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Singular Value Decomposition (SVD)

Theorem: Suppose A € R™*™. Then, there exist matrices U € R"*". V €
R™"*™ and ¥ € R™*", with U'U = VIV = I,, and ¥ = diag(o1,09,...,04),
g1 > 09 > - >0, >0, such that A = UXV?!. The columns of U are called

the left singular vectors, the columns of V' the right singular vectors, and o; are
called the singular values.
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SVD and TSVD of an Image

A=UXV"T = E"f”_laiuwr — Jlulvtlr + aguzfug + Jgu;gfug + -+ anunvg

OB OEENE II —

A = Ui, ViE =38 ouv)

What is the cost of storing these matrices?
What is the cost of computing the matrix A, ?




Image Compression using SVD
k=1 k=50




Matrix Norms and Distances

Definition: The Frobenius norm of a matrix A is defined by

HAHF = a%l T G%Q T T a’gnn
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Definition: The Frobenius distance between two matrices A and B is de-
fined by

V2

d(A: B) — ||A — BHF = \/(&11 — 511)2 + (a12 — 512) " Gmn — bmn)2
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Relative Error
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Image Compression: Relative Error
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Image Compression: Compression Ratio

Approximation Rank k
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Coordinate Systems
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“Coordinate Systems” of Matrices



“Coordinate System” for Images
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Matrices, Spectraq,
and Fliltering
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Deblurring Images



Ingrid Daubechies

She developed very special
“coordinate systems” that are
called Daubechies Wavelets.
They are used to compressed

Images, videos, and music.




Image Deblurring

True image Blurred and noisy image

Image deblurring problem: Try to reconstruct the true image
from a blurred and noisy one.



System of Equations

If a,c,d,e,b, and b, are known we have a system of equations

ax, +cx, =D,

dx, +ex, =b,
Example:

3%, + 6%, =12

oX, +10x, =24



lll-Conditioned System of Equations

Compare

X, + X, =1
2%, +2.0001%, = 2
Exact solution: x, =1,x, =0,

with a slightly different system

X, + X, =.99
2%, +2.0001x, =1.89
Exact solution (rounded) : x, =900, x, = —899.




Regularization Methods

Original system

X, + X, =.99
2%, +2.0001x, =1.89
Exact solution (rounded) : x, =900, x, = —899,
Desired solution : x, =1,x, =0,

Reqularized system

(1+/0.05]) x, + X, =.99

2%, +(2.0001+D.05)x, =1.89

Exact solution (rounded): x, =.91, x, =.03.

... the solution of the regularized system is closer to the desired solution!



Systems of Equations In Matrix Form

We can write the system
X, + X, =.99
2%, +2.0001x, =1.89

as
11 x| [.99
2 2.0001) x, | [1.89
T T T
A = b

Matrix



Image Deblurring: Math Model

btrue
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Image deblurring problem: Try to reconstruct the true image
from a blurred and noisy one.



The Naive Solution
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Image deblurring is an ill-posed inverse problem: small perturbations in
the data may result in large errors in the solution.




Regularized Solution
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How Important is A?

Choosing A Is very important!

A whole area of research exists just to
develop ways to find optimal values of A.



We made
it!!
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