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Storing a picture of size mxn
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We need to store m X n
red, green, and blue. So, to
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numbers between 0 and 255 for each color channel
store an image we need 3mn bytes.

What can we do to reduce storage?



Matrices

Definition: A matrix is an array of numbers

Examples: A = (

1 2 3
4 5 6

/an a2

a1 a22

\aml Am?2
) c R2%3 I

A1n \
A2n

amn/
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The transpose of a Matrix

Definition: The transpose of a matrix A € R™*" noted A7 € R™*™ ig
given by Ag; = Aj;, that is,

(a1 a1 -+ a1
AT Q12 Q22 - Am2
\aln agn - amn)
1 2

Example: A — ( 3) c R2*%. Then AT —

4 5 6
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Symmetric Matrices

Definition: A matrix A € R™*" is symmetric if A7 = A, that is,

/an a2 - aln\

AT _ a2 a2 -+ A2p

\aln a2n " ann)
1 2 3
Examples: A=12 5 -1
3 —1 6

What Is the cost of storing symmetric matrices?



Toeplitz Matrices

CLO a—l a_2 .« s . “ s a—(n—l)
al Qo a_—_1
a a1
A=
a_1q a_-
al ao a_q
| A —1 as 51 ap _

What Is the cost of storing Toeplitz matrices?



Circulant Matrices

Co Cn—1 .. Co C1
C1 Co Cn—1 C2
C = C1 Co
Cn—2 Cn—1
Cn—1 Cn-—2 C1 Co |

What Is the cost of storing circulant matrices?



Sum of Matrices

Definition: The sum of two matrices of equal size is defined by

(all ai2 Cb1n\ (511 bia - bln\
21 G2 - Q2p bo1 b2z -+ b2
A+B=1 . S N B : . :
\aml Am2 * amn) \bml bma - bmn/
/ ai + b1 a2 +bi2 -+ aip +bin \
| et ba1 a2 +baa .-+ aon + by,
\aml —|_ bml Am?2 —l_ me T Amn, "|_ bmn)

What Is the cost of computing a sum?



Sum of Structured Matrices

1) Is the sum of two symmetric matrices symmetric?
2) Is the sum of two Toeplitz matrices Toeplitz?

3) Is the sum of two circulant matrices circulant?



Product by a scalar

Definition: The product of a scalar k by a matrix A is defined by

/kall l{?alz cee kaln\
kCLQl kaQQ T ka2n
kA =
\kaml kamQ T kamn)
2 3 2 1 1 2 7 7 10
Example: 2|1 2 3] +3(1 1 2| =15 7 12
1 3 4 1 1 2 5 9 14

What Is the cost of computing this matrix?



Matrix-Vector Product — Way 1

Definition: Let A € R™*™ and u € R". The matriz-vector product of A

and u is defined by

( aii ai2
asi a2
Au =
\aml Am?2
Example:

= (
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aon

amn)
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Matrix-Vector Product — Way 2

Definition: Let A € R™*™ and u € R™. The matriz-vector product of A
and u is defined by

/&11 a2 aln\ /Ul\ (U1\
u2 | | | u

Au = _ _ _ , —\lay ay ... ap,

s e ) ) T

gxampte: 40— (1 2) () =5 (1) +10(2) = (2)



Matrix-Matrix Product — Way 1

Definition: Let A € R™*™ and B € R"*P. The matriz-matrix product of
A and B is defined by

/an 12 a/lfn,\ /511 bia - blp\
a21 a2 - A2n ba1 b2 - pr
AB=1 . S : : S | = | A Abz - Aby
\aﬂr;'zl Am2 - afmn) \bnl bn2 "o bnp/

I 2 o 0 20 12
Example: 45 = (3 1) (1 o) = (52 21)



Matrix-Matrix Product — Way 2

Definition: Let A € R™*™ and B € R"*P. The matriz-matrixz product of
A and B is defined by

| N\ (T
AB = (a1 an)

1 2 5 0 25 12
Example: AB = (3 4) (10 6) — (55 24>




Singular Value Decomposition (SVD)

Theorem: Suppose A € R™*™. Then, there exist matrices U € R"*". V €
R™"*™ and ¥ € R™*", with U'U = VIV = I,, and ¥ = diag(o1,09,...,04),
g1 > 09 > - >0, >0, such that A = UXV?!. The columns of U are called

the left singular vectors, the columns of V' the right singular vectors, and o; are
called the singular values.

| | o - 0 — U%* —
A=U0sVi=[u - uy ;
| | 0 --- o, — T —
| N\ (T v
— | U Un, — E?:laiu,,;u?



SVD of an Image

A=UxV! =3" ou;v)

2 B RSN | B
A\ 1E=2\\E




Truncated SVD

| | o, --- 0 — vl —
| | 0 --- o SRS —

What is the cost of storing these matrices?

What Is the cost of computing the matrix A, ?



Image Compression using SVD
k=1 k=50
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Matrix Norms and Distances

Definition: The Frobenius norm of a matrix A is defined by

HAHF = a%l T G%Q T T a’gnn

1 2 1 0
e 1), -0 ),

Definition: The Frobenius distance between two matrices A and B is de-
fined by

V2

d(A: B) — ||A — BHF = \/(&11 — 511)2 + (a12 — 512) " Gmn — bmn)2

w0 9)-16 -6 D16 91

V22
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0.45

04%

0.35

o
w

0.25

o
[N

o
Y
93]

o
-

0.05

Image Compression: Relative Error

R 1) Relative Error:

Blue

|[A—Ar|lF
| Al F

10 20 30 40 50 60 70 80 90 100
Approximation Rank k

25



ion Ratio

Compress

120

100

_

10 20 30 40 50 60 70 80 90 100

80

60

20

Image Compression: Compression Ratio

Approximation Rank k
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Coordinate Systems
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(1.1)

L0
1(1,0) + 1 (0,1) = (1,1)

1(1,1) 40 (1,1) =

(1,1)



Ingrid Daubechies

She has developed
mathematical tools called
Daubechies Wavelets, which
have arrived to our homes!
They are used to compressed
Images, videos, and music.




