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Conservative FDE (del-Castillo-Negrete et al 04; Ervin & Roop 05; Zhang et al 07)

Lyu(z) == —D(K(z)(0 $'Di Pu—(1-0) $"Dy Pu)) = f(z), z € (a,b), )
u(a) =w, u(b) =u,, 0<B<1,0<0<1,
@ derived from a local mass balance + a fractional Fick's law.
@ 0 is the weight of forward versus backward transition probability.
@ The left- and right-fractional integrals, Caputo and Riemann-Liouville
fractional derivatives are defined by
1 xT
alfu T :aD;Bux = —/ z— 8)° tu(s ds,
(z) (z) 5 /. (z — )" u(s)
1 b
B _ pn-8 — _ \B-1
oLy u(z) = 2D, "u(x) == T(5) /:E (s —x)" u(s)ds, (2)
CDL Py = 1% Du, CD} Pu = —, I Du,
RLDY By D olfu,  RPDYPui= —D 1P,

@ The left (right) Caputo and Riemann-Liouville fractional derivatives do not
equal unless the zero boundary condition is imposed at z = a (z = b).
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Galerkin weak form of FPDE (1) with constant K & w; = u, = 0 (Ervin & Roop 05)

@ Galerkin formulation: given f € H~1=5/2)(q,b), seek u € Héiﬁm(a, b)

B(u,v) := —0(K oDy u, Dy 0) — (1 - 0)(K +D, " u, Dy "v)  (3)
=(f0),  VeeH;, ")

o For constant K, a]f/Q on the trial function side can be switched
to the test function side as mlf/2.
@ Ervin & Roop proved the (8-dependent, not true for 8 = 1) equivalence

between the fractional derivative norms and fractional Sobolev space norms,
which gives the coercivity and boundedness of B(-, )

B(u,u) = K(alf/QDu, zIbﬁmDu)Lz(a’b) = cos (BW/Z)K|u|iII,5/2(a’b).

B(-,-) is coercive and continuous on Hé_[jﬂ(a, b) x Hé_B/Q(a, b). Hence, the Galerkin
weak formulation (3) has a unique solution. Moreover,

lullri-s5/2¢0,8) < CNFll-a-8/2) (a,0)-
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@ For § =1/2, B(:,-) is symmetric. This problem reduces to the fractional Laplacian
(in one space dimension). Acceleration techniques such as multigrid and domain
decomposition have been developed and analyzed for the multiD analogue of (1)
or fractional Laplacian (Ainsworth et al 17, 18; X. Xu et al 15, 17).

@ Even for constant K, B(-,-) is nonsymmetric for § # 1/2. The nonsymmetry in
the leading order term in the FDE seems to introduce some technical difficulty
in the analysis of multigrid and domain decomposition methods.
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Galerkin FEM and its error estimates (Ervin & Roop 05)

o Let S(a,b) C Hé_ﬁm(a7 b) be the finite element space of piecewise
polynomials of degree m — 1. Find wy, € Sy (a,b) such that

B(uh,vh) = <f, Uh>, Yoy, € Sh(a,b).

@ Assume that the true solution w € H™(a,b) N Héfﬁ/Q(a, b).
Then the optimal-order error estimate in the energy norm holds

lun — wll gi-s/2(apy < CR™ P2 ul| g a -

@ Assume the dual problem has full regularity for Vg € L?. The optimal-order
error estimate in the L2 norm holds for u € H™(a,b) N Hy */*(a,b)

@ Extensions to spectral Galerkin methods and other methods were proved
under the same assumptions.
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Regularity issue of sSFPDE (W. et al 14 & 16; Jin et al 15; W. & Zhang

@ An optimal-order error estimate in the energy (and L?) norm was proved for
the numerical approximations to linear elliptic FPDE under the assumption
that the solution (all the solutions to the dual problem) is smooth.

@ Consider problem (1) with K =f=1,0=1, 4y=u, =0
D( OIfDu) =1, 2€(0,1), uw(0)=u(1)=0 = oIfDu==z+Cy,

2-8 1-8
— _ 71-B B, _ 71-B oz Cox
u(l‘)—o]zDu—ofz olbu=ol, (x+co)_1“(3—ﬁ)+r‘(2—ﬂ)’

where we have used

P(p+1)
Dot = —HT2) _vte gy, > 1.
’ Py+p+1) K a

Enforcing the boundary condition u(1) = 0 to obtain the unique solution
x27ﬁ — xlfﬁ
r'3-p)
In particular, w ¢ H'(0,1) for 1/2 < 3 < 1.

u(z) = ¢ wh/%(0,1).
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Impact of the preceding example

@ Smooth data (& domain in multi-D) ensures smooth solutions for integer
order linear elliptic PDEs, which is not true for FDEs.

@ Solutions to FDEs with smooth data (& domain in multi-D) may have
boundary layers and so low regularity, which need to be resolved numerically.

o The Nitsche-lifting based proof of optimal-order L? error estimates
in the literature does not hold even for constant K > 0.

e Jin et al analyzed the Sobolev regularity of the solutions to one-sided
constant coefficient FDEs by studying their analytical solutions, and
used Nitsche-lifting to derive suboptimal-order L? error estimate.

@ The solutions to FDEs (in 1D) were proved in some weighted Sobolev
spaces and corresponding spectral methods were developed (Chen at al 16,
Ervin et al 16, Mao & Karniadakis 18)

+ Optimal-order error estimates of numerical approximations in weighted
Sobolev norms of data, not the true solution.

— The accuracy of the approximations near boundary are compromised,
which are often important in some applications.
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Solution Structure of FDE (1) with K = 1 (Ervin et al 16)

Hypergeometric Function o F}

1
oFi(a, by x) == %/{) 271 = 2) (1 — za) %z
oo n (4)
I SYGHUR:
—  (c)nn!
which converges only if Re(c) > Re(b) > 0. Here (q),, are defined by
I'(qg+mn)
= — +1)--- +n—-1). 5
(9) T @t Doclarn—1) (5)
Symmetry of 5 F}
For Re(c) > Re(a) > 0 and Re(c) > Re(b) > 0,
2F1(a,b;c;z) = 2 F1(b, a; ¢ x). (6)

In this part we assume (a,b) = (0,1).
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Kernel function of Ef/Q

A kernel function of the operator DoIf + DIV is kijo(z) =27 P2(1 —z)=8/2.

Proof

oIl ky o (2) = ﬁ /Ox(x C )Py B = )y (2= y/a)

2 » »
N F(ﬁ)/o 21— 2P (1 - 22) P Pde
(a=p8/2;b—1=-5/2,b=1-8/2;c=b—-1=0—-1,c=1+3/2)
_ 2?2 T = B/2)T(5)
F(/;’) T(1+5/2)
_ 1P/2 r'(1-8/2)r'(B) B . B
TG Ttgp 0 -B8/28/214+5/%)
(1 —p/2)z?/?

1
_ B/2—1 14+8/2-8/2—1 B8/2—1
=———-—= | z (1-2) (1-=zz dz
T(6/2) / )

_TO=B/2) [ s
rG2) Jo

2F1(B/2,1 - B/2;1+ B/2; x)

(1-y)"* tdy.
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Dolfkya(a) = "U =B/ porm1(y _ gyrat

r'(3/2)
Similarly,
_ 1
Aiha(o) = S [ )y,
Dollkyja(x) = —%W“(l —2)?P7 Doy + oI ki ja(a) = 0.

ker(ﬁfm) = span{l, Kl/z(m)}, where K /5(x) := foz k1/2(y)dy.

The general case was proved in a similar manner.

Let k(z) := 27 P(1 —x)~% Then K(z):= [; k(y)dy € ker(L3) if 8 =p+ q and
fsin(rq) = (1 — ) sin(wp). Consequently, ker(L5) = span{l, K (z)}.
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@ The general solution of a linear constant-coefficient (integer or fractional
order) differential equation can be expressed as u = us + ., with u.
being the general solution of the homogeneous equation and uy being
a particular solution of the inhomogeneous problem.

e In the integer-order case, u. is infinitely many times differentiable.
Hence, the regularity of w is limited by uy that is determined by f.

o In the fractional case, the regularity is limited by K /5(x) that is
not smooth and, thus, u. is not smooth. Hence, u is not smooth
no matter how smooth uy is.

@ This is the reason why raising the regularity of f cannot raise the regularity
of w.
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Does the Galerkin formulation carry over to variable-coefficient FPDE (W. & Yang 13)?

B
2

B(w,w) < 0 for some K(z) of two positive constants and w € H; (0,1)

Let K(z) and w € HL(0,1) € H (0, 1) be defined by
) e K, z € (0,1/2), I z € (0,1/2],
@:=1 1 e, DT an g wen/a)
Direct calculation gives
Clp1-8 227 /T(B+1), z € (0,1/2),
sz w(x) = B B
2(z” = 2(x —1/2)°)/T(B+1), we(1/2,1).

Thus we have
B(w,w) = 2" (K, — (2°7" = 3))/T(8 + 2).

As 0 < log,3 — 1 < 1, choose log, 3 — 1 < 8 < 1 so that 2T —3 > 0. Select K; >0
such that K; — (2°*' —3) < 0. For such K and w, B(w,w) < 0. O
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Further analysis: Why do not integer-order PDEs have the same issue?

@ Consider the one-sided version of the conservative FDE (1) with (6 = 1)
—~D(K oIfDu) = f(z), =€ (a,b), wu(a)=u(b)=0.
@ For a variable diffusivity coefficient K
B(u,v) = 0(K ,I£Du, Dv) + (1 — 0)(K I} Du, Dv)
# 0(KDu, I Dv) + (1 — 0){K Du, .17 Dv)
B/2 B/2
#* (K alz’ " Du, oI} DU)Lz(a,b)
e For a variable K, the three expressions are not equal in general.
e The most likely expression to be coercive is the last one due to
its symmetry with respect to aIf/QDu and ij/ZDv.
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@ For an integer-order analogue of elliptic FPDEs, the bilinear form reduces
to (K|Vul?)12(q,p), which, combined with the homogeneous Dirichlet BC,
guarantees the coercivity of the bilinear form.

@ For FDE (1) with a constant K > 0, ,15/>Du # ,I//* Du. But
B(u,u) = K (oI/* Du, xlf/QDu)LQW) = cos (B/2) K|ul31-6/2(0.):

along with the homogeneous Dirichlet BC, ensures the coercivity of B.

@ However, there are u € C§°(a,b) such that .12/ Du and .I./? Du have
opposite sign for some = € (a,b). One can find a sufficiently smooth K
with 0 < Ky < K < o0, possibly with a large variation, such that

(K oI5 Du, 1)/ Du) 0.

L2(a,b) <

@ Coercivity of the bilinear form B is a sufficient but not necessary condition
for the wellposedness of FDE (1). What is the impact of losing coercivity?

@ Numerical experiments showed that the corresponding finite element
approximation may diverge (W., Yang & Zhu 14, 17).
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A Petrov-Galerkin formulation (W. & Yang 13)

Galerkin formulation may lose coercivity on any product space H x H for variable
K, so Hy ?(a,b) x Hy""/*(a,b) is not a feasible choice.

Consider the one-sided version of FDE (1), which is a local mass balance
incorporated with a fractional Fick’s law

— D(K oIJDu) = f(z), =€ (a,b), u(a)=u(b)=0. (7)

It motivates a Petrov-Galerkin formulation: Seek u € Hé_ﬁ(a, b) such that
b
A(u,v) := / K(x) (aIfDu)Dvd:c = (f,v), Vv € Hy(a,b) (8)

Even for constant K, the Petrov-Galerkin formuation (8) differs from the Galerkin
formuation (3)

o (3) is defined on Hy #/*(a,b) x Hy ?/*(a,b) for any f € H~1=8/2)(q,b)
and 0 < B < 1.

o (8) is defined on H, "(a,b) x H{(a,b) for any f € H™'(a,b) and
0 < B < 1/2, as the Dirichlet BC cannot be enforced for 1/2 < 5 < 1.
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The wellposedness of the Petrov-Galerkin formuation (8)

Assume 0 < 8 < 1/2 and 0 < Kpin < K < Kpjae < 00. Then

A(w,v)

inf sup >7(B8) >0

weH P (a5) veHd (a0) 10| E1-5 (a,0) 0]l 11 (0 ) 7 9)
sup  A(w,v) >0 Ve Hy(a,b)\ {0}

wEHé_B(a’b)

Hence, (8) has a unique solution u € Hy " (a,b) with the estimate

lullzri-s(a,p) < (Kmaz /NNl z-1(a,0)- (10)
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Characterization of the solution to the FDE (7)

u is the unique solution to (7) if and only if it can be expressed as

u(e) = ¢ Diwg (x) — D wy (0) (& Dy wn(v)) & Diwn (@), (11)
where wy and wy, are the solutions to the second-order differential equations
—D(K(z)Dwy) =f, z€(ab);  ws(a)=wysb)=0,

N (12)
—D(K(z)Dwy) =0, z € (a,b); wy(a) =0, wp(b) = 1.
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Outline of the proof of the characterization of the solution to FDE (7)

@ Let u be the solution to (7). Then w := ,I%u satisfies
~D(K(z)Dw) = f, z € (a,b); w(a) =0, w(b) = oI} u.
@ w can be expressed as a linear combination of wy and wy
w=wys + Cwy.
@ We apply ZEDB = ¢ DB (since I8u|,—o = 0) on both sides to get
w= D) Iiu= D) alu=Diw=Djws +C {Diw,.  (13)
@ To find C' we enforce the boundary condition u(b) = 0 to get
S Dywy(b) + C ¢ Djwy(b) = 0. (14)

@ Note that wy can be solved explicitly as

wp(z) = (/ab ﬁds)i1 /: ﬁdy.
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@ YDPuw, can be evaluated as follows
a T

CDBwy(x) = I Dwy(x)
- 1
1-8
/K(sd L K(z
! d - Sds > 0.
= /K(s s 1— /K 5>

@ Thus, $DJwy(b) > 0 and we can solve (14) for C' as

C = —(DJwu (b)) 'S Dfwy (b).

@ We insert C' into (13) to finish the proof of the only if part of the theorem.

@ Conversely, direct calculation verifies that any « given by (13) is a solution
to problem (7).

O
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Outline of the proof of the weak coercivity of Petrov-Galerkin formulation

o For each w € Hy ?(a,b), BLDLFw € L2(a,b). Thus, A(w,$) induces
a bounded linear functional on H{ (a,b).

@ Riesz representation = 3 a unique v € H}(a,b) such that

(KDv,D¢) 5, ) = Alw,¢) V¢ € Hy(a,b). (15)

@ This in turn can be rewritten as

(KD(v — ISw), D¢)L2(a’b) =0 V¢ e Hy(a,b).

vfalfw:Oatx:aandvfalfw:falfwatx:b.

@ This implies that
v— Jlw(z) = —(alfw(b))wb(m).

@ We apply ZE D5 to both sides of the equation to get

w(z) = B DEv(x) + (o IPw (b)) DEwy (). (16)
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@ We enforce the condition w(b) = 0 and LD w;,(b) > 0 to (16) to obtain
JJw(b) = = DJu(b) (3 Dywy (b)) .
@ We apply ZED1=5 to (16) to get
"Dy w(x) = Do — (F*DJu(b)) (2 Dwi (b)) ™' Dy ().
@ We use |fLDva(b)| < C||Dvl|2(a,p) to bound FX Dy~ w(x)

H’LUHHl—ﬁ(a,b) L L .
< C(I1Dv]l 20 + o Dy v(®)| (& DY ws(8)) ™ [ Dwll12(a,s)) (17)
< Cl|Dv||p2(a,p)-

@ We use (15) and (17) to bound A(w,v) from below

A(w,v) = (KDv, Dv)
Kmin
= HDv”L?(a,b)HwHHl—ﬁ(a,by

2
> Kminl|Dvl|72(0,p)

L2(a,b)

\

@ This proves the first estimate in the theorem with v := K,,,;,,/C.
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To prove the second estimate, for each v € H{(a,b) \ {0} we define
w(z) = Div(e) = (37 Dyo(0)) (& Dyw(9)) ' (& Diwi ().
@ It is clear that w € Hy ”(a,b). Furthermore, we have
BLDLPw(z) = Do(z) — (F*DP o)) (FX DL wy(b)) ' Dws ().
@ Here we have used the fact that

& Dyt DEv(x) = DI DIy u(x) = Do IL . I~ Du(x)
= Dyl Dv(x) = Dv(z).

@ Therefore, we arrive at

A(w,v) = (KDv, Dv)12(qp) — (Eva)(anBwb)fl(Kow,Dv)Lz(a,b)
= (KDv, Dv)12(a) = Kminl|Dv[|72(4 ) > 0.

@ We have thus proved the estimate and so the theorem. ]
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Inhomogeneous boundary conditions (W., Yang & Zhu 14)

@ Consider the inhomogeneous Dirichlet boundary-value problems of
o the Caputo flux FDE

— D(K(z) § DL Pu) = f(z), z € (0,1), u(0) =, u(l)=u, (18)
o the Riemann-Liouville flux FDE
— D(K(z) {#¥*DLPu) = f(z), € (0,1), u(0)=1w, u(l) =u,. (19)

@ (18) and (19) coincide for homogeneous Dirichlet boundary condition, but
differ otherwise even for problems with a constant K > 0.

@ A traditional homogenization of the inhomogeneous BC does not work, as
the fractional derivative of an affine function introduces singularities.
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Wellposedness of the inhomogeneous Dirichlet boundary-value problem (W. & Yang 13)

Assume 0 < 8 < 1/2 and 0 < Kpin < K < Kpae < 00. Then Petrov-Galerkin
formulation for problem (18) admits a unique weak solution w € H'=%(0,1) with
the stability estimate

1
llull g1-500,1) < ;”f”H—l(O,l) + C(|Ul| + |Ur|)

But the Petrov-Galerkin weak formulation for problem (19) admits no weak
solution in H'=#(0,1)!

@ Similar conclusions hold for two-sided problems with a constant diffusivity
coefficient K > 0.
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Analysis of FPDEs with (fractional) flux BCs (W. & Yang 17)

@ Despite the rapidly increasing research on FPDEs in the literature, many
fundamental issues remain, e.g., fractional flux boundary conditions (fBCs)

o Different (Riemann-Liouville, Caputo, Caputo flux) forms of FPDEs and
fBCs were proposed in the literature.

@ Extensive (stochastic and modeling) study has been conducted to seek
the right form of FPDE and fBC in FPDE modeling and applications.
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Caputo, Caputo flux or Riemann-Liouville FDE with fBCs

@ We consider the Caputo, Caputo flux and Riemann-Liouville FDE

Caputo —§ DI Pu(z) = f(a), z € (0,1),
Caputo flux —D(§ Dy Pu(z)) = f(z), z€(0,1), (20)
Riemann — Liouville —&D2 Pu(z) = f(x), xz € (0,1),

@ and the classical flux BC, the Caputo fBC and the Riemann-Liouville fBC

classical fBC DU’ = ao, Du|z:1 = a1,

=0
Capute fBC gD}fBu{z:O: ao, fDifﬁu’zzl =a, (21)

RL

. . . _ 1—
Riemann — Liouville (})%LD}D BU|I:0 =ao, o D; 'Bu|z, = a1,

1

@ For the homogeneous Dirichlet BC, the Riemann-Liouville FDE and the Caputo
flux FDE coincide, but they differ in the current context.
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Table: Summary of the results

Caputo FDE | Caputo flux FDE | R-L FDE
Classical fBC v X X
Caputo fBC X v v
R-L fBC v X v

@ We proved the following results:

e Five out of the nine combinations are well posed and the rest ill posed.

o For each of the FDEs, there exist one of the three fBCs such that the
combination is well posed and another of the three such that the
combination is ill posed. The results are summarized in the table

@ This suggests that the physical relevance of a specific combination of an
FDE and a related fBC, rather than just an individual FDE model or fBC,
should be investigated.
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Nonconventional Riemann-Liouville and Caputo fractional derivative spaces

@ let0< B <1land0<e(B)<1—p, wedefine x(f) =2for0< p<1/2and
1+(1—-p8—¢(B))/B for 1/2 < B < 1. In particular, 1 < k(8) < 1/ but
sufficiently close to 1/8 for 1/2 < 8 < 1.

@ For 0 < pu < 1 we define Riemann—Liouville fractional derivative spaces
Hpy,:={vel": §"DivelL?}, Hy, :={vel": 'DivelL®}
HEY = {v € Hp,: /01 oy Hude = O},
HE) = {’U € Hy . : /1 I M udr = O}
0
equipped with the (semi) norms

1
(ol = IFEDEOIZa, ol o= (lollde + oy )2,

N[=

ol = IEEDEulZa, ol , = (ol + ol )
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(Riemann-Liouville fractional Friedrichs inequality for 0 < 8 < 1)

1
[[v]| s < C(’/ offvdx‘ + ||§LDi_ﬁvHL2>, Vo€ H}{lﬁ,
0

1
lvollzs < C(’/ Zlfvdm‘ + ||§LDi_5v||L2), Yue H}{Tﬁ.
0

3 1-8,0 1-5,0
Consequently, |U|H};lﬁ and |U|H}{r/3 define norms on Hp, " and Hp ™.
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@ We similarly define left and right Caputo fractional derivative spaces
HE ={vel: §DiveL?}, H: ={vel": {D{ve L’}
H‘é? = {’U € Hg e fol vdr = 0}7 Hg:g = {v € HE . : fol vdr = 0}
equipped with the (semi) norms

1
ol = IS D503z, wllmg, = (ol + ol )2,

D=

ol = 1EDEVIZa, ol = (lolEe + ol )

(Caputo fractional Friedrichs inequality for 0 < 8 < 1)

1
folles < O(] [ vdo] + D l,), ¥ o e HES,
0

1
lolles < O(] [ vdo] + DIl ), ¥ e HES.
0

. 1-8,0 1-8,0 ;
|U\Hé_lg and |v\H1c_5 define norms on H """ and H ", respectively.
) 3T
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@ 0< < 1/2= k(B) =2. The Riemann-Liouville fractional spaces reduce to
those in (Ervin & Roop 05). But they differ for 1/2 < g < 1.

@ For the homogeneous Dirichlet BC, Riemann-Liouville and Caputo fractional
spaces and fractional Sobolev space Hé_ﬁ coincide with equivalent norms.

@ Without the homogeneous Dirichlet BC, the Riemann-Liouville and Caputo
fractional spaces differ from each other. For example,

oIl P =11 - ), §D> P2 P =D Py P =0= ED. P27" e L*

for 0 < B < 1. In addition, % € L? for 0 < 8 < 1/2 and z=# € L" for
1/2<B<1l=2"¢ H}{Tlﬁ. However,

gD;fﬂccfﬁ = —Bolfafﬁfl =—co=z" ¢ Hé.jlﬁ, 0<pB<1.

For 0 < 8 < 1, the fractional integral operators I f (or I i ) defines an isomorphism from
H}{ZB (or H}{TB ) onto H' with equivalent norms. H Il{lﬁ and H }1%;6 are characterized by

HY = {F* Dlw(x) — w(0)z?/T(1 - B): we H1}7
Hy P = { B Dfw(@) - w(1)(1 —2)™7/T(1 - B) : we H'}.
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Caputo FDE with Neumann BC

@ We multiply the Caputo FDE by any v € H}{B integrate the resulting equation

ro

on (0,1) and incorporate the Neumann BC to obtain

(f,v) = f(olg’fDQu, v) = 7(D2u,zlfv)
= (Du, Do I{v) — o Ifv Dulo—1 + o180 Duls—o
= —(Du,fDif'Bv) — a1 a,Ilﬁv|%:1 +ag olfv\z:o, Yv € H}{TB.

@ This yields the following Petrov-Galerkin weak formulation: find u € H* such that

Ac(u,v) : f(Du,gD}_ﬁv) =lc(v)

_ (22)
(f,v) + a1 CElffv|z:1 —ap zlfv\zzo, Yv € H};TE
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Let0< B <1landfe (H}{rﬁ)’ satisfy the constraint

(f,(1=2)7") + (1 = B)(a1 — a0) = 0. (23)

Then the Petrov-Galerkin weak formulation (22) has a unique solution
u* € H"" := {w € H': [} wdz = 0} with a stability estimate

s < OISl grz—p0y, + laol + e ).
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Riemann-Liouville FDE with the Riemann—Liouville fractional Neumann BC

@ We multiply the Riemann-Liouville FDE by oIZv for any v € H}{lﬁ, integrate the
resulting equation and incorporate the Riemann-Liouville fractional Neumann BC
to obtain

(f,v)

—(D?*0Ifu,oIlv)
(DoIfu, DoIfv) — DoIfu oI8v|o=1 + DoIZu oI5 v]o—0
= ((I)%D;_ﬁ’u,é%D;_ﬁ’U) — a1 ojf’l)|z=1 —+ ao OI£U|Z=O, Yv S Hll?q_lﬁ

@ This yields the following Galerkin weak formulation: find v € H}{lﬁ such that

Ar,i(u,v) : ((I){D}fﬁu,{){Difﬁv) =lgr,(v)

_ (24)
= (fyOI:fU)Lz + a1 OI:E/U‘;Z)II — aop olf’u|x=0, Yove HII;UB.
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Let 0 < B < 1and f € (H') satisfy the constraint
(£:1) + a1 —ap = 0. (25)

Then the Galerkin formulation (24) has a unique solution u* € H}%—lﬁ 0 with a
stability estimate

@l < CIF Ny + laol + laal). (26)

v
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An indirect FEM (IFEM) (W., Yang & Zhu 17)

For 0 < 8 < 1/2 the solution u to the inhomogeneous Dirichlet boundary-value problem
of the FDE (7) can be decomposed as

v=u+ (ur —w — ng?wf) (Slwab)_lngfu}b + ¢ DSw;. (27)

—D(K(z)Dws) = f, z€(-1,1);  ws(-1) =ws(1) =0, 28)

—D(K(z)Dwy) =0, z€(-1,1);  ws(-1) =0, wp(1) =1.

y
@ Use conventional FEMs to solve (28) for wy,p,
(K(x)th,Dvh)H(im) =(f, Uh)[?(—l,l)’ Yo, € Sp[—1,1].

@ Use (27) to postprocess wy  to obtain uy,p

up = u + (ur —u — ngfwf) (ngfwb)flnggwb + 9. D8 wp,. (29)

@ Evaluating €, D%wy, requires numerical integration of a weakly
singular integral, which may introduce some numerical issues.
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Error estimates requiring only the smoothness of data of the FDE

(W., Yang & Zhu 17) Let 0 < B < 1/2, K € C™[~1,1], and f € C™ *°[~1,1]
for some 0 < § < 1 with m > 2. Then,

lun — ullp2(0,1) < CchmF

where C = C (8, m, | K|lcm 1,11, [ fllom-2.1-1,17)-

@ In summary, the indirect FEM

e has a proved convergence rate, only under the assumptions of the
regularity of the data (but not that of the true solution) of the FDE,

e has a sub-optimal order convergence rate of order 3 less, due to the
fractional post-processing,

e requires careful evaluation of the fractional post-processing, as that
involves the numerical evaluation of singular integrals.
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Numerical performance of high-order FEMs and IFEMs

K=1/(zx+1), w4y =0, ur =2, 8 =0.5, and u(z) = 2P 4 92,

- 1 2T (11/2) 7/2 T(11/2)  sj2is  ppo
f()__(x+1)2((7+25)r(5/2+/3)5” w NN (2 /3)).

Table: ||u — up||z2 of the IFEM and the FEM, 8 = 0.5.

h m =2 m=3 m =4
IFEM FEM IFEM FEM IFEM FEM
1/8 | 4.384E-2 | 2.550E-2 | 1.855E-3 | 1.933E-2 | 3.509E-5 | 5.787E-3
1/16 | 1.655E-2 | 1.116E-2 | 3.365E-4 | 1.167E-2 | 3.127E-6 | 2.624E-3
1/32 | 6.071E-3 | 5.337E-3 | 6.022E-5 | 6.732E-3 | 2.774E-7 | 1.302E-3
1/64 | 2.193E-3 | 2.632E-3 | 1.071E-5 | 3.770E-3 | 2.457E-8 | 6.582E-4
1/128 | 7.857E-4 | 1.310E-3 | 1.899E-6 | 2.070E-3 | 2.191E-9 | 3.323E-4
K 1.452 1.065 2.484 0.808 3.493 1.024

@ The indirect FEMs exhibit the theoretically proved convergence rates.

@ The conventional high-order FEMs only have at most the first-order convergence
rate, due to the lack of regularity of the true solution.
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A spectral Galerkin method (Shen et al 11, Huang et al 13 & Zeng et al 14)

@ Py[—1,1]: the space of polynomials of degree < N on [—1,1]
@ L,(z): the nth degree Legendre polynomial on [—1, 1]

2n+1 I (m)—

Lo(z) =1, Li(x) =z, Lpyi(z) = w1

1
2 n

@ ¢n(x):= Ly(x) — Lyy2(x) are linearly independent with ¢(£1) = 0.
Sn[-1,1] := {v € Px[-1,1] : v(=1) = v(1) = 0} = span{dn } 1 -
@ A spectral Galerkin method for problem (1): Seek uy € Sy[—1,1] such that

_B _B _B _B
B(un,vn) = —0(K _1Ds 2uN,IDi Zoy) —(1—0)(K zDi 2un, 1D, ZoN)
= (f,vn), Yon € Sn[-1,1].
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Theorem

Ifue H NHY P/ and1— 8/2 < s <r, then
luny — ullge < CN"C||ul|gr, 1—8/2<s<T (30)

Assume full regularity of the dual problem for each right-hand side, then the
estimate holds for 0 < s < r.
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An indirect spectral Galerkin (ISPG) method (W. & Zhang 15)

For 0 < 8 < 1/2 the solution u to the inhomogeneous Dirichlet boundary-value
problem of the one-sided version of the FDE (7) can be decomposed as

u=u + (ur —u — ngfwf) (ngfwb)_lnggwb + ngfwf. (31)

—D(K(z)Dwy) = f, =z € (-1,1); wy(=1) = wys(1) =0,

32
—D(K(z)Dwy) =0, =z € (—1,1); wp(—1) =0, wp(1l) = 1. (32)
@ Use SPG to solve (32) (Shen et al 11): Find wy € Sn[—1,1] such that
(K(x)DwN,DUN)LQ(_Ll) = (f, UN)Lz(—m)’ Yun € Sn[-1,1].
@ Use (31) to postprocess wy to obtain uy
uN = u; + (ur —u; — ng'wa) (ngfwb)_1€1wab + ngszN' (33)

@ Does the ISPG have the same difficulty as IFEM in evaluating ¢, D2 wx?
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Using Jacobi polynomials to handle singularity

@ Ji¥(x) — the nth order Jacobi polynomials that are orthogonal with respect
to the Jacobi weight function w” := (1 — z)*(1 + z)¥

v , 1 1
Jot =1 S =glurvt 2zt o(p-v),

I = (al e = b)Y — et I
_ n+u+1 i n\Tn+k+pu+v+1) (z—1\"
nl(n+p+v+1) = \k Mk+p+1) 2 ’
n>1

where a#¥, b%¥, and c/'¥ are constants having explicit expressions.
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(Huang et al 11; Shen et al 11) For i > 0,

BDIL@) = ol (e @), we L
RpiL(z) = %(1-@%};%(@, zel-1,1].

@ The SPG solution wy € Sy[—1,1] can be expressed as

Z dnpn(

2

-2

dn(Ln(z) — Ln2(2)).

n

N—
- F'n+1 -
©Dfun = "iDluy = Y du(1 ) (s )

I'(n+3)
“Tra-g @)
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Error estimates requiring only the smoothness of the data

(W. & Zhang 15) Let 0 < B < 1/2, K € C™[~1,1], and f € H™ '(—1,1) for any
m > 1. Then,

lunv —ullpz—1,) SCNT™.
where C = C(,B,m, K lemi—1,1], ||f||Hm71(_1,1)).

@ Compared to the IFEM, the ISPG has the following salient features. The ISPG

o has a proved convergence rate in the L% norm, only under the
assumptions of the regularity of the data (but not that of the true
solution) of the FDE,

e has an optimal order convergence rate of order, which is independent
of the post-process of the Sth-order fractional differentiation,

e does not have the subtlety in requiring the numerical integration of a
singular integral, but rather, can evaluate the fractional derivative of
wy analytically.
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Numerical comparison between the SPG and the ISPG

@ K=1u,=0, ur =2, and

o) = g ()
r+1

- 22-80(5 + fB)

1-8 6
@ This gives the true solution u(z) = (ac _2|— 1) + ( 5 ) .

@ For SPG, |lun —ullp2(—1,1) < CN™".

@ For our improvements, |Jun — u||p2(_1,1) < Cre "N,
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Table: The comparison of the SPG and ISPG methods (W. & Zhang 15)

luspa,n —ullL2(0,1) lurspa,n = ullL2(0,1)

N B =0.1 6=0.5 6=09 B =0.1 6 =0.5 B =09
4 2.139e-03 | 5.104e-02 1.677 9.377e-03 | 2.319e-02 | 7.737e-02
5 1.334e-03 | 4.195e-02 0.472 8.451e-04 | 2.823e-03 | 1.283e-02
6 | 9.014e-04 | 3.431e-02 | 1.331 | 6.482e-06 | 1.087e-04 | 9.541e-04
7 6.738e-04 | 2.676e-02 0.439 4.185e-07 | 3.892e-06 | 7.135e-06
8 5.204e-04 | 2.308e-02 1.119 5.348e-08 | 3.943e-07 | 5.563e-07
9 4.126e-04 | 1.913e-02 0.415 9.807e-09 | 6.239e-08 | 7.625e-08
10 || 3.342e-04 | 1.691e-02 0.986 2.280e-09 | 1.307e-08 | 1.468e-08
11 || 2.755e-04 | 1.454e-02 0.395 6.296e-10 | 3.324e-09 | 3.481e-09
12 |[ 2.306e-04 | 1.309¢-02 | 0.893 | 1.984e-10 | 9.811e-10 | 9.807e-10
13 || 1.955e-04 | 1.154e-02 0.380 6.952e-11 | 3.248e-10 | 3.105e-10
14 || 1.676e-04 | 1.052e-02 0.824 2.656e-11 | 1.183e-10 | 1.097e-10
15 || 1.450e-04 | 9.439¢-03 | 0.366 | 1.091e-11 | 4.659e-11 | 4.182e-11
K 2.016 1.315 0.600 1.800 1.817 1.985
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@ The indirect SPG

o exhibits the exponential convergence rate in the L2 norm, under the
assumptions of the regularity of the data (not the solution) of the FDE,

e has the convergence rate independent of the order 0 < § < 1/2.

e The conventional SPG methods seem to have low-order (3-dependent)
algebraic convergence rates, if measured in the standard L? norm.

@ Spectral methods were developed and analyzed for two-sided constant coefficient
FDEs (Chen at al 16, Ervin et al 16, Mao & Karniadakis 18)

e which have proved high-order convergence rates in the appropriately
weighted Sobolev spaces, only assuming the smoothness of data in
some corresponding weighted Sobolev spaces.

@ MultiD analogue of (1) with constant K was proved to be wellposed (Ervin &
Roop 07). Regularity, numerical approximations under the smoothness of data,
and variable-coefficient problems require further study!!!
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Thank You

for Your Attention!
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