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The initial-boundary value problem of sFPDE on a bounded domain

Oyu — kJr(xat)z?LDgu - k*(xvt)fLDl?u = f7 MAS (a?b)v te (OvT]v (]_)
u(a,t) = u(b,t) =0, t € [0, 7], u(z,0)=wuo(x), x € [a,b].

@ k. are the left/right variable diffusivity coefficients (analytical means fail).

@ The left/right Griinwald-Letnikov fractional derivatives of 1 < o < 2 are

[(z—a)/e]
GL o R T (o)
a D:c u(xvt) T Eli)rélJr 670‘ ; 9 u(x - 167 t)a

[(b=2)/e] ’
GL ma s 1 () ()
2 Dyu(z,t) = El_l)l’glJr — ; g, u(x + le, )
CLD2u(z, t) := Oppu(z, t) = ¥ Diu(z,t)

° gl(a) = (=1)'() with (7) being the fractional binomial coefficients.

April 19, 2018

FPDE: Fast numerical methods

Hong Wang, University of South Carolina



Finite difference method (Lynch et al 03; Liu et al 04; Meerschaert & Tadjeran 04)

@ FPDEs have different math. & numer. features from integer-order PDEs.
@ The implicit FDM obtained by truncating (2) is unconditionally unstable!
@ The shifted FDM is unconditionally stable (Meerschaert & Tadjeran 04)

m m—1 k+m 2 ,mN i+1

U; — U
Z gl uH—l l_fl (3)

p : Zgz Uil p —

@ The matrix form of the FDM

(I4+7A™)u™ = u™ + 7™, (4)
(k7™ + k™) g™ >0, j=1
) (k+m(a)+k—,m )<O j=i—1,
aiy = =35 Q (Pl + k7 mel™) <0, j=it, (5)
ki gia;+1 <0, jI<t—1,
kgl <0, j>i+1
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The expression of the stiffness matrix A™ = |

@ The matrix A is full and has to be assembled in any traditional scheme.
@ Direct solvers have O(N?3) complexity per time step and O(N?) memory.

@ Each time the mesh size and time step are refined by half, the
computational work and memory requirement increase

e 16 times and 4 times, respectively, for one-dimensional problems, or
e 128 times and 16 times, respectively, for two-dimensional problems, or
e 1024 times and 64 times, respectively, for three-dimensional problems.
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Analysis of the FDM

(@) ._

°yg (=1)'() have the properties

B =—a<0, 1=g">g">g">... >0,

Zgz(a) =0, Zgz(a) <0 (m=1), (6)
1=0 1=0
(a) _ F(l — CM) 1 l

" = tari 1 = e (H00)

° gl(o‘), with 1 < a < 2, are not diagonally dominant, so the FPDE

operator (and the direct FDM) does not have maximum principle.
o Nevertheless, the shifted FDM has

N
(a?ﬁ - Z |a?fj|)ha
J=1j#i i N—i
SR R O Vi SR S ey e Wi (7)
1=0,l#1 1=0,1#1
> —(k5™ kMg — (PR YD g =0,
1=0,1#1
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Further discussions on the stability issue

@ The FDM (3) satisfies maximum principle, which yields stability and error
estimate of the FDM in the L® norm, assuming the solution is smooth.

@ A heuristic explanation of the stability. Consider (1) with u; =0, k4 =1,
k- =0, f=0and (a,b) = (0,1) ( we use $*D%u = FF D)

D212 =0, z € (0,1), u(0)=0, u(l)=1, 1<a<2 =

Ofgfau =Ciz + Cy, =

C xa—l
oLpu = o187 012 = oIS H(Cha + Cp) = Cy 2°T(a + 1) + OFT)
where we have used
Pp+1)
]—"/ Ho— M7 T T pTH 0 1 -1 8
A v LN (8)

Differentiating the equation and enforcing both the boundary conditions yields

u=z""1 x€(0,1).
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@ Even the one-sided FDE requires both boundary conditions at z = 0 and
x =1 to uniquely determine the true solution.

@ However, the directly truncated FDM vyields a one-sided discretization,
which is determined completely by the boundary condition at z = 0 and
yields the trivial numerical solution u; =0 for i =1,2,...,N. This is
inconsistent with the FDE.

@ The shifted FDM introduces at least one unknown in the other direction
and so a two-way coupling, which has to be closed by both the boundary
conditions. Hence, the shifted FDM is consistent with the FDE.

@ This explains heuristically why the directly truncated FDM is unstable
and the shifted FDM is stable.
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The structure of the stiffness matrix A™ = [a%]N._; (W. et al 10)

i,514,5=1

Theorem

A™ = (diag(df™) L, TN + diag(d; ™) (TN)) /h2, (9)
[ g g§) 0o ... 0 0 ]
g g@ g

peN g g™

0

g2, e e T g g
Lo o o g g ]

@ (9) bridges the FPDE and the numerical linear algebra communities.
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A fast evaluation of A™wv and storage of A™

A™v can be evaluated in O(N log N) operations in a lossless and matrix-free
manner for any vector v, and A™ can be stored in O(N) memory.

The matrix T7%% is embedded into a 2N x 2N circulant matrix C®2N

[ 0 gz(\(,l) P A géa) géa) 1
0 0 gl(\(,x) . géa)
o, N a, N
c®2N . T s g N 0 0 0
. s N pa,N ’ !
0 0 - 0o gt
L g o ... 0o o0 o |

@ Let ¢2N be the first column of C*2V . Then C*2" can be decomposed as

C**N = Fyy diag(Fanc®?Y) Fan (10)
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@ A fast matrix-vector multiplication A™v is formulated as follows
o For any v € RV, define vy by

e 1)

o Fyyvan can be carried out in O(N log N) operations via FFT,
so C“2N v,y can be evaluated in O(N log N) operations.

The first N entries of C*2N vy yields TN v.

Similarly, (T*")Tv can be evaluated in O(N log N) operations.
o A™v can be evaluated in O(N log N) operations.

. Ta,N Sa,N
» CF T wven = g N
, ,
T

SNy

TNy ]
. (1)

@ The fast algorithm is

e matrix-free as it does not need to store A™, but needs only to store
(dF™N | and T*N i, (3N + 1) parameters.

e exact as no compression is used.

e non-intrusive.
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A two-dimensional sFPDE of orders 1 < a, 8 < 2 on a rectangular domain and its FDM

atu - kfv,+(x7 y7 )GLDQU - kz,_(m, Y, t)SLDgLu - ky,-‘r(x? Y, t)cGLD5U

— ky— (2,0, )5 D = fla,y,0), (2,y) € Q= Ty (anby), te (0,77 (12)
u(z,y,t) =0, (z,y) €90, t€[0,T], u(x,y,0)=uo(z,y), (z,y) €
@ AnFDM for 1 <i< Ny, 1<j<N;and1<m< N,
m—1 +m i —,m Nj—i+1
ul, ui j kx 71',' a) m ac z,
: - I - ’a] Zgz( - o Z 9\ uit
- —,m Na— ]+1 (13)

J k

y, ,J Y47 (), m _ m
E 9 ui,j—l+1 - 7’15 E g "Uijyi-1 = fi,j-
=0 2 1=0

@ Let N = N1 Ns. Introduce N-dimensional vectors u™ and ™ defined by
m o, __ m m m m m m T
u- = [u1,17"' Sy UN, 1 W12y s UNy 25" s UL Ny " " 7UN1,N2}

b (14)
]

= [flrtlh 7f17:711,17f1772,"' 7f1<7n1,27"' 7f{tLN27"' 7f]1:711,N2

@ The FDM (13) can be expressed in the matrix form (4).
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An alternating-direction implicit (ADI) scheme (Meerschaert et al. 06)

@ An ADI algorithm was developed to solve the FDM (13), first solving
the x part as N, one-dimensional systems and then solving the y part
as N; one-dimensional systems. Its computational complexity is O(N?).

@ Solving (13) by the fast 1D FDM with ADI (W. & Wang 11) results in
a computational complexity O(N log N) per matrix-vector multiplication.

@ Strength and weakness of ADI

+ Reduce multidimensional problems to one-dimensional systems.

+ Easy to implement, avoid multidimensional structure of A™.

— It has proved stability and convergence if the FD operators in the
z- and y-directions commute, not satisfied by general coefficients.
It is lossy and has higher regularity requirement.

Hong Wang, University of South Carolina FPDE: Fast numerical methods April 19, 2018 13 /67



Structure of the stiffness matrix A™ = A™® + A™Y (W. & Basu 12)

@ A™7 accounts for the coupling of all the nodes in the x direction

A™7? is block-diagonal with full diagonal blocks.

Each diagonal block A" is identical to that for a 1D problem

A™%y can be evaluated in NoO(N; log N1) = O(N log N) operations.
A™7% can be stored in NoO(N7) = O(N) memory.

@ A™Y accounts for the coupling of all the nodes in the y direction.

o A™Y is a full block matrix with sparse matrix blocks.
e We prove that A"Y is block-Toeplitz-circulant-block

Ay = [Ki”’y(Tﬂ,Na ® ) + K2 (17N @ ) /15,
(i
{53020}

o A™Y can be stored in O(N) memory and A™%v can be evaluated in
O(N log N) operations in a lossless and matrix-free manner.
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A fast evaluation of A™Yv

o Let BNz be Toeplitz matrices of order Ny for T8:N2 a5 in 1D. Introduce

CB2N . TP @l ST @ dy,
§hN2 In, TB N2 & In, ’
(16)
T8:N2 ) | v v
CB’2NV2N: ( N Nl) s VaN = s Yv € RN.
(SN2 @ I, )v 0
@ Let ¢®2Y be the first column vector of C%2N, Fyn, @ Fy, be the 2D
Fourier transform matrix, and &>V be the Fourier transform of ¢?2¥
2N (B @ Fiy ) &82N |
(Fow, Y (17)

CB2N  — (F2N2 ® FNI)_ldiag(&B’QN) (F2N2 & FNl)-

o (Fan, ® Fi, ) van can be performed in O(N log N) operations via FFT.
o (17) shows that C#*N vy can be evaluated in O(N log V) operations.
o (16) shows that A™¥v can be performed in O(N log N) operations!
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A numerical simulation of a 3D sFPDE (W. & Du 13)

@ In the numerical experiments the data are given as follows

° kx,:ﬁ:(mv Y, z, t) = ky,:t(xy Y, z, t) = kz,:l:(x7 Y,z t) = K =0.005
o f=0,a=8=7=18,Q=(-1,1)3,10,T] = [0,1].
e The true solution is expressed via the inverse Fourier transform

oo
ul, .2, 0) = - / e K1 s IR0 o) de
0

1

% oK cos(ZE)|(t40.5)n?
e e 2 cos(ny)dn
T Jo

o0
xl/ ¢ 2K cosCENAH05)CT g2y dc.
™ Jo

o The initial condition u,(z,y, z) is chosen to be u(z,y, z,0).

@ The Meerschaert & Tadjeran FDM and the fast FDM implemented
in Fortran 90 on a workstation of 120 GB of memory.

Hong Wang, University of South Carolina
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Table: The CPU of the FDM and fast FDM

h = At | # of nodes The FDM The fast FDM
2-3 4,096 1h 4m 26s 0.58s
24 32,768 2 months 25d 9h 12m 5.74s
275 262,144 N/A 1Im 6s
96 | 2,007,152 N/A 14m 22s
27 16,777,216 N/A 3h 49m 56s
2-8 134,217,728 N/A 3days 3h 18m 52s

@ It would take the regular FDM at least years of CPU times on state of the art
supercomputers to finish the simulation, if the computer has enough memory.

@ Parallelization was used in measuring the peak performance of supercomputers.
The nonlocal nature of FPDEs makes the communications in the simulations
global, which further increases the work clock time of the FDM simulations.

Hong Wang, University of South Carolina FPDE: Fast numerical methods April 19, 2018
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Summary and further discussions on fast solvers

@ The fast matrix-vector multiplication is based on (9) (or its multi-D version).

o The Toeplitz structure of 7% ~ the translation invariance of the
fractional difference operator (3) ~ the translation invariance of FPDE
operator (2) ~ stationary increments of underlying Lévy process.

o The impact of the variable k4 (z,t) ~ variable volatility in the
variable-coefficient SDE, which are not translation invariant, is
reflected in the non-Toeplitz diagonal matrices K.

@ The FDM (3) has only first-order accuracy in space and time. High-order
FDMs, finite element methods (FEMs) and finite volume methods (FVMs)
were developed for sFPDEs in the literature and the discrete operators are
also translation invariant, so fast solvers can also be developed.

@ The FDM, FEM and FVM operators are translation invariant if FPDE
operators are discretized on structured (e.g. uniform or graded) meshes.

+ lossless, matrix-free and O(N log N) matrix-vector multiplication
— restrictive on partitions
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@ There has been a lot of works in the literature on fast numerical methods
for nonlocal problems, including the fast multipole method (FMM)
(Greengard & Rokhlin 1987), the hierarchical (H-) matrix method
(Hackbusch 1999) and the randomized matrix method (Halko et al 11).

@ Many were extended to FPDEs (including but not limited to):

e Use H-matrix approach to compress the stiffness matrix to arbitraty
accuracy by a banded matrix + low-rank matrices, and multigrid to
solve the approximate system (Ainsworth et al 17, Zhao et al 17)

+ O(Nlog N) computational complexity on general partition.
— lossy, strongly heterogeneous coefficients with high uncertainty?
o Use the approximate system as a preconditioner (Li et al, on going)
+ O(Nlog N) lossless on general partition. The approximate system
seems to be an optimal preconditioner
— O(N?) computational complexity on a general partition.

o A low-rank approximation to off-diagonal blocks coupling different

subdomains on a piecewise-structured partition (Jia & W. 15).
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A distributed-order sFPDE in a convex domain

O — ko (z,y,t) al(y)]Dpl(a)u — ks, —(z,9,t) ]D)leég))

D52y — ky, (2, y,) 4D P u = f(2,9,1), (18)
(z,y) € Q, t x (0,77,

u(z,y,0) = uo(z,y), (z,y) €Q, ulz,y,t)=0, (z,y)€ o, te]|0,T].

_ky1+(x7 Y, ) as(x)

@ (2 is a bounded convex domain. a1(y) and by (y) refer to the left and right
boundary of 2 at given y, and similarly as(z) and by (z).

° al(y)]D)gl(a) and ng;((;)) (and a2<x>D§:(B) and y]D)iz((f))) are defined by
D Mulz,y, 1) = / P1(@) a1y D3 u(w,y, t)dar
1 (19)

2
=Df (5 ul, y,1) ::/ pi(a) 2Dy, (yu(z, y, t)da.
1

@ pi(a) (or p2(B)) refers to the PDE counting for the integrated impact of the
fractional derivatives in the = (and y) direction with respect to « (or /).
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[(z—a1(y))/c]
a(pyDeu(z,y,t) = lim — Z gl(a)u(x —le,y,t),
e—0t €
1=0 (20)
L(b1(y)—=z) /<]

«Dpy (pu(z,y,t) == lim gl(a>u(:c+le,y, t),

+ e«
e—0 =0

@ The lower/upper limits of the fractional derivatives may depend on y (or x).

@ For pi(a) = () and pa(B) = §(83), the distributed order sFPDE (19)
reduces to the conventional FPDE in the convex domain ).

@ For p1(a) = 251:1 wPd(aq) and pa(B) = Z;il w/d(/;), the distributed order
FPDE (19) reduces to a multi-term sFPDE in .

@ Subsequently, we focus on the sFPDE in the convex domain (.
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A two-dimensional FDM in a convex domain (Jia & W. 18)

@ Let a;y (or by) be the left (or right) most boundary point of €, as and by

defined similarly. Then 2 C [a1,b1] X [az, ba].

o Let O, :=0QnN {(Ii,yj)}osi§N1+1;osJ§Nz+1-
0, ={(i,5) :i1(j) + 1 <i<ia(j) — 1, 1 <j < NoJ
(21)

=[] = an n = ia(j) —i1(j) — 1.

@ An FDM is defined by each node (i, j) € II}, as follows

ul — uml EHm i)+l k= ,WJL ig(j)—i+1 (o
T, 1,7 T,1,] x,1, « m
- [ he Z 97U + he > 4 ui+l—1,j]
=0 (22)

k+ ;m j—j1(i)+1 ,m J2(i)—j+1
2;;] Z 9wl hﬂ Z g?ﬁ’u%“fl] = fij.
1=0 1=0
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A fast FDM on a convex domain (Jia & W. 18)

@ The "boundary” nodes of the FDM do not necessarily lie on OS2 but their
distances from 9€) are less than hy or hs.

@ We enforce the Dirichlet BC at the “boundary” nodes, which introduces
an error of order O(h) and retains the accuracy of the FDM.

@ A™ is dense but is not in a tensor product form of Toeplitz-like matrices.

@ We split A™ = A™% + A™Y and A™* is still block diagonal but each
diagonal block A"* may have different size.

@ Note any v € R” can be expressed in the form
— [V o170 v = T 1<j<N
v= Vi, ] s = [V Gt tis()-1] 5 1< < Na
Then A™®v can be evaluated in O(N log N) via the formula

A;n’xv = [(Aan’mvl)Ta (A;n’chQ)Tv cr (AX/LQ’I VN2)T]T'
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A fast matrix-vector multiplication by A™*

@ The tensor-product decomposition of A™¥ is no longer true.

@ We use the symmetry of the fractional differential operators in the z and y
directions and borrow the idea of the relabelling in the ADI. Algorithmically,

o Let w denote the reindexing of the vector v by labeling the nodes in the
y direction first
w= Pv (23)

where P represents the permutation matrix that maps v to w.
o Let B"™Y denote the analogue of A" Y that accounts for the spatial
coupling by labelling the nodes in the y direction first. Then

A™Y = pT' g™y p, (24)
We combine (23) and (24) to obtain

Am™Yy = PTB™ Yy, (25)
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@ The key points are as follows:

e By labling the nodes in the y direction first, the stiffness matrix B"™Y
is block diagonal like A™%.

o If we store v in the form of w, then B"™Yw can be evaluated in
O(NlogN) as A™%v.

o In ADI the two labelings were used in solving two different families of
subsystems.

e We borrow the idea of ADI by using the two labelings in the matrix
vector multiplication by A™, but without splitting the scheme.

e This boils down to storing v as a two-dimensional array corresponding
to the indexing of the nodes (z;,y;).

o Transforming v to win (23) can be carried out simply by letting the
index j goes first in the two-dimensional array storing v and vice versa.

@ In summary, we can evaluate A™¥v in O(N log N) operations in a lossless
and matrix-free manner, by borrowing the idea of ADI of relabeling but
without splitting the numerical scheme that may lead to a lossy evaluation.

Hong Wang, University of South Carolina FPDE: Fast numerical methods April 19, 2018 25 /67



A fast FDM for sFPDE with fractional derivative BC (Jia & W. 15)

@ Consider the sFPDE (1) with fractional derivative BC

u(a,t) =0, Bulb,t) + (kt(z,t)S* D u+ k_(z, )L D!
b

=g(t). (26)

r=b

e a fractional Neumann BC for 8 = 0 or a fractional Robin BC for 5 > 0.

m a— m d— N a—1 m
ﬁUN+ha 129( Duf_i + = 19(() U = g(t™). (27)
° g,(f‘ Y have the properties
g V=1 —l<l-a=g""" <"V <giV <<,
oo 28
Zg,ga_ Zg(a V>0, m>1. (28)
k=0
e ¢'“Y have M matrix pro erties, so the discretization of the fractional BC
9 prop

has maximum principle. No shift!
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Structure and properties of the stiffness matrix A = [a;,

(i + ki) gl 1<i=j<N-1
— (ki gs™ + k—igs™), j=i-12<i<N-1
— (k198 + k—igs™), j=i+1,1<i<N-1;

o —k1 1000 1Sj<i=23<isN-L
—kigS 3<j<NI<i<N-2
7]“*’”95:11)}1, 1<j<N-1i=N;

Bh + (k- N + k+,N)g{f“”h’ N

T

@ The first N — 1 row are diagonally dominant as they are similar to those in

the case of the Dirichlet BC (having one more column)
N

i — a; ;| >0, 1<i:<N-—-1.
> o]

.
j=1,j#i
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@ The last row requires extra study as it comes from the discretization of
fractional derivative BC and so has a different structure.

[aNN — Z lan.;] ]

N-1
h a— a— a—
T[(k+N+k Mg ke gl are (30)
=1

N—-1
> g[(k+71\7 +k7,N) Z gl(OHl) +5ha71) > 0.
=0

@ The discretization of the fractional derivative BC is diagonally dominant.
@ A is strongly diagonally dominant M-matrix.

@ The numerical scheme determines a unique solution (no extra condition
needed to enforce the uniquenes of the solution).
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@ The stiffness matrix A can be expressed in a block form

An-1,N-1 AN-aN
A= T
AN7N71 anN,N

o An_1,n—1 is the stiffness matrix for the interior nodes, hence the
decomposition (9) for the Dirichlet BC is still valid.

o Matrix-vector multiplication by Ax_1 y—_1 is done in O(N log N).

e The remaining is at most rank two. Hence, a matrix-free, lossless, fast
matrix-vector multiplication by A can be carried out in O(N log N).
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Conservative FDE (del-Castillo-Negrete et al 04; Ervin & Roop 05; Zhang et al 07)

~D(K(2)(0 $'Dy Pu— (1—-0) $"Dy Pu)) = f(x), € (a,b),

u(a) =w, u(b) = ur, 0<B8<1 0<0<L1. (31)
@ derived from a local mass balance + a fractional Fick's law.
@ 0 is the weight of forward versus backward transition probability.
@ The left- and right-fractional integrals, Caputo and Riemann-Liouville

fractional derivatives are defined by
Eu(e) = D3 u(w) = i [ 7 s,
Iyu(z) = 2D, Pulz) == ﬁ /:(s — z)? 7 tu(s)ds, (32)
Cpl=By .= 1% Du, ED Py = —, I Du,
fLD}fﬁu =D a]fu, fLDifﬁu =—-D szu.
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Motivation of a finite element method (FEM) or a finite volume method (FVM)

@ Conservative and non-conservative FPDEs are not equivalent for variable
diffusivity coefficient problems, as the differentiation of the conservative
form yields a fractional derivative of order 0 <1 — 3 < 1.

@ Numerically, FEM/FVM are suited for conservative FPDEs, FDM is suited
for nonconservative FPDEs.

@ For many applications, local conservation property is crucial. In this case,
FVM is preferred.

@ A FEM naturally has second-order accuracy in space, without requiring a
Richardson extrapolation as in FDM.
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A FVM for the conservative FDE (??) with u; = 1

@ A conventional derivation of the FVM

o leta=rzg <z <...<z;<...<zxpyy1:=bbea (not necessarily
uniform) partition and x;_y /5 := (21 + ) /2.

o Let {¢;}Y, be the hat functions with nodes z; and u = Zjvzl UjP;.

) Let u:.:= [Ul,UQ, N ’LLN]T, fI: [fl, fg, N fN]T, and A = [am]i\fj:l.

o Integrating (?7?) over (z;_1/2,%;41/2) yields

Tit1/2
Au=f, f; ::/ flx)dz, 1<4,5<N.
gil—1/12 o s o=z, 15 (33)
ai = [K(@)(0 $' DI P05 — (1-6) $7D} g,) |

T=Ti41/2
@ The salient difference of the FVM from its integer-order analogue
o supp{¢;} = [zj-1,2j41]. But ' Dy Pdjlums,,, ,, #0 for j <it1
and "Dy Pl # 0 for j >i— 1.

o The stiffness matrix A is full, which requires O(N?) of operations to
invert and O(N?) of memory to store.
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Structure of the stiffness matrix A (Cheng et al 15; W. et al 15)

A= (K- TPN + Ky TpN) /(DB + 1A' 7)),
Kii=diag({K (eisy)}il)), TN = (i) TR™ = (rivy)
with l; and r; being defined in (35). Hence, A can be stored in O(N) memory

and Av can be evaluated in O(N log N) operations in a lossless manner for
any v € RV,

(34)

@ In fact, we need only to store K( 1) fori=1,...,N+1, andl; and r;
fori=—-N,...,—1,0,1,..., N, Whlch are totaIIy 5N + 3 parameters.

@ This represents a significant saving over the traditional storage of N? entries.
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a-of(=i-3)"+(-i+3)" -2(-i43)"). -Nziz-2
a-o[()"+(2)"-23)°]: i=-1
Uy = a-o(2)° (2—6)(%)3 i=0;
a+o(;)"-o(3)". i=1
o2(i-3)" = (+5)" - (- D)), 2Li<N.

(35)
(170)[2(71'7%)57(7¢72)B7(ﬂ'+%)’3], IN<i< -2
(279)(;) 7(179)(3)3, i= -1
ry = 0o(2) -a+a(3)”. i=o
o -2+ ()
(2 2 12 esesw
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A fast matrix-vector multiplication Av

@ By (34), we need only to evaluate TLﬁ’Nv (and Tg’Nv) in a fast manner.

@ The matrix Tf’N can be embedded into a 2N x 2N circulant matrix Ca

T8N * v
Coy =| L = . 36
2N . Tf’N , Von { 0 } ( )

@ A circulant matrix Con can be decomposed as
Con = F,y diag(Foncan) Fon (37)

F5 is the Fourier transform matrix and copv is the first column of Cop.

o Convon and so Av can be evaluated in O(N log N) operations
in a lossless and matrix-free manner.

@ Both mass conservation property and accuracy of the FVM are retained.
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Need of an effective and efficient preconditioner

@ The fast matrix-vector multiplication reduces the computational cost per
Krylov subspace iteration from O(N?) to O(N log N).

@ For the steady-state FDE (??), the condition number of the stiffness matrix
A'is k(A) = O(h=(=9). Hence, the number of Krylov subspace iterations
is O(h—(=P/2)) = O(N1-F/2),

@ This leads to an overall computational cost of O(N2~#/21og N) even if
a fast Krylov subspace iterative method is used.

@ This calls for the development of an effective and efficient preconditioner.
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A superfast preconditioned fast Krylov subspace iterative method (W. & Du 13)

@ A superfast direct solver was developed for a symmetric and positive-definite
(SPD) Toeplitz system (Ammar and Gragg 1988),

o which inverts a full SPD Toeplitz system in O(N log* N) computations,
e which does not always work very effectively especially for ill conditioned
SPD Toeplitz systems.

@ We developed a superfast preconditioner for the steady-state FDE (??) with
6=1/2 (W. & Du 13)

M = Tf’N + Tg’N is a full SPD, Toeplitz matrix.

@ We just use M as a preconditioner for the FVM (34) as shown below.
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@ Outline of (a perturbation-based) proof: Let K, := diag({K (2;)}/,) and
Ky = diag({K (2,21)};,). We have

(B KT A
=K' K- T)N + Ky Ky T~
= Ky [Ko + (K- — Ko)| TP + Kj [Ko + (K4 — Ko)| TSN (38)

=M+ Ky [(K_ — Ko)TPN 4+ (K, — KO)TR?’N]
=M + O(h).
@ M is a good preconditioner for the FVM
(Ko 'K- TpN + Ko 'Ky TN u=~(B) 'Ky 'Au=~v(8) 'Ky 'f. (39)
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Numerical experiments by a superfast preconditioned fast CGS (W. & Du 2013)

@ The data:3 =0.2, 0 = 0.5, K(z) =T(1.2)(1 + z), wy = ur =0, [a,b] = [0, 1],
2
o

@ The true solution u(z) = 2%(1 — z) is computed accordingly

Gauss CGS
N J[u —ug| oo CPU(s) lu —uc| Lo CPU(s) Itr. #
25 2.018 x 10— % 0.000 2.018 x 10— 4 0.000 32
26 5.157 x 107° 0.000 5.157 x 107° 0.000 65
27 1.294 x 10~° 0.000 1.294 x 10~° 0.016 128
28 3.214 x 1076 0.047 3.214 x 1076 0.141 217
29 7.893 x 107 0.500 7.893 x 1077 3.359 599
210 | 1.887 x 1077 7.797 1.886 x 107 2m2s 1,110
211 | 4.030 x 1078 2m38s 4.047 x 1078 21m13s 2,624
212 | 6227 x 1072 24m29s 7.468 x 10~8 4h19m 7,576
213 | 5783 x 1077 3h27m N/A > 2days > 20,000
FCGS PFCGS

Tu— up| oo CPU(s) Ttr. # | Jlu — ugllro0o CPU(s) Ter. #
25 2.018 x 10— % 0.000 32 2.018 x 10~ 2 0.000 6
26 5.157 x 107° 0.016 63 5.157 x 107° 0.000 5
27 1.294 x 105 0.031 128 1.294 x 107° 0.000 5
28 3.214 x 10~6 0.125 248 3.214 x 1076 0.006 5
29 7.893 x 1077 0.578 576 7.893 x 10~7 0.016 5
210 | 1.886 x 10~7 2.281 1,078 | 1.887 x 1077 0.047 5
211 | 4037 x 1078 9.953 1,997 | 4.038 x 1078 0.078 5
212 | 1.587 x 10~8 57.27 5130 | 6.194 x 109 0.188 5
213 | 2372 x 10~ 2m52s 7,410 | 4.345 x 10~° 0.391 5
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@ Use the numerical solutions by Gaussian elimination as a benchmark:

o The conjugate gradient squared (CGS) method diverges, due to
significant amount of round-off errors.
o The fast CGS (FCGS) reduced the CPU time significantly, as the
operations for each iteration is reduced from O(N?) to O(N log N).
o The number of iterations is still O(N*~#/2),
@ It is less accurate than Gaussian at fine meshes due to round-off errors.
o The preconditioner M is optimal, so the preconditioned FCGS
(PFCGS) has an overall computational cost of O(N log? N).
o It significantly reduces round-off errors.
o It generates more accurate solutions than Gaussian elimination.
o It further reduces CPU time.
o Although the superfast Toeplitz solver might have potential problems
for ill-conditioned SPD Toeplitz systems as a direct solver, it seems to
perform very well as a preconditioner for the FVM (34).
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An FVM on a gridded mesh (Jia et al 14; Tian et al 13)

@ Solutions to FDEs with smooth data and domain may have boundary layers,
a numerical method that is discretized on a uniform mesh is not effective.

e FDM is out of the question, as Griinwald-Letnikov derivative is
inherently defined on a uniform mesh.
e Riemann-Liouville and Caputo derivatives offer such flexibilities.

@ Bebause of the nonlocal nature of FDEs, a numerical scheme discretized on
an arbitrarily adaptively refined mesh

o offers great flexbility and effective approximation property
o offers possible advantage on its theoretical analysis
e but destroys the structure of its stiffness matrix and so efficiency.

@ Motivation: balancing flexibility and efficiency.

e Wherever a refinement is needed, try to use a structured refinement.
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The structure of the stiffness matrix for a geometrically gridded mesh

A= [diag(K—)T_ + diag(K+)T+]diag({hf‘l}lil), T_, T, Toeplitz.

Av can be evaluated in O(N log N) computations in a lossless and matrix free manner,
A can be stored in O(N) memory.
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Numerical experiments of a one-sided FDE on a gridded mesh

D(oIfDu) = 0, z€(0,1),
u(0) =0, u(l) = 1

Its solution u(z) = ' ~* for z € (0,1).

N CPU #+of iterations

Gauss 256  0.640s

512 5.567s

1024 59s
CGS 256  2.978s 256

512 29s 512

1024 403s 1024
FCGS 256 0.073s 256

512  0.139s 512

1024 0.391s 1024
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Figure: First row: numerical solutions on a uniform mesh of n = 256,512, 1024;
Second row: numerical solutions on a geometrically refined mesh n = 48, 64, 96.
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A FVM on a locally refined mesh (Jia & W. 15)

@ Solutions to linear elliptic/parabolic FPDEs with smooth data and domain
may have boundary layers, a uniform mesh is not effective.

e FDM is out of the question, as Griinwald-Letnikov derivatives are
inherently defined on uniform meshes.
e Riemann-Liouville and Caputo derivatives offer such flexibilities.

@ Bebause of the nonlocal nature of FDEs, a numerical scheme discretized on
an arbitrarily adaptively refined mesh

o offers great flexbility and effective approximation property
o offers possible advantage on its theoretical analysis
o destroys the structure of its stiffness matrix and so efficiency.

@ Motivation: balancing flexibility and efficiency.
@ A purely gridded mesh does not work as effectively.
@ We propose to use a composite mesh that consists of

o gridded mesh near the boundary,
e a uniform mesh in most of the domain.
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Outline of the structure of the stiffness matrix form

@ We assume only a boundary layer near the left endpoint for simplicity.

@ We begin by a uniform mesh of size h, and then use a gridded mesh on [0, A
with m + 1 nodes.

@ Then A can be expressed in the following 3 x 3 matrix form
a1 A Algr

A=| A Ay Al |- (40)
Ar,l Ar,l AT,T

o Ay, A1y, A1, and A, 1 are (row or column) vectors
e The southeast 2 x 2 blocks require careful analysis.
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Structure of the stiffness matrix

The submatrices A;; and A, can be decomposed as

A = ﬁ [diag(Kf)(sz +(1=-7Qr)
~diag(K;") (P + (1 = 7)P,) | diag ({h{}i21),
B—1
Ay = % [diag(K{)('yS + (1 —~)R") — diag(K,") (vR+ (1 — V)ST)] :

e P, P, Qi Q R, and S are Toeplitz
@ A, . has the same form as before, since it is for a uniform mesh

@ A;; corresponds to a gridded mesh, and has an additional diagonal matrix
(reflecting the impact of the mesh) multiplier on the right.
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The submatrices A; , and A, can be decomposed as

AR
A, = % (diag(K; )E — diag(K;")D),
Arg = = (diag(K, ) H — diag(K,))G)diag({h ' }2,).

’ rB+1)

@ D, E, G, and H are non-Toeplitz full matrices. Their typical entries are of
the form

dig=20j+1-3:27"71)7 — (=327 ) (j 42327,

; 3 63 — 3 B
R m—j+1( . e _ P lom—j+1(_ 2\
g = [ (4 5) <1 -5l g) -2

—&-%[Zm’j*l(i—i— 3 —4]6.
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@ Use a fractional binomial expansion, we have
B8 o 1 1 1
D~—-2("\n,1,...1 [ L }
(2 [ ] 22-87 32-6 (n—1)2-8

B 1 1 1
2(4)[1,1,...,1]T[24_ﬂ,34_ﬂ,..., (n—1)4—6]

B\ g-m o-m+1 [ 1 1 1
18( 7 ) 2=, 27mHt 9 [ L }
+ (3 [ Pl g mones

1 1 1 ]

B\ -2 —2m+2 -7
—108( " |[272m, 272mt2 o { , .
(4 [ Ve g5 noyis

e The matrices can be approximated by a finite sum of low-rank matrices.
e The matrix-vector multiplication can be performed in O(NN) operations.
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Numerical experiments of a one-sided FDE on a composite mesh

@ Consider (??) with K =1, f=0,0=1,5=09, u; =0, u, =1, i.e,,

D(oIfDu) = 0, z€(0,1),
w(0) =0, wu(l) =

Its solution u(z) = '=# for 2 € (0,1).

n llun — ull llun,m —ull l[wn,m — ull
128 | 4.3546 x 10~ T | 2.6805 x 10° Y, m=7 | 2.0315x 10" %, m =11
256 | 4.0630 x 107! | 2.3336 x 107!, m =8 | 1.3403 x 10~!, m = 16
512 | 3.7909 x 107! | 2.0315x 107!, m =9 | 8.2504 x 1072, m = 22
1024 | 3.5370 x 107! | 1.7685 x 107, m =10 | 3.8488 x 1072, m = 32

8192 | 2.8730 x 107" | 1.6668 x 107", m = 13 N/A
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Figure: First row: numerical solutions on a uniform mesh of n=256, 8192;
Second row: numer. solns. on a composite mesh with n = 256 and m = 8, 16.
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Numerical experiments of a two-sided FDE on a locally refined composite mesh

@ Consider (??) with K =1, 0 =0.5, 8=0.95, u; =0, u, =1,
(1-7QA-8)

flz) = NEE u(@)=2""?, xe(0,1).
m n Error Iterations
25 2% 14379 x 1071
Gauss 2% 2°  1.0491 x 107!
25 210 58194 x 1072
25 2% 14379 x 1072 48
CGS 2t 2% 1.0491 x 1071 7
25 210 58194 x 1072 142
25 28 1.4379x 1077 48
FCGS 2* 2° 1.0491 x 107} 78
2° 210 58194 x 1072 150
25 2% 14379 x 1071 9
PFCGS 2% 29 1.0491 x 107! 13
25 210 58194 x 1072 16
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Table: Numerical results on a uniform mesh

n Error Iterations CPUs
2 1.8827 x 101 0.01s
Gauss 29 1.8206 x 10~1 0.01s
210 1.7596 x 1071 0.05s
211 1.7002 x 1071 0.25s
212 16425 x 1071 1.25s
213 15867 x 1071 9.76s
214 15327 x 10~1 97s
P 1.8827 x 10~ 1 46 0.01s
CGS 29 1.8206 x 101 66 0.01s
210 1.7596 x 1071 9% 0.18s
211 17002 x 1071 133 0.86s
212 16425 x 1071 188 4.94s
213 15867 x 1071 266 30.78s
214 15327 x 1071 379 187s
28 1.8827 x 10~ 1 46 0.05s
FCGS 29 1.8206 x 1071 66 0.16s
210 1.7596 x 107! 94 0.29s
21 1.7002 x 1071 133 1.16s
212 16425 x 1071 188 2.00s
213 15867 x 107! 266 12s
24 15327 x 10! 379 27s
28 1.8827 x 101 8 0.02s
PFCGS  2° 1.8206 x 10~ 1 8 0.02s
210 1.7596 x 10~ 9 0.05s
211 1.7002 x 1071 10 0.09s
212 16425 x 1071 10 0.14s
213 15867 x 1071 10 0.66s
214 15327 x 10~! 11 1.00s
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A two-dimensional conservative FPDE (Meerschaert et al 06; Ervin & Roop 07)

27
—/ (Do K I Dou(z,y))P(d9) = f(z,y), inQCR?
0
u =0, on 0f).

(41)

@ P(df) is a probability measure on [0, 27),

@ Dy is the differential operator in the direction of 8

Dou(z,y) = (cos@% + sin Gg)u(:r,y),

and 17, with 0 < B < 1, represents the Sth order fractional integral
operator in the direction of 6 given by

co _B-1
Iu x, ::/ A x — scosf,y — ssinf)ds.

o If P(df) is atomic with atoms {0, 7/2, m,37/2}, then (41) reduces to the
usual coordinate form.
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A Galerkin weak formulation and its well-posedness (Ervin & Roop 07)

@ Galerkin formulation: given f € H~(1=8/2)(Q), seek u € H1 B/Q(Q)
B(u,v) ::/ /KI‘*Dgu ngda:dy] (d6) = (f,v),

Ve H, PPQ).

(42)

B(-,-) is coercive and continuous on Hé_B/Q(Q) X Hé_ﬁ/Q(Q). Hence, the
Galerkin weak formulation (42) has a unique solution. Moreover,

||u||H1*5/2(Q) = CHf”H*(l*B/Q)(Q)'
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A Galerkin FEM (Ervin & Roop 07; Roop 06)

@ Let hl = 1/(N1 + 1), hg = 1/(N2 + 1), xT; = ihl, and Yj = th
@ Let (&) =1— | for & € [-1,1] and 0O elsewhere. Let

big(my) = () (L) 1<i< Ny, 2<5 < Ny,
hi ho

Ny Np
uh(xay) = Z Z ui’,j’¢i’,j’(x7y)’ (m,y) €.

j'=1i'=1

@ A bilinear finite element scheme fori=1,...,Nyand j=1,..., N>

No Ny

SN B¢y big)uir g = (fr615) 2 =t Fii- (43)

j'=14i=1
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A matrix form of the FEM

o Let N:= NyNy, A= [a,,,]" _ and

m,n=1"
. T
u = [u1,1,. « 3 UNp,1,UL,2,« oy UNp,25 -+, UL Nosy - - - 7UN17N2] )

T
f = [fl,lv-~~7fN1717f1,27"'7fN1,27"'7f1,N27"'7fN11N2]

© Let apn := B(dwj, di ;) with

m=(j5—1)N1+1, 1<i<N;, 1<35< Ny,

(44)
n:(j’—l)N1+i', 1§i/§N17 1§]/SN2
@ The FEM (43) can be expressed in a matrix form
Au=f. (45)
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Features of the FEM

@ Features of numerical methods for coordinate-form FPDEs

e A is dense, the number of nonzero entries at each row = O(N; + Na),

which — 00 as N — oc.
@ The number of nonzero entries at each row divided by the total number

of the entries at the same row = O((N; + Ny)/N) = O(N~'/?).
e A has a tensor produce structure.

@ Features of the finite element method for full FPDEs

o Ais full.
o A has a complicated structure, as it couples the nodes in all the

directions!
o It does not seem feasible to explore a tensor-produce structure of A.
e We instead explore the translation invariance property of A.
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Translation invariant structure of A (Du & W. 15)

Let the indices (i1,71), (i}, 71), (i2,j2), and (i%, j5) be related by

i — i =15 — 19, 31— j1 = j3 — Jo- (46)

Then the following translation-invariance property holds

27
[ K D7Dt sy @9) Doy s (o v)dady] Plo)

2m
=/ [/ K Dy " Doty j; (x,y)Dois js ($7y)d$dy] P(do).
0 Q
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Figure: Illustration of the translation invariance
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The stiffness matrix A is an No-by-No block-Toeplitz matrix

To Ty voo Tny—2 TNy
T 1 To Ty i Tny—2
A= : , (48)
To Ny i T 4 To Ty
T17N2 T27N2 . T 1 To

Each block T; is an N1-by-N1 Toeplitz matrix

to,; t1j oo tNi—25 tNi-1
to1 to,; 1 INy 2,5
T = (49)
t2—Ny,j to1; to,; 1,
tlleyj tQ*lej 0006 tfl,j toyj

A is symmetric if the probability measure P(df) is periodic with a period .
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Impact of the theorem

@ Av can be evaluated in O(N log N) operations, by embedded into
a 4N-by-4N block-circulant-circulant-block matrix.

e For coordinate FPDEs, AY is block-Toeplitz-circulant-block that can be
embedded into a 2N-by-2/N block-circulant-circulant-block matrix.

@ A is generated by O(N) parameters.

o A requires only O(N) memory to store.

e Unlike FDM, the evaluation of A is very expensive.

o Only O(N) (in contrast to N?) entries of A need to be evaluated,
a significant reduction of CPU time.

@ A block-circulant-circulant-block preconditioner can be developed.
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Numerical experiments

@ A 4-point (2 points in z or y) Gauss-Legendre quadrature is used to evaluate
entries of A and the right-hand side

@ The finite element scheme is solved by the fast congugate gradient squared
(FCGS), the preconditioned fast CGS (PFCGS), and Gaussian elimination
(Gauss) solvers.

@ These solvers were implemented using Compaq Visual Fortran 6.6 on a
ThinkPad T410 Laptop.
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An example run for a coordinate FPDE

@ 3=05, K; :=1+sin26; fori =1,2,3,4.

@ u=2%(1—-2)%y%(1 —y)?, fis calculated accordingly.

Table: The convergence rates of the Gauss, FCGS, and PFCGS solutions

Gauss FCGS PFCGS
Ni=N2 | Jlu—wupllr2@) | llv—unllr2@) | llv — unllp2¢e) | Conv. Rate

23 3487 x107° | 3.487 x107° | 3.487 x 107°

2t 8.876 x 107% | 8.876 x 1076 | 8.876 x 107° 1.97
2° 2.097 x 1075 | 2.097 x 107°% | 2.097 x 10~ 2.08
26 4759 x 1077 | 4.759 x 1077 | 4.759 x 1077 2.14
27 N/A 1.055 x 1077 | 1.056 x 1077 2.17
28 N/A 2.307 x 107® | 2.311 x 1078 2.19
27 N/A 4.999 x 1079 | 5.003 x 107 2.21
210 N/A 1.079 x 107° | 1.078 x 107° 2.21
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Table: The CPU time of the FCGS, PFCGS, and Gauss

full A | O(N) entries | Gauss FCGS PFCGS
Ni=N, | CPU CPU CPU CPU  Itr. # | CPU  ltr. #
2% 0.91s 0.05s 0.00s | 0.00s 5 0.00s 4
24 14s 0.20s 0.05s | 0.00s 9 0.00s 6
2° 3m47s 0.83s 19s 0.05s 15 0.05s 7
26 1h2m 3.48s 25m6s | 0.45s 28 0.19s 10
27 N/A 14s N/A 3.44s 52 0.94s 11
28 N/A 55s N/A 35s 94 6.73s 15
2° N/A 3m37s N/A | 4m49s 170 44s 21
210 N/A 14m39s N/A | 35m43s 300 | 4ml13s 29
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Summary on accurate and fast numerical methods for FPDEs

@ A similar strategy can be used for

o high-order finite element methods
o discontinuous Galerkin methods

where the stiffness matrices would be in block Toeplitz-like form in the
context of uniform meshes.

@ The development of an efficient and effective preconditioner can be
significantly more difficult and challenging.
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Thank You

for Your Attention!
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