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1 1 .54Using the matrix notation of Section 11.10, write
1 -2 3
1 -1 2 5 o
X=|1 0 Y=1|1 sothat X'X =
0 10
1 1 1
1 2 5
1
xy=|"1 xx- |3 )
Then . .
=3 R RS RPN ,— 1.5 —i
P=AA){AY)= {-—6;’
so that the least squares straight line is % = 1.5 — .5z. The obscrved points and the

fitted line were shown in Fi

g
1 -1 3
10 2 ]
11.55x=-|1 1 v=11 X’Y:[7'] X’X:[S 5}
1 2 1

13 5

The student may verify that

(X'X)1 = [_'31 _1'1 } and  B=(XX)U(XY)= [ 2.1 }
so that the least squares line is
y=2.1-— .6z
The line is shown in Figure 11.8. Notice
that for this exercise X' X was no 4+
longer diagonal and hence the calculation
of (X’ X)~! was a bit more tedious.

Figure 11.8

11 .57a. Using the model y = fy + fix + ¢, calculate
10 0 , 299.9
(X'X) = [ 0 330] XY = [458.3]
- . 29.99000
= (XX)HXY) = [1.3887879]
and the least squares line is
§ = 29.99 + 1.39z.
b. Using the model y = By + 17 + Pac? + ¢, calculate
10 0 330 299.9
X'X= [ 0 330 0 }X’Y: [458.3:‘
330 0 19,338 8220.7
36.54
B=(X'X)YX'yY)= { 1.59 ]
-.20

Hence the least squares line is
7 = 36.54 + 1.59z — .20z
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1 1 . 59 Since the vector a; is a vector of k 0's and one 1 (in the jth position), we can write
B =a;8 N and B; = aB
in vector notation. Then with U = a8,

EB) =E (a}B) =&, EB) = aB = A

and
V() - V(alB) = (X X)a .
But
ny
0
a(X'X) 'ai=lcoi ¢ cu - cx) 1| = ¢
-0_

so that V(ﬁi) = cz0.
11.60a.  From Exercise 11.57, B, = —.19839, c5; = .0001184712. Then
SSE=Y'Y - B XY = 245.68562
using the matrices given in Exercise 11.57. The hypothesis to be tested is
Hy: Br=0 vs. Hy: o #0
and the test statistic is
_ B0 _9m9
t= Veilen) T[Sy, 3.08
The rejection region with a = .10, and 7 degrees of freedom is |t| > 1.895, and H,
is rejected. There is evidence of a quadratic effect.
b. The 90% confidence interval for g, is
By % tos\/s%c = —.19839 + 1.895(.064456) = — .20 + .12
or [—.32, —-.08].
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1 '1.0Z a. Defining x; = 4520 2 = £218 o5 = €213 o — TS0 vields the desired result.
Notice we are simply subtracting the midpoint (average) and dividin g b the distance to the
uuupt‘)ii‘u For ekampue the i‘x‘uupOxi‘u for T} is (IU + 50)/2 = 60 and each puml is
(70 — 50)/2 = 10 from the midpoint.
b. The matri_x solutions are i
222 1 -1 -1 -1 1
194 1 -1 1 -1 1
22.1 1 1 -1 -1 1
14.2 1 1 1 -1 1
245 1 -1 -1 1 1
24.1 1 -1 1 1 1
19.6 1 1 -1 1 1 [ __353: 5 l
v 12.7 _ 1 1 1 1 1 viv— | 104
& 24‘4 - 1 _1 -.1 -—1 —1 <k X _ l 1777 l
e B o B . | —-26 |
2.2 1 -1 1 -1 -1 PN
235 11 -1 -1 -1 L=2041
19.3 1 1 1 -1 -1
259 1 -1 -1 1 -1
284 1 -1 1 1 -1
16.5 1 1 -1 1 -1
| 16.0 | |1 1 1 1 -1]
16 0 0 0 O
0 16 0 0 O
XX=(0 0 16 0 0
0 0 0 16 0
0 0 0 0 16
1
¥ 0 0 0 0 21.125
0 &£ 0 0 0 —3.1375
XxXxX)y'=10 o0 11_6 0 0 B=|-12125
6 0 0 L o —.1625

and the fitted model is
Y =21.125 — 3.1375x1 — 1.2125x5 — .1625z3 — 1.275z4
c. Calculate

SSE = Y'Y — B X'Y = 7446.52 — 7347.7075 = 98.8125

and
_ _SSE__ __ 988125
s? = ATErT] = Te-s — 898
The test of
Hy: ;=0 Vvs. Hy: 3;#0
fori = 1, 2, 3, 4, will be based on the test statistic

4B, B,

B ,
ti= sy/cii ;7398 7493

For a = .01, each null hypothesis will be rejected, : = 1,2, 3, 4, if |t} > to0s.11
= 3.106. The test statistics are

— = 16
b= P2 =419 ty = T2 = —22
tp = =LUB — —1.62 ta= 3 =-1.70

Hence for i = 1, the null hypothesis is rejected, while for 1 = 2, 3, 4, the null

hypothesis is not rejected.

For B, the p-value is less than .01 since |t} > ¢ gg511 = 3.106. For 5 and 4,
2] is between ¢ o511 and £ 10,115 thus .1 < p-value < .2. For fs, [t] is less than
1.363 = ¢ 10,11; thus the p-value > 2.



11.63 WhenT; = 50, P =20,C = 1, and T5 = 200, we have 2 = —1, 73 = 1, 7 = —1, and

z4 = 1, so that
ad=[1 -1 1 -1 1]

d(X'X)'a=2Z = 3125

: t this particu ting
Y =21.125+3.1375 — 1.2125 4+ .1625 — 1.275 = 21.9375
and the confidence interval is (based on 11 df)
Tty psy/a (X' X) la =21.94+1796./898 /3125 = 21.94 + 3 01

11.64 1£the year is 1977, 2 = 11 and § = 36.54 + 1.39(11) = 20(121) = 27.63 and
a=[1 11 121].

Then
1
a'(X'X)'a=[-243744 0333 .0104167] | 11 | = 1.3833
121
and
SSE=Y'Y - B X'Y = 245.68
and

s? = 238 = 350978
Then the 98% prediction interval is
27.63 £ 2.998./35.0978(1 + 1.3833) = 27.63 £ 27.42,
or [.21,55.05].
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