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A talk
in five short movements
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Is it in the middle of nowhere!
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EUROPE'S OLDEST MARATHON WAS BORN

HOSICE PEACE MARATHON . HOSICE, SLOVAHIR, 0CT0BER 6, 2013

Boston Marathon: 1897

Yonkers Marathon: 1907 “#® KO§|CE2013

Kosice Marathon: 1924 | EUROPEAN CAPITAL OF CULTURE
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#3 in CNN'’s Top Travel destinations

www.cnn.comf 201370

SET EDITION: U.8. | WTERNATION. | mioco | Aramc

TV: CoN | CHNi | CNN an Espatiol | HLN WTravel

Homa TV EVideo OCHN Trends US. World Pollies Jusilcs Enterislmnment Tech Health  Lvimg

Year in Review o FREVIEW

Tnp trave! .destinatiuns for 2013

Thanks in part to s medisval old
towan and wilrant mix of Renaissance,
Barogue and &t nowvesay
architecture, the compact yet
captivating eastem Shovakian city of
Hodiice hes been chosen 2013's
Euvropean Capital of Culbure (akong
with Marsalis in France). This photo
was talen at the tima of the
announcament.

HIDE CAPTION

Kosice, Slovakia
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Kosice and surroundings

Monday, June 3, 2013



Main idea of fractional calculus:
Interpolation of operators

. df &f d&f

J dt’ dt2’  dt3’
/f( fdt f(t) /dt/dt f(t)
d32f df ‘ df d*f

T odt-2? dil? dt’  de2’

2 1 £ 1 2
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From integer to non-integer
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Fractional Calculus: a response to S&T needs

1695 1960s We are here

—_—t 1

static models | dynamical models | fractional order

modeling
gcometry, differential fractional calculus
algebra and integral
calculus
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The current map of the fractional calculus
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Movement |:
Scherzo




3 definitions




Di' f(t) =

Riemann-Liouville:
(goes back to Letnikov, 1870)

F(nl— o) (%)n/ (t f(:))oitzﬂv (n—1<a<n)




Caputo, 1967:

t

. F) (1
“Def(t) o) / t—Ta n+1’ (n—1<a<n)
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Grunwald-Letnikov, 1860s
(goes back to Liouville, 1830s)

Df(t) = lim A= N (~1)k (O‘> F(t — kh)

h—0 T
k=0




For good functions
RL, C, and GL definitions
are equivalent

For .D/f(t) with n—1<a<n “good”’ means

fec™ab, fFa)=0((k=0,...,n—1)




3 flavors




Left-sided

oD f(t) = r(nl_ o) (%)n/ (1 ;f(:))acﬁzﬂ




Right-sided




Symmetric

d’¢()

d‘:lf‘ﬁ — Dlg¢(5€) —

((WD26(a) + 2DJo(x))




3 grades




Constant non-integer order (CO)

t

D510~ i () [ e

Qa

(n—1<a<n)




Variable order (VO)

a(t) B 1 () dr
SO0 = gy ), T

(n—1<a(t) <n)




Distributed order (DO)

d
DF f(f) — / (@) o D2 f(t)dar

/Cd¢(a)da:1




Grades




Intelligent fitting of data with the help of
solutions of differential equations

Yy = kax + b y// — 0
y = asin(wz) + bcos(wx) "+ w?y =0
y = Cer? y —ky =0

Y= Ae®? sin(wx) + Be"® cos(wx) azy" o a,ly’ + agy = 0

Instead of postulating the type of the fitting function, we can postulate
the type of the differential equation; its coefficients must be determined.

Ay" + By +Cy =0
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The Mittag-Leffler function

oe k
Z 2

Search File Exchange

File Exchange Answers Newsgroup Link Exchange Blogs Trendy Cody Co

File Exchange

Mittag-Leftler function

by Igor Podlubny 17 Oct 2005 (Updated 25 Mar 2009) 4.6 17 ratings
Rate this file
Calculates the Mittag-Leffler function with desired

47 Downloads (last 30 days)
accuracy.

File Size: 2.71 KB
% Watch this File File 1D: #8738
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Fitting data using the Mittag-Leffler function

y = yoe™ y'(t) —ky(t) =0, y(0)=yo

Y — Yo tﬁ_lEﬂﬁ (CL t&)

Yy =1 bs1(ai"™) SDy(t) — ky(t) =0, y(0) =y

Fitting the experimental data with the M-L function
immediately gives the basic FDE describing the process.
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Just supply your data...

- — s & & "_._l" ” |@' Web 'mw.mathwnrkr..cnmmmtlal.n:n:ntlnl-'Fuln:n::ac-:hange;iEl?I.'I--r'l'r_ting-dzlta-- wr

w MATLAB CENTRAL

File Exchange Answers Newsgroup Link Exchange Blogs Trendy Cody

File Exchange

P Fitting data using the Mittag-Leffler
T .
l \'.\.. function
by Igor Podlubny
11 Jul 2011 (Updated 02 Apr 2012)

Fitting data using the Mittag-Leffler function.

& Watch this File
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Just supply your data...

E: Identification of Parameters of a Half-Order System L:H ::'F'”r[:“ -

Petras, I.; Sierociuk, D.; Podlubny, I.

Signal Processing, IEEE Transactions on

Volume: 60 , Issue: 10

Topic(s): Signal Processing & Analysis

Digital Object Identifier: 10.1109/TSP.2012.2205920
Publication Year: 2012 , Page(s): 5561 - 5566

IEEE JOURNALS & MAGAZINES

@ | i »Quick Abstract | TEJPDF (845 KB) ]DHTML

Experimental Evidence of Variable-Order Behavior of L:J 'ﬁ;.__.
Ladders and Nested Ladders

Sierociuk, D.; Podlubny, I.: Petras, I.

Control Systems Technology, IEEE Transactions on
Volume: 21 , Issue: 2

Topic(s): Signal Processing & Analysis

Digital Object Identifier: 10.1109/TCST.2012.2185932
Publication Year: 2013 , Page(s): 459 - 466

Cited by 3

IEEE JOURNALS & MAGAZINES

& 1 &L #Quick Abstract | mPDF (1977 KB)
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The Queen Function

“In fact, ... , functions of Mittag-Leffler type enter as
solutions of many problems dealt with fractional calculus
so that they like to refer to the Mittag-Leffler
function to as the

Queen function of Fractional Calculus,

in contrast with its role of a Cinderella function played
in the past.”

Eur. Phys. J. Spacial Topdes 193, 161171 2011
2 BEDP Seiences, Bpringer Vad=g 2011 23 THE EUROPEAN

Dol: 101140/ ap jeb /20 11-01585-0 PHYSICAL JDUHN.ﬂ.Ld
SpeclaL Toprics

Fegular Atticle

Models based on Mittag-Leffler functions for
anomalous relaxation in dielectrics

E. chpelss de Qliveira®™, F. Mamardi®* and J. Waz Jr.lss

1 T | 1 ool 1= T Rl 11 L. ThITGrd: TT -, =1 e

_ -
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Mittag-Leffler function:

a complete replacement for the exponential function

Automatica 45 (2009) 1965-1969

Technical communique

Mittag-Leffler stability of fractional order nonlinear dynamic systems*

Contents lists available at ScienceDirect

Automatica

journal homepage: www .elsevier.com/locate/automatica

Yan Li?, YangQuan Chen™*, Igor Podlubny ¢

& Institute of Applied Math, School of Mathematics and System Sciences, Shandong University, Jinan 250100, PR China
b Center for Self-Organizing and Intelligent Systems (CSOIS ), Electrical and Computer Engineering Department, Utah Sta

¢ Department of Applied Informatics and Process Control, Faculty BERG, Technical University of Kosice, B. Nemcovej 3, (¢

AR
Artidl E‘ttag—Lel
gecei . Iple is int

ecei - zCaputo
;Sccl\g' . ) i lity notio
ol Fitting of experimental data
5 using the Mittag-Leffler function

eyw
Frarti

;. N
Igor Podlubny
Ivo Petras
Tomai Skovrianek
Technical University of Kosice, Slovakia '

ICCC 2012, Podbanske. High Tatras, Slovakia, May 28-31.2012

—

automatica

Ann. Inst. Statist. Math.
Yol. 42, No, I, 157-161 (1990}

ON MITTAG-LEFFLER FUNCTIONS AND
RELATED DISTRIBUTIONS

R. N. PiLLA

Depariment of Staristics, University of Kerala, Trivandrian-6935 581, India

(Received August 29, 1988; revised February 27, 1989)

Abstract. The distribution Fa(x) =1 — Eo( — x"), 0< a < 1; x = 0, where
Ea(x) is the Mittag-Leffler function is studied here with respect to its
Laplace transform. Its infinite divisibility and geometric infinite divisi-
bility are proved, along with many other properties. Its relation with
stable distribution is established. The Mittag-Leffler process is defined
and some of its properties are deduced.

Key words and phrases: Completely monotone function, Laplace trans-
form, infinite divisibility, geometric infinite divisibility, stable process.
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Movement 2:
Allegro




Operational Matrices ...

... and Fourier series

...and Taylor series

... and Orthogonal Polynomials
* Legendre
* Jacobi
e Chebyshev
e Bernoulli

e Bernstein
®

...ahd Walsh functions

...and Wavelets

... or, Block-Pulse Matrices

...and, in general, any suitable basis functions
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Matrix approach to discrete fractional calcullljgf
OFDEs: 2000, PFDEs: 2008, SOFDEs: 2009, NEG: 220 :
VODEs: 2012; DODEs: 2012; Large Steps: 201

, .
j Tactiona] Calculus

{‘::,{l..?&(g.",*,';,cgg Matrix approach to discrete

O _ fractional calculus I1i:
THE ROYAL

SOCIETY \ nuq~equxdrstantgnds,
_ variable step length and
g TR distributed orders
@ 9ot Podlubey’, Tomas Skowtunek’. 3lis M. Visagre
3 Research - Jard’, bvo Petrs”, Winar Verbituky' and

4
| — "
15 xSy artiche: Sty e ! Fangluan Oven

40

Monday, June 3, 2013



Triangular strip matrices (TSM)

Lower TSM:
wo 0 0 O 0
W1 wo 0 O 0
W9 wi wg O 0
LN — " - T L )
WN -1 wy wi; wo 0
WN WN_1 ' w2 W1 Wo
Upper TSM:
wo w1 w2 WN-1 WN
0 wp wi ' WN_1
Uy = 0 0 wo (9 :
0 0 0 = w1 w9
o o o o o o o o o o o o WO wl
I o o0 0 --- 0 wo |

If two TSMs are of the same type, then: CD = D C'.

41
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Generating functions for TSMs

00 N
o(z) = Z wpzt  —  truncy (o(2)) £ z wr2" = on(2)
k=0 k=0

Function p(z) generates a sequence os lower TSMs:
Ly, N=12,...
or upper TSMs
Uy, N=12...
Properties:
truncy (YA(2)) =  truncy (A(2))

truncy (A(2) + p(z)) = truncy (A(2)) + truncy (u(z))
truncy (A(2)u(z)) = truncy (truncy (A(2)) truncy (u(z)))
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Operations with TSMs

Addition and subtraction:

Ax + By «— truncy (A(z) £ u(z2))
Multiplication by a constant:
YAy > truncy (YA(z))
Product of TSMs:
AnBy «—— truncy (A(2)u(2))
Matrix inversion:

(An)™" «— truncy (A7'(2))
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Left-sided R-L derivatives

o k
an;f()Nvftk haz ()fkj, k=0,1,...,

— N.
7=0
h=oVeF(ty) ] w0 0 0 - 0] T fo
h=Ve f(t1) wg&) w(()&) 0 o -+ 0 J1
h=*V*f(t2) 1 wég) w%oz) w(()a) 0 0 2
h=*V*f(tn-1) w](\?zl Ry wéa) wg&) w(()a) 0 JN-1
h=Vef(ty) I w](\?> wg\?zl wéOO wga) w(()&>_ | IN
(o) _ —19'(0‘) =0,1,...,N
w; ' =(-1) i 90l
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W0 0 0 0
W w00 0
o _ 1 Wi Wi Gl g 0
Wi W W@ e g
el W W

Ba(z) = h™%(1 = 2)*.

BiBY = BiBy = B

DP(Df(t) = oD/ (WDPf(1) = oDF7f(1),

r = max{n, m}
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Left-sided R-L integration

D f(t) = ﬁ / (t— 7P f(F)dr.  (a<t<b)

Iy = (By) .
I —— on(z) = truney (8,'(2)) = truncy (R*(1 — 2)79).
w0 0 o0 .- 0

I8 = h° Wo W W
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Other generating functions for TSM

Christian Lubich’s formulas: @)= - .

(8 3 1 87
Wy (2) = (5 =22 + 529,

. 11 3, 1.,
wi (2) = (€—3Z+§Z2—522) :

() 25

3 4 1
wy (2)2(5—47;—}.)22 . 4

—37 )

0! 137 10 5 1 .
A7) = (g = 9o 4928 = g gt = 5

wg (2) =(—+—62+—2"— —2°+ —2"— -2+ 2)“

60 2 3 4 5 6

Expand these functions in Taylor series and use the
coefficients for generating the corresponding TSMs.

47
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Movement 3:
Rondo




Example (Bagley—Torvik equation)
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Example: Riesz kernel

1 (—l<t<1)
1—04/\16—7’\0‘ ( )

Exact solution:
y(t) = 771 T(1 — @) cos (0‘2”) (1 — ¢2)@-D/2,
Numerical solution:

D7y 4+ DIy = 1,

(B]:f(l—oz) 4 FJ;(l—O&)>YN _ FN

Historically the first example of numerical solution of equations
with left-sided and right-sided fractional-order operators
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Example: Riesz kernel

0.8 ! l ! T T l l T T

analytical solution
* numerical solution (h=0.005) |

S
S L S T
0.6
0.55

0.5

0.45

04 ; ; g | | i ; | |
1
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Example (Caputo derivatives)

Exact solution:

y(t> — taEmoH_l (—ta> !

Numerical solution:
{B]%T—Z —I— EN_Q} {S())lYN} — S(),lFN.

and from the initial conditions we have:

Yo =1y =0

Monday, June 3, 2013



1.8

1.6

1.4

1.2

0.8

0.6

0.4

0.2

Example (Caputo derivatives)

------------------------------------------ analyti_cal soluti_on -
* numerical solution (h=0.01)
i | | | | | | | |
05 1 15 2 25 3 35 4 45 5

53
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Nonlinear FDEs! Not a problem

Diethelm K., Weilbeer M.: A numerical approach for Joulin’s model

of appoint source initiated flame.
Fractional Calculus and Applied Analysis, (7):2, 191-212, 2004

prablem

R()DY2R(t) = R(t) In R(#) + Eq{t) R(0} = 0. (1) ‘

]
,

Here De'” denotes the Caputo differential operator of order 1/2, defined by
(sce, ¢.g. [6])

i) 1 ? x
DY2y(t) = —= [ (£ — 572/ (s) ds.

—

..,vfﬂ' 210

Moreover the tunction g deseribes a point source enevgy that depends on the
tirne, and theretore 1t 1% agsawinaed to be nonnegative, continuous and mitegrable

R ————

The nonlinear algebraic system is solved by Newton’s method
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Movement 4:
Ritonello




Kronecker matrix product

ai;p a2 ...

ao1 A929 ...

_Clnl An2 . ..

A1m

Aom,

anm _

Kronecker matrix product:

AR B =

(lllB CngB
CLQlB CLQQB « % s

CLnlB CLnQB Ce

b11 D12 ...
D21 Do ...

byt by

b14

bog

o |

56
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Kronecker matrix product

Important properties:

e if A and B are band matrices, then A ® B is also a band matrix,
e if A and B are lower (upper) triangular, then A ® B is also lower (upper)
triangular.

57
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Kronecker matrix product

Kronecker products with identity matrices: example:

rp Q12 413
A=
| G21 Q22 Q23 |

_&11 0 0 o 0 0 19 0 0 |

11 U120 U1y 0 0 0 0 iy 0 0 a0 0 0 U139 0

o; Qoo Gos |0 0O 0 0 0 a;y 0 0 ap 0 0 ag

E2 X A= A® EB —

O O 0 la;; azo ags aer O 0 a9e O 0 ags O 0O

0 0 0 (o1 (s (o3 0 oy 0 0 IDP) 0 0 % 0
I 0 0 Qo1 0 0 G 09 0 0 Clgg_
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Discretization schemes

Integer orders:

-

0

oU
ot
62U
9z?

0°U
Ox?
oU
ot

Fractional orders:

|

T

0°U

Oz

o DU

)
A z|P
o DOU

59
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Symmetric
Riesz fractional derivative

Bo(x
ddfjﬁ(\ﬁ) = Dpéla) = %( D20() + <D76(2)

N/

Riemann-Liouville

W SO LE LE W8 T
RIESZ POTENTIAL OPERATORS AND INVERSES VIA wgﬁ} 'fd(nm Mgﬁ} Wgﬁ} mﬂr?fii
FRACTIONAL CENTRED DERIVATIVES 5 o o ol el el

R — B | | y
MANUEL DUARTE ORTIGUEIRA m('@} 1 5 .:,_.ug'ﬁ:] ME_'G:] .:,_JEI'G:' mg'@}
Recewved 2 January 2006; Revised 4 May 2006; Accepted 7 May 2006 MEE} () 1 mg ) mgﬁ) wE. 8)
Hindawi Publishing Corporation
International Journal of Mathematics and Mathematical Sciences
Volume 2006, Article 113 48391, Pages 1-12 w{,@) (_1)k F(ﬁ i 1) CDS(.B?TXQ)
DO 10.1155/1MMS/2006/48391 L &= F(‘@Xg ket 1) F(,ﬁ/@ Tk 1)
T ——
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Discretization grid

Nodes and their right-to-left, and bottom-to-top numbering.

6l
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Discretization using TSMs

| [ | |
OBl
i .4+_' J|z|P
| DT

h

oPU
UD?U—G g7

s ¥\

BQ®E —G:E ®R'B}unm fnm

N




9
” LN C 20
100 \ OD?U—&Q —QIF
| | Ox
Structure of the
" ] system matrix
0 — 345 |
O@ 300 |

@ 355 |
Q SEI:I i

1 1 1 1 1 1 1 1 =
325 330 335 340 345 350 355 360
Nz = 27550
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Test example
U, = a‘U,,
U©,8)=0, U(L#)=0
Uz, 0) = da(L — )/ L7

VW E. Milne, Numerical Solution of
Differential Equations, Wiley, NY, 1953

o 1 i
: —
| i i (), G000 0, (A0 (3, BACD
{ 0 OG0T 0, G20657 L, B2 7
| 2 ] 0, 33556 (b, B3k 0, 81333
l : 0 : 0, itk 0, GERST (0, 8O0
i | A f 0,735 | 0,58730 | 0,78673
ey .o a7 0 | 0.18248 | 0,34606 | 0,47734
ah 0 0,17948 | 0,34127 | 0,46951
it Rt 0 0, 17053 | 0,33568 | 0,40184
g |
=
£ an () | (0,17655) i (0,33572) i (0, 46150)

| 0, S0

0, S6000
0, 94667
0,93333 |

O, DOGAT

0, 56088
0,55175

0,54276 |

1 00000
0, 9866T
0,97333
(), SEO00
0, Q4667

0, 58064
{1, BR00S
{0, 57061

(0, 54280)

(1,57066)

00,3380
03287
(0,3202

01543
01813
01764

0.614]
0.e0]7
0.5897

(0.3504
0.3447
0,337

0.5267
0.5135
08003
0.7873

04817
0.4740)
04664

0.9334
0,920]
00,2068

05659
0,.5568
0.5479

—

09733
00,2600
09467

0.5%48
05853
05760
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Example: Time-space fractional diffusion equation

{_JDay . ajy — f(:t.' t) (“’ith f(fﬂ t) = 8)
0+t 3|I|,3 L -

y(D:t) = 0, y(1=t) = 0; y(;r:,D) = 0.

{BEE&} 8‘ Em — En @" jo}ynm == fnm

g =117

65
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Example: Time-space fractional diffusion equation
with delayed fractional derivative

%y
Olz|?

| — '
2 {608y + 6Dy} — f(z,t)  (with f(z,t) = 8)
y(ﬂ, t) = 0, y(l,t) = () y(;r= []) =0

{% (B{a] @Em 4 —I—FcB,[;F] & Em) — En ®R£§)}ynm S fnm

k 6 a=0B y=08, =18, c=f
1 =
n—kK.x 1
CLAS oE
0E <« - -
=044 0 2
02 ! ’
0
;

Historically the first example
of numerical solution of
fractional differential equations
with delayed fractional

derivatives
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Non-equidistant grids: they are everywhere
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Change the viewpoint:

Left-sided fractional derivatives:
inverse of left-sided fractional integrals

By = (Iy)™

Any approximation of fractional integration
after inversion gives an approximation for
fractional differentiation on the same grid!
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The simplest approach: approximation
by a piecewise constant function

By = (I)™

Coefficients of [},

(e —tj—1)® = (tk — t5)°
NG ’
7=1...,k; k=1,...,N.

For non-equidistant grids, the matrix is not a TSM .
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Example: fractional integrals of sin(x)

a=-0.3
a=-05
0.5+ a=-0.7

a=[-0.1-0.3-05-
with non—equidistant s /

0 1 2
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Example: fractional derivatives of sin(x)

Q5-figf ...... L unliﬂ ............. é .............. é ...............

a=0.3
—1t =00
oa=0.7

a=[0.1, 0.3, 0.5, 0.7],
with non-equidistant st¢

-1.5

0 1 2
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Example: two-term ordinary FDE

y () +y(t) = 1, Exact solution:
y(0) =0, ¢'(0)=0. y(t) = t"Eq,aq1(—t%).

a = 1.8, number of (random) discretization nodes N = 500
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Example: Bagley-Torvik equation

Ay (t) + By*?(t) + Cy(t) = F(t),
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Variable-order fractional differentiation
and integration (VO-FD,VO-FI)

Integral Transforms and Special Functions
Volume 1, Issue 4,

@ Authors: Siofan G. Samko®™; Berram Ross”
DOk 101080/ 1065246930881 50T

@ First

Hirdawri Thib Eedhirg Corp ometion

Froeare tiare 1 fowrme 1 od Tl ematio ] By us tore
Wohmue2 010 Artc 2 TT 3107, 16 pages

Aoi 101156 /200 0580 0F

Feseqarch Arvficle

On the Selection and Meaning of Variable Order
Operators for Dynamic Modeling

Lynnette E. 5. Ramirez and Carlos FE M. Coimbra
Sehodd of Cnsfreaing, Lty of Caife ia, PO Box 2000, Meroed, A B5342, 1254

Coarespondence shonald be addresed o Carkes B, Coiobas, conimnbrainacmne poed oda
s —— -

Integration and differentiation to a variable fractional order

e e —— |

t

@790 £y = — 2
56~ .

(t— )79 flo)do.

sy = L[ S 4,

CT[1-g(t)] dt) (- )7

‘g -yl
s TH®]

1o = j fimda,

¢ —alE-l
o Tlaim]
‘i _G,:,qﬁﬂ—rii—l
a Tlait- ]

(ot = j fimda,

oM = J f e
(t —y A
o Tlaita)]
it — ,-_-_rTF'i!FJ—l
T [qit, )]

=L i) = %( f(-:r)-:l-:r),

f w ()de,

=i fie) = r

1

(F(0+) - F0-) e
T[L-qit)] Jus “

T -4 @)

D i) = (£ — )8 F (e +
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Variable-order Fractional Differentiation (VOFD)

I—eft'Sided RO T(n — oft)) /0 (t — ) +H1=n" (o 1S o] < a)

Right-sided P00~ i | e (-1 <l <n)

Symmetric . G P O P}
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Discretization of left-sided VOFD

T T
{UT(LO{”) UT(,Ja_”l_l) «ug‘“) véao)} — Bl) [’Un Vn_1 ... U1 vo}
where
wéa”) w%a”) - s, wéa_”l) i)
O w(gan—l) wgan—l) s . © s . w’r(la_nl—l)
Bl — | 0 0wy Wi
0 . 0 0 wéal) wgal)
0 0 0 0w

(e) Tak(—l)j(ak) i=0,1,....k; k=0,1,... n.
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Example 0: VO-FD of function y(z) =1

5 Variable—-order differentiation of y(t) =t

0, 0<t<?2
= 0., 2<1<4
I, 4d&5 LD

0.25t, 0<t<4
1, 4<t<5

Matlab functions:

e vOoban

e vofan

® voran
VO alpha = '0 * ((t>0) & (t<2)) + 0.5 * ((t>=2) & (t<4)) + 1 * ((t>=4) & (t<=5))';
Dalphat = voban(VO_alpha, [0 5], h); $ differentiaton matrix
VOFDy = Dalphat * y'; $ VO-derivative
VO alpha = '0.25*t.*((t>=0)&(t<=4)) + 1*(t>4)'; % variable order
Dalphat = voban(VO alpha, [0 5], h); $ differentiaton matrix

VOFDy = Dalphat * y'; % VO-derivative
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Example |: VO-fractional relaxation equation (1)

oDty + Ba(t) = f(£), (0 < aft) < 1), a(t) = e~ with A = 0.01
z(0) =1, B =0.1 f(t) = 0.

“terminal” solutions for a(t) = 1 and «a(t) = 0.9512

oDx(t)+ Bx(t) =0, (0<a<l),

/ \ Figure 1: The shape of the variable order «(t) = e=4* for A =0.01

a =1 a=e " =0.9512
.CU(?f) — Eljl(—Bt) — €_Bt .’If(t) — E0.9512’1(—Bt)
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Example |: VO-fractional relaxation equation (3)

0495 _ TR ................. ................. ................. .................
0.9 ................ ................. ................. ................ ]
085 k.o ................ ................. ................. ................ L
oabl............... ................. g ................. ................ i
0TSl .......... ................ ............... |
07k ................. ........ T .................

OES Lo, o i 8 e 5 a5 1 gt 5 033 M ..... _

111 P S | e o « e . < e o e w5 i« 2 e Ria

055 F
-0.01t

Yariable-order o) =&

0.5

0 1 2 3 4 o

Figure 2: Solutions of problem (14) with f(f) = 0 and B = 0.1 for &« = 1 (red
line), a = exp(—0.05) (green line), and «(t) = exp(—0.01 - ¢) (black line). The
discretization step is At = 0.01.
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DO-fractional derivatives

d

| eft-sided D@ (1) = / o(a) D f(t)do
d

Right-sided D (1) = / o(0) D f(1)do
d

Symmetric C,,R;f(o‘)f(t) :/ p(a) o Ry f(t)do

d
Restriction: / pla)da =1

8l




Interpretation of DO operators

pla)

Distributed-Order
Dynamic Systems
Stability, Simulation,

Applications and 4
Perspectives 2 0
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Discretization of DO-FDs:

a piece of cake!
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Discretization of DO-FDs:

a piece of cake!

- 7 o
b * 271 I8
> .
S p(an)
|| :
S
= p(as
S—,
E: Pz /
6 Pl [Ny S R S S B R R A
. oDy f (1) £(t)
\3 .
on(@)f(t) ~ qu,(%)fm B?f’(%) _ ZngSO(O%)AO%
k=1
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Movement 5:

“All Together Now?!”




A toolbox
for you!

[ MATLAR Central

B MATLAR CENTRAL

Par g ALLTLAR an

Link Exchangs

g

Ples. by Prodict Hi Matrix approach to

Tage E'.:_‘i';_: ' dizeretization of ODEs and
e : PDEs of arbitrary real order

Cosmuranis 8o Ratings i ¥ '-._“'-\.H‘

= i (et D Instant solutions:
M{:‘trix approach to disrri.buled ( I ) add water

order ODEs and PDEs

o (2) microwave _
(3) stir

¥ i "'.:!' Ak hmp: ) e, LSO gyl G -

Contents

Matrix approach to discretization of ODEs and PDEs + 1. What is in the box?

of arbitrary real order = . L
» 2. Evaluation of integer order derivatives
igor Podiubny (al,; Toman Skovranak (a), Blas M. Vinagre Jara [D] . 3. E‘l’ﬂlﬂ&ﬁﬂﬂ [!f lﬂﬂ'ﬁidﬂd Rimn'l_.imvmﬂ fI'EC[i. ﬂﬂ]. dﬂﬂ\r.ﬂﬁ\rﬂﬂ I'_'lf a [:unstant
laf Techmlesl Usniversliiy of Ecajice. Slaovaklia

4. Evaluation of nght-sided Riemann-Liouville fractional denivatives of a constant

. Fractional integral equations: an equation with the Riesz kernel

6. Symmeitric Riesz derivatives

s 7. Solution of ordinary fractional differential equations: the Bagley-Torvik eguation

[} Uriversity of Extresmadura, Badaioz, Spaln

Lagt gpdated: 2008-11-2&

BrEgs £ Owws  RATHwOCRE coon S mat laboentral M f L eekchange /22071

A « 8, Solution of partial fractional differential equations: fractional diffusion equation
This article (in the form called "published m-file"} illustrates the basic use of the e 9. Partial fractional differential equations with delayed fractional derivatives
functions implementing the matnx approach o discretization of denvatives of . 5

srhitrary real onder (so~called fractional derivatives, or fractional-onder derivatives), « 10. Conclusion

and to solution of ordinary and partial fractional differential equations. s 11 Ac:l-:n:}wledgments

The method 15 described in the amickes [1] and [2], s References

For more mformation about fmctional differential equations 0 .e., differential
equations containing derivatives of arbitrary real order) see, for example, the book
31
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® bcrecur.m
®eecliminator.m

eshift.m

Constant orders VYariable orders

® ban.m ® yvoban.m

® fan.m ® vofan.m

® ranort.m ® voranort.m

® ransym.n ® voransym.m

Distributed orders

® doban.m
® dofan.m
® doranort.m
® doransym.m

87
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Example Tl: CO-fractional relaxation equation

h = 0.01; % step of discretization
£ = fzhab: % ag in [DOFDS-paper, caption to Fig.6]
N = length(t) + 1; % number of nodes
B = 0.1; ¥ coefficient of the eguation
% ag in [DOFDS-paper, capticn to Fig.6]
= 0 0%y % RHS, as 1in [DOFDS-paper, caption to Fig.6]
M = zeros(N,N); % pre-alloccate matrix M for the systam
alpha=exp(-0.01*53): % beta = 0.9512, order of egquation
% First, we make the matrix for the entire eguation =- this 1s really =asy:
M = ban(alpha, N-1, h) + B*eys(N-1,HN-1);

(=8}

Then we compute the: right-=hand side at discretizati
F = eval ([£ '"-B'], t1':

% DEllize zere 1nltlial conditiocis:

M = eliminator (N=1, [1])*M*eliminator (N=-1, [1])':
F = eliminator (N=1,[1])*F;

% And zolve the gsystem MY=F:

¥ = M\F;

§ Pre-pend the zero 1nitial wvalue: (that ons due to =4
YO = [0 Y]

% Flot the polifslioi:
| i e P L IO
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Example T2: VO-fractional relaxation equation

oe

Then we compute the right-hand side at discretization nodes:
= eval ([£ '-B'], t)';

H

h = 0.01; % step of discretization
E = 0sHs5; % as in [DOFDS-paper, caption to Fig.6] O[§W@$@)+,B$@)::f@%
N = length(t) + 1; % number of nodes
B = 0.1; % coefficient of the equation
% as 1in [DOFDS-paper, caption to Fig.6]
f= Y0 #+ 0%t'; % RHS, as in [DOFDS-paper, caption to Fi
M = zeros(N,N); % pre-allocate matrix M for the system
% First, we make the matrix for the entire equation -- this
M = voban('exp(-0.01*t)', [0 5], h) + B*eye(N-1,N-1);

(0 <alt) <1),

. for A =0.01

o@

Utilize zero initial condition: ' v
= eliminator(N-1,[1])*M*eliminator(N-1, [1])': 095 N
= eliminator(N-1,[1])*F; N

o =

oe

And solve the system MY=F:
— M\F; 08

[

Pre-pend the zero initial wvalue
(that one due to zero initial condition)
YO0 = [0; Y];

o0 o@

o=
% Plot the solution: ‘Hm} o= 09512
U YO + 1; s

Yarable-order at) =™
-~

J 1

plot(t, U, 'k")
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Example T3: DO-fractional relaxation equation

o= o=

= hHh

%
%
¥

%
I

rl

= 0.01; $ step of discretization DDQ‘:’(&:’E@) + Bx(?) = #(1),
= Oshszby 2 A= irn [DOFD8=-papar; caption to Fig.h]
= length(t) + 1; % number of nodes E(U)ZZ 1
= 0.1; % coefficient of the egquation
3 8g in [BOFDS=paper; capticn Lo Fig.b] (P(GOZZ ﬁﬂk(l-—{E)j
= L0 QFER 4 % RHS; @5 1in [DOFDS=papetr, captlicn o Flg:b]
= Zeros(MN,HN); % pre-allocate matrix M for the svstem i} E;ﬂffgl
First, we make the matrix for the entire egquation =-- this is really easy:
= doban('6*alf.*(l=alf', [0 1], 0.01, H=1, h) + B*eye(N-1,MN-1);
Then we compute the right=hand side at discretization nodecs:
=eval ([f '=B'], t)':

Utilize z2erg initial wcotnditions
= eliminator{MN=1,[1])*M*eliminator{MN-1,
= eliminator(MN=1,[1])*F;

And solwve the system My=F:
= M\F;

Fre=pend the zerc initial walue
(Ehat dne due T gefd Initial conditich)
= [0 Y]

Plot the solutionte
= ¥0 + 1y

otit, U, 'k')

[11)"

] |

085 |-

et

085

0B

D.7%

07 F

.85

e

055

0%
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Example T4: CO-order Bagley-Torvik equation

AY' (1) + BY2() +Cy(t) = F (1), F(t) = {

8, (0<r<1)
0, (t>1)

¥(0) =»'(0) =0

$ (1) Prepare constants and nodes (this is the longest part of the script):
alpha = 1.5;
A=1; B=1; C = 1; % coefficients of the Bagley-Torvik equation
h = 0.075; % step of discretization
T = 0:h:30; % nodes
N = 30/h + 1; % number of nodes
M = zeros (N,N): % pre—-allocate matrix M for the system
% (2) Make the matrix for the entire equation -- this is really easy:
M = A*ban(2,N,h) + B*ban(alpha,N,h) + C*eye(N,N);
% (3) Make right-hand side: 3 T
F = 8% (T<=1)"; \

3»—
% (4) Utilize zero initial conditions:
M = eliminator (N, [1 2])*M*eliminator(N, [1 2])"': Al
F = eliminator (N, [1 2])*F;
$ (5) Solve the system MY=F: ' -, :
Y = M\F; : %

TR P T e, PO JOa——

% (&) Pre-pend the zero values (those due to zero '
YO0 = [0; O0: Y]: : / ; :
% Plot the solution: 2 : 4 - '3

plot(T,YO0)

Monday, June 3, 2013



Example T5: DO-order Bagley-Torvik equation

2 (1) Prepare constants and nodes (this . AT A o o R, (0=t<1)
alpha = 1.5} Ay'(t) + By + Cylt) = Ft),  Fit) = {{L (t > 1)
=1 B =12 C = 11 % coefficients of

h = 0.075; % step of discreti y(0) = o/ (0) = 0

T = 0Oths30; % nodes

N = 30/h + 1 2 number of nodes

M = geros(N,HN); % pre=allocate matrix M for the system

% (Z2) Make the matrix for the entire equation =-- this is really =asy:

M = A*ban(Z,N,h) + B*doban('é&t*alf.*{l-alfy', [0 1], 0.01, N, h) + C*eve(N,HN):

% (3) Make right-hand sides:

F o= 8% (T<=1)';

4 — L 1L AL 3 =

Diesoiubian

% (4) Teilize zerc dndtial condltlionss WE 0§ 0 i |eeess Ci-aoluton, for o= 0.5

M = eliminater({MN,[1 Z])*M*eliminator(MH, [1 ZL])': -
F=eliminator(MN,[1 Z])1*F;

% (h) Bolwve the svstem MY=F:
¥ = M\F; I : :

% (B) Pre-pend the zero wvalues (those due UJ
2ot Eers Initial condltlions)
YO = [0p Op ¥]g At

2 Plot the solutions: 2
plot{T,¥0)
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Example T7: CO-order
time- and space-fractional diffusion equation

alpha = 0.7 beta = 1.8; Cl aBy
az=1; $ coefficient from the diffusion equation ﬂDf y a B — f(x?r)
L 13 % length of spatial interval ‘;t‘
m = 21; % Number of spatial steps of discretization
n =148; % Number of steps in time y(Ujf) = 0’ y(]_?f) = ISI’
h = L./ {m=1); % spatial step
tau = h*2 / (8*a2): ¥ time step J}Cx?(]) = [L
Bl = ban(alpha,n-1,tau)’; % alpha-th order derivative with respect to time
TD = kron(Bl, eye(m)): % time derivative matrix
B2 = ransym(beta,m,h); % beta-th order derivative with respect to X
SD = kron(eye(n-1), B2): % spatial derivative matrix
SystemMatrix = TD - aZ*5D; % matrix corresponding to discretization in space and time
as=01 f=11
S = gliminator (m, [l m]):

SK = kron(eye(n-1), 5):

SystemMatrix without columns 1 m = SystemMatrix * SK';
ik = = b

S = eliminator (m, [1 m]): 08 ‘wmwx
SK = kron(eye(n-1), 5):
SystemMatrix without rows columns 1 m = SK * SystemMatrix _ %%y
£
F = B*ones(size(SystemMatrix without rows columns 1 m,1), ol
Y = SystemMatrix without rows columns 1 m\F;
YS = reshape (Y, m-2,n-1);
YS = fliplr(¥3);
U= X353
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Example T8: DO-diffusion-wave equation

3
o ryele) "y

y(0,t) =0, y(1,t) =0; y(z,0) = 0.

DO  pla) =d(a—A)

v “

CO 0 D}

MATLAB: 'O + [00*(alf>0.99)'
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Example T8(cont'd): DO-diffusion-wave equation

pla) =2(1 — o)

y=2x1-am, f=2 |

Monday, June 3, 2013



Variable step length!?

As seen in MATLAB: ode23.m and ode45.m solvers




Method of “large steps”

RA DS
DISCRE T QUIDISTANT SNGTH
N\D VARIABLE STEP
A ey, ShaneT erbisir
PO inagre B. ChenYQ- P PHILOSOPHICAL i -
TRANSACTIOH S Matrix approach to discrete
=g fractional calculus III: f
- E ( A L & Je .
— | TR non-equidistant grids, |
| variable step length and
rsta.royalsocietypublishing. 2
.n FeRicElpalishing org distributed orders
; @ Igor Podlubny', Tomas Skovranek’, Blas M. Vinagre
5 Research B Jara?, Ivo Petras’, Viktor Verbitsky? and
| Gtethisartide: Fodlubny |, Skovranek | YangQuan Chen’
BN, e ety . Chen Y23 T AR —
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)

Method of “large steps’

oD y(t) = f(y(t),t), (t>0),

Suppose we obtained its solution in the interval (0,a)
(and the final value y, at ¢ =a), then we can use this
for transforming the above problem to

JDiy(t) = f(y(t),t) — oRgy(t), (t>a)
y(a) = Ya,

where .
RI() = g [ (=T umdn (> a)
0

0Ry(t) = oDf((1 — H(t - a)y(t))
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First
“large step” oDiy(t) = f(y(t). 1), (t>0),

1o y(0) =0
JDiyt) = f(y(t),t) — oRgy(t), (t>a),
y(a) = Ya,
Auxiliary function:
y(t) = u(t) + Ya,
Second

“large step” | oDy ult) = f(u(l) + ya,t) — oRgy(l) —Ya, (L > a),
in [a, b] u(a) = 0.
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Method of “large steps’: example (1)

I'(1.5)
y(0) = 0.

oDy Py(t) + y(t) =

+t, (t>0), Exact solution: y(t) =1¢.

First “large step’:interval [0, 1]:

clear all . " 2

S Using the matrix approach N 5 5 5

t = 0:h:1; | ; é ;

0 = 1/]1 4 1; Aol R ..................... ...................... .................... =
M = EQI‘OS(H,H); 1Al ..................... ..................... ..................... il
M = ban(0.5, N, h) + eye(ll,N); e . PO S S |
F = (£t.7(0.5)/gamma(1.5) + t)7?; : 5 :

M = eliminator (N, [1] )*M*eliminator{N, [1]1)7?;

F = eliminator (N, [1] }*F;

Y = M\F;

Yo = [935 ¥I1;

plot (t,Y0,b?)

set(gca, *‘xlim’, [0 2], ‘ylim?, [0 2] )

grid on, hold on
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Method of “large steps”: example (2)

Second “large step’:interval [1, 2]

oD}y = D0+ 15 [ e (> 1
0
1/2 tl 0 1 / dr
D20 +9(0) = iy T Fomy | e > )
0
1.5 0.5 0.5
1D7y(t) () = FE1 TR Pz(to.s)) 2(;(0.15)) - >0
y(1) =1
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Method of “large steps’: example (3)

The problem to solve in [1, 2]:

t1.5 2t0'5 Q(t - 1)0.5
D%t 1] = L — — . 1; t > 1
WDiut) +ult) = 55 T F05) T o) (t>1)
u(l) = 0.
;%aggil Using the matrix approach
o= dahiZs
N =1/h + 1;

M = zeros(N,N);

M = ban(0.5, N, h) + eye(N,N);

F = (t.7(0.5)/gamma(1.5) + t — 2%t.7(0.5) fgamma(0.5) ...
+ 2%(t-1).7(0.5) /gamma (0.5) — 1)7;

M = eliminator (N, [1])*M*eliminator (N, [1])?*;
F = eliminator (N, [1])*F;

T =M \F;
Uy = [Gr Ulz
Yo = U0 + 1;

plot(t, Y0, *g’)
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Method of “large steps’ and
the problem of initialization

C. Lorenzo and T. Hartley raised the question about initialization
of fractional derivatives. Their motivation was to use or recover
the information about the process y(7) in the interval (0, a),

if we consider fractional derivatives of y(7) in (a, ).

NOTE: in the second “large step” in the considered sample
problem we used, in fact, the proper initialization of the
fractional derivative in the interval (1, 2) based on the known
behavior of y(¢) in (0, 1).
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Finale
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The Matrix Approach

® Uniform approach to CO, VO, and DO differentiation and integration.

® FEasy, algorithmic, modular, ready to use.

® Allows solution of ODEs, including nonlinear problem:s.

® Allows solution of partial fractional differential equations.

® Allows consideration and solution of fractional differential equations with delays.

® Allows numerical solution of FDEs with a mixture of left-sided, right-sided,
symmetric, CO,VO, DO fractional derivatives...

® (Can be used on non-equidistant grids and in combination
with the new method of “large steps”.

® On the road:
using sparse matrices;
using parallel computations with the MATLAB Parallel Toolbox;
applications to non-equidistantly sampled processes;
and more...
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|. The idea

2. Data
to models

3. Numerical
solution

Summary

if A df
Codt—?7 dtt T dtT dit?]
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Thank you!
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