1. Introduction

Reaction-diffusion models have found numerous applications in patten formation in biology,
chemistry, physics and Engineering (see for example [? ]). These systems show that diffusion can
produce the spontaneous formation of spatial-temporal patterns. The simplest nonlinear reaction-
diffusion model can be described by

ou

— = KAu + f(u), (1)

ot
where A is a Laplace operator, 0 < K is a diffusion constants and f(«) is a nonlinear function rep-
resenting the reaction kinetics. Here f(u) is a source term that is assumed to satisfy the Lipschitz
condition, i.e.,

vula us, |f(ul9 X, Y, t) - f(u2’ X, Y, t)' < Lll/ll - u2|'

In the last decade, fractional models, because of their ability to model anomalous transport
phenomena, have attracted considerable interest and have played a very important role in various
fields of science and engineering. Recently, a growing number of works by many authors from
various fields, such as system biology (see [? ]), physics (see [? ]), chemistry and biochemistry
(see [? ]), finance (see [? ]), hydrology (see [? ]) and thermodynamics (see [? ]), deal with
dynamical systems described by fractional differential equations. Fractional-order models provide
an excellent instrument for describing the memory and hereditary properties of various processes.
This is the main advantage of fractional models in comparison with their classical integer-order
counterparts, in which such effects are neglected.

Ochoa-Tapia et al. [? ] proposed a fractional Darcy’s law to simulate shear stress phenomena
in heterogeneous porous media. Valdes-Parada et al. [? ] proposed a fractional Fick’s law to
simulate diffusion phenomena in disordered porous media. These anomalous diffusion behavior
may be due to different mechanisms. Cushman et al. [? ] have used the fractional Darcy’s law
or fractional Fick’s law to derive fractional models to describe diffusion or transport behavior
in complex heterogeneous structures or disordered porous media. Many fractional models have
presented symmetric space fractional diffusion equations with a nonlinear reaction term to model
many problems of practical interest. Construction of a mathematical model incorporating reactions
is straightforward for superdiffusive systems where diffusion is characterized by a spatial non-
locality but no memory is presented by Del-Castillo-Negrete in [? ]. A random walk with a
Lévy distribution of jump lengths is described on large scales by a diffusion equation with a Riesz
fractional derivative. Some space Riesz fractional diffusion equations have been proposed and
used in natural systems including heterogeneous soils, aquifers, and rivers, is typically observed
to be non-Fickian, also called anomalous (see [? ]). A one-component system is governed by the

equation
ou «
E = _K(_A)2 u+ f(ua t)a (2)
where 1 < @ < 2.
In this paper, we consider two fractional Riesz space nonlinear reaction-diffusion models with

zero-Dirichlet boundary conditions on finite domains, i.e., Model-1: one-dimensional variable
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order fractional Riesz space nonlinear reaction-diffusion model and Model-2: two-dimensional
fractional Riesz space nonlinear reaction-diffusion model.

Model 1: One-dimensional variable order fractional Riesz space nonlinear reaction-diffusion
model.

Model 2: A two-dimensional fractional Riesz space nonlinear reaction-diffusion model.

The remainder of this paper is arranged as follows. Some mathematical preliminaries are
introduced in Section 2. In Section 3, we propose an implicit numerical method and an alternating
direction method for Model-1, respectively. The Matrix transform techniques for Models 2 and
3 are introduced in Sections 4 and 5, respectively. Finally, some numerical results are given to
assess the behaviours of these models with zero Dirichlet boundary conditions.

2. Preliminary knowledge

In this section, we outline some preliminary knowledge used throughout the remaining sections
of this paper.

Definition 2.1. Let u(x,y,t) be defined on an infinite interval Q : —c0 < x,y < +oco. The Riesz

fractional operator Ball:clb‘l’ is defined as [? ]

0%u(x,y,t) Y .
a|x|a = _Ca(_ooDx +x D+oo)u(x’ y’ t)’

1
where Cqy = W(LZH),

1 f u(€,y, dé
Fr2-a)ox? J_o (x=&o1°

@ _ D P (M uy,ndé
Dot = oo | e

9%u(x,y,1)
alyl*

—oDSu(x,y, 1)

Similarly, we can define the Riesz fractional derivative
respect to y on an infinite interval.

of order a (1 < a < 2) with

Definition 2.2. Let u(x,y,t) be defined on a finite domain Q : a < x < b;c <y < d and assume
that u(x,y,t) = 0 on the boundary points and beyond the boundary points. The Riesz fractional

operators gzlﬁ‘y and Baljll‘l’ (1 < @ <£2)aredefined as [? ]
0u(x,y,t)
—— = - D5 + Dylu(x, y, 1),
J| x|~ ZCOS%[ x plu(x.y,1)
0%u(x,y,t) 1
————~ = ———[.DY+ ,DfJu(x,y,?).
oyl 2 cos %[ y Ty Dalulxy. 1)



where
Fulx,y,ty 1 8 (Tuéy ndé
x> TQ-a)dx2 ), (x—& 1’
Ou(x,y,0) (=D & (P u,y,ndé
a-x*  TQ-a)dx? ), E-xe !
0"u(x,y,1) 1 0 (P ulx,l,)dl
d TQ-adx ), -0
Fulx,y,n) (-1 & u(x, £, 0de
-y TQ-a)d?J, -y’

Diu(x,y, 1)

Dju(x,y,t)

Dju(x,y,1) =

yDu(x,y, 1) =

3. Model-1: A two-dimensional nonlinear space fractional model with the Riesz fractional
derivative

In this paper, we consider the following two-dimensional nonlinear space fractional model
with the Riesz fractional derivative:
ou 0u 0u
K

o = xw + Kyw + f(u, x,y,1), (3)

with initial conditions
u(x,y,0) =y(x,y), a<x<b, c<y<d, 4)

and zero Dirichlet boundary conditions
u(a,y,t) = u(b,y,t) = u(x,c,t) = u(x,d,t) =0, 5
where 1 <@ <2and 0 < K|, 0 < K, are diffusion coefficients.

3.1. An implicit numerical method for Model 1

For the numerical simulation of equation (2?), let h, = (b—a)/my, hy = (d—c)/my and 7 = T/N
be the space and time grid sizes, respectively; x; = ihy,i =0,1,--- ,my;y; = jhy, j=0,1,--- ,m,.
Define u; ;as the numerical approximation to u(x,y,f) at x = x;, y = y;, t = t,. The initial
conditions are set by u) ; = y(x;, y;).

We use the shifted Griinwald — Letnikov schemes [? ] to discretise the Riesz fractional deriva-
tives as

U 1 i+1
— U]
o P = - 8o W(Xi111,Y)s tn) + O(hy), (6)
el = Ty 2
aau 1 myp—i+1
(9(—X)“|(xz-,yj,zn) B (ho)® 2 i 84 U(Xisi-1,Yjs 1) + Ohy). (7)

=0

A similar result holds in the y-direction. Here gﬁ?} =1 and

a pa—1+1
gg?:(—l)’( , ):—gif — (8)

[
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Using these shifted Griinwald — Letnikov schemes, we obtain the discrete form of (??) as

u(xi, yj, tn) = u(xi, yj, ta-1)

i+1 my—i+1
1 i !
+ ( ) Z g()u(xi—m,)’j, tp) + Z gé)u(xiﬂ—l,yj, tn)]
1=0
j+1 my—j+1
2 i !
+ ( ) Z g( )u(-xi’ )’j—l+1’ tl’l) + Z gfy)u(-xi? }’j+1—1 ’ tn):l
=0
+ Tf(M(xi,yj, tn1)s Xis Yjs ta—1) + Ri jns 9)
Kx Y j)Ca K, Y j)Ca
where r(1> = Dot ((,f o = rl@j) = ol ’((Z')fj)c and |R; j,| < C(t* + th, + Thy).

Thus, the implicit numerical method can be written in the following form:

i+1 my—i+1
(1) (0] (l)
Ui = Zg U1y + Z 8o Uiri- l,j]
1=0
j+l my—j+1
(2) D 1) -1
[Zg( TR S ST B Vi (10)
1=0
With(i:O’]"...’ml’j:()’]"...’mz)
0
=i =¥(x,y)), (1T)
MOJ = uml J M?,O uzmz =0. (12)

A Gauss-Seidel iteration technique is used for solving the implicit difference scheme (??)-(??).

3.2. Stability of the implicit numerical method
We first prove the stability of (??)-(??). Let ﬁ” be the approximate solution of (??)—(??) and

— n u" n _ .. n T :
SZJ = uj; —up; denote the corresponding error w1th E [8l 1> 82 1> s Em Ly J'. Assuming

E" 0 = max 8” we have the following theorem:
g
1<i<m-1,1<j<my—1 Lj"?

Theorem 3.1. The implicit numerical method (??)-(??) is unconditionally stable, and
IE"l < CIE|, n=0,1,2,---,N, (13)
where C is a positive number independent of h,, h, and .

Proof. According to (??)-(??), the error & i satisfies

i+1 my—i+1
no_ (1) ) n ([) n
Eij = Zé’ Eictr1,j T Z 8a Eivi- l,j]
=0
j+l my—j+1
(2) ) n ) n
+ Zg l] 1+1 + Z 84 € l‘]+l*1:|
1=0

+ [f(ulj 7xl’y]’ n— 1)‘f@;1’xi’yj’tn—l)]-
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Using the properties of the coefficients ¢? and the discrete Gronwall inequality [? ], we can prove
that
IE" o < (1 +7L)" Bl < B0 < "B, n=1,2,...,N,

ie., Bl < e IE%e = ClIE"[l. O

3.3. Convergence of the implicit numerical method

Now we consider the convergence of the implicit scheme. We suppose that the continuous
problem (??)—(??) has a smooth solution.

Theorem 3.2. The implicit numerical method (??)-(??) is consistent for (??)-(??) with conver-
gence order O(t + hy + hy).

Proof. Let u(x;,yj,t,) be the exact solution of (??)—(??) at mesh point (x;,y;,1,). Define

_ _ T
T’Z] - u(xi’ yj’ tn) - MZJ’ Yn - (77’11,1, 77’21,1, ey nZﬂ—l,mz‘—l) .
It can be shown that nl’.fj = u(X;,yjstn) — uzj satisfies

i+1 my—i+1

_ (1) ) @
myo= ot § 8o Mivij + § e
1=0

j+l my—j+1

(2) Zgg)'ﬁj w1t Z gg)ﬂ:lm 1] (14)

=0

+ [f(u(xuyja n— 1) xn)’p n— 1) f(ulj ,Xz,yj, n— 1)] +Ri,j,n-

+

Using the properties of the coefficients g(l) and the discrete Gronwall inequality [? ], we can prove
that
1Yl < €™ nC*(x* + th, + Thy) < "' C*T(7 + h) = C(x + h, + hy).

Thus we see that for any x, y and ¢, as h,, h, and 7 approach 0 in such a way that (ih,, jh,,n7t) —
(x,y,1), uf’ i approaches u(x,y, t). This proves that uj‘ ; converges to u(x;,yj,t,) as hy, hy, and 7 tend
to zero. O

4. Conclusion
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