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Fractional partial differential equations (FPDEs) are emerging as a powerful tool for modeling challenging phenomena including anomalous transport, and long range time memory or spatial interactions. Compared to integer-order PDEs, the fractional order of the derivatives in FPDEs may be a function of space and time or even a distribution, opening up great opportunities for modeling and simulation of multiphysics phenomena, e.g. seamless transition from wave propagation to diﬀusion, or from local to nonlocal dynamics. Nevertheless, FPDEs present new mathematical and numerical difficulties that were not encountered in the context of integer-order PDEs and so require rigorous modeling, numerical and mathematical analysis. In this sequences of lectures, we will give an overview of FPDEs in terms of modeling, computation and mathematical analysis, especially the open problems in these fields. No a priori knowledge of fractional calculus is assumed.
Part I: From normal to anomalous diffusion 
Date: April 12, 2018 (noon – 1 pm, 170 Hope St, Room 118)
We begin by reviewing the historical development of classical Fickian diffusion PDE of Einstein and Pearson and, especially, the assumptions under which the Fickian PDE was derived. Then we discuss when these assumptions hold and when they may fail. Then we go over why FPDEs may provide a competitive modeling tool in these scenarios. We will also discuss the new difficulties that occur in the FPDE modeling and the related modeling issues.
Part II: Computational issues of FPDEs 
Date: April 19, 2018 (noon – 1 pm, 170 Hope St, Room 118)
Because of the nonlocal nature of fractional differential operators, numerical methods for FPDEs generate dense stiffness matrices with complicated structures or/and long tails in time that require numerical solutions at all the previous time steps (for time-fractional PDE). Consequently, O(N^2) memory, where N is the number of spatial unknowns (plus O(MN) memory where M is the number of the time steps for time-fractional PDE), is required. In addition, a direct solver has an O(N^3) computational complexity (per time step for time-dependent FPDEs) plus (O(M^2N) for time-fractional PDEs). A Krylov subspace iterative solver has an O(N^2) computational complexity per matrix-vector multiplication and a large number of iterations is often needed, and may diverge even for very simple problems due to the impact of round-off errors. This is in sharp contrast to the numerical methods for integer-order PDEs, which yield sparse stiffness matrices that have an O(N) memory requirement and O(N) or O(N log N) computational complexity to invert (per time step for time-dependent problems). 
The significantly increased computational complexity and memory requirement of FPDE models make their realistic applications computationally very expensive, which calls for the development of fast and accurate numerical methods with efficient storage for FPDEs. We will go over some recent developments in this area. 

Part III: Mathematical issues of FPDEs
Date: April 26, 2018 (noon – 1 pm, 170 Hope St, Room 118)
FPDEs present new mathematical difficulties that are not encountered in the context of integer-order PDEs. For example, the solutions to linear elliptic FPDEs with smooth data (imposed in smooth domains for multimensional problems) have low regularity (not even in Sobolev space H^1) and boundary layer. The Galerkin formulation of linear variable-coefficient elliptic FPDEs may lose its coercivity even though its constant-coefficient analogue has proved coercivity. The inhomogeneous Dirichlet boundary-value problem of a constant-coefficient Riemann-Liouville elliptic FPDE is not well posed even if its homogeneous analogue is. Apparently, these issues, in turn, cause new mathematical and hence increased numerical and computational difficulties. We will analyze the reasons of these issues and report some recent progress in this direction.
