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@ In 2000, the project "Modelling of saltwater intrusion into
aquifers”, which was supported by the ARC SPIRT grant.

@ Fractional-order models provide an excellent instrument for
describing the memory and hereditary properties of
various processes. The fractional model is able to describe
heavy-tailed motions more accurately.

@ Space fractional diffusion equations with a nonlinear
reaction term have been presented and used to model
many problems in biology, chemistry, physics and
engineering.

@ However, there are still many issues to be resolved
regarding numerical methods and error analysis to
simulate fractional nonlinear reaction-diffusion models.
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Numerical simulation of the following three models:

@ One-dimensional variable-order space fractional nonlinear
reaction-diffusion model (1D-VOSFNRDM):

ou(x,t)
ot

= K(x,t)Ra(M)u(x,t) +f(u,x,t)
where

a(x,t

RagnU(X, t) = ¢4 (X, 1)aDg™u(x, t)+c_ (x, t)xDe*u(x, 1).
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@ o ci(x,t)=1,c_(x,t) = 0: the variable-order left-handed
Riemann-Liouville derivative;
@ c;(x,t) =0,c_(x,t) = 1: the variable-order right-handed
Riemann-Liouville derivative
@ ci(x,t) =c_(x,t) = W: the variable-order Riesz

2 cos(
fractional derivative
1 @
RaxnU(X,t) = " oos Zai) [an (DY (x,t) 4« DIy (x,t)} .
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@ o ci(x,t)=1,c_(x,t) = 0: the variable-order left-handed
Riemann-Liouville derivative;
@ c;(x,t) =0,c_(x,t) = 1: the variable-order right-handed
Riemann-Liouville derivative'
@ ci(x,t) =c_(x,t) = W: the variable-order Riesz

2 cos(
fractional derivative
1 @
RaxnU(X,t) = " oos Zai) [an (DY (x,t) 4« DIy (x,t)} .

@ Two-dimensional Riesz space fractional nonlinear reaction-diffusion model
(2D-RSFNRDM)

ou o%u o%u
—~ =K K f(u,x,y,t
ot~ o TRy Ty

and application to fractional FitzHugh-Nagumo monodomain model.
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@ Two-dimensional variable-order fractional nonlinear
reaction-diffusion model with variable coefficients
(2D-VOFNRDM-VC):

ou o 9%y y 9 98Y)y
ot T o (A(X’y)axa(x,y)> Ty (B(X’y)ayﬁ(x,y)
+ f(u,x,y,t),

where 0 < a(x,y), B(x,y) < 1.
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Numerical methods for 1-D VOFNRDM

@ Recently, more and more researchers find that many
dynamic processes appear to exhibit fractional order
behavior that may vary with time or space.
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Numerical methods for 1-D VOFNRDM

@ Recently, more and more researchers find that many
dynamic processes appear to exhibit fractional order
behavior that may vary with time or space.

@ In various applications in science and engineering, in order
to more accurately describe the evolution of a system, the
concept of a variable-order operator has been developed.

@ Different authors have used different definitions of variable
order differential operators, each of these with a specific
meaning to suit desired goals.
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Numerical methods for 1-D VOFNDRM

@ Definition 1: Variable-order Riemann-Liouville fractional derivatives [Zhuang
and Liu et al. SIAM J NA, 2009]:

Fwy e /L €= )

a(x,t) _ ( 1)m m—a(x
xDy 7 u(x, 1) = |:I'(m—a(xt)8§m/ (n—2¢) = u(n,t)dn}

aDS(XJ)U(X’t) =

£=X
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Numerical methods for 1-D VOFNDRM

@ Definition 1: Variable-order Riemann-Liouville fractional derivatives [Zhuang
and Liu et al. SIAM J NA, 2009]:

Fwy e /L €= )

a(x,t) _ ( 1)m m—a(x
xDy 7 u(x, 1) = |:I'(m—a(xt)8§m/ (n—2¢) = u(n,t)dn}

aDS(X’t)U(th) =

£=x
Definition 2: Variable-order Riesz fractional derivative [Zhuang and Liu et al.

SIAM J NA, 20009]:

o Du(x,t) 1
Alx[e(x:D - _Zcos 7ra(2)<,t)

[aDXO‘< u(x, t) +x D Vu(x, t)]

F. Liu, I. Turner, K. Burrage and V. Anh Space fractional nonlinear reaction-diffusion models



1-D variable-order fractional nonlinear reaction-diffusion model Numerical methods for 1D-VOFNRDM
Stability and convergence
Numerical examples

Numerical methods for 1-D VOFNDRM

Definition 3: Variable-order Griinwald-Letnikov fractional
derivatives [Lin and Liu et al., Appl. Math. Comp., 2009]

SpyVu(x, t)

oy k)
=, Jim h=eD N (1) ( a >u(x—jh,t),
—0,nh=x—a s ]

Spe®Hu(x,t)
n

= lim  hmeDN (1) ( a();’t) >u(x +jh,1).

h—0,nh=b—x
=0
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Numerical methods for 1D-VOSFNRDM

One-dimensional variable-order space fractional nonline ar
reaction-diffusion model:

w e K(X,t)Ra(X,t)U(X,t)-|—f(u’x,t)’ (1)

and the initial and boundary conditions
u(x,0) = ¢(x), )
u(a,t) =0,u(b,t) =0, 3)

where 1 < a < a(x,t) <@ <2;0 <K < K(x,t) < K; f(u,x,t)
is a source term which satisfies the Lipschitz condition, i.e.,

Vug, uz, [f(ug,x,t) —f(uz, X, t)] < Ljup — up|.
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Numerical methods for 1D-VOSFNRDM

@ Baeumer et al. [Comput. & Math. with Appl., 2008] gave
thatf : X — X is globally Lipschitz continuous if for some
L > 0, we have ||f(u) — f(v)|| < L|u—v] forallu,v € X,
and is locally Lipschitz continuous, if the latter holds for
lull, Iv]] <M with L = L(M) for any M > 0.

® We assume thatforallk =0,1,2,--- ,N,
llu(x, t)ll, [[v(x,t )| < Mg with a constant Mg > 0, we have

[f(ux, tic) = F(v (X, 1))l < LM [Jux, te) — v(X, t )
= Lyllu(x,t) = v(X, &), ¥ (x,t) € [a,b;t =1t],

where L = Linax = Mmaxg<k<n Lk-
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Numerical methods for 1D-VOSFNRDM

Lemma 1: Shift Grinwald formula:

i+1
=h" 04|+1Zg |+1 J—i—O(h),

K m—i+1
eDy uk =h™ Y ggik) lu,k 14+ O(h),
=0
where gg;) =1,g0)=-2 _j‘“g(_k V=12-),

a!‘ = o(Xj, tk).
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Numerical methods for 1D-VOSFNRDM

Lemma 1: Shift Grinwald formula:

i+1
=h" O‘|+1Zg |+1 J+O(h)
o ok y . m—i+1 i) )
XDqui = h %-1 Z gOfik,lul 1_H—|—O(h),
j=0
_aik—j-l-l

«

where ggi) =1,9

a!‘ = o(Xj, tk).

Remark 1: If the Standard Grunwald approximation for
diffusion term is used, the numerical method is always unstable
[Meerschaert et al., J. Comp. Appl. Math., 2004].

I
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Numerical methods for 1D-VOSFNRDM

Fractional method of lines:

dui(t) t)c+ ) 2
i ot I Zg, (Hui—ja(t)
m i+1

ham Zg. Ui +j-1(8) + F(Ui(t), %, t).

The system is thereby reduced from its partial differential
equation to a system of ordinary differential equations, then
integrated in time. In this work, we used DASSL as our solver.
DASSL approximates the derivatives using the kth order
backward difference, where k ranges from one to five. At every
step it selects the order k and stepsize based on the behavior
of the solution.
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Explicit Euler approximation (EEA) with
IR = O(r(r + h)):

i+1
k+1 _ .k
Y = U +r Zg|+lku|—1+1
@ m—i+1 ()
J k k
T ik Z gi—l,kui+j—1+7_f(uiaXiatk),
j=0

ok ok
where 1)) = Kkck rh=af, 1@ = Kkck rh=o
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Numerical methods for 1D-VOSFNRDM

Implicit Euler approximation (IEA) with |Ri(7'k)| = O(7(7 +h)):

i+1
k+1 __ k+1
ui - U + r| k+lzg|+1 k+1u|—1+1

k+1
+ 'k+1 Z gl—1k+lul+] 1+7—f(u| s Xis b))
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Stability and convergence

Lemma 2: The coefficients gl(’) satisfy

1) oY =1 gY=-ak<0, g% >0, (j£1),

Sgll =0, (=120, Yol <o
=0 =0

Lemma 3 [Discrete Gronwall Inequality]: Suppose that g = 0,
fk 20,7« >0, p=1+ Co7,Co >0, and

77k+1§P77k+7'fk, (k:ovl)zv"')v

then
k

k41 < eColk ZTfj.
j=0
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Stability and convergence

If S¢ = K(c1 + ¢cp)arh™@ < 1, using Lemma 2 and Lemma 3,
we have

Theorem 1 [Stability of EEA]: If S¢ < 1, then the Explicit Euler
approximation defined by (4) is conditionally stable.
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Stability and convergence

If S¢ = K(c1 + ¢cp)arh™@ < 1, using Lemma 2 and Lemma 3,
we have

Theorem 1 [Stability of EEA]: If S¢ < 1, then the Explicit Euler
approximation defined by (4) is conditionally stable.

Theorem 2 [Convergence of EEA]: Suppose that the continuous
problem (1)-(3) has a smooth solution u(x,t) € CiIQ’Z(Q). Let
uik be the numerical solution computed by use of EEA (4). If

S¢ < 1, then there is a positive constant C independent of i, k,
h and 7 such that

lu(xi,t) — uk| < C(r +h).
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Stability and convergence

Using Lemma 2 and Lemma 3, we have
Theorem 3 [Stability of IEA]: The implicit Euler approximation
defined by (4) is unconditionally stable.
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Stability and convergence

Using Lemma 2 and Lemma 3, we have
Theorem 3 [Stability of IEA]: The implicit Euler approximation
defined by (4) is unconditionally stable.

Theorem 4 [Convergence of IEA]: Suppose that the continuous
problem (1)-(3) has a smooth solution u(x,t) € Ciffa’z(Q). Let
uik be the numerical solution computed by use of IEA (4). Then
there is a positive constant C independent of i, k, h and 7 such
that

lu(xi, t) — uk| < C(r +h).
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Extrapolation method for 1D-VOSFNRDM

The IEA is convergent at the rate O(7 + h). In order to improve
the order of convergence, we propose an extrapolation method
(EM):

@ Apply the IEA on a (coarse) grid of size At = 7, AX = h;

@ Apply the IEA on a finer grid of size At = 7/2, Ax = h/2;
@ The extrapolated solution:
U(X,t) ~ 2U§|k(h/2,7’/2) - uik(h77-)¢ (I = 1¢27 s, M= 1)>

where t = t,, X = X; on the coarse grid, while t = tyy,

X = Xp; on the fine grid. uX(h, 7) and u2¥(h/2,7/2) are the
numerical solutions on the coarse grid and the fine grid,
respectively. Thus, the extrapolation method may be used
to obtain a solution with convergence order O(72 + h?)
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Example 1 : Variable-order fractional nonlinear
reaction-diffusion equation with a(x,t) = 1.5 4+ 0.5~ ()~

Then 5

% = RDu(x,t) +f(u,x,1), (4)
where
f t 1 F3)x2—otb(+1)  r(4x3-ox(t41)
(U, x,t) = go(t +1)7* _< 20rG—a(x.l)  160r@—a(x,0) )

<p(x):x(8 X, a=0,b=8T=1 Wetakec, =1,c_ =0,
The exact solutlon of the above equation is

2(g _
u(x,t):x(8 ;(())(t+l)'

F. Liu, I. Turner, K. Burrage and V. Anh Space fractional nonlinear reaction-diffusion models



1-D variable-order fractional nonlinear reaction-diffusion model Numerical methods for 1D-VOFNRDM
Stability and convergence
Numerical examples

Numerical examples

t=0.9048

Figure: 1. A comparison of the numerical and the exact solutions in
Example 1.

From Figure 1, it can be seen that the numerical solution is in
excellent agreement with the exact solution.
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Example 2 : We consider a variable-order fractional
reaction-diffusion equation using Fisher’s growth equation and
a Riesz fractional derivative of variable order

a(x,t) = 1.5+ 0.5e~(0°~1 n this case,

% = 0.1,R*®Du(x,t) + 0.25u(x, t)(1 — u(x,t)), (5)
where ¢, (x,t) = c_(x,t) = ———21_—— x € [-80,80],

2 cos( Tty
t € [0,25] and a smooth step-like initial function u(x,0) = p(x)
which takes the constant value u = 0.8 around the origin and
rapidly decays to 0 away from the origin.
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Figure: 2(a) Solutions of the fractional Fisher equation with & = 2.0
and a = (X, t) < 2, which shows heavier tails in the fractional case;
(b) The numerical solution of (5) with the fractional case in different
times.
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Motivation for research

@ Computation of electrical wave propagation in the heart is
one of the most important recent applications of
mathematical modeling in biology [Bueno-Orovio, Kay and
Kevin, J. Copm. Phys., 2013].

F. Liu, I. Turner, K. Burrage and V. Anh Space fractional nonlinear reaction-diffusion models



Motivation for research

An implicit numerical method for 2D-RSFNRDM

An alternating direction implicit method for 2D-RSFNRDM
Numerical results

2-D Riesz space fractional nonlinear reaction-diffusion model

Motivation for research

@ Computation of electrical wave propagation in the heart is
one of the most important recent applications of
mathematical modeling in biology [Bueno-Orovio, Kay and
Kevin, J. Copm. Phys., 2013].

@ Mathematical models of cardiac electrophysiology consist
of a system of partial differential equations (PDES),
coupled nonlinearly to a system of ordinary differential
equations (ODEs).
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Motivation for research

@ Computation of electrical wave propagation in the heart is
one of the most important recent applications of
mathematical modeling in biology [Bueno-Orovio, Kay and
Kevin, J. Copm. Phys., 2013].

@ Mathematical models of cardiac electrophysiology consist
of a system of partial differential equations (PDES),
coupled nonlinearly to a system of ordinary differential
equations (ODEs).

@ On some assumptions, the system of partial differential
eqguations can be reduced to a monodomain model.
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Motivation for research

@ A dimensionless FitzHugh-Nagumo monodomain model in 2D is given:

ov

i V- (KVV) + lion(V, W),

ow - _ av—bw +c

ot '
v normalized transmembrane potential; w recovery variable;
K diffusion tensor; lion(V, W) ionic current;

It is known that this model has traveling wave solutions with an
appropriate choice of parameters: K, a, b and c.
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Motivation for research

@ A dimensionless FitzHugh-Nagumo monodomain model in 2D is given:

ov

i V- (KVV) + lion(V, W),

ow - _ av—bw +c

ot '
v normalized transmembrane potential; w recovery variable;
K diffusion tensor; lion(V, W) ionic current;

It is known that this model has traveling wave solutions with an
appropriate choice of parameters: K, a, b and c.

@ We propose a fundamental rethink of the fractional FitzHugh-Nagumo
monodomain model (FFHNMM) in which we capture the spatial
heterogeneities in the extracellular domain through the use of fractional
derivatives.

F. Liu, I. Turner, K. Burrage and V. Anh Space fractional nonlinear reaction-diffusion models



Motivation for research

An implicit numerical method for 2D-RSFNRDM

An alternating direction implicit method for 2D-RSFNRDM
Numerical results

2-D Riesz space fractional nonlinear reaction-diffusion model

Motivation for research

Using fractional Fick’s law and the isotropic setting, this leads
to the two-dimensional fractional FitzHugh-Nagumo
monodomain model [Bueno-Orovio, Kay and Kevin, J. Copm.

Phys., 2013]:

ov a
ﬁ = KR% + Iion(V7W)7

with Eq. (6)
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Motivation for research

Using fractional Fick’s law and the isotropic setting, this leads
to the two-dimensional fractional FitzHugh-Nagumo
monodomain model [Bueno-Orovio, Kay and Kevin, J. Copm.

Phys., 2013];
ov
ﬁ = KR* + Iion(V7W)7
with Eq. (6)
or P o 0
v v v
ot = g TRy T tenlv:W).

with Eq. (6), where 1 < a < 2, R* = (R¢,R) = (8?;“&, 8%) is
a sequential Riesz fractional order operator in space.
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Motivation for research

The space Riesz fractional operators 8\X|°‘ and 8\y\a on a finite
domain [0, Ly] x [0, Ly] are defined as

oV 1 o*v o*v

alx|e _Zcos(%)(axa + 8(—x)0‘)’

and
OV (X,y,t) 1 9% [*v(&y,t)de
T oxe mﬁf (x — &)1
o°V(X,y,t) (-1)2 9% [Sv(&y,t)de
Ca(—x) mﬁf (€—x)>1
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Motivation for research

The space Riesz fractional operators 8\X|°‘ and 8\y\a on a finite
domain [0, Ly] x [0, Ly] are defined as
ov B 1 (aav n o*v )
dIx|* —  2cos(Zg) ox>  d(—x)>”
and
ov(X,y,t) 1 8_2/X V(Y t)de
X  T(2-a)0x? Jy (x — &)L’
v(x,y,t) _ (=1)? 8_2/“ V(Y. t)de
o(—=x)*  T(2-a)ox? (€ —x)o-1’

Similarly, we can define the space Riesz fractional derivative
g;“g of order a (1 < o < 2) with respecttoy.
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@ We re-emphasise that the fractional monodomain equation
is solved by operator splitting in which we first solve the
partial differential equation for v and then the ODE for w at
each time step.
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2-D Riesz space fractional nonlinear reaction-diffusion model

Motivation for research

@ We re-emphasise that the fractional monodomain equation
is solved by operator splitting in which we first solve the
partial differential equation for v and then the ODE for w at
each time step.

@ The 2D-FFHNMM is decoupled, which is equivalent to
solving a two-dimensional fractional Riesz space nonlinear
reaction-diffusion model (2D-FRSNRDM)

ou a*u o*u
— =Ky=— + Ky=— +f(u,x,y,t 6

coupled with an ODE.
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2-D Riesz space fractional nonlinear reaction-diffusion model

Motivation for research

@ We re-emphasise that the fractional monodomain equation
is solved by operator splitting in which we first solve the
partial differential equation for v and then the ODE for w at
each time step.

@ The 2D-FFHNMM is decoupled, which is equivalent to
solving a two-dimensional fractional Riesz space nonlinear
reaction-diffusion model (2D-FRSNRDM)

ou o%u o%u
— =Ky K f(u,x,y,t 6
ot 8‘X|O‘+ Ya| ‘a—i_( Y ) (6)

coupled with an ODE.

@ It is difficult to solve fractional Riesz space nonlinear
reaction-diffusion model, and analyze the stability and
convergence of the numerical method.
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An implicit numerical method for 2D-RSFNRDM

Using the shifted Grunwald — Letnikov schemes, the
2D-RSFNRDM can be cast into the following implicit numerical
method with shifted Grunwald — Letnikov schemes, then a
modified iterative technique is used for solving the implicit
numerical approximation:

uh — un—l i+1 my—i+1

l,) l,) XY
- = h)a[zga |—k+1]+ Z ga |+k 1
Koc j+1 ; my—j+1 ’ 1
— e Y e @
Y/ k=0 k=0
where Co = zosyrzy i = F(Ul] %0, Yj, th-1)-
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An implicit numerical method for 2D-RSFNRDM

2-D Riesz space fractional nonlinear reaction-diffusion model

Remark 2: We say that f : X — X is globally Lipschitz
continuous if for some L > 0, we have

|[f(u) —f(v)|| <L|ju—v]|forallu,v € X, and is locally
Lipschitz continuous, if the latter holds for ||u], ||v| < Mg with
Ly = L(My) att =ty for any My > 0.
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An implicit numerical method for 2D-RSFNRDM

2-D Riesz space fractional nonlinear reaction-diffusion model

Remark 2: We say that f : X — X is globally Lipschitz
continuous if for some L > 0, we have

|[f(u) —f(v)|| <L|ju—v]|forallu,v € X, and is locally
Lipschitz continuous, if the latter holds for ||u], ||v| < Mg with
Ly = L(My) att =ty for any My > 0.

Theorem 5. The implicit numerical method (7) with shifted
Grunwald — Letnikov schemes is unconditionally stable.
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An implicit numerical method for 2D-RSFNRDM

2-D Riesz space fractional nonlinear reaction-diffusion model

Remark 2: We say that f : X — X is globally Lipschitz
continuous if for some L > 0, we have

|[f(u) —f(v)|| <L|ju—v]|forallu,v € X, and is locally
Lipschitz continuous, if the latter holds for ||u], ||v| < Mg with
Ly = L(My) att =ty for any My > 0.

Theorem 5. The implicit numerical method (7) with shifted
Grunwald — Letnikov schemes is unconditionally stable.
Theorem 6. The implicit numerical method (7) with shifted

Grunwald — Letnikov schemes is consistent to the
2D-RSFNRDM (6) with convergence order O(7 + hy + hy).
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An alternating direction implicit method for
2D-RSFNRDM

@ Our aim is to divide the calculation into two steps with reduced
calculation. In the first step, we solve the problem in the x-direction, in
the second step, we solve the problem in the y-direction.

Space fractional nonlinear reaction-diffusion models
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An alternating direction implicit method for
2D-RSFNRDM

@ Our aim is to divide the calculation into two steps with reduced
calculation. In the first step, we solve the problem in the x-direction, in
the second step, we solve the problem in the y-direction.

@ Define the following fractional partial difference operator:

i+1

my—i+1

1 k 1 k
SxUly = —KxCa [(hx)o‘ kz:;g& )Uin—k+1,j + )" kz:; gt )uin+k—1,j}7

with similar definition for dy.

F. Liu, I. Turner, K. Burrage and V. Anh
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2-D Riesz space fractional nonlinear reaction-diffusion model

An alternating direction implicit method for
2D-RSFNRDM

@ Our aim is to divide the calculation into two steps with reduced
calculation. In the first step, we solve the problem in the x-direction, in
the second step, we solve the problem in the y-direction.

@ Define the following fractional partial difference operator:

1 i+1 1 my—i+1
k k
6><Uind- = —KxCq [(hx)a kz:; gg )uin_k+17j + W kz:; 9& )Uin+k—1,j}7

with similar definition for dy.

@ With these operator definitions, the implicit numerical method for the
2D-RSFNRDM with zero Dirichlet boundary conditions may be written
in the following operator form:

(1 — Tox — 7-5)’)uin~,] = uir:j_l + 7—f(l'lin,j_lv Xi, ijtl‘l—l)' (8)
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An alternating direction implicit method for
2D-RSFNRDM

@ Eq. (8) is written in the following directional separation
product form

(1 - T(SX) (1 - Tfsy) uIrjj = uin,j_l + Tf(uirjj_17xi7yj ; tn—l)a (9)

which introduces an additional perturbation error equal to
()2 (6xdy) ).

Space fractional nonlinear reaction-diffusion models

F. Liu, I. Turner, K. Burrage and V. Anh



Motivation for research

An implicit numerical method for 2D-RSFNRDM

An alternating direction implicit method for 2D-RSFNRDM
Numerical results

2-D Riesz space fractional nonlinear reaction-diffusion model

An alternating direction implicit method for
2D-RSFNRDM

@ Eq. (8) is written in the following directional separation
product form

(1 - T(SX) (1 - Tfsy) uIrjj = uin,j_l + Tf(uirjj_17xi7yj ; tn—l)a (9)

which introduces an additional perturbation error equal to
()2 (6xdy) ).

@ The additional perturbation error is not large compared to
the approximation errors for the other terms in (8), and
hence (9) is consistent with convergence order
O(7 + hyx + hy).
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An alternating direction implicit method for
2D-RSFNRDM

Alternating direction implicit method (ADIM) can now be solved
by the following iterative scheme. Attime t = t,:
@ (1) First, solve the problem in the x-direction (for each fixed
y;) to obtain an intermediate solution ui*j in the form

n-1 + Tf (uirjj_17 Xi bl yj 9 tn—l);

(1= 7o) = u;

Space fractional nonlinear reaction-diffusion models
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An alternating direction implicit method for
2D-RSFNRDM

Alternating direction implicit method (ADIM) can now be solved
by the following iterative scheme. Attime t = t,:
@ (1) First, solve the problem in the x-direction (for each fixed
y;) to obtain an intermediate solution ui*j in the form

(L= 7o))ufy = ult + 7H (U] %i, Y, o)

@ (2) Then solve in the y-direction (for each fixed x;)

(1—T5y))ulr:1 = U:j]

Space fractional nonlinear reaction-diffusion models
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An alternating direction implicit method for
2D-RSFNRDM

Theorem 7. The alternating direction implicit method (9) for
2D-RSFNRDM (6) is unconditionally stable.
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An alternating direction implicit method for
2D-RSFNRDM

Theorem 7. The alternating direction implicit method (9) for
2D-RSFNRDM (6) is unconditionally stable.

Theorem 8. The alternating direction implicit method (9) is
consistent to the 2D-RSFNRDM (6) with convergence order
O(7 + hy + hy).
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Numerical results

Example 3. Consider the following two-dimensional fractional
Riesz space nonlinear reaction-diffusion model:

ou a*u o*u
— = f t 10
ot (8|X|a | |o¢)+ (ny ) ( )
with zero initial condition and zero Dirichlet boundary
conditions.

The exact solution is u(x,y,t) = t1*ox?(1 — x)?y?(1 — y)2.
Here f(u,x,y,t) can be found by substituting directly into (10).
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Numerical Results

fuxy.) = 2cosK(t:7r/2) (« r(32— ) LG
12 - “a 24 —a
- 7|_(4_0é)[x3 Pra—x)P39+ I'(5—a)[x4
+ Q=) yE(L —y)P (mlyzw +(1-y)e]
S AR
24 4-a 4—aryy 2 2
+ m[y + @ =y)" DX (1 —x)%)
bRl - x A - y)2
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Table: 1. Maximum error for the implicit numerical method (7) with
7 = 0.01 as the grid size is reduced in Example 3 at time Tegng = 1.0

hx=hy =h 1€f o
1/8 7.700794e-005
1/16 1.110088e-005
1/32 8.611998e-006

From Table 1, it can be seen that the numerical solution using
implicit numerical method (7) is in good agreement with the

exact solution.
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Table: 2. Comparison of CPU time (seconds) between ADIM and INM
with temporal step = = 1/100 at time t = 1.0 using Gauss elimination,
Jacobi iteration and Gauss-Seidel iteration

hy = hy [ ADIM INM
G-E J G-S
z 015 | 552 | 3.86 | 3.19
& 0.32 | 28.06 |12.77 | 11.90
2 2.58 | 1356.33 | 63.05 | 59.34

From Table 2, it can be seen that the alternating direction
implicit method is clearly the most efficient of the methods

investigated here for solving large fractional-in-space linear
systems.
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Numerical results

Example 4. The two-dimensional fractional FitzZHugh—Nagumo Monodomain Model
given by (Bueno-Orovio et al., J. Comp. Phys., 2013):

ou o0%1u o0%2u

— = K K 1- —-0.1) - 11
o Caier K gpyer UL WU 0D -, (12)
ov

— = 0.01(0.5u —v), 12
o (05u —v) (12)

with the initial conditions:

1.0, 0<x<1.250<y <1.25
0.0, 1.25<x <25,0<y < 1.25

ux,y,0) = 0.0, 0<x<125125<y <25,
0.0, 1.25< x < 2.5,1.25 <y < 2.5,
0.0, 0<x<1250<y < 1.25,
0.0, 1.25<x <250<y <1.25
V(x,y,0) =

01, 0<x<125125<y < 2.5,
0.1, 1.25<x <25,125<y <25

with zero Dirichlet boundary conditions.
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Figure: 3. Spiral waves in the Fitzhugh-Nagumo model with
a1 =ap =2att =1000. (a) Ky = Ky, = 10~%; (b) Kx = Ky = 10~°.

Figure 3 shows the effect of the diffusion coefficients Ky and Ky .
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Figure: 4. Spiral waves in the Fitzhugh-Nagumo model with Ky = Ky, = 10~* at
t = 1000. (a) a)] = Qp = 1.7, (b) a)] = Qp = 1.5.

Figure 4 shows the effect of fractional power in the Riesz space fractional

Fitzhugh-Nagumo model.
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Figure: 5. Spiral waves in the Fitzhugh-Nagumo model with a; = a = 2 at
_4 K . — X —
t = 1000. (a) Kx = 10—, X = 0.25; (b) Ky = 10~%, % =0.25.

Figure 5 shows the wave propagation for anisotropic diffusion ratios Ky = 10~4,
Ky =025<landKy, =104 K; = 0.25 < 1. The spiral wave now proceeds to
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Figure: 6. Spiral waves in the Fitzhugh-Nagumo model with Ky = Ky = 104 at
t =1000. (@) ay = 2, £2 = 0.825; (b) ap = 2, 21 = 0.825.

The wave propagation for anisotropic fractional ratios «; = 2, Z—i =0.825 < 1 and
ap =2, z—; = 0.825 < 1 are shown in Figure 6, reflecting a distinct super-diffusion
scale in each of spatial dimensions of the system.
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Numerical method of 2D-VOFNRDM-VC

A two-dimensional variable-order fractional nonlinear
reaction-diffusion model with variable coefficients
(2D-VOFNRDM-VC):

u 9 Yu d u
o= Bx < (x y)axaxy)> oy < (x, y)(9 ﬁxy)> +iuxy, ). (13)
subject to the initial condition

U(X,y,0)=¢(X,y), (va)eﬂv (14)

and the Dirichlet boundary conditions

u(a17Y7t) = U(X7b17t) =0,
u(a27Y7t) = Sal(Y7t)7 U(X7b27t) = ¢2(X7t)'
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Eg. (13) can be written as follows:

du OA(x,y) [ Yy 9 [ aoxy)y

- _ A =

ot ox Ax(xy) + (X’Y)Z)x Ax(xy)

AB(x,y) [ 9fxYy 8 [ 9By
oy ENEEED) +B(X’Y)a By BY) +f(u,x,y,t). (15)
Letth = n(At), Ax = (ag —az)/my, Ay = (b — by)/mg, x; = a; +i(Ax),
: ~ A Y) & OB(x;,

Yj = b1 +j(Ay), Aij = A%, ¥j), Bij = B(Xiv)’j) A= (axxy‘), Bij = (gyyl),

aij = a(Xi,¥j), Bij = B(Xi,¥j) ulxi, ¥, ta) = ufly, £ = (Ul xi, ¥, tn).
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@ We use the backward Euler difference scheme for the first order time derivative:

un. —yn-t
~ W o(at).

ou
ot |(><i 2Yj»tn) At
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2-D variable-order FNRDM with variable coefficients

Numerical method of 2D-VOFNRDM-VC

@ We use the backward Euler difference scheme for the first order time derivative:
n n—1

ou Uij — Ui
ﬁl(Xi,yj tn) ™ At +0(AD).

@ For the advection term in the x-direction:

AA(x,y) [ 8¥y A
OX oxa(x,y) |(Xi»)’j ) T (AX) a,J Zgoq] i—k,j + O(AXx).
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Numerical method of 2D-VOFNRDM-VC

@ We use the backward Euler difference scheme for the first order time derivative:

n—1

uinj -y
~———> + O(At).

ou
ot |(Xi i stn) At

@ For the advection term in the x-direction:

8A(x,y) 8"(x=y)u Ai,j it (k)
ox \ axeton ) Loy = (X)) > 9oy Ul i + O(AX).
k=0

@ For the diffusion term in the x-direction:

o [ aaxy)y
A(X,y)& <8X0‘(x7y)> {(xl,yj,tn)

Aij 1 Zi k) yn 1 ZH (k) 4
= L [ & U = & U |+ O(AX).
AX [(QX)OLH,LJ k:og P41, Yit1—k j (AX)% k:og ij Ui k,j] (Ax)
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@ Similar results hold in the y-direction. Here

) _ Qij Meij+1)
o) =0 (%) =D e S e
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Numerical method of 2D-VOFNRDM-VC

@ Similar results hold in the y-direction. Here

K) _ Qij Meij+1)
9biy = (- 1)k( K )*( l)kr(ai_’j—k-lj-l)r(k-f—l).

@ The implicit numerical method for 2D-VOFNRDM-VC with convergence order
O(At + Ax + Ay):
n—1
uly — Y
At
A Al Ay
(Ax)alj Zgall i—k,j (Ax)l+a|J Zgalj i—k,j

i—1

+ (Ax)l+a|+lj Zgal+1] i+1— k,j (Ay 6” Zgﬁlj ij—k

j—1
Bij  N— K n Bi,j
(Ay)”ﬁ“l ggﬁ.., Uij—k (Ay)”ﬁ' g+l Zgﬁ. Q41 IH—l K g
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@ Define the following fractional partial difference operators:

5Xui7j = AX)Q'J Zgalj i— k,J AX 1+a,+11 Zgal+lj i+1-Kk,j

Ax)”au Zgaw i=k,j’

and similarly for 4y .
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Numerical method of 2D-VOFNRDM-VC

@ Define the following fractional partial difference operators:

n —
5Xui7j - AX)Q'J Zgalj i— k,J AX 1+a,+11 Zgal+lj i+1-Kk,j

Ax)”au Zgaw =k

and similarly for 4y .

@ With these operator definitions, the implicit Euler method
may be written in the operator form

(1 — Atox — Aty )ufy = ult + At £,
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@ For the ADI method, the operator form is written in a
directional separation product form

(1 - Atdy) (1 - Atdy) uf, = uirjj_l + At " (16)

I7J’

which introduces an additional perturbation error equal to
(At)? (50, ull.
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Numerical method of 2D-VOFNRDM-VC

@ For the ADI method, the operator form is written in a
directional separation product form
(1— Ats) (1 — Atsy)uly = ut + At 1, (16)
which introduces an additional perturbation error equal to
(At)? (50, ull.
@ We can conclude the additional perturbation error is not
larger compared to the approximation errors, and Equation

(16) (which is called as ADI-Euler method) is consistent
with order O(At + Ax + Ay).
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The ADI-Euler method defined by (16) can now be solved by the following iterative
scheme. At time tn:

@ (1) first, solve the problem in the x-direction(for each fixed y;) to obtain an
intermediate solution ui*j form

(1 — Atéx) uifj = uin,j_l + At £ (17)

i
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Numerical method of 2D-VOFNRDM-VC

The ADI-Euler method defined by (16) can now be solved by the following iterative
scheme. At time tn:

@ (1) first, solve the problem in the x-direction(for each fixed y;) to obtain an
intermediate solution ui*j form

i

(1 — Atéx) uifj = uin,j_l + At £ (17)

@ (2) then solve in the y-direction (for each fixed x;)

(1—Aty)uly =uf

i (18)

Prior to carrying out step one of solving (17), the boundary conditions for the
intermediate solution ui*,j should be set from Equation (18) (which incorporates
the values of uln at the boundary), otherwise the order of convergence will be
adversely affected.
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Example 5: Consider the following 2D-VOFNRDM-VC:

au 9 (TB=axy)) 9°CVu
o dx 2 Ixx.y)
9 (T(4—B(xy)) 97V

Ty 6 Ay By

— u—ux—oxy) (—0.4y Inx +

— uy—AKY) (_o.ex Iny + %(Xy)) ,

u(x,y,0) =x%y?,
u(0,y,t) =u(x,0,t) =0, u(1,y,t) =y% ", u(x,1,t) =x%"",

2—0;(X7Y))

where a(x,y) = 0.5+ 0.4xy, 3(x,y) = 0.3 4 0.6xy.
The exact solution of the above problem is given by u(x,y,t) = x2y3e~t.
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2-D variable-order FNRDM with variable coefficients

Numerical method of 2D-VOFNRDM-VC

Table: 3. Maximum error behavior for the ADI-Euler method as the
grid size is reduced for Example 5 at time Tepng = 1.

At =Ax =Ay =h llef]l Gh
1/20 0.0047979
1/40 0.0024968 0.9423
1/80 0.0012724 0.9725
1/160 0.00064223 0.9864

From Table 3, it can be seen that the ADI-Euler method is also
unconditionally stable and convergent.
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Conclusions

@ In this talk, some numerical methods to approximate three
fractional nonlinear reaction-diffusion models and
application to fractional FitzHugh-Nagumo Monodomain
Model were described and demonstrated.

F. Liu, I. Turner, K. Burrage and V. Anh Space fractional nonlinear reaction-diffusion models



Conclusions

Conclusions

@ In this talk, some numerical methods to approximate three
fractional nonlinear reaction-diffusion models and
application to fractional FitzHugh-Nagumo Monodomain
Model were described and demonstrated.

@ Although the nonlinear source term is not globally Lipschitz
continuous, the solution of the discrete numerical method
still yields bounds on the solution of the continuous
problem and the solution of the numerical method
converges to the unique solution of the continuous problem
as the time and space steps tend to zero.
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Conclusions

@ These numerical methods and analysis techniques provide
computationally efficient tools for simulating the behavior of
solutions of the complex fractional nonlinear reaction
diffusion models.
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Conclusions

Conclusions

@ These numerical methods and analysis techniques provide
computationally efficient tools for simulating the behavior of
solutions of the complex fractional nonlinear reaction
diffusion models.

@ The numerical results demonstrate the effectiveness of this
approach and suggest that such models can have very
different dynamics to the standard models and represent a
powerful modeling approach for understanding the many
aspects of electrophysiological dynamics in heterogeneous
cardiac tissue and other areas as well.
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Conclusions

Conclusions

@ These numerical methods and analysis techniques provide
computationally efficient tools for simulating the behavior of
solutions of the complex fractional nonlinear reaction
diffusion models.

@ The numerical results demonstrate the effectiveness of this
approach and suggest that such models can have very
different dynamics to the standard models and represent a
powerful modeling approach for understanding the many
aspects of electrophysiological dynamics in heterogeneous
cardiac tissue and other areas as well.

@ We hope to study the consequences of these new
approaches to cardiac electrophysiology in future work.
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