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The isoperimetric inequality

Theorem: Given a planar figure of area A and perimeter P
4TA < P2

Equality occurs if and only if the figure is a disc.
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The isoperimetric inequality

Theorem: Given a planar figure of area A and perimeter P
4TA < P2

Equality occurs if and only if the figure is a disc.

Theorem (Wirtinger inequality): Let f : R — R be a piecewise C!
periodic function with period 27 (i.e. f(0 + 27) = f(0)).
Let f denote the mean value of f

1 2

f=_ [ f(0)do. L
27'('0 () \ ‘

Then ) )
/ [F(6) - TP db < / [F/(0)]2 do.
0 0
Equality holds if and only if
f(0) = f + acosf + bsinf

for some constants a, b
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Fourier analysis

The central idea of Fourier analysis is to decompose a function into a
combination of simpler functions. The simpler functions are the building
blocks. Sine and cosine functions are examples of building blocks.
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Fourier analysis

The central idea of Fourier analysis is to decompose a function into a
combination of simpler functions. The simpler functions are the building
blocks. Sine and cosine functions are examples of building blocks.
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https://upload.wikimedia.org/wikipedia/commons/thumb/d/d1/Major_triad.svg/1200px-Major_triad.svg.png
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Let f : R — R be a piecewise C! periodic function with period 27 (i.e.
f(6 + 2m) = f(0)). Can f be expanded as a series of the form

1 [ee]
f(0) = an + Z(an cos nf + b, sin nf) ? (1)
n=1
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Let f : R — R be a piecewise C! periodic function with period 27 (i.e.
f(6 + 2m) = f(0)). Can f be expanded as a series of the form

1 (e e}
f(0) = an + Z(an cos nf + b, sin nf) ? (1)
. ?CC:YR n=1
Recall that e = cosx + isinx. Thus
in6 —inf in __ —inf
cos nf) = e and sinnf =%
2 2i
ine
2 - s nQ +isinn&
_inG& ) /
+ 0 = s(n®)+ Asm(-n9) = @B NG _isin NS
NG Cing
¢ ot = 200s NG
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Let f : R — R be a piecewise C! periodic function with period 27 (i.e.

f(6 + 2m) = f(0)). Can f be expanded as a series of the form

1 o0
f(0) = 59 =i Z(an cos nf + b, sin nf) ?
n=1

Recall that e = cos x + isinx. Thus
ein@ 4 efinG . e,in@ _ efinG
cosn = — and sinn = —————
2 2i

Thus (1) can be rewritten as
f(0) = Z cpe

where for n € N

1 1 .
= zd0, Cn = E(an - ’bn); C_n=

equivalently
ay=2c); an==cn+c_pn by=1i(ch—c_p).
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Assume f admits a series expansion of the form (2), how can we compute
Cn in terms of 7

w0
in o
— (e = D ) who % Cn ’>
ng - wWN9 +isan NG ke y/
T b @ 1+
J @(e\e do - D j 8\{\@&_\\1@ 1o
T _® %
* k
_ n =
1(n-k) & S dﬂ = 21l
! do - -
T | iln-k)e (Y .
L | { gk
’\.(.\’\-k\ -T
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{ ongk

vin-l T _tn-k)TC >
(6 - O
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s k)T + 15mn [p<kT )

O

- (om0 + 1 s Ltroon )

= wslh-v\T - s ln-L)T =0






Fourier series

Let f : R — R be a piecewise C! periodic function with period 27, the

numbers ap,, b, in (1) and ¢, in (2) are called the Fourier coefficients of f.
The corresponding series

(o] 1 o0
- _
_zozo cpe'” or an + nz_:l(a,, cos nf + by, sin nf)

is called the Fourier series of f.
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Fourier series

Let f : R — R be a piecewise C! periodic function with period 27, the

numbers ap,, b, in (1) and ¢, in (2) are called the Fourier coefficients of f.
The corresponding series

(o] 1 o0
- _
_zozo cpe'” or an + nz_:l(a,, cos nf + by, sin nf)

is called the Fourier series of f. Here

= [ fOwsncdc b= [ f(Qsinncac  (9)

s

1 [T .
=1 | F(Qe™dC (6)

—T
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Special cases

f 2 (™
even | F(=0)=1(0) a, = 77/0 f(0) cosnf d | bn =0

f(—=0)=—f(0) | a.=0 b, = 2

odd / f(9)sm nf do
Q

7[('9) - (o) an = L JW 1©) wsnG de
T

-TC

0 T
Qn = i[g E[e\w&n& o + S Y©) wsne olk?]

-T o

12w \U:-e A < - do

Jun

-0 AW o " 2 ('
Qa = ‘—\ g Jwy wsnw G+ J f®)uxnp do] - = S @Yoo
T L e * 0 L

Tatiana Toro (University of Washington) Part Il April 28, 2021



Special cases

even T

f s
f(=0) = f(0) an:g/ f(0) cosnf df | bn =0
Q

f _ _ 2
odd f(_e) - _f(e) an = bn = ;

/ f(0) sin nf d6
0

Compute the Fourier series for the following functions:

T—0 0<o<nr B 1 O<fO<m
f(e)—{wre —r<0<0 f(e)_{—l —r<0<0
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T—0 0<o<r
f(e)_{w-l-G r<8<0
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1 O<f<m
f(e):{ -1 —7<6<0
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Does the Fourier series of a periodic function f converge
to 7

For N € N let
1 N N '
5/(/(9) =5 + Z_;(an cos nf + by sin nf) = ;\; c e (7)
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