Yo | Fn) =Y, Y n.

It remains to show that E(X | Foo) = Yoo; indeed, for all n and A € F,,, we have

/YoodP:/YndP:/XdP.
A A A

An straightforward application of Dynkin system theorem (check!) yileds that for all A € F,

/Yoo dP = / X dP.
A A
Hence Yo, = E(X | Fo)-

Now for the general case of (X,,) with |X,,| <Y € L. Define

Zm = sup | X, — Xoo| <2Y, Vm.
n>m

We have lim,,, Z,, = 0 almost surely. Furthermore,

limsupE (| Xy, — Xoo| | Fr) <limsupE (Z,, | Fn) = E(Zm | Fo), V m.

18



However, it follows from CDCT that lim,, E(Z,, | Foo) = 0. Therefore,

limsupE (| X,, — Xl | Fn) =0 (as.) = EX,|Fn) —EXw|Fn) — 0, asn — oo.

But E(Xs | Fr) = E(Xoo | Fo), we conclude the proof. O

Proof of the “downward” theorem: We only need to show for the special case where X = X; =
Xy = ---. The general case can be shown exactly as in the “upward” theorem. Let Y;,, = E(X | F,,)
(indeed, Y = (Y, F,,) is a backward martingale). We first show that {Y,,} converges almost surely.
The proof is very similar to that of the basic convergence theorem. Fix N € N, define

Z:(Znagn; OSTZSN), where Znin—na gnifN—rr
It is easy to see that Z is a martingale. Upcrossing lemma implies that

E(Z0—a)* _ ElZ| + ol _ EIX]|+a|

. — . <
EUn(a,b;Y) = EUn(a,b; Z) < e =~ 1-a =~ b-a

The convergence of (Y;,) can then be shown in exactly the same way.

Now assume Yy, = lim,, Y;,. It is not difficult to see that Y., € L! since E|Y,| < E|X| and Fatou
Lemma. Clearly Yo, is Foo-maeasurable. Furthermore, note that (Y;,) is uniformly integrable, we
have that, for all A € F,,

/YoodP:hm/Ynszlim/XdP:/XdP.
A noJA noJA A

Hence Yoo = E(X | Fo)- O
These two convergence theorem can be used to prove some interesting reaults in classical prob-
baility theory.

Kolmogorov 0-1 law: Let (X,;n > 0) be a sequence of independent random variables. Define
F'=0(Xn, Xnt1, ), F>* =n,F".
We call F*° the tail o-algebra. Then VE € F°, either P(E) =0 or P(E) = 1.

Proof. Let F,, = o(Xo,X1,--,X;,). Then (E(lE\fn),fn) is a martingale and it follows from
upward theorem
lim E(lE ‘ .7:”) = E(].E ‘ -,'roo) = ]-E'

However, since E € F*°, the event F is independent of F,, for every n (why?). Hence
1p =limE(1g|F,) = P(E).
We completes the proof. O

Strong Law of Large Numbers (SLLN): Suppose X = (X1, Xs,--) is a sequence of iid ran-
dom variables with E|X;| < co. Then

1
—(X1+---+X,) — EXy, almost surely
n
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Proof. Let Sy =0, and S, = X1 + --- + X,,. Define
Fn = 0(Sn, Snt1,++) = 0(Sny Xnt1, Xnto, )
Then (F,) is a decreasing sequence of o-algebras. It follows from the downward theorem that
li?Iln E(X1|Fn) = E(X1 | Fo)-

But 1
(X1 Fa) = (X1 | Sy X, ++) = E(X1 [ S0) = S

here the last equality follows from symmetry. We have
1
lim —S,, = E(X1 | Foo)-
non
Note that for every k € N,
.1 .1
lim =S, = lim — (X% + Xg11 + - + Xn),
n n n -n

hence lim,, %Sn is F* := 0(X}, Xp11, - - - )-measurable for every k, and it must be F>°-measurable
where F° is the tail o-algebra. Therefore lim,, %Sn = ¢ for some constant ¢ almost surely, thanks
to the Kolmogorov 0-1 law. In particular,

1
lim ﬁSn =c=E(X1|Fx) = E(E(X1| Fx)) =EX1, as.

We completes the proof. O

Ezercise: Show that %(Xl + -4+ X,) — EX; also in L! sense. You might want to prove the
following claim first: “if (Y7,Y2,---) is a sequence of uniformly integrable random variables,
so is the sequence {%(Yl +--4+Y,); n> 1}.”

Ezercise: Show that the SLLN also holds when EX; is only well-defined.

7 Square integrable martingale

A martingale X = (X,,, F,) is said to be square-integrable if EX?2 < oo for all n. It’s said to be
bounded in L2 if sup,, EX2 < co. We have the following result, whose proof is left as an exercise.

Lemma: For any square integrable martingale X = (X,,,F,) and i < j < k < m, we have
E[(X; - Xi) - (Xim — X)] = 0.

That is, the increment of square integrable martingale over non-overlapping intervals are
uncorrelated (or, orthogonal). In particular, we have

EX? =EX5+ Y E(X; — X;1)
j=1
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An immediate consequence of the above result is as follows.

Proposition: A square-integrable martingale X = (X,,, ;) is bounded in L? if and only if
o0
D E(X; - X 1)? < oo
7j=1

And in this case, X, = lim,, X,, exists almost surely, and X,, — X, in L2.
Proof. It follows from the preceding lemma that
supEX2 = EX}? +ZE (X; — Xj1)%
7=1

The first part of this proposition is then trivial. And when X is bounded in L2, {X,,} is uniformly
integrable. Therefore,

Xoo = lim X,
n
exists almost surely. As to the L? convergence of X,,, note that the orthogonality implies
7j—1
E(X; — Xn)? =) E(Xps1 — Xp)?,
k=n

whence by Fatou Lemma,

E(Xoo — Xn)? < liminf E(X; — X,,)% < 11m1nfz E(Xpi1 — Xi)? Z E(Xpy1 — Xi)2.
J

Letting n — oo, we conclude that X, — X in L2. |

7.1 The quadratic variation process

Suppose X = (X,,F,) is a square-integrable martingale. Then the process (X2, F,) is a sub-
martingale, and it follows from Doob decomposition

X’=M+A

where M = (M,,F,) is a martingale and A = (A,,,F,,) is a non-decreasing, predictable process
with Ag = 0. Such a decomposition is unique.

Definition: The process A is said to be the quadratic variation process of X, denoted by (X
In other words, (X) is the unique non-decreasing, predictable process such that (X), =
and (X2 — (X)

)-
0,
n }_n) is a martingale. We also define

(X), =lm(X), =limA,.

[e.o]

Remark: Suppose X = (X, F,) is a square-integrable martingale, so is Y = (X,, — Xy, F,). Note
Y is null at n =0, and (Y) = (X).
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Lemma: A square-integrable martingale X is bunded in L? if and only if E(X) 0o < 00. Indeed,
E(X),, =Y E(X; - X; 1) =limEX? — EX§ = sup EX] — EX§.
j=1 " g
This proof of the lemma is left as an exercise.

Lemma: For every n > 1, we have
E((Xn— Xp-1)?| Fno1) = (X)

Proof. Indeed,

E ((Xn - Xn—l)2 ‘ fn—l) E(XT2L |~7:n—1) - Xg—l = E(Mn + <X>n |-7:n—1) - (Mn—l + <X>n—1)

This completes the proof. O
Ezample: Suppose X = (X1, Xo,---) is a sequence of independent L2-random variables with zero-
mean and EXJ2 = sz-. Define

So=0, Sp=) Xp; Fo={0,Q}, Fn=0(X1, -, Xn).
j=1

Then S = (S, Fn;n > 0) is a square-integrable martingale. Clearly,
(S),, = ()1 =E((Sn — Sn-1)?| Fne1) = E(XZ | Fp1) =EXZ =02, Vn>1
It follows from induction that

j=1

An immediate consequence is that
oo o0
Z 02 < 00 = Z X, exists almost surel O
J J Y-
Jj=1 Jj=1

The convergence of a square-integrable martingale X = (X,,F,) is related to the finiteness of
(X)o- We have the following convergence result.

Theorem: Suppose X = (X, F,) is a square-integrable martingale.

1. lim, X,, exists in R almost surely on the set {(X)_, < oo}.

2. The converse is also true when X has bounded increment; that is, (X)), < oo almost
surely on set {lim,, X,, exists in R}, provided

| Xnt1 — Xn| < C, almost surely ,Vn >0

for some constant C' > 0.
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Proof. Without loss of generality, we assume Xg = 0; otheriwse, just replace X,, by X,, — Xy. For
an arbitrary K > 0, define 7 = inf{n > 0; A,;1 = (X),,; > K}. Since (X) is a predictable
process, T is a stopping time. It follows from optional sampling theorem that the stopped process
X" = (X7an, Fn) is also a square-integrable martingale. Furthermore, we claim that

(XT) =(X)", orequivalently (X7) = (X) Vn>0;

TAN?

indeed, it is not difficult to verify that ((X)
cise), and

+an; Fn) is a predictable, non-decreasing process (exer-

foem = 07 = 0 - ()i 72

is also a martingale, thanks to optional sampling theorem again. Now that (X7) = (X)

for all n, we have (X7), < K. It follows that lim, X = lim, X\, exists almost surely.
“(1)”. On set {(X),, < K}, we have 7 = oo, whence lim,, X] = lim, X;5, = lim, X,, exists

almost surely. Since K is arbitrary, we conclude that lim,, X, exists almost surely on {(X)_ < oo}.
“(2)”. Assume that X has bounded increment. We want to show that

<K

TAN

P <{<X>oo = oo} N{lim X,, exists in R}) =0.
It suffices to show that
P <{<X>oo = oo} N {sup|Xy| < oo}) — 0,

or equivalently

P <{<X>oo = oo} N {sgpan| < K}) =0, V K>O0.

Set T' = inf {n > 0; |X,,| > K}, which is a stopping time. Since {sup,, |X,| < K} = {T = oo}, it
suffices to show that for all K > 0,
P ({(X)oo = 00} N{T = o0}) = 0.

However, for every n > 0, we have

E<X>T/\n = EX%/\H = E(XT/\TL*1 + (XT/\" - XT/\TL*I))Q <2 (EX%/\n—l + E(XT/\TL - XT/\nfl)2)
< 2(K*+C?)
It follows from MCT that E(X), < oo, which implies P ({(X)_ = oo} N {T = oo}) = 0. O

Example: Suppose X = (X1, Xo,---) is a sequence of independent L2-random variables with zero-
mean and EX]2 = sz. We have
Loif 3322 0]2 < oo, then 3 7%, X; converges almost surely.
2. if Z;’il X, converges almost surely, then Z]oi1 0]2 < 00, provided that |X;| < K, V j,
for some constant K.

Ezercise: Suppose X = (X1, Xo,---) is a sequence of iid random variables with P(X = £1) = 1.

Let (a,) be a sequence of real numbers. Then

[

o o0
Z anX, converges almost surely & Z ai < 00.
n=1 n=1
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7.2 Some classical convergence results

This convergence result can be used to prove some classical convergence results. But let us recall
some useful results from analysis.

Kronecker Lemma: Let (by;n > 1) be a sequence of non-decreasing, strictly positive real num-
bers with b, 1 oo, and {z,} is a sequence of real numbers. We have

>

Proof. Let v, = 2?21 x; / bj, and denote vy, = lim, v,. We have

converges = b—Zm] — 0.

c~‘|3

n

n n n n—1 n—1
Yoa = Z(vj —vj-1)bj =Y uibj = ) vj-1b; = vabp + ) v0b; = > vsbji
=1 j=1 j=1 Jj=1 J=0

= vpby + Zv] bjv1) (here by = 0).
Hence
1 n 1 n—1
D=t — 3 > (b1 — b
" =1 " j=0
We complete the proof with the following exercise. O

Exzxercise: Complete the proof by showing

—

n—

1
— D (bjt1—
bn g

i )Vj = Voo

<.

SLLN with variance constraints: Suppose X = (X,;F,) is a sequence of independent random
variables with EX; = 0,V j and

ZnQEX2<oo

n

Then — 0 almost surely.

Proof. Thanks to the Kronecker lemma, it suffices to show that

. 1
M, = Z EXn converges almost surely.

But this is already shown in the preceding section. O

Strong law of large numbers: Suppose X = (X7, Xo, - ) is a sequence of iid integrable random
variable with EX; = . Then

1 n
— ZXj —  EXj, almost surely.
n 4
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Proof. Let Y, = Xnl{|x,|<n} be a truncation of X, for all n. It is not difficult to see that

limEY,, = EX;.

However,
Y PV # Xn) =) P(IXn|>n) =) P(Xy| >n).
n=1 n=1 n=1

Note that for any random variable Z, E|Z| < oo if and only if Y 2 P(|Z] > n) < oo (exercise).
Hence

Y PV #Xn)<oo = PV, #X,, i0)=0,
n=1

by Borel-Cantelli Lemma. Hence

1 1<
- Z X; converges to EX1 & — Z Y, converges to EXj.
n n

— o

It is sufficient to show then

1 n
— E (Y; —EY;) — 0  almost surely,
n

=1

But this follows from SLLN with variance constraints if we can show that

=1
Z j—QVarYj < o0.

j=1
Indeed,
5 2
S hvy < 3 Levio 3 Le(xt 1)
=17 =17 jzlj

= le Zl{k<|X1I<k+1} <E Z Z (k+1)* - Lipex, <kt

(k+1)- 1{k<|X1|<k+1}> <2(1+E[X1]);

AN

[\V]

m
N ..
Mg

here we have used the inequality

o0 o0 oo
1 2 2 2 2
ey — 1—2(-._—1) 2 iz
Prnt A e PR VA Y B P W +
This completes the proof. |

Kolmogorov’s three-series theorem: Let X = (X1, Xs, - ) be a sequence of independent ran-

dom variables. Define the truncation X = Xn1qx, )<k}~ Then Y °7° | X, converges almost
surely, if and only if
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LY, (X > K) < o0
2. > E (X,(lK)) converges;
3. S°%° | Var (X,SK)) < 00

for some (and hence for all) positive real number K.

Proof. We should first introduce the following lemma:

Lemma: Suppose (X,,) is a squence of independent random variables, uniformly bounded by K, or
P(|X,| < K) =1, for all n. Then )" X,, converges in R almost surely, if and only if > EX,
converges in R and ), VarX,, < oo.

Proof. The direction “<” is clear. As for the direction “=": consider an independent copy

of (X,), say (X,); i.e. (X,) and (X,,) are independent, and the law of (X,,) is the same as
that of (X,). If 3, X,, converges almost surely, so is (X,,) (why?). Therefore, 3" (X, — X,)
converges almost surely. But (X,, — Xn) is a sequence of uniformly bounded, independent
random variables with zero mean. It follows that

ZVar(Xn — Xn) < oo  or ZVaan < 0.

This in turn implies that

> (Xn — EXy)

n

converges, or »_ EX,, converges. O

“=7: Assume that ) X, converges almost surely. Fix any K > 0. Since lim, X, = 0 almost
surely, we have
P(Xn| > K, i0)=0 = Y P(X,[>K)=0,
n

thanks to Borel-Cantelli lemma. This implies that
P(X,#X5 io)=0 = ZX%K) converges almost surely.

Now (2) and (3) are implied by the lemma.

7«<=": It follows from the lemma that X,(IK) converges almost surely. But Borel-Cantelli
lemma implies that P(|X,,| > K, i.0.) =0, which implies ), X,, converges almost surely. O

7.3 A SLLN for square-integrable martingales
We have the following result.

Theorem: Suppose X = (X,,F,) be a square-integrable martingale with Xo = 0. Then

I Xn { 0 ; almost surely on set {(X)_, = oo} }
im =
(

n (X), B X1>oo lim, X,, ; almost surely on set {(X)_ < oo}
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Proof. We only need to prove for the set {(X)_,, = oo}, and it suffices to show that

Xn
lim

1 m =0, almost surely,

or by Kronecker lemma, to show that

n
) X — Xi_
M, = g_l {“TX];; converges almost surely.

But M = (M,,F,) is a martingale, since the process (X) is predictable and T%)Q is always
bounded by 1. M is clearly square-integrable, and it is sufficent to show that (M) < oo almost
surely. However,

2 1 2
(M), — (M), _; = E((Mn—Mn1)’|Fp1) =E (W (Xn = Xn-1)" | Fna
1 (XD, = (X)ns
= —  E((Xp— Xn 1) | Fnot) = n n
Ay = D1 Fne) = T, )
< 1 ! N
— ; n.
By induction, we have
(M), < L ! <1 = M) <1
TTIH(X)y 14+(X), T T
This completes the proof. |

FEzercise: Suppose f :[0,00) — [0,00) is a non-decreasing function such that

/w%du<oo.
0o (14 f(w)

Show that for all square-integrable martingale X = (X,,, F,) with Xy =0,

_Xn
(X))

— 0

almost surely on set {(X)_, = oco}.

8 Applications of martingale theory

8.1 Law of Iterated Logarithm

This is a very deep result that describes precisely the growth of the random walk on real line.
Below we give a proof for the special case where X; ~ N(0,1) with the help of martingale theory.
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Law of Iterated Logarithm: Suppose X = (X,,;n > 1) is a sequence iid random varaibles with
EX; =0, E(X?) =02 Set S, = > j—1 Xj for all n > 1. Then we have

Sn - Su

=1

lim sup =1, liminf =
n  y/202nloglogn n y/20%nloglogn

Proof. We need the following result.

Lemma: Suppose (X,,) is a sequence of iid N(0,1) random variables, and S,, = Z?:l X;. Then for

all A > 0,
2
P (max S; > )\> < e_g_n.
1<j<n

Proof. For any 6 > 0, we have

Pl max S, > A ) =P | max ?5k > e .
1<k<n 1<k<n
Ox

But {605”} is a submartingale since {S,} is a martingale and the function ¢(z) = " is
convex. It follows from submartingale inequality that

P < max Sy > )\) < e OE <695"> — ¢~ OA 507
1<k<n
This inequality is true for any 6 > 0. The best 6 we can choose is §* = %, which implies that

2
P(max SkZ/\>§e_§_n. O

1<k<n
Set h(n) = y/2nloglogn. Without loss of generality we assume o = 1. It suffices to show the
limsup, and lim inf is obtained the same way.

1. Upper bound: Fix an arbitrary M > 1. For an arbitrary sequence of positive numbers {\,}

we have \2
P >\, ) < -
<1<I£i%n e 2 A ) - eXp{ 2M"}

Choose A\, = Mh(M™ 1), we have

A2 MERA(M™Y) M2 2M™ oglog(M™ )

— n—1
AT S0 S = M loglog M"-.

Therefore,

1<k<M™
n

ZP ( max Sy > )\n) < Z(n —1)™M . (log M)™ < .
n
It follows from Borel-Cantelli lemma that

P ( max S > Ap, i.o.) =0.
1<k<M™
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In other words, there exists () C € such that P(Q) = 1, and Vw € €,

Sk < A for all n bi h > N(w).
1;223\(@ b < An, or all n big enough, say n > N(w)

Now for any m, there exists n such that M 1l<m< M", and V w € Q, we have

Sm(w) <  Jnax Sp(w) < Ap = MA(M™ ') < Mh(m), for all m big enough.

<k<M
It follows that g
lim sup m(w) < M, Vwe.
m ~ h(m)
Since M > 1 is arbitrary, we have
lim sup Sm(w) <M, almost surely.
m  h(m)
. Lower bound: Fix an interger £ > 1, and 0 < € < 1, a positive real number. Let
. Spn+1 — Spn h(entt — gm)
= — S/ — n+l _ gn\1 Dentl T o e~ . .
Fn = {Spm+1 — Spm > (1 — €)h({ o)} {\/W >(1—¢) T | P(Z > yn);

here Z is a standard normal, and

Yn = (1 — €)y/2loglog(fn+l — (n) = (1 — €)+/2log(nlog £ + log(¢ — 1)).

It follows fron the exercise below that

1 1 z2 const
P Fn ~ — n) = —/—— 2 :
(F) yn¢(y ) V2 ne (nlog£)~(1-9%.,/2Togn

whence Y P(F;,) = oo, and it follows from Borel-Cantelli Lemma that P(F,, i.o.) =1, or,
for almost every w € €2,

Spni1 — Segn > (1 — e)h(£™ — ™) io.
However, since we already know that

n

S
limsup —— < 1 = liminf — > —1 (by symmetry).

n o h(n) ~ n o h(n)

Hence for almost every w € ), we have
Sm(w) > —2h(w),  for m big enough.
It follows that
Spns1 > Spn + (1 — (LT — ™) > —2n(0") + (1 — e)h(™ — ™) io.

or

Spn+1 h(£™) h(entt — om)
> -2 1l—€¢)————=
Ry = Th(en) +(1—¢) (e 1)
It follows that (check!)
Sgn«‘fl 2 1
e s 2 1— 1— =
R = T 0 +(1—¢ 7
almost surely. Letting £ — oo and € — 0, we completes the proof. O
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Ezercise: Suppose Z is a standard normal, then for any = > 0, we have

(e+1) 6t0) <P(2 2 ) < ot

X

here ¢ is the density of standard nomral; that is,

|
(Hint: Use ¢'(x) = —z¢(z) and (%gb(l‘))/ =—-(1+ x%) ¢(x), then integrate from x to oc.)

8.2 Stochastic approximation

Background: Let h: R — R be some generic function in some quite general class (say, monotone
or continuous), and for any 6 € R, one can measure h(f). The measure may or may not
involve measurement error. The goal is to find the root of the equation

h(6) = 0.

We should assume that 8* is the unique solution, and unknown.

If there is no measurement error, then good algorithms exist so that the convergence to 6* is
(better than) geometrically fast. For example, the Newton-Raphson algorithm:
h(6r)
Opnt1=0,— —=; Vn>0.
n+1 n h’(@n) ) =
And (under certain conditions) the algorithm will converge to #* no matter what the starting
point 6 is.

However, if there is some non-negligible measurement error associated with the quantity h(#),
one has to be satisfied with some slower algorithm, but would require the algorithm to be
highly robust. For example, suppose that 6, is the estimate of 6* at t = n, then at t = n+1 we
will observe y,+1 = H(0pn, Xpn+1); here (X,,) is a sequence of independent random variables,
and

H,z)=h(0)+ M(0,x) with EM(0,X,)=0, VOER, Vn>0.

The term M (0, X,,) is the “measurement error”. The goal is to find a sequence of estimates
(6,,) such that 6,, — 6* with probability 1 no matter what the initial guess 6 is.

This subsection considers a special adaptive stochastic approximation algorithm: Robbins-
Monro algorithm, which takes the recursive form

9n+1 =0, — 7n+1H(0na XnJrl)a v n;

here (7y,) is a sequence of non-negative real numbers. The requirement of the algorithm put on
some constraints on the sequence of constants (v,): (1) the sequence (—,) should converge to 0 so
that 6,41 and 0,, are getting closer; (2) the sequence of (—) should converge to 0 too fast; say, if
> 4n < 00, and H is bounded, then

Z|0n+1_0n| :Z7n‘H‘ §K27n < 0.
n n n
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If 0y is very far away to 6., the sequence (6,,) could converge to a wrong point and never get close
to the real 6*.

Theorem (Robbins-Monro): Assume that for any non-negative function f, we have
E £(Xo11) | Fal = ELF(Xns1) 6] = [ £(a)d, (o), almost surly;

here F,, = o(Xn,0n, Xn-1,0n-1,--+). In other words, knowing the past, the conditional
distribution of X, 1 depends only on 6, and is ug, (a probability measure on R). Further
assume the “growth condition” that

o2(0) £/|H(9,x)|2du9(x) < o1 +6]2)
for some C' > 0, which implies h(0) = [ H(0,z) dug(z) is well-defined.
Suppose the stability condition

inf  (0—0")h(0) >0, V 0<e<l1
e<lo—6%|<1

for some 6* € R. Then for any sequence of non-negative numbers (-,) such that
Z 77% < 00, Z Tn = OO,
n n

we have 8 — 6* almost surely, regardless of 6.
Proof. We need the following result on “almost supermartingales” of Robbins & Siegmund (1971).

Lemma: Let (b,), (¢,) be non-negative sequence of real numbers so that

D by <oo, ) en< oo
n n

Let Z = (Z,,F,) and D = (D,,F,) be non-negative, adapted process such that
E(Zpnt1 | Fn) < (1+by)Zp+cn — Dy,  almost surely, V n.
Then we have almost surely

E D, < oo, lim Z,, exists in R.
n
n

Let T), = 0, — 0, and Z,, = |T,,|?. Tt follows that

Zn+1 - (Gn—‘rl - 0*)2 - (0n+1 - Hn + 0n - 0*)2 — (Tn - 7n+1H(0naXn+1))27

or
Zn+1 = Zn - 2’7n+1TnH(0n7 Xn+1) + 7¢2L+1H2(0na Xn—i—l)a
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and

E(ZZ,-H | Fn) = Zn—2vn+1Tnh(0n) + 772z+1‘72(9n)

Zn = 241 Tnh(0n) + C - Y1 (1 + |6n]?)

Zn - 2’)’n+1Tnh(9n) +C- '7721—&-1(1 + ‘Tn + 0*|2)

Zn — 21T h(0,) + C - 73+1(2Zn +¢) (for some constant c)
Zn(14 Cviiy) + vy — 291 Tuh(60,)

Zn(1+by) +cn — Dy,

IN

IN A

Note here D = (D,,, F,,) is non-negative. By assumption ) b, < co and ) ¢, < oo, hence it follows
from the lemma that

Ln — 7 and ZD” < 00; almost surely.
n

It remains to show that Z = 0 almost surely. Indeed, suppose Z,(w) > 0 for some w € €2, then for
some € € (0,1), € < |T(w)| < e for all big enough n. This implies that
lim inf T}, (w)h (65 (w)) = liminf(6,, — 6%)h (6, (w)) > 0,

which in turn implies that
1
00 =D i1 Tn(@)h(0a(w) = 5 D Dn(w).

We conclude that P(Z > 0) =0, or Z = 0 almost surely. O

Ezercise: Prove the lemma used in the preceding proof.

Proof. We first show the convergence of (Z,). Note that (D,,) is non-negative, whence
E(Zns1] Fn) < (L+bp)Zn+ cn < €' Zn + cn,
which implies that U = (U,, F,,) is a supermartingale; here
n n—1
Un =€ Pr1Z, — Cy, with B, =) b;, Cn=) e Pic;.
j=0 j=0

However, for all n > 0, almost surely.
o0
U, <Cp <) ¢ < o0
j=1

It follows from the basic convegence theorem that (U,) converges almost surely. But by
assumption, (C,) and (B,,) are clearly convergent. Therefore, (Z,) converges almost surely.

It remains to show > D,, < co almost surely. However, it is not difficult to verify that

D, — eiB"Dn <U, — E(Un+1 |‘7:n)7
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and that > D,, < oo is equivalent to > D,, < co. Doob’d decomposition yields that U =
M — A for some martingale M and predictable, non-decreasing process A, which implies that

Dn < (Mn - An) - E(Mn+1 - An—i—l |fn) = An+1 - An-
Therefore, it suffices to show that A, < oo almost surely. But
EA, = EM, — EU, < EM, + EU, =EM, +EU, <EMy+ > ¢;.
j=1

This completes the proof. O

8.3 Markov chains

Consider a probability space (2, F,P) and a sequence of random variables X = (X,,,F,); here
F = (F,) is the natural filtration generated by X, or F,, = o(Xo, X1, ,X,,). The process X is
said to be a Markov chain if

P(Xn+1 € B| X0, X1, ,Xpn) = P(Xpy1 € B|Fp) = P(Xpy1 € B| X,,), almost surely
holds for every B € B(R) and n > 0.

Proposition: Show that X is a Markov chain if and only if either one of the following two condi-
tions holds:

1. P(A]| Xo, X1, -+, X,) = P(A]| X,,) almost surely, V A € o(Xp41, Xnt2, ).

2. P(ANB|X,) = P(A|X,) - P(B| X,) almost surely, V A € o(Xpn+1,Xn+2,---) and
B € F,,. That is, “future is inpendent of past conditional on present”.

Ezercise: Give a proof of this proposition.

Let Pyy1(z;B) = P(X,41 € B|X, = x); and P, is said to be the n-th stage transition
probability”.

Strong Markov property: Let 7 be an arbitrary F-stopping time. We have

P(Xr41 € B|F;) = Pr11(X5; B), almost surely on set {7 < oo}.

Proof. It suffices to show that
P (1{T<oo} ’ ]-{XT+1EB} ‘fT) = 1{T<oo}P(XT+1 €B ‘ fT) = PT+1(XT§B)1{T<00}> almost surely.

However, Pry1(X;; B)l{T<OO} is clearly Fr-measurable. We only need to show that, VA € F,,

/APT—H(XT; B)1{7.<OO} dP = /A 1{7'<oo} . 1{X7+1€B} dP =P(AN {T < OO} N {XT+1 € B})
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Indeed, since AN {7 =n} € F,, we have
Py 1(X;B)lcon dP = / Prt1(Xn; B) dP
/A " ( {r<oc} Z An{r=n} "

= ZP (An{r=n}n{X,+1 € B})
n=0
= PAN{r <oo}N{X;41 € B}).
This completes the proof. O

A Markov chain X is said to be time-homogeneous if P,(z;-) is independent of n, and we
should denote P = P = Py = ---, and by P(")(z; B) = P(X,, € B| Xo = x), ¥n > 0. In particular,
PO =P and PO (z; B) = 15(z).

In the rest of the section, we exclusively consider time-homogeneous markov chains with a
countable state space S for easy illustration. The transition probability P = (P;;) where

Pz]:P(Xn+1 :]|Xn:Z), VZ,]GS

Definition: A function f : S — [0,00) is said to be harmonic (resp. superharmonic, subhar-
monic) for P(+;-) if

i) = Z Piif(4), Vies (resp. “>7, “<7)
jES

Lemma: Suppose X = (X,,,F,) is a time-homogeneous Markov chain with transition probabil-
ity P(-;-). If f is P-harmonic (resp. superharmonic, subharmonic), then ( f(Xn),]:n) is a
martingale (resp. supermartingale, submartingale).

Proof: Observe that

E(f(Xnt1) | Fn) = E(f(Xnt1) | Xn) = > Pyf(j)

JjeS =X,
The result follows readily. |
Ezample: Let B C S. The function
g(i) =P(X, € B, io.|Xg=1i), Vies
is harmonic.

Proof. Tt follows from time-homogeneity and Markov property

g(j)=P(Xn, € B, io0.|X1=j)=P(X,€B, io|X =jXo=1i), Vies.
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It follows that

Y Pijg) = D P(X1=j|Xo=1i)-P(Xp€B, io|X1=jXo=1)
J J
= Y P(X1=4j, Xn€B, io.|Xg=i)=P(X,€B, io|Xo=1)
J
= g(i).

This completes the proof. O

Ezample: Let B C S be given. With Ty = inf{n > 0; X,, € B}, define
o(i)=P(Tp<oo|Xg=1i); Vies.

That is, ¢(i) is the probability of hitting B when the Markov chain starts from i. Then the
function ¢ is superharmonic; whence (qﬁ(Xn),]-"n) is a supermartingale. Furthermore, ¢ is
harmonic on B€¢; that is,

$(i) = > _ Py;o(j), vV i€ B
J

whence
E(¢(Xnt1)| Fn) = #(Xn),  almost surely on set {X,, € B}

Proof. It follows from time-homogeneity and Markov property that
¢(j) =P (2 {Xx € B} | X1 =j) =P (2 {Xs € B} | X1 =5, Xo=17), VieSs.
It follows that

D Py() = Y P(Xi=j|Xo=1) P (U2 {X) € B}| X1 = j,Xo = i)
J J
= Z P(X1 =7, UpZy {Xk € B} [ Xo = 1) = P(UpZ { Xk € B} [ Xo = 1)
< P(URLo{ Xk € B} | Xo =) = g(2).

This proves the supermartingale property. As for the martingale property on B¢, just observe the
above inequality is indeed an equality when Xy =i € B°.

Theorem: An irreducible Markov chain X = (X,,, F,,) with countable state space S and transition
probability matrix P = (Pj;) is recurrent if and only if every non-negative P-superharmonic
function is a constant.

Proof. “=". Suppose X is irreducible, recurrent and h > 0 is a superharmonic function. The
process h(X) = (h(Xn), ]:n) is then a non-negative supermartingale. Therefore, for any F-stopping
time 7, we have

Er(X,) <E(Xo), or h(i)>E(h(X;)|Xo=1), Vies.
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thanks to optional sampling theorem. In particular, fix an arbitrary j € S, let 7 = inf{n > 1; X,, =
j}. Since X is irreducible and recurrent, 7 is almost surely finite, and

h(i) > E(h(X7) | Xo = i) = E(h(j) | Xo = i) = h(j).
But ¢, j are arbitrary, hence h is a constant.
“<”. Fix an arbitrary k € S. Let 7, = inf{n > 1; X,, = k}, and
f(@)=P(mp < x| Xg=1), Viels.
Then f is a non-negative superharmonic function. Indeed,

fli) = P(m<oo|Xo=1i)=>» P(r < o0, X1=j|Xo=1)
J

= Y PifG) + P =Y Pyf();
ik j
here the last inequality follows from 0 < f < 1. By assumption, the function f must be a constant,
say f(j) = A €[0,1]. It follows that
A:Azpij+Pik:(1—Pik)A+Pik, Vies.
i#k
Suppose A # 1, then P;, = 0 for all 1 € S. Now we can construct a superharmonic function
(4) =0, Vj#k, ok =1

indeed, Vi € S,
> Pio(G) =D Pio(s) + Pud(k) = 0 < ¢(i).
J J#k
This is a contradiction. Hence A = 1, and the chain is irreducible and recurrent. O

8.4 Branching process

The number of offsprings for a typical individual in a population is denoted by an integer-valued
random variable Z with

o]
P(Z=j)=pj, J§=012--; 0<pp<l, » pj=1
j=0
and

0<p=EZ=> jp;< oo
j=0

Consider the stochastic recurrsion (branching process) X = (X,,), the size of the n-the generation,
starting with Xy = 1. We should assume

Xn
X1 =Y ", Va0
k=1
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here Z(t1) — {Z{nﬂ), Zénﬂ), .-+ } is a sequence of iid copies of Z, and we assume the independence

between generations; i.e. {Z W, z@ ... } are independent. The intepretation is that Z ,inﬂ) is the
number of offsprings from the k-th member of the n-the generation.

Throughout this section, the filtration F = (F,) is the natural filtration generated by X, or
Fn = o(Xo, X1, -, Xp). First of all, X = (X,,, F,) is a Markov chain; and

E(Xns1|Fn) = E(Xny1 | Xn) = pXn.

It is not difficult to check that the process M = (M, F,) with M, = u "X, is a martingale. It
follows from the basic convergence theorem that

M, — My, almost surely for some F,,-measurable random variable M.
We also define the time-to-extinction
T =inf{n >0; X, =0},
which is a stopping time and could take value co. The extinction probability is defined as
m=P(T < ).

There are several interesting questions: (1) what is the value of extinction probability 7; when will
m =17 (2) when 7 < 1, what can we say about the distribution of M,? (obviously, when 7 = 1,
M = 0 with probability one).

Theorem: The extinction probability 7 is the smallest positive root of the equation
o0 o0
s = ¢(s), where ¢(s) = E(s?) = ijsj =po + ijs]; V0<s<l.
j=0 j=1

In particular, if 4 > 1, then 0 <7 < 1; if u <1, then 7 = 1.

Remark: Tt follows immediately that, when y < 1, My = 0 and M is not a uniformly integrable
martingale, since 1 = EMy # EMy, = 0.

Remark: The function ¢ is non-decreasing and convex since function s’ is convex for all j € Ny.
Furthermore, ¢(1) = 1, and it is not difficult to check that

¢'(1)=>jpj = p-
=1

We have the following graph:
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Proof. We first compute the moment generating function of X,, denoted by ¢,(s)
Clearly ¢o(s) = s, and recurrisively we have

Oni1(s) = E(s™1) = E (E(s™ [ Xp)) = E(¢77(5)) = n(6(s)); V20

It is not difficult to conclude that
Gni1(s) =popo---0¢ n times.
Define the extinction probability at the n-th generation
= P(T <n)=P(X, =0), vV n>0.
It is easy to see that (m,) is non-decreasing and
m = lim 1 7.
n

However, note ¢n+1 = ¢ 0 ¢, we have

Tn+l = ¢n+1(0) = ¢(¢n(0)) = ¢(7Tn)a Vn>0.
Letting n — oo, it yields that
= ¢(m).
It remains to show that 7 is the smallest positive root; indeed,

w1 = po < any positive root of s = ¢(s), say v.

T = ¢(po) < pv) =v

m < v, an arbitrary positive root of s = ¢(s).
This completes the proof.

As for the distribution of M, in case p > 1 we have the following result.

Proposition: Assume Z € L2, EZ = > 1 and let 0% = Var(Z). Then

o

p(p—1)°
(Hint: Show that M is a martingale bounded in L? and hence M,, — My, in L2.)

VarMy, =

E(s%n).

Remark: The condition Z € L2 is a sufficient condition for M. to be non-trivial. It can be shown
that EZ > 1 and E(Zlog Z) < oo is indeed the sufficient and necessary condition for the
non-triviality of My (otherwise, My, = 0 with probability one); see Athreya and Ney (1972).

Ezample: Suppose Z is geometrically distributed with
P(Z =j) = p¢, Vj>0;

where 0 < p < 1 and p+ ¢ = 1. Compute the extinction probability m, and the distribution

of M. (Hint: For the distribution of M., show that

PA+q—p &
E AMoo\ _ _ / 1 2 —(1-m)x )\zd )
(e ) = h =7+ ; (1 —m)%e e T

Then derive the distribution of M.)
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8.5 Mathematical finance

In binomial asset pricing model, stock prices are modelled in discrete time, assuming that at each
time step, the stock price will change to one of two possible values. See the following figure.

Even though the dynamics of the binomial pricing model is too simple compared to the real-
world stock price movement, it provides a good approximation to continuous-time models with
sufficiently many time steps. Besides its advantange of computational tractability, it also help
illustrate the idea of “arbitrage pricing” and “risk-neutral pricing”.

A Preliminary Example: Consider the following one-period binomial pricing model. The movement
of the stock price is indicated in the following figure.

Suppose we buy a share of Furopean call option at day 0 with strike price K = 14 dollars and
expiration time day 1. That is, the payoff from exercising the option is

Y;g = (Sl - K)+ = max{Sl - K, 0}

Remark: The holder of the call-option has the right, not the obligation (hence the name “option”)
to buy a share of stock at the strike price . A European put-option gives the holder the right
to sell a share of stock with strike price K; that is, the payoff is

Y; = (K — S1)" = max{K — S1,0}.
Remark: The name “European” means that the option can only be exercised at the “expriation
date”. On the contrast, “American” options can be exercised at any time before or at the ex-

piration date. The price (value) of the American option is obviously higher than its European
counterpart.

We also assume that the interest rate is zero, that is, $1 today is worth $1 tomorrow. Now the
question is: what should be the price of this call-option (say, p) at day 07

Arbitrage Free Principle: Suppose at day 0, we construct a portfolio by adding x share of stocks
besides the call-option. The value of x is yet to be determined. This portfolio is worth 10z +p
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at time day 0. Now at dayl, the portfolio is worth either 20x + 6 (if the stock price goes up
to $20) or 5z (if the stock price comes down to $5). However, if we pick x so that

2
20c+6=5 = x:—g:—OA,
This portfolio yields a riskless payoff of 20z + 6 = 52 = —2 dollar at day 1. The arbitrage
free principle says that

10z +p=—-2 = —44+p=-2 = p=2.

That is, the option is worth $2 at day 0.

Remark: We did not specify real-life probability for the two possible outcomes. In other words,
whatever the real probabilities are, the option price is always $2.

Delta §: The quantity z = —0.4 is called “delta” in lots of occasions. Its role is to “hedge” away
the risk (“delta-hedging”).

Risk-neutral Probability: The risk-neutral probability is an (artificial) probability measure, un-
der which the expected return of the option payoff equals the option price. In this example,
one can find the risk-neutral probability by solving the equations

a+b=1, 6a+0b=2 = a=

Remark: Under the risk-neutral probability, the expected stock return is
1 2
5-204—5-5:10:30(1—1—7’).

This is indeed a general phenomenon (Martingale property).

Remark: No matter how the option payoff changes, we always get the same risk-neutral probability.
For example, the strike price is now K = 15. Constructing portfolio with value 10z + p at

day 0, with riskless value

1 5 5
20 5=05 = == = 10 - _= = ==,
T+ T T 3 T+ p 3 D 3
which equal the expected return under probability measure (%, %)
1 2 5
Z.5+2.0=2.
3 + 3 0 3

General Pricing Formulae: A general one-period binomila pricing model is indicated by the

following figure.
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Suppose the interest rate is r. That is, 1 dollar at day 0 is worth R = 1 4 r dollar at day 1.

We also assume that
d< R < u.

Still let p denote the price of the option. Then we can construct a portfolio with x stocks

such that it has a riskless return, or,

C.,—Cy
uS —dS’

uS-z+Cy=dS-z2+C; = z=-—

The price of the option is

1 —
(S-z+pR=uS-z+C, = p= <f_d.0u_|_

The risk-neutral probability P* is

R—d u— R
u—d u—d)’

which is independent of the option payoff. The Option price can be written as

_ Lee
- —E7'[C].

That is, the option price is the discounted expected payoff under risk neutral probability.

Furthermore, the discounted expected value of the stock at day 1 is

1 (R—-d u—R
E(u—d'us—i_ u—d >_S’

or

E” [R71S11S0] = S

This indeed says that the discounted stock price is a martingale under risk-neutral measure.

Replication: Let p be the price for the option with payoff C. Then with initial wealth p,
one can construct a portfolio so that its value at day 1 completely replicates the option

payoff. Indeed, put
Gy, -0y

u—d

amount of money into the stock and the rest p — z amount of money into the bank. Such

a portfolio will generate

R—d

uS -2+ (p—z)R = (u— R):E+pR— 5(0 o)+ ( —-

S
when the stock price is u.S at day 1, and generate

d— d

dS-£+(p—.r)R:(d—R).r+pR— 7

5 R(C —Ca)+ <R

—d

when the stock price becomes dS at day 1.
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In general, we have multi-period binomial pricing model. We should conclude with the fol-
lowing concrete example.

Assuming the interest rate is zero, the risk-neutral probability (¢, 1 — ¢) is such that

Snow = qSup + (1 — q)SdOWIl = q= 5

We have the following tree.

9 A collection of exercises

Ezercise (Ballot problem): Suppose (X1, Xa,---) is a sequence of iid, non-negative integer valued
L!-random variables. Let S, = E;;l X, then

S +
P(Sj<j,\11§jgn\sn)=(1_;"> |

(Hint: Let Y; = (n —j)*lSn,j and F; = o(Sn, Sn—1,+* ,Sn—;) for all 0 < j < n — 1. Then
Y = (Y;, F;) is a martingale).

Ezercise: Suppose 7 is a F-stopping time such that for some integer K > 1 and some € > 0, we
have, for every n:
P(r<n+ K|F,)>¢  almost surely.

Show that ET < o0.
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Kakutani’s theorem: Let (X1, X2,-) be independent non-negative random variables with EX; = 1
for all j. Define My =1 and M,, = X1 X5---X,,. Then M = (Mn,}"f) is a martingale and
Moo = lim,, M, exists almost surely. The following statements are equivalent:
1. EM, = 1.
2. M is uniformly integrable.
3. []an > 0 where a,, = Ev/X,, € (0,1].
4. > (1 —ap) < oo.

If either of the above statements fails, then M., = 0 almost surely.

Ezxercise (Polga’s urn): At time ¢ = 0, an urn contains b black balls and w whitel balls. At each
time t =n (n=1,2,---) a ball is randomly chosen from the urn, and is put bakc to the urn,
together with another ball of the same color. Just after time ¢t = n, there are (n + b+ w)
balls in the urn, of which (b + B,,) are black; here B,, is the number of black balls chosen by
time ¢ = n. Define

b+ B
n = OF8n proportion of black balls in urn right after time ¢ = n.
n+b+w

Show that M = (M,,F2) is a martingale; here F? is the natural filtration generated by
B = (B,,). Let M, = lim,, M,,, which always exists by basic convergence theorem. Find the
distribution of My, in case of b = w = 1.

Ezercise: Let X = (X,,F,) be a martingale with EX,, = 0 and EX2 < o for all n. Show that

EX2
P(maij>)\>< n VA0

0<j<n - EXZ 4+
(Hint: For every ¢ > 0, (X,, + c)? is a submartingale.)

Ezercise: Suppose X = (X, F,,) is a martingale such that sup,, | X, 1 — X,| € L!. Let
A = {weQ; limX,(w) existsin R}
n

Ay = {we; limsup X,(w) =+oo, liminfX,(w)=—00.}

Show that P(A;) + P(A2) = 1. In other words, (X,,) either converges or oscillates greatly.
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