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‘1. INTRODUCTION ! co

From an observation of a ?’;hxllple path of a diffusion process q'ne can
construct consistent estimators: for the diftusion drift. If the form!of the
drift function is known up to)a finite collection of parameters lhtlr‘n it ié
possihle to use maximum likglihood, and obtain consistent nnd_iasym-j
rtutically normal estimators (ﬂ(“'* Brown and Hewitt: [3], F'reigi'ﬂ
(+], Lee and Kozin [8]‘ dnl anﬁc“ and Shir yayev [91). Even
when no parametric form is krmwn concistent (und m SOMe cases asyms
ptotically normal) estundtom for,the value of the drifl ; at a fixed argument
hive been developed (Banon [1], Banon and N guyen [2] and
Nguyen and Pham [10)). il '| |

This paper is also aboul J;,wnp‘:rl.mtm estimation; ol 111 Llnl; fune:
tion. But the estimator de vcl()pul here is distinguisiced tehm the non-
parametric estimators cited above by: o ’
. ) ; H
*'Supporh:d by the Department of (e Army under wrant DAAG 0 ‘!u KA

j
. =001 - {
' |
|
|




L}

(1) being a functional estimator,
(2) being based on the principle of maximum likelihood.

By a “functional estimator” | meoan that at each ¢ the estimation
procedure produces a function defined on a prescribed interval, and, as
this estimator converges (a.s.) to the driftin the sense of a func-

tion space norm. To be more precise about (2), let us look at a diffusion

! — oo,

couation and an associated likelihood function:

(1.1) dx,=g(xt)dt+ odw, Xy =X, i
W, is a standard’ (one-dimensional) Brownian motion and X, is a con-
stant. g and o are assumed to be unknown; we wish o estimate g from

an obsery wtion of a sample path of x,. It is well known that the distribu-
tion of x.. s€{0,7] is absolutely continuous with respect to the dis-
tribution of ow,, s€[0, /]

g). A likelihood function for the process x, s € {0,

Nikodym derivative:

fassuming some mild regulucity condition
2] is the Radon —

/g(\‘) ds ).
0:

¢

wl-—

t
(1.2) exp {(,)f g('xs) dx, —

The “natucal” estimator for g would maximize (J.2) over a suitable

parameter space, most appropuately the space of uniformly ltpsclmz
continuous functions. But the maximum of the likelihood is not atmmed;
either in this or in any other of the usual Tunction spaces. Some dlliuully
is not unexpected: maxinium ll.\ullh()()d typically {ails in n(m]mmnwlno
settings. To preserve the pring lplv of maxinium likelilood in nnnpam;nctl u,
problems. Grenander (7| -t-,a..lggusts a UMethod of Sievess makimize
the likelihood over a subset of:(he parameter space, ajiowing the 'subsetf
to grow as the observations increase, The method of sic“vcs produca!s con-
sistent estimators for a wide varjely of nonpuranietric problems. Thig paper
presents an application of (he. imethod to no.npm:.um:{ric:ustinmtion of

the drift of a diffusion.

Consistency of the constrained maximum likn]i'-'ood estimator re-
quires an appropriate rate ol growih for the subscls f1. nn wiicl the esti-
mator is taken. In particular, thit “sieve” must net gioy too apidly. Very'
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general sufficient conditions on sieve growth can be fonnulated; when
the observations are independent and identically distributed (.;SOSsibe
infinite dimensional) random variables. General conditions of this type are
esichlislied in Geman and Hwang |6]e where, among other applicz}-'
tions, there is presented a consistent functional estimator for the drift of
a diffusion. The estimator to be discussed here is an improvement, mainly
in the sense that it uses essentially all of the information available .in the]crc
sample path observation. The previous cstimator ignores a portion of this
information in order to define observations which are independent and
identically distributed, and to thereby utilize the above mentioned con-
sistency results (sce [6] for details). The improvement preclused an ap-j
pication of these results; it is no longer possible to view the observations

as 1.4.d. random variables.

Pretty much the minimal conditions for consistent cstimation of g
are.

(1) conditions for the existence and uniqueness of the solution to
(1.1),

(2) that the process x, he recurrent (i.c. for every level X there

exists r,,¢,,... increasing fo infinity such that x, = A forevery i).*
!

It is under these conditions that the consistency of the cstimator

wiil be demonstrated.
T ’
2. STATEMENT OFF MAIN RESULT (’:’) .
Start with the usual assumption for existence and nniguencss in (( ]-:]: )

Al. Forsome constant [
fg(x) ~gO) < L|x -yl

forall x,yeR. ’ i

*The neeessity of (2) derives front the fact that the measures on 0 /] induced by the
solution to (1.1) and indexed by~ furm an absolutely vontinue o banily focany finite £ (undw
svme wellkuown regularity conditions on g). The situatinn tor o s spade ditferent i can in
pitnciple be determined {rom any (arbitearity smudly intorvid of obocovation ot x '
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And, an assumption which is equivalent to recurrence (see Friedman
[5]. Chapter 9): ' '

A2 IS .

X ° 5 z
8(x)= f exXp {— = J g(u) du} dz
0 g” 0

then 0(+ )=+ oo and G(— =) = — oo,

The éstimator will approximate g on a fixed, but arbitrary, interval
[7\1 ; Ay ]. For this purpose the likelihood tunction, (1.2), will be replaced
by a function which depends only on the behavior of xr: during the time
spent in the interval [A;, N,].  Specilically, we will seek to makimize

£, 00
' ! . ‘
- 1 v .
= exp {0/ [{7\1.)\2|(_xs)a(xs) dx, =5 {-)/ [[Al,x2|(xs)°‘(xs)2 ds) &1

2.1 ¢ » :
: 1
exp {Oﬂ I g %9 (v, )eCe) = 5 olx)?) ds #L

t

+af1

(x)olx,) dws}.
K ;

[A).2,]
As wilh the full likelihood function, (1.2), nothing useful comes from an
uncenstrained maximization of (2.1). Once remedy is to introduce a sieve,

3,, parameterized by the length of thetinterval of observation {0, ¢]:

Nlt Illr .
S B - < s )2
L 4 y[//.(.x). s Iajl < k1 (log m,) }

S

t

where

1. m, isa nondecreasing secquence of integers governing the size |

of the sicve at time ¢, and- A, and A, are arbitrary positive con-
stants,

2. {y, (0} ds any sequence of meusurable functions safisfying

a. |1b/(x)|<1 ,t§§|7\1,7\;2] and all
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b. Every continuous function f on [A;, A, ], satisfying f¢A1)='

URR B
‘ . , ; . N L
= f),), can be uniformly approximated by a lincar combination of. : = [E illj I ’.i'
3 . \ - .|, . } :I ; “' 1
\l’l(x);\bz(-\')a--- 4 ’|§“sx'.
. t i il )
For example, {gb/(.x)}}?;l may be the trigonometric polynomials I . F i i ;ﬁ
x—A ' P
Soxo [mil (——Y 117 ' Iy S ; o I N
lexp [_ml ()\ — ]]}{=_m (with a change of indices), or the Lo | . | 3
. . . ]
olynomials | {+——2-r——) } Note that an implication of b Is
poty [(|‘7\1|+|}\2|) J1=0 I . , ll g
: e A i
that the span of {l]//(x) ;;1 is densc in Lz(”‘v ?\2],B,cl;‘n), for any = N i I
finite measure dm (B = Borel setsin [N, A, [). : 'i = ] ! ‘
| H
Define M, to be the set of functions in &, which maximize the i | g
“likelihood™ (2.1); . ALy l !
i ¢ t il
. . i D
M, ={acS,} flx;0= sup f(x A} ! , '5?"1’”
e ST ' . : ! ' \ : ‘ ]
2z o by
(If we write o= _, a \//1., then f[(x.; @) is continuousin a,,a,,...,4a, Pt | [}
= °nJ, 2 | .
and it fotlows that M, is not empty.) Tow fust should the sieve grow in . ! 1 |
order that M, converge, in some sense, to g?  (i.e. how rapidly can the : 7 i L
sequence  n, increase to o?) Cleatly, the growtlr of the sieve should ' i N d';t
be governed not directly by ¢, but by the amount ol time that the process ';"i ¥
has spent in the interval [N, A,] up to time ¢, Defivie j . i i
h
J‘([):6/[Ml}\2l(.\'s)(/$. Ill i
it r' f
The Theorem says that if m, grows sufliciently slowly with respeet to A {
1 |
2 (1), then " i itl,g
' ' vl U ]
ol
sup |jo—gll= O almost surely, ‘ f \ R
a&M, ' l ‘ll I'll"r.[
H J R J 3 . I. b | T
where the normm is L, with respect to the natural” wcasure for this : S
problem: . 8 ol '
. i | T f
Proposition. Asssume A1 and Az Then for cvery Borel set A in | .:H W
| | i
} | i
| $
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t
f I,(x)ds : '
(22)  lim :

[0 o
IIMM ((x,) ds |

exists and is constant almost surely, and the set function defined by this
Jonit is a probability measure.

The proof is deferred (follows from Lemma 1 below). 1 will use
¢ (4) to refer to this measure, '

Theorem. Assuine Al and A2, and that m, is a nondecreasing se-
gitence of htegers, diverding to + o, und satisfying
m, < k3,/’ (t‘)1 &
Jor some positive constant ky and 6. Then, as t— o,
o
sup f la(x) — g(x) |2 (dx) > O almost smc’l)'

o 1”

3. PROOF OF THE THEOREM

It will be convenient to assume that xo E 1N A1 (the modification
for S[AL N s trivial). Deline two sequences of stopping times as

Iol'nows.
Given ¢,

7NN,

ek+l if (“

k
inf{t> e, + Lix, @D, 00 X, €L

GHVER s exrems lk,

T -
ey =inf{r= 1 x, e (A, M1
I :cause of assumption A2, X, s recurrent, and therclore these stopping

times are well-defined. Notice that U {e,, ] includes all of the tine
, k=1 " : :

=006 -
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that x, spends on the interval A A5 0%

Because of the strong Markov property of x,, the discrete time

process xﬂl,x is Markov with state space {A, A, } and statjonary

transition probabilitics

.
I
py=Pl, =Nlx, =%) (=12 /=12

el ]
Obviously P> 0 Wi and j, and therefore there exists a unique:

stationary distribution {m,@,} on the states {?@. @'}. For any hounded
a define L OF L5y
2 ly J

Efladx)] = ,> 21 w,,/)i/.E[ef a(x ) (/sl.\'{_,1 = A xe2 = ?\j]..
. .

o
=1 j:

measurable function

A routine argument( cstablishes the existenccof a p <1

(3.1) P, —c-,'1)>pl.\'é1 = Ap xe2 = ?\/.)\<.,o”

for all i and j, and all p=20,1,... . Hence, the “expectation™;

E[a( ¥)], is finite for bounded o
The key to the proofl of the Theorem will be the fbl]owiﬁg lemma:

Lemma 1. Fix €> 0. There exists a constant & (which may depend
on €) such that for any constant ¢ 1, and any (wo measuiable func-
tions « and B uniformly bounded by ¢, '

1 ! S
2 4 k N y
P(il 9 {/ ofx ) s + | ﬁ(x,)dw,} — Efox)] | > c]%
nEE e s x § y
ck(1m =t B\ o a1
<k [ pazial J© forall n= 1.

# after examining the proof the reader may wonder vhy 1 do not simply define ¢y tobe
tha first entrance of x, into [)\l,;\)] (uporpssing ol 2 ot dowterosane of ay) adter ¢ + L,
and then take Ik ST The ditfi wily here is that, withoui edaifeso ! asseeiptions, at niay

heppen that E(Ik —ep)=ea (aw when g 0) o this cow the oo weull no dongor apply.,
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If we assume Lemma 1 (it will be proved later) then we can establish
the Proposition as follows: Take B(x) = 0 and a(x) =1, (x), where A is
any Borel set in (A, A, ] By Lemma 1, and the Borel — Cantelli Lemma,

!
iy " - A
T n‘é>"1 é£ 1,(x,)ds~ E[l,(x)] almostsurely,

as n= =, If n, = sup {k: I < t} fthen

L o 1 |

L Jroyds=— 2 [1,(x)ds+ I (x)ds.

n, 0 A( S) ’_11‘ k?l\ e'k A(‘ S) n, !'{r ANTs

Obviously, f
14
= b [, (x ) ds—~ 0 almost surely,
Illr lnr s §

as t= oo, Hence, as - oo,

/
7117 6[ I, (x)ds~ E[IA (x)] almost surely

and, therefore,

o

i)/ 1/1 (xs) ds E[[l (x)]
(3.3 Sy Le—— almost surcly.
L1, '\1-’\2’('\“

11 x )y
b/ IAI,XZI(XA') &

Observe that:
1. This proves the Propaosition since the right hand side of (3.3) is
a probability measure.
2. To prove the Theorem, it will be cnough (o show .

sup EIIMI7)\2](,\'5,)(01(_'-.x) —g(x)|* - 0 almost surely

aEM,

as - oo and
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3. (3.2) implies that

7 (1)

3.4y LD

”t

as [ = oo,

Another-consequence of Lemma 1 is:

Lemma 2.

lim

t—+ e

E[[[A,,Agl(’\')] almost surely

sup l— ]ogf (\ a)@

aeS, i

= EUIM A1) {tx’(.}é_ig(.x) - -;— alx)? )] ' =0 almost sufcly.

Assume, for now, that this is proven too. Then, to prove the Theorem,
choose foreach ¢2 0 o, €5, such that '

B[y, g1 (0@ () =) |? > 0

as t—> oo £ ; .: ! !
msumpllons about: {xL (vc)}/__,1 guarantee llml this can be done. )

And now reason that

Timy

f— oo

1l

\Y

Fence

1 ol

| |
inf E[IM " I(l)(oz(x)n(\)--—o(x) ]lX .
acM,
lim inf — Iov f (v, ) almost xuuly}z\ '
[—= o o= 11
,l.‘l}]l ;_[7 log fv,(‘_\_,{?(gl) (from tho (Iuhmtm:g of”llt)z&
; T
N Y IR | i A
}%—’—l E[][?\1,,?\2]('\':)[(\t('x)&(\)“ 5 o (x) ;JJA&
LEy (%) ('\) |
5 =, glx)7] i |

~ | a
.|.12 i

I
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lim inf “E"]_?Ml_w(x) ]

-~ = o&M,

X (a(x)g(x) . é ofx)? — —21— g(x]2 ):,—* 0 almost surely,

and then, finally,

fim sup E“lkl }\zl(x)(oz(x) —g(x) % = 0 almost surely.
f o iz, ’

It remains to prove Lemmas 1 and 2. :

~ Proof of Lemma'l. ¢, ¢, etc. will refer to constants which may |
depend on € but arc independent ol a, f, ¢ or n. i

n [I: Ik - i
P(‘ 1 2 { Jotxyds + [ Bx) dw }— E|C\'(x)]‘> ¢) d{
n k=] [.‘k 5 . (.’k b s .
] i I{‘ ' = € '
<P(!’~1k2,1 Jatx ) ds - Elao)] |> %) @ .
B ‘ - ‘: '
n llc: . ' ' |
LS [ peiyaw,|> §) el o
+P( n c/_‘ﬁ.xh,.lcws 5 ) . : |
. S TR
n iy g ] I |
<P(|5 2 ([ arv)ds@l ; '
MR=T g7 i : S
(3.3) ) | _ |
k '
- E[,,'/ aly,) ‘(/S‘.‘:(’/(,:i'xt’k:‘}"l J] !> —Z] & |
“k i o .
: | |
/ V I
(3.6) +P[|i \’-: E| ;En'(x)d?lx v J— E['oiu)l‘ﬁtﬁ)ﬂv' |
N MngEh Tl T e e b m T4 :
o e o
+ P 0 [.-' Blr.) dw, & ] B : .
(3.7) k Ik i I ‘ . I .: ¥ l
' ' . ) . S €y @
B EI:;{ 5(\" ! ‘/H‘v | \"ﬁ. ; k"‘/c:rn-ll l ) > 4] *’
1 % o i
(3.8 +P(| A

- 010 ~
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I will develop bounds for (3.7) and (3.8). The treatment of (3.5) and (3.6),
being analogous and somewhat simpler, is omitted.

Begin with two preliminyry bounds:

1. There exists a constant ¢ such that

!
l

' = N = . <. ' '
Ne, N .\02 kj.] < ¢q¢

ll
39 E[| S B aw,
e, )

forall i=1,2, j=1,2 and I=1,2,3,4.

2. There exists a constant ('2 such that r
Il ; : il
3 B PN e = o=l = ‘
(3.10) E[exp {l ‘ c,fl Blx,)dw Jlxg] = A, X, = >\JZ. 0y : |
forall < —1—-, i=1,2 and j= 1,2 ' } ¢
€y 3 ; ,
Observe that for any r:md‘;.)m variable z such that Ejz|< oo:, and i
any = 1,2,
3 N :
Ellzl] %, = NI= Bzl = ‘cﬁm'/"u(v -
- ‘! 1
+ Efizl] Yo, T A f“fez = MNP ; r |
: | '
Reeall that 1)‘./> 0 forall i ;md'.j. Henee with ¢y = mux PR !
L ij .
I - : |
Eflzl]x, =N x,, 1= Elz]x, = ] ..
forall i and j. Use this to cstiblish (3.10): | /
— e L T |
' ‘b IV [ = oo LA 1 :
(3.11)  E[exp {r}cf ;3()%)4/%}}1)%l “hoxo=NIAC \/
1 ) : | v , i | i
| L AR L | j
< C3E[exp {t e,/ ﬁj;.vs) dw, l}lx”l = N ) 1 . 1 e _
{ i = o N
S0 iy . | I I
. N g ) . i i oA
=0 Pas Elllp—l.l’;)(l{ - ('l))@ , i v
Y | | , [ AT
. ~ | {! :
011 - i = :!| L
| L o i .
i " :

N
LI
[}

1] '
1 1 I
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’..“.
M
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;' i r !
| 'l ,’ I I ) |:|, ,
| bl T 2
AV RER ' ’i 1
T |i b i 1;.
. | :‘1 ;!'. “é;l
tor N [ } ;:5
.I | _".I
e e — — - - ———ee R N
2 [ .':‘(
, 2
? . i
X exp {tl cf [[el’,‘](s)ﬁ(xs) dw, ‘}] X, = )\(] ﬂ‘:,ﬁ-- t ,
1 i o '
oo i = ‘
<ey S{PW —epep—1,mix, =2)? & i
p-.:] 1 1
DI ¢ g
e _ L .
X E[exp {248[1 Lot OBy dw [ M, =N ]2} o
. . '
From (3.1) ' ‘ b‘ )
(3.12) P((ll-el)E[p—'l,p)uel=>\[)<pp—1 ;_ ‘
- |
where p < 1, dnd, from Lemma B, Section S of Geman and Hwang . - | .,
& ' v
» ' , B . i ,
(3.13)  Efexp (2] [ 1, 0)Bx) dw, [Fx, = 0] < 3+ 10, ‘4
C’l N '.
Use (3.12) and (3.13) in (3.11);
1 ' H
E [.exp{r! fﬁ()cs)a’w:Y !}Ixel = 7\1, xc2 e 7\7]% , \ ’
€ ' / . {
3.14) s , o O
Sey 30T (1+ethoin)7, |
p= f_, ';_.
N l.‘ .I A
Provided that ¢, is.sufficicntly large, the expression in (3.14) is bounded , f, e
- . . I .
by ¢, whenever fc< —C—}-—. This establishes (3.10). A sivsilar argument can 1 ! ,
, - : |
be used for (3.9). : ' P
1 Y
Return now to (3.7). With _ ! \ &Ei i
I - y j_ - ', " !
2= [ BGe)dw —E[ [ pGx)dw )x, x| ! o B
ey L oy k k kbl ) ’\‘
! ‘
(3.7) becomes . | i
n v i W ' | ?‘1!
1 X € ' ! | I ’
P(:Ek:/_",‘ “k1>'{.1]*ll ; .' _; _ £y
-012 - | l _".'
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]
and this is no bigger than .. T
l 2:11 Y+ P 1 s <-£
(3.15) P[;k:12k>z) ()1 kfl zZ; 4]‘
A z | d, e
P(;k:?,1 zk>z)f(foraxly > O)P.[tkffl (”’f. 4).>9]@, |

N

e [l g

T otz -%) )
Sele ] P,

= (strong Markov property)
ﬁ' iz, =)
(3.16) E{k:l Elc lx, %, . 1}

Fix k. Forany i=1,2 and j= 1,2 deline

s
Oy, =2p 5, =\l

1z,
o, ()= Efe 7F e, = N X, =N

Then ¢, (0) = 1, é’;gpk(o):.l-- ¢, and
1?2 .. 2 1z, %) : |
”;‘ﬁ o (0= E[(z, — 51) g [x, =X X - kﬁJ@/ !
1
7‘/J2(

c 1 '
200G, ~5) R
: 4 l o= ?\i, X = h"] 2@'

Ck

— 3 x N
k. J Uk

X E[e

< (use 3.9 and 3.10) ¢, c? |

. 1 . I o ,
provided ¢ < Y wliere ¢y fosome suftfiviently large constant. Infegrate

5
4 ! {
i . &

") ‘Fk(” and then C(/[, (pk(/):

PR A i

|
i
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4 . e 1 |
_c-li‘Pk(tﬂ)<—z+c4c21=><pk(t)<1—-(1(4-.7):0402,2 }
PSSt S '_1'—' Set r=—1r where ¢ »¢, (recall that ¢ D:
C4L' e L'2 5 4

E[et(lk"—z—)lx = A.. X = )\/]ﬂ'

73 ek 4

o l e “a €
= i t < 1 P —__1 b s J< 1 ey
A0S al8 7 %, e, ol

for ¢, sufficicntly large. Finally, put this back into (3.16):

pl S, L =)'
G ae>a) = 0 )

Since the same argument applies to the second term in (3.15), this
estiublishes the required bound on (3.7).

For (3.8), define for each i and .j a random variable 1 by

ny = number of timcsi(xek,-x(;k s I)= (A ?xl.)
tk=1,2,...,n), : .
and write i
1 N’ E[ I;F Bx Ydw |x, ,x ]@ !
nag=Er o Lg T T T '
= 22] j iy E[ [/I Blx)dw |x, =N, x, = 7\J i
=1 j=1 h P $17ey 1 %y ! ‘ l
Observe that for i=1 or 2 i
] | f
E[ o) dw, x5 xe, =N o @ '
1 ) ¥ .
+ E [5{ Blx,) v, I R ER V | |

é; ~013-

|
1
i
|
i
i
I
| {
! .
M ]
;
| |
! |
| A
' |
i |
,
.
5
'
i
:
;
i

]
i
b
§
¢

!
ool
l

]
b
L
.!i?
4
¢
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l : |
t ' |
= E[ef By dw lx, =N]=0¢ ;_
: ;
> E [c{ Blx,)dw, | Xe %o, , 1J ﬂ
s > (L /
=2 4 [T - ﬂ“.p’.}.) E[UC {3(,\<s)(lwslxe1 =N, X, = N
Using this, and (3.9), '
Loa T B | ‘
P(I—ﬂ_kéﬁ E[e{ ﬁ(xs}d\ﬂvslxek,xekH]|>Z]'ﬁf{ - . ! 2
‘§2, \2, | By ¢ q
; < > e i 4
k317 \P[;:l /le (Y 1r,.p,.].\> 1-1-'(‘1(] «/ ’,
>2’ ' '5?’ ”i/ € 1 '
<2 ZPl5E- mpy | > Téeyc)’ ¥
')
Consider, for example, ) .
"y : ;
I'l € .
= Ny ey e AT
P[‘ n Wlplll/ l(sc]c)' | -
! ¢
Define for cach i ’
n; = number ol times x(,k =\ (k==1,2,....n). ' '
Omitting details, a combinatorial-type argument demonsirates the existence ]
of a constant ¢, sufliciently large that for all 6 <1 and u=1 {
: ; '
"1 : '
{‘”ﬁ‘_”lpll|>5}M :
(3.18) ¢ ol
: n o 5 Y ¢ R
= |J {”i > — and } =D [ P -—»-}, . i . LN
i=1 Cq o e ' i }

. 3 YE __(?-_.. S~ ..1__ "o 21y i
Tuke ¢, SO Jarge that ]6(."| > o Then, using (3.18),
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n - : v
P(“;ll‘l‘—"1p11|>_13%1'5)QP[I“,lz—l"”ﬂ-’ubE;E)f% i

<‘P(»nl>c”_6 and \—H—:—ll——p”bz‘;—i—;_if_)%
<P(|b(">r’)1_1_)___pll |>_(_63_75_f1_6] i ! ;
* [!M_pzz|>"{6i?"€,§]

. . ; n
where r is the smallest integer greater than or equal to P and b(r, p“.)
. P ,

is a binomial random variable with r “trials” and a p,; “’probability of
suceess” in cach trial. Each of the probabilities in (3.19) is easily bounded
by '

Cg. '{6‘
)

(1~

for e, sufficiently large.

12+
cgC

The proof of Lemma 1 can now Dbe completed by the analogous
treatment of the remaining terms in (3.17).

Proof of Lemma 2. Because ol (3.4). and the assumed rclation
between m, and J (1), thereis a constant ¢y such that
m

lim “‘—*1—_—5—1

< 1 almost surcly,
t»o0 [CoN

where [x] denotes the greatest integer less than or equal to x. Define
m, =[cgn! =] and

- m m
g ={ > g L J oy
s {121 a, w/(;). A la;| < ky (logm)™? y.

Then
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fim sup '—1]— log f(x.; &) ¥/

t-= a8, 't ) | - ' NI : !

-t
&

A 4
‘L/ ' v

B[40, 00 (G0N - 1 ee)] | #

. SN
Iy
e -

o

=C
e

= lim sup ‘ 1og f, (x Yy % _ ' 3(,-'_

t— o ez § » Fs
- 4

- E [[[AI.AZI(X)[a(x)g(-‘C) - ;‘ afx)? )] l almost suirely%

? T _
< lim sup (—logfl (;,a)fu - . \/

n—+w acS

=
. %
. - "

(3.20 o TN | - |
m —E [[[Alyizl(.x)[cx(.x)g(x) ) ofx)” ]J I almost surcly.? : L - .

For each n, let B,,,6,,, - -‘ﬁnd,, denote the collection of func-

tions -3 S of the form . ; g
my "
o
m” i ' %
4 ‘:.J i) ‘. 'J [} {
ﬁ(.\-) o ‘Aal b/ 1’Ijl(x) y 3
B }: i )
')
where. for each 7, |
f
q; ' -
b/ = e v | 1
, (ogm ) b2 |- :
for some integer q; (positive, negative, or zcro). Because c
R
| il
|b|<k (lo;_ﬂm)2 ' ‘
|
(¢
forany B€ gm 2 d, = ()(,n ”) Associated with cach f8 . (say ! ; f
n i
my, : | ' }
— . R
ﬁ”i .f a] l/jl (‘)), !
= s
Y ' LA
deline a set of functions B, ; i v 43 ;'
. y [
; ,
- 017 - ! . '
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T ——

M ~
B, = {a'»(x) = a \pj(x?: oE S’“n and

j=1

I ]
su a, — b, | < — ; :
B _(p ' 7 jl | ky41 }
<j<m, m, (log m“) '
d, N @ _
Then U B,. includes all of S ., and since |¢,-(«\')-| <1 oon A, N
i=1 n “
. NP ]
sup  jolx) =B, (M| S ———5T
XE[Ag, A, ] Uogm,,)"?

forall xe Bm..

We can now rewrile (3.20):

lim sup sup J % log f; (x;q) @
n

= p = s
n—oe =1, dn el

“ (ol v b2
= [T ap@) (a)gtx) = 5 a(x)?) | |
which is bounded by

1im sup || ’—ll log fln (x;B8,) A

nw i=1,..,d

(321) n -
4 ' Vot F— I 2
= = [IIM ‘\2!(.v)[6,“.(.x)kz;(x)— 5 {3”,.()»)' ]] \{ .
~ ey ‘ hgS = w = ine e K :
(3.22) + lim sup sip ‘ —logf, (v ;)= =logf; (x;8 ). ‘ @
n-ree j= l,...,(/“ Qo (9/]( R i , ”. " :
+ lim sup sup 'E[IM N ](.x'}M( {
n—e j=1,.., d, at B !
’ |
(3.23) o X [ox)e(x) - 1, ax2)] &
,| - Uy

P il i ) I.

: I“E- [[[)\I '}\2](‘.’(‘)([3”1.()6){{(.7(.) B —2 f},”-(-\]} )] l 1
o | ! i |
The expression in (3.23) cquals zero, since |' i L

. | | | |
i I ; co
3 i : i !
~-018 - l ' :

) ! 'ig ’

1)

i H

b
t .
.,‘
iyl
¢
¢
u
'v\
[]
»
R
LI



>0 : A

A 1
sup sup [edx) — ﬁ,,,(’f)l < ek
a€B,; XE[AA,] -~ (logm,) &

4y - oo,
Next, argue that the expression in (3.21) also equals zero (almost:

surcly): fix an arbitrary €> 0. Notice that ®€ S, = sup la(v)lg(/
: noxe l)\l ) | s :

< ky (log m”)kz. Apply Lemma 1 with

a(5) = Iy, 0, 00 (8, (180 = 3 8, 0?)

Blx) = [}\ A ](A)ﬁm()t) and  c= ¢, = O((log mn)zk2);

P sup "lz lox /",", (5B, (.

i=1,...d,
E[/Ml-’\zl(ﬂlu(\)“(\) ’ﬂlll(\ ()%
< 1:'__—’1 P('E 1ngl (x.; ﬁ/u) ﬁ
- I
—E[1, o (B (00800 = 5 B, (07) 1>e) g
1 A '
- B A
<dy il i ) 4/
n
2¢ 1-6 A 1
20(” (‘9" (I T ‘I“;",; '|' ;]_v]k}
k(logn) * : ;
Since : - S
o0 , . . ﬂ f . |" "
S O S _/r)k e ; - | A%
n=1 /\ ‘log”) n " . . ?

; v
the Borel — Cantelli Lemma minplles that the expression in (3.21) th equal i .."i!
to zero with probability onc., | i A 3

| ) A
All that remains is the C\[)l ssion in (3.22) ! ' r ! | i " !
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sup sup \ lowfl (x; 0~ -logf, X, ﬁ,,,)'

i= d, acl,

N
1 n Ik
< sup sup | — 2 f[ (,\‘,)W
Nk fA A
i=1,..,d, «GD,; k=1 Cx 1

n

(3.04) X [glx)(@x) = B, x )
~ L (ale,) B, x D0 +
o & i
; + sup sup: ’ﬁ r f]l A, l( )/i
(3.25) 1=1,...,d, a€B8, k=1e e '
% (a(x ) —
|1 g is chosen laree enough, then the expression in (3.24) is bounded byl
. €19 | y
(3.26) —22 3 (I - e )

logm, n ;=)
Lemma | (with ax) =1 and §(x) = 0) implics that

1 e
n (I, ~e.)- E[?] almost surcly

m(xs))] dy I &\

B (x ) dwy

<o ((3.26) (and therefore (3.24)) canverges to zero almost surcly as "> oo,

In (3.25), write

; .
m IN”

n )
olx) = /{\“l @ gbj(x) Lli,(ljl B,; (%)= e /7 1,) (v):
5 \.’?, Iy | i: l ‘
|z e{ Ny pg 3 605D B0, e, I,{Z
g ﬁ” B :
N O R ) ] , ’ '
= \ nKE - ("‘T; i--./)/) (;,{ [[A],.\zli'\xw/j(‘.-.--’ du. ; ’ fe.dl |
< (since o€ l)’m)
' n H7 Ik
g s DR \‘

N e I Ay
(log )" ”J--l m, =10 et

=020 -




Since this last expression does not involve i or «, itisa bound on (3.25).
[t will therefore be sufficient to show that '

my b

!
D ‘ [[(A ag1Xs) ¥ ()

is with probability one bounded for all n.

By using the fact that WJ (M)I< 1 on [A,A,], and 1m1t‘1tmg the
argument used in the proof of lcmma 1 for boundms' (3. 7) we calt show
that for fixed e > 0 there exists a constant ¢;; > 0 such that

l \”II l \'j’]'l” lk . ‘
P( ;k:’___),l {7;1 -j‘—:_;l 48{ I[AI.}\TI(XS)ll}/(xS) (/\Vxlm,
IN
»] e . - - ) . - \ N e
(3.27) . m” ;-—1 E] ] 1‘MI(_,“S) W (x) dw, ’[,\ck,,\pk . l, > c] £
1 n
<201 —-—

( C.ll]

for all n> 1. (The only modification to the previous argument is in
developing an analogue to (3.10). For this purpose, first observe that

m, .
SN B V(e ) e 1
E [exp {¢ o c_]/\ I[}\l’}\zj(.xy)v}.(.\s) dw lJ | %0, 0 %, , 1]%
m, L S
3 - i e SN v S Mn
(3 2%) ,{7 E[L‘(p {r ] /-l:\,.Rzl("\s)l’,//‘('\x)d“r. }I ) ek+l] )
' e

and the apply (3.10) to conclude that the expression in (3.28) is no:biggcr

than ¢, provided f'\(::z]—.)
2 7 S SE

One consequence ol (3.27) is that
m I

n 3 i
1 5 '/I }\I(x)w(\)c/w"ﬂ/ ;

n g ,] )77” /—1
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g m L 5
o
73 L‘_Ql m, ,;f' [ ESTES ](v ) A _ /
: | g
X g(xg) dws |>x(‘,k, Xer ] - 0 almost surel;lf.'

Since, by (3.9) o

1 n 1 Tu Iy : ; \/

\_7 ") ]
nEE My, E”[{ Ilkl,?\zl,(xs) i

) - : l ‘ <L L
X () dw l"xek’)‘?/w 1] <y

this completes the proof of Lemma 2.3 ' v i
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