DISPERSION RELATIONS
In discussions of linearized approximations for surface waves over a flat bot-

tom at z = B = 0 the the direct use of the coordinate z is sometimes more
convenient than use of Z = z — H/2. In a two-dimensional flow where

Pez + P2 =0 and py(z,t) =0 at z = H(x,t) = h+ (sin(kz — wt),

the pressure is
p =7y + mz + (m cosh kz + w3 sinh k2) sin(kz — wt) .
Then

wp=DBy=0—p,p+9g=0—m =—gand 13 =0,
pg =0 — 7y = gh and g( = my cosh kh and

wy = Hy — Hy + pog + g =0 — w?¢ = kmysinh kh .

Thus Airy's dispersion relation, w? = gk tanh kh, follows from what appears to
be not very much information about the flow. This kind derivation of the result
has been around since Poincaré’'s work or before, but it is seldom seen, except
in treatments of rotating flows, where the ever popular assumption of potential
flow is not an option.

The simple result serves here to introduce the subject of this piece,

rational function approximations of tanh x
that follow from polynomial approximations of the pressure.

In the first examples the pressure is

p =m0+ mz+ (mCp(kz) + m35,(kz)) sin(kx — wt),



where (), and S,, are are truncated Taylor series of degrees m and n of cosh
and sinh. The results, 713 = 0 and m; = —g, follow as before, and the other
conditions are

9¢ = mCn (k) and w?( = kmySy1(k)

where k = kh. The C's are even functions, and the approximate results

w2 o Sgg_l (li)

gk Cy(k) ’
imply one of several sequences of rational approximations of tanh x. From

2042 K%-{—l

| and Sggfl(/ﬂ» ~ sinh Kk — m s

CQ@(/Q) ~ cosh k — m

estimates of errors in the long-wave limits (x — 0) can easily be found by anyone
who thinks it worth the effort, and the short wave limit is

Sya(w) 200

Co(k) K

An observation: These are not very good approximations of tanh k.

Somewhat better rational approximations of tanh x follow from rewriting the
expression for pressure as

1 1
p=wo+ w2+ (w2 cosh k(z — §h> + wssinh k(z — §h)) sin(kz — wt) .

It is the same solution of p,, + p.. = 0, rewritten in terms of the linearized
version of Z = z — H/2. The condition at z = 0 now implies

1
w; = —¢ and wysinh 5/{ = w3 cosh 5/{,

and the conditions at z = h + (sin(kx — wt), suitably linearized, are



1 1 1
gC = wy cosh 5/—1 + w3 sinh 5/—1 and w?¢ = kws, sinh 55 + w3 cosh 5/—1.

The exact dispersion relation is

2 2sinh(k/2 h(x/2
S s/ o/
gk cosh®(k/2) + sinh*(k/2)

and the approximations that follow from

1 1
p=wo+ wiz+ (wQCm(z - Qh) + w3Sn(z — 5]1)) sin(kz — wt)

are

w? 28, 1(k/2)Cpn_1(k/2)

gk Con(#/2)Co1(5/2) + Sa(K/2) S (5/2)

where C,, = C,,(k/2) and S,, = S,,(k/2). The results for even and odd trunca-
tions of the series for p(z — h/2) are

2850-1Co—2 . 40— 1

=Py : w?=gk 4 as kK — 00,
P 2 g CQ[CQK_Q + 8224_1 K
2890_1Cop 40+ 1
p= Py w =gk — 4 as K — 00.
2o 0224 + So11820-1 K

Long wave limits of these are improved because of the powers of two in

2042 K%-{—l

K :
and Sy ~ sinh(r/2) — m ’

C% ~ COSh(Ii/Q) - m

and the short wave limits are somewhat better than — 2//k.

To find results from shallow water approximations, we shall need the linearized
version of p = py + G(H — z) + p and pp = py = 0 that follows when B = 0,

3



H = h+ (sin(kr — wt) and G = ¢ + ysin(kz — wt) The hard way (not
recommended) is to sum the series that appear in results from the section on
pressure equations. From general results of this section and the single condition,
pr = 0, it follows that

>

1
D= 5gh—g2+ﬁsin(lm—wt}, where Z =z — B

cosh kz 1 sinh kz

1
d p= —hy) ———r — —hy —— .
e r <g€+27>cosh/-@/2 2Wsinh/§/2

From this follows

1 cosh kz 1 sinhkz 2
p = —h —— — 1| = =hy | ———= — =2 | | sin(kz — wt).
P <<9C+ 2 7) <COSh/€/2 ) 2" <sinhﬁ/2 hz>) sin(ka — wt)

Shallow water approximations that include the equation for the mean value,
U, imply the linearized relations,

1 1
Uit gy + ShGy 5 (00 =0, () = [ pdz= [ paz,

1
H,+hU, =0 and Hy=h (gHm 4 §th) + (D)o
From these comes
1 2
W = (gkr¢ + 5/4,2"}/) (1 + Etanhg — 1) )
The linearized gravity equation follows from

1 1 1 1
Z:§H, W:Zt+ﬁ<5ﬂ>x and G—g:WtzaHtt+E<5u>xt

The final result depends upon the expression that is used for (Zu);, and the

one that works best comes from the sections on means and moments and/or
orthogonal polynomials. The linearized equation,
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(Zu)y = —h*G, — (ZD)s,
implies

1, 1, 1., (2 (k 1,
”y:—iwC——/@”y—ik”y(?(§coth/@/2—1)—6h>.

After all the cancellations in this and the previous equation for ( and v have
been used up, it follows easily that

2 2 tanh /2
W' _ 2tamhs/2

B _ 2tanhx/2cothr/2
gk 1+tanh®k/2

~ cothk/2 +tanhk/2 "

The last identity was included to facilitate the writing of the rational approx-
imations of tanh x that follow when the power series expansion of the pressure
is truncated. The terms that sum to tanh /2 come from the integral (cosh kZ),
and the ones that sum to cothx/2 come from (ZsinhkZ). Their truncated
versions are:

!/

32£+1 K 2
and coth - — m
Car 2 Som—1’

tanh g —

where C, = Cop — E(SQerl — Sm-1) = Coma+ 2m +1)! (5) '

The results for even and odd truncations of the series for p(Z) are

w2 28244_10/ K
=P, : —= 2t — as K — 00,
b 2 gk CaCop + Sar—1S2041 40+ 2
P w2 28257102/5 K as
p= —1 . — = — — R — OO.
2 gk Cop—9Cqy + Sop—182—1 4¢

Recovery of ever more terms in the Taylor series expansion of tanh  is guaran-
teed, and there is not much point to doing the algebra.
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These shallow water results came from the second order approximation, MM
(mean and one moment), and a notable feature is that the approximations have
short wave limits that approach the result, tanh x — 1 as Kk — oo, from above.
The second order approximation, AD (average and difference), has all the in-
formation about boundary conditions on pressure, with no approximations other
than estimates of py, pg, p.g and p.p. Thus it could be rigged to include Airy's
result with approximations that have short wave limits that approach the result,
tanhx — 1 as kK — 00, from below. None of the first order approximations
that have been discussed here contains Airy's result, and the one that appears
to come closest to it is M, which has no equation for (Zu). Setting (Zu) = 0
eliminates most of the content of the gravity equation, and the result is

w? 2 tanh r/2

gk~ 14 (k/2)tanhk/2

In the long wave limit, two terms of the Taylor series for tanh x are recovered,
and the short wave limit is w?/gk — 4/k as kK — oo.

Now we have two second order approximations that pass the dispersion re-
lation test perfectly and at least one fourth order one, MMAD, that does the
same in at least two entirely different ways. As for my opinion of the use of
Airy's result in arguments over which of several nonlinear approximations might
be more correct than another - well, it's just an opinion, and not vulnerable to
anything more treacherous than ridicule, so here it is:

this toy is broken.



