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The Simplex Method — Canonical Form Summary Sheet

Standard/Original form LP (A ∈ Rm×n, b ∈ Rm, and c, x ∈ Rn)

Maximize Z = cTx
subject to Ax ¹ b

x º 0.

Augmented form LP (xs ∈ Rm)

Maximize Z = cTx + 0xs

subject to Ax + Ixs = b
x, xs º 0.

Canonical form (Upon choosing xN ∈ Rn, xB ∈ Rm—see below)

(Increase) Z + c̄TxN + 0xB = Z̄
subject to ĀxN + IxB = b̄

xN , xB º 0.

i.e.
[

1 c̄T 0
0 Ā I

]

︸ ︷︷ ︸
M




Z
xN

xB


 =

(
Z̄
b̄

)

Matrix representation of the canonical form

(Increase) Z + (−cT + cT
BA−1

B A)x + (cT
BA−1

B )xs = cT
BA−1

B b
subject to (A−1

B A)x + A−1
B xs = A−1

B b
x, xs º 0.

i.e.
[

1 cT
BA−1

B

0 A−1
B

]

︸ ︷︷ ︸
QB

[
1 −cT 0
0 A I

]

︸ ︷︷ ︸
M0




Z
x
xs


 =

[
1 cT

BA−1
B

0 A−1
B

]

︸ ︷︷ ︸
QB

(
0
b

)

That is, M = QBM0P
−1. (see below)

Tableau representation of the canonical form

BV Z x1 . . . xn xs,1 . . . xs,m

1 −cT + cT
BA−1

B A cT
BA−1

B cBA−1
B b

xB,1 0
...

... A−1
B A A−1

B A−1
B b

xB,m 0

Note: The entries in the tableau representation are exactly the same entries in the
matrix QbM0 and QB

(
0
b

)
of the matrix representation
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Basic and nonbasic variables for the canonical form. Upon choosing xN , xB ,
we may elucidate a permutation matrix1P such that

(
xN

xB

)
= P

(
x
xs

)
, from which

we obtain

[AN AB ] = [A I]P−1, and [cT
N cT

B ] = [cT 0]P−1

Specifically, if xN = (xN,1, . . . , xN,n) = (xj1 , . . . , xjn) and xB = (xB,1, . . . , xB,m) =
(xk1 , . . . , xkm

), then

AN = [Cj1 . . . Cjn
] ∈ Rm×n The jth column of AN is the column of [A I]

corresponding to xN,j

AB = [Ck1 . . . Ckm ] ∈ Rm×m The jth column of AB is the column of [A I]
corresponding to xB,j

cN = (cj1 . . . cjn)T ∈ Rn The jth entry of cN is the entry of [cT 0]
corresponding to xN,j

cB = (ck1 . . . ckn
)T ∈ Rm The jth entry of cB is the column of [cT 0]

corresponding to xB,j

where Cj is the jth column of [A I], and cj is the jth entry of [cT 0].
Consequently,

Ā = A−1
B AN b̄ = A−1

B b
c̄T = cT

BĀ− cT
N Z̄ = cT

B b̄

Connection between canonical form and matrix/tableau representations.
Suppose you already know the matrix/tableau representation, and want to obtain
the canonical form. Since M = QBM0P

−1,

Ā = Rm×n matrix whose jth column is the column of [A−1
B A A−1

B ]
corresponding to xN,j

I = Rm×m matrix whose jth column is the column of [A−1
B A A−1

B ]
corresponding to xB,j

c̄ = Rn vector whose jth entry is the entry of [−cT+cT
BA−1

B A cT
BA−1

B ]
corresponding to xN,j

0 = Rm vector whose jth entry is the entry of [−cT+cT
BA−1

B A cT
BA−1

B ]
corresponding to xB,j
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1Recall that a permutation matrix P has exactly one 1 in each row and each column, with all
other entries being 0, and that P−1 = PT. For any matrix X, Y , one can check that left-multiplying
PX will permute the rows of X, whereas right-multiplying Y PT will permute the columns of Y in
exactly the same manner that the rows of X were permuted by PX.
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