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1675: Leibnitz introduced the notion of a
derivative of order n of a function

The first published results are cited in a letter
from L’Hopital to Leibnitz in 1695.

1661-1704
Leibnitz

1695: L’Hopital wrote to Leibnitz asking him
about a particular notation he had used in his
publications for the nth-derivative of a linear
function...

o Leibniz, Euler, Lagrange, Fourier, TS/

Abel, Liouville,Riemann, Griinwald, | yopital
Letnikov, Holmgren, Peacock ,Tarday,
| Cauchy, Hadamard, Hardy, Riesz,

Weyl.... DUMITRU BALEANU
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MOTIVATION

There are strong motivations today (the unelucidated
nature of the dark matter and dark energy, the difficult
reconciliation of Einstein’s General Relativity (GR) and
Quantum Theory) to consider alternative theories that
modify, extend or replace GR.

Some of these theories presume a higher dimensional
space-time, and part of them predict violations of the
(Relativistic) Physics (both Special and General)
fundamental principles: the Equivalence Principle and
Lorentz symmetry could be broken, the fundamental
constants could vary, the space could be anisotropic,
and the physics could become non-local.
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During the last decades, fractional differentiation has drawn
Increasing attention in the study of so-called "anomalous" social
and physical behaviors, where scaling power law of fractional
order appears universal as an empirical description of such
complex phenomena.

It i1s worth noting that the standard mathematical models of
Integer-order derivatives, including nonlinear models, do not work
adequately in many cases where power law is clearly observed.

To accurately reflect the non-local, frequency- and history-
dependent properties of power law phenomena, some alternative
modeling tools have to be introduced such as fractional calculus.

Research in fractional differentiation is inherently multi-
disciplinary and its application across various disciplines.
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Riemann-Liouville definitions

Riemann-Liouville left-sided fractional integral of order a

aD “®(x) = %J.x(x ~- D o)dt ,x>a

Riemann-Liouville right-sided fractional integral of order a

1 b
xD,*“®(x) = ﬁj (t—x)*1pt)dt ,x<b

— (P Jt-1_,-5
where fractional order a > 0 and r(t) = fo s‘~'e™* ds
Example: rt)=(t-10Drit-1)

'(u+1 rm)=(mn-1)!
ﬂD;ﬂxﬂ — (ﬂ ) xp',+ﬂ:
g +a+1)
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Riemann-Liouville Fractional Derivaltives

Left Riemann-Liouville Fractional Derivative of order a

aD () = ——— (L) ¥ 20 gy, x> an=[R@)] +1,

I'(n-a) \dx (x—t)a—n+1

Right Riemann-Liouville Fractional Derivative of order a

n
aDEO(x) = —— (=) [[——22 —dt, x<bn=[R@)]+1,

rn-a)\ dx (t—x)@—n+1
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For @(x) = F(h(x)),
aD%F(h(x)) =

(x—a)@ N
;(1 I_Ia) D(x) + ;(

a
h

)

k! (x — a)kedk

Ik —a+ Daxe! &)

with the help of Faa di Bruno formula:

:x—ZF(h(I)) = k! Zk: F(h(x) ). ﬁ ut! (h’;f;'-'))ﬂ’
m=1 r=1

k m
Srak. Sam
r=1 r=1
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Power function:

rk+ 1)

—q)k«a _
rki1-a @ ko

aD%(x —a)* =

so, for a constant A
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aD* (D) ¥(x)) = Z (%) @® GoaDs ™ (x)
k=0
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The left Caputo fractional derivative

n—1 (k}
)
EDEP(x) = aD” (l:b(x) — Z k::u} (x — u)")
k=0 ‘

Cpag(x) = - [F*"O

dt

I'(N-a) “a (x-f)cti™

74

l The right Caputo fractional derivative

(- f” o™ (1)

'N —a))_ (t—x)*t ™

pPo(x) =

dt

where 0 <n—1< a<nand (x) has n+1 continuous and bounded
derivatives in [a,b].
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Properties (Caputo definition):

(DYA =0 ,A = constant

lim $D%® = 0

X—=0

In an infinite domain,

C_DP = —oDP

¢, D= D@
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As one could expect, since a fractional derivative
IS a generalization of an ordinary derivative, It Is
going to lose many of its basic properties.

For example, It loses its geometric or physical
Interpretation, the index law Is only valid when
working on very specific function spaces, the
derivative of the product of two functions Is

difficult to obtain, and the chain rule Is not
straightforward to apply.
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Fractional order differential equations, that
IS, those Involving real or complex order
derivatives, have assumed an important
role in modelling the anomalous dynamics
of numerous processes related to complex |
systems In the most diverse areas of

Science and Engineering. B
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It IS natural to ask, then: ?

What properties fractional derivatives have that
make them so suitable for modelling certain
Complex Systems?

We think the answer is based on the property
~ | exhibited by many of the aforementioned systems of
non-local dynamics, that is, the processes dynamics
have a certain degree of memory and fractional
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'he Iidea, that physical phenomena such as
diffusion can be described by fractional
differential equations, raises at least two
fundamental questions:

(1) Are mathematical models with fractional
space and/or time derivatives consistent
with the fundamental laws and fundamental
symmetries of nature ?

(2) How can the fractional order of
differentiation be observed experimentally
or how does a fractional derivative emerge
from models without fractional derivatives?
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Why do you think your paper is highly cited?

The paper is highly cited because it describes a new
method in the emerging field of fractional calculus.
Also the field of the physical applications of fractional
calculus is a hot subject.

Does it describe a new discovery, methodology, or
synthesis of knowledge?

The method describes a new methodology to freat !
fractional dynamical systems.

Would you summarize the significance of your paper
in layman's terms?

This new methodology is quite useful in discussing
fractional dynamics and its applications. Some
possible applications are the quantization of
nonconservative systems using fractional calculus and
the fractional quantization of constrained systems.

How did you become involved in this research, and
were there any problems along the way?

We first became involved in this research by reading
some old papers on variational principles involving
fractional terms.

Where do you see your research leading in the future?

The results obtained in the paper will provide a solid
basis for understanding the fractional quantization
method for discrete dynamical systems.
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discrete systems
o THEOREM: Let J[q] be a functional as follows

b
f L(t,q°, DEqP, DFqP)dt
[

where p =1,...,n defined on the set of n functions which have continuous

left Riemann-Liouville fractional derivative of order o and right Riemann-

Liouville fractional derivative of order B in [a, b] and satisfy the boundary

| conditionsq”(a) = qf anda®(®) = q,.

A necessary condition for J[gr] to admit an extremum for given functions q(t),
=1, ---, nisthat g°(t) satisfy Euler-Lagrange equations for

oL g AL g oL
s D + oD =0
dqf t¥b 3,DfqP < ﬁtﬂfqﬁ’
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Generalization

Assume thata;, =1, - -, n;) and B, (k =1, - - -, n,) are two sets
of real numbers all greater than 0, o, =max(ay, - -, & pps P> *
f.>), and M is an integer such that M — 1 <., <M. Let J[q] be a

functional of the type

max

b
[ L(t,q%, DA, oD™qP, DL, DP™qP)dt
il

detined on the set ot n functions g°, p =1, - - -, n which have
| continuous left Riemann-Liouville fractional derivative of order a;,

G=1, - -,ny) and right Riemann-Liouville fractional derivative of
order 8, j =1, - -, ny) In [a, b] and satisfy the boundary conditions

(¢°(@))® = ¢f, and(gP(B))® = qf, j=1,- - M- 1.
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Generalization

A necessary condition for J[gr] to admit an
extremum for given functions o?(t), p=1, -, nlis
that g (t) satisfies Euler-Lagrange equations

dL

—+2x.1 D a—+ 2.2, oD — =
agp T Ci=1 @7t 5 plge T CUEL 0T aﬂﬂqup
oD,

Here, if 0 IS an integer, then .p;” and ﬂﬂff must be
replaced with the ordinary derivatives (d/dt)4 and
(—d/dt)4 | respectively.[Agrawal OP,J. Math.
Anal.Appl. 2002;272:368-379]
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The Euler-Lagrange differential equation is the
fundamental equation of calculus of variations.

It states that J If is defined by an integral of the form

d
I = ff(t, v, v)dt, where y = d—“: I l
then J has a stationary value if the Euler-Lagrange differential equation ﬂ
af d (ﬂf) ~0
’ dy dt \dvy -
1
EXAMPLE o e
ok (q)
) .
q=70
dq DUMITRU BALEANU
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1) L(x,y,z) = xz + Vz*

The classical solutions of Euler-Lagrange equations are
x(t) = at + b, z(t) =0

y(t) has an undetermined evolution and a and b are constants to be
determined from the initial conditions . l

11.)One possible fractional generalization is as follows

Ly = ( oDfx)  Dfz+yz®
The Euler-Lagrange equations oare given by
Dy ( Dfz) =0 ,z°=0, DF( Dfx)+yz=0
We notice that z = 0, y is not determined.
Besides,x fulfills the following equation

tD,EI;I[ aﬂfx] =0

DUMITRU BALEANU
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The solution of the above equation, under the assumption
that 1 < a < 2 is given by

i—a
()= A -0 +BE -0 P+t - R (11-al+a—)

t—a
+D(t—a)” F(I,E— 1+ a, )
(t—a)® oF @ Eb—a

Here ,F, represents Gauss hypergeometric function
and A,B,C, and D are real constants.

It is easy to observe that if a —=>1* and a = 0 the classical
linear solution of one-dimensional space is obtain as

x(t)=A+Ct

DUMITRU BALEANU
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Lagrangian formulation of field systems with
fractional derivatives

A covariant form of the action would involve a
Lagrangian density L via ¢ _ f [ dby — f [ d3xdt I

where
L=L(®,0,%)

The corresponding classical covariant Euler-Lagrange

equation are
oL  9,0L

— =0
EAICKD

where @ Is the field variable .
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Fractional generahzaLr
S = [L(#(x),(Dgk)#(x), (Dg¥, )#(x),x )d>xdt

Here 0 < o, <1 and a, correspond to Xy, X,, X3 and t
respectively.

The fractional Euler-Lagrange equations are as follows

1,4 3
a5 Z - a5 (D% UA) 0
) = + _ (= -
B‘P ag+ a DIIE P ap ap >
: = ae) (D5 )]
For o, ->1, the above equation becomes the usual Euler- =

Lagrange equations for classical fields.[pumitru Baleanu, sami .
Muslih, PHYSICA SCRIPTA ,72 (2-3) 119-121 (2005)]
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 The mathematical modelin? approach to
problem solving consists of five steps:

» Ask the question

» Select the modelling approach

» Formulate the model

» Solve the model

» Answer the question
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Fractional Calculus Models and
Numerical Methods

Kai Diethelm, Dumitru Baleanu,
Enrico Scalas, Juan J. Trujillo

This book will give readers the possibility of finding very
important mathematical tools for working with fractional models
and solving fractional differential equations, such as a
generalization of Stirling numbers in the framework of fractional
calculus and a set of efficient numerical methods. Moreover, we
will introduce some applied topics, in particular fractional
variational methods which are used in physics, engineering or
economics. We will also discuss the relationship between semi-
Markov continuous-time random walks and the space-time
fractional diffusion equation, which generalizes the usual theory
relating random walks to the diffusion equation. These methods
can be applied in finance, to model tick-by-tick (log)-price
fluctuations, in insurance theory, to study ruin, as well as in
macroeconomics as prototypical growth models. All these topics
are complementary to what is dealt with in existing books on
fractional calculus and its applications currently existing in the
market
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subsurface drains using fractional derivatives
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Introduction

o Predicting fluctuations of water table is very important from an
agricultural and environmental perspective.

o Groundwater flow in an unconfined aquifer can be simulated using the
Boussinesq equation.

o The Boussinesq equation is given by :

EKhéh +8 Kha—h +N=Sa—h
ox\ °" ox) oyl 7 oy Y ot (1)

where

K, Is the saturated hydraulic conductivity in the x direction ( L/T) ,
K, Is the saturated hydraulic conductivity in the y direction ( L/T),
h is the hydraulic head ,

S, Is the specific yield (dimensionless), and

N is the recharge rate or discharge rate ( L/T)

[B. Mehdinejadiani et al. 2013]
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o The fractional Taylor series I

) aaf(X). Axa aa aaf()() . sza
f(x+Ax) = f(x)+ o F(1+a)+5xa( PV jl“(1+20£)+

O<a<l
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THE MODEL
o To develop the fractional
Boussinesq equation,

consider the fluid mass
conservation for the control
volume bounded by vertical
surfaces at , X,x+Ax , y,y+4y
and as shown in Figure 1.

o [B. Mehdinejadiani et al. 2013]

SALVE REGINA UNIVERSITY ,NEWPORT, USA, June 3-5, 2013

Fig.1. Control volume in an unconfined aquifer.
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o If the variation of relative to the value of is infinitesimal, one can
consider that the average saturated thickness is equal to a constant
value and derive a linear fractional Boussinesqg equation:

v H
o ah+N S—(2)

o Eq. (2) isthe linear fractional Boussinesq equation flow in a
heterogeneous and an anisotropic aquifer.

o v is called the heterogeneity index in x direction and
o u is called the heterogeneity index in y direction.

[B. Mehdinejadiani et al. 2013]
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o Eqg. (2) can be written as:

v U
Ihie, PN 3)

y +
ox’ 4 oyt ot

-D
o where C, = KXS is the fractional hydraulic dispersion coefficient in the x direction (LV / ,T

oand C = Ky D Is the fractional hydraulic dispersion coefficient in the y direction (L” /T)
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o The following assumptions are considered:
o 1. Flow toward subsurface drains is horizontal.

o 2. Unsaturated flow above the water table is neglected.

o 3. The initial water table is flat.
o 4. Recharge occurs instantaneously and the water table rises suddenly.

o 5. There is a horizontal impermeable layer at a constant depth belo
drains.

o 6. The subsurface drains have an equal spacing and lie in a paralle
manner above the impermeable layer.

[B. Mehdinejadiani et al. 2013]
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© For one-dimensional transient flow, the linear fractional
Boussinesq equation is in the following form:

ah(x,t):C 0"h(x,t)
ot YooxY (4)
. Ky °de
C, lIsequalto S

y

As indicated in Fig. 2, the initial and boundary conditions for solving
the one-dimensional linear fractional Boussinesq equation in

the subsurface drains are as follows[B. Mehdinejadiani et al. 2013]

h(x,0)=h,,0<x<L,
h(0,t)=0,

h(L,t)=0
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Fig.2. Considered subsurface drains in this manuscript.
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o The analytical solution of Eqg. (4) for the initial and
boundary conditions Is obtained using a spectral
representation of the fractional derivative .

Nz
L
and the corresponding eigenfunctions are nonzero

constant multiples of n (X)Zsin(n_ﬂ Xj

Therefore, one can write h(x,t) in the following form:

[B. Mehdll"\eJCIdICIhl et al. 2013]
Zb sm(—x)
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Eqg. (4) satisfies the boundary conditions.
For function h(x,) , the operator (- A)% IS defined as

|4

SN YAGPEEY LN
O Substituting Egs. (4) and (5) Into Eq. (2), we get:

i%t(t)ﬁin(n% X) =—Cvgbn(t)z§sin(”{ Xj‘ (6)

n=1

Ordinary differential equation:

(7)

dzt()+c 22b (t)=0

vornTTn
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Finally:
n(x,t) = o ii exp [— C, (nfjvt]sin(”f xj (8)

Eqg. (8) Is a new equation for predicting the water table profile
between two parallel subsurface drains under unsteady state
conditions.

This equation 1s applicable for both homogeneous and
heterogeneous solils.

When Vv —2 , EQ. (8) reduces to Glover-Dumm's
mathematical model which was developed by assuming the
homogeneity of soil:

h(x,t)= 4—20 n=§,... % exp(— C, (nszt}sin(nf x) (9)
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Development of inverse models

o EQ. (8) has two parameters, the heterogeneity index (v) and the

fractional hydraulic dispersion coefficient (C,), and Eq. (9) has a parameter,

the hydraulic dispersion coefficient (C,) .
The parameters of two mathematical models are estimated using
inverse problem method [B. Mehdinejadiani et al. 2013].
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Laboratory experiment

» [The performance of developed mathematical model for simulation of the water
able profile between two parallel subsurface drains in a homogenous soil is
investigated. In this spirit, a sand tank having inside dimensions of 200 cm
length 50 cm width 110 cm height was made of 3 mm thick steel sheets.

» A corrugated plastic drainpipe with inside diameter of 10 cm, lengthwise, was
installed along one of the narrow ends of the sand tank at a depth of 80 cm
pelow the top of the sand tank.

he drainpipe was wrapped with synthetic envelope of PP450.

A control valve was installed on the out of drainpipe to stop exit of water from
drainpipe outlet during the soil saturation. In the front of wall of sand tank, a set
of piezometers with diameter of 1 cm were installed at 7, 22, 37, 52, 67, 86, 105,
24, 143, 162 and 184 cm horizontal spacing from drainpipe.

I All the piezometers were inserted up to the middle of the sand tank to remove]
. any seepage effect along the sand tank walls. There were three intake valves at|
_ thé bottom of the sand tank. N

LA variable head water supply tank fed from a water storage reservoir was
= ronnected to the intake valves[B. Mehdinejadiani et al. 2013]

DUMITRU BALEANU
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Fig. 3. shows the experimental setup

The sand tank was filled to 100 cm height with very uniform sand in an effort to
minimize heterogeneity. [B. Mehdinejadiani et al. 2013] DUMITRU BALEANU
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The particle size distribution curve of sand used for laboratory
experiment has been shown in Fig. 4.

—
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Field experiment

o To evaluate the performance of proposed mathematical model in the field conditions,
the water table profiles between two parallel subsurface drains installed in an
experimental field were measured.

o The area of this experimental field was 12 hectares.

o Brief information on the subsurface drainage system installed in the experimental
field is reported in Table 1. [B. Mehdinejadiani et al. 2013]

Table 1

Drainage system characteristics at experimental field -

Parameter Field data

Drain depth (m) 1.3

Drain spacing (m) 30

Depth to impervious layer (m) 1.5 L
. Radius of drain (m) 0.1

Drain material Corrugated PVC drainpipe

Envelope PP450

DUMITRU BALEANU
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The observation wells, equal to depth of the drains, were
Installed to measure the water table height to determine the
water table profiles.

The water table, in addition to on the drain and at mid spacing,
was also measured at 0.5, 1.5 and 5 m from the drain.

The data of water table were measured for a period of 10 days
at an interval of 1 day.

The parameters of mathematical models were estimated using
data of water table at times t=2, 4, and 6 days after beginning
of drainage.
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Evaluation of mathematical models

o The water table profiles between two parallel subsurface drains at
various times were simulated using the proposed mathematical model
and the Glover-Dumm's mathematical model.

» To evaluate the performance of two mathematical models considered,
the graphical displays and the statistical criteria were applied. In this|
paper, the two methods of graphical display were used for evaluation

| of two mathematical models considered (1) comparison of observed I

and predicted water table profiles; P

s  (2) comparison of matched simulated and observed integrated values.
[B. Mehdinejadiani et al. 2013]

DUMITRU BALEANU




International Symposium on Fractional PDEs

Theory,Numerics and Applications
SALVE REGINA UNIVERSITY ,NEWPORT, USA, June 3-5, 2013

Estimation of parameters of mathematical models

The optimal values of the parameters of two mathematical models for two soil types (homogeneous soil and
experimental field soil) are shown below.

Table 1. Estimated parameters of two mathematical models
Glover-Dumm's mathematical model Proposed mathematical model
Soil type (;Z(m2 /s) v C, (m” /S)
FOIOLETOUE 1.96x10™ 1.99 1.98x10™
soil
experiment! 3.83x10° 1.04 3.28x10°°
field soil

The results of calibration of mathematical models for two soil types indicate that: (1)
the heterogeneity index of homogenous soil is very close to 2; (2) the proposed
mathematical model reduces to Glover-Dumm's mathematical model for the
homogeneous soil. [B. Mehdinejadiani et al. 2013]
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Performance of mathematical models
Homogeneous soll

» The simulated results of two mathematical models considered Ir
the homogeneous soil are shown iIn Figs. 5-6 and thd
corresponding values of statistical criteria are listed in Table 2.

« From Fig. 5, it can be found that the simulated results by both
mathematical models are nearly coincident. [B. Mehdinejadiani et al
2013]

Fig. 6 indicates that the simulation results of two mathematica

models are well correlated with the measured data.

—

A\ ) "4

models also iIndicate that both mathematical models have

similar performance and a minor error (Tablel).
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Fig. 5. Comparison of water table profile between two drains simulated by proposed
mathematical model and Glover-Dumm's mathematical model at times:

(a) t=20 minutes; (b) t=70 minutes and (c) t=110 minutes after beginning of drainage.
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The water table height above drain was predicted by (a) the proposed
mathematical model, and (b) the Glover-Dumm's mathematical model.
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o The similar performance of two mathematical models is due to
homogeneity of soil used in the sand tank. Indeed, the obtained
results in the homogenous soil justify practically that the
proposed mathematical model reduces to the Glover-Dumm's
mathematical model in the homogenous soil.

o The satisfactory performance of two mathematical models
considered come out from the validity of most assumptions

applied to develop the mathematical models[B. Mehdinejadiani et
al. 2013]

Table 2. The statistical criteria values of two mathematical models

Glover-Dumm's mathematical model Proposed mathematical model
ME RMSE CRM CD EF ME RMSE CRM CD EF
(cm) (%) (cm) (%)

.24 5.09 0016 1.02 099 719 5.11 -0.012  1.02 0.99
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Experimental field soll

Figs. 7 and 8 illustrate the simulated results by the Glover-Dumm's mathematical
model and the proposed mathematical model in the experimental field soil. Moreover,
the values of statistical criteria corresponding to two mathematical models are
presented in Table 3.

As shown in Figs. 7 and 8, compared to the Glover-Dumm's model, the simulation
results of the proposed fractional model are very close to the observed results.

The corresponding values of statistical criteria also indicate that the fractional model
have a better performance than the Glover-Dumm's mathematical model (Table 3).

The better performance of the proposed model is coming from the heterogeneity of the
experimental field soil.

The Glover-Dumm's model assumes that the soil is homogenous, while the proposed
one considers the degree of heterogeneity of soil as a determinable parameter. In this
study, this parameter was called the heterogeneity index (see subsection 2.1).

Therefore, the fractional model has a less limitation and a better performance than the
Glover-Dumm's model. (5. mendinejadiani et al. 2013]
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¢ The graphical displays ( Figs. 7 and 8) and the values of statistical criteria
(Table 3) show that both models predict the water table height above drain
with an error.

¢ Fig 10 shows that the simulation results of both models are somewhat larger
than measured results. This result can be also indicated by the negative CRM
values of mathematical models (Table 3).

o We believe that the major source of this error is the assumptions used for
derivation of the mathematical models, (for details, see subsection 2.2).

¢ [B. Mehdinejadiani et al. 2013]

Table 3. The statistical criteria values of two mathematical models

/SN AN

Glover-Dumm's mathematical model Proposed mathematical model

E ME | RMSE | CRM | CD | EF| ME | RMSE | CRM | CD | EF
(cm) | (%) (cm) | (%)
2799 | 2663 | -0.16 | 0.78 1069 | 2595 | 1854 | -0.04 | 112 | 085
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Fig. 7. Comparison of water table profile between two drains simulated by proposed

mathematical model and Glover-Dumm's mathematical model at times:

a) t=3 days and
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(b) t=10 days after beginning of drainags.

Water table he gzht above

dheaim (m)

—— Propo ed mode]

—8— Clper-Dumm's model —0— O erved

1.2

1

= = = =
k- o (= (=]

=
= o

5 10

Distance from drain (m)

——Fropeedmed] 8 Gleer-Dumm's model ———Olmerwd

12

1

Water table he izht above

L=
[

chravin ()
= 2 = o
[ =] e L= L= ]

5 10 15

Distance from drain (m)

=

DUMITRU BALEANU




International Symposium on Fractional PDEs
Theory,Numerics and Applications —
SALVE REGINA UNIVERSITY ,NEWPORT, USA, June 3-5, 2013
T

Fig. 8. Observed versus predicted water table height above drain.
The water table height above drain was predicted by (a) the proposed
mathematical model, and (b) the Glover-Dumm's mathematical model.
The line represents the potential 1:1 relationship between the data sets.

(a) the proposed mathematical model, (D) the Glover-Dumm's mathematical
model.
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Newton’s First Law:

If the net force acting on a body is zero, then it is possible to find a set of
reference frames in which that body has no accelaration.

Newton’s Second Law:

YF = md

’ Newton’s Third Law:

When two bodies exert mutual forces on one another, the two forces are
always equal in magnitude and opposite in direction.

[R. Resnick, D. Halliday, K. S. Krane, Physics, 4th Edition, Volume 1, 1992]
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Newionian law with memory

Baleanu D, Golmankhaneh AK, Golmankhaneh

AK, Nigmatullin RR
NONLINEAR DYNAMICS, 60(1-2) Pages: 81-86 , 2010

Is It Possible to Derive Newtonian
~ Equations of Motion with Memory? 2

Nigmatullin RR, Baleanu D

INTERNATIONAL JOURNAL OF THEORETICAL PHYSICS 49(4 ), 701-
708, 2010
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Asymptotic Integration
and Stability for Differential Equations
of Fractional Order

Dumitru Baleanu, Octavian Mustafa,
World Scientific,to appear, November 2013
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New Trends in Nanotechnology and
Fractional Calculus Applications

Dumitru Baleanu,
Ziya B. Guvenc,
J. A. Tenreiro Machado

In recent years fractional calculus has
played an important role in various fields such as
mechanics, electricity, , biology, economics, mode-
ling, identification, control theory and signal
processing.

The scope of this book is to present the
state of the art in the study of fractional systems and
the application of fractional differentiation.

Furthermore, the manufacture of nanowires
Is important for the design of nanosensors and the
development of high-yield thin films is vital in
procuring clean solar energy.

Dumitru Baleanu

Ziya Burhanettin Guveng
J.A. Tenreiro Machado
Editors

New Trends in
Nanotechnology
and

Fractional Calculus
Applications
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Fractional Dynamics and
Control

o Dumitru Baleanu
o José Antonio Tenreiro Machado T

o Albert C. J. Luo MberCl e El
Fractional Dynamics and Control provides a
comprehensive overview of recent advances in the areas

of nonlinear dynamics, vibration and control with Fractional
analytical, numerical, and experimental results. Dynamj(g

This book provides an overview of recent discoveries in and Control
fractional control, delves into fractional variational
principles and differential equations, and applies
advanced techniques in fractional calculus to solving
complicated mathematical and physical problems.Finally,
this book also discusses the role that fractional order
modeling can play in complex systems for engineering @ sgringer
and science
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Mathematical Methods
in Engineering

K. Tas
J.A. Tenreiro Machado
Dumitru Baleanu

This book contains some of the contributions that have
been carefully selected and peer-reviewed, which were
presented at the International Symposium MMEO6
Mathematical Methods in Engineering, held in Cankaya
University, Ankara, April 2006. The Symposium provided
a setting for discussing recent developments in Fractional
Mathematics, Neutrices and Generalized Functions,
Boundary Value Problems, Applications of Wavelets,
Dynamical Systems and Control Theory.
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Wavelet Transforms and Their Recent
Applications in Biology and Geoscience

Edited by
ISBN 978-953-51-0212-0, 298 pages, WAVELET TRANSFORMS AND

- ) THEIR RECENT APPLICATIONS
Publisher: InTech, Chapters published March 02, 2012 IN BIOLOGY AND GEOSCIENCE

Ldted By Dumitry Baleanu

This book reports on recent applications in biology and
geoscience. Among them we mention the application of
wavelet transforms in the treatment of EEG signals, the
dimensionality reduction of the gait recognition
framework, the biometric identification and verification.
The book also contains applications of the wavelet
transforms in the analysis of data collected from sport and
breast cancer. The denoting procedure is analyzed within
wavelet transform and applied on data coming from real
world applications.

The book ends with two important applications of the
wavelet transforms in geoscience
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Fractional radiative transfer equation
within Chebyshev spectral approach

Kadem, A; Baleanu, D.,

COMPUTERS & MATHEMATICS WITH APPLICATIONS ,
59(5) 1865-1873 (2010)

DUMITRU BALEANU



http://apps.isiknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=28&SID=S1OmjhpHE8kghhlEOFe&page=3&doc=21&colname=WOS
http://apps.isiknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=28&SID=S1OmjhpHE8kghhlEOFe&page=3&doc=21&colname=WOS
http://apps.isiknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=28&SID=S1OmjhpHE8kghhlEOFe&page=3&doc=21&colname=WOS
http://apps.isiknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=28&SID=S1OmjhpHE8kghhlEOFe&page=3&doc=21&colname=WOS
http://apps.isiknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=28&SID=S1OmjhpHE8kghhlEOFe&page=3&doc=21&colname=WOS
http://apps.isiknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=28&SID=S1OmjhpHE8kghhlEOFe&page=3&doc=21&colname=WOS
http://apps.isiknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=28&SID=S1OmjhpHE8kghhlEOFe&page=3&doc=21&colname=WOS
http://apps.isiknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=28&SID=S1OmjhpHE8kghhlEOFe&page=3&doc=21&colname=WOS
http://apps.isiknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=28&SID=S1OmjhpHE8kghhlEOFe&page=3&doc=21&colname=WOS

International Symposium on Fractional PDEs

Theory,Numerics and Applications
SALVE REGINA UNIVERSITY ,NEWPORT, USA, June 3-5,2013

Fractional Transport Equation

Dumitru Baleanu, Abdelouahab Kadem,Yury Luchko

Spectral method for solution of the
fractional transport eguation

Reports on Mathematical Physics,
Vol.6,(2010),103-115.
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D. Baleanu, O. Mustafa, Ravi P. Agarwal

On the asymptotic integration of a class off
sublinear fractional differential equations

JOURNAL OF MATHEMATICAL PHYSICS 50, 123520 (2009)
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D. Baleanu, O. Mustafa, Ravi P. Agarwal

| Onthe solution set for a class of sequential |
fractional differential equations
» J.Phys.A:Math.Theor.,2010 43 385209 doi: |z

10.1088/1751-8113/43/38/385209
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D. Baleanu, O. Mustafa, Ravi P. Agarwal I

An existence result for a superlinear
fractional differential equation

-
-

Applied Mathematics Letters, Volume 23, Number 9,
September 2010, 1129-1132
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5.SOME OPEN PROBLEMS

»Fractional Quantum Mechanics
»Fractional Field Theory
»Fractional Trigonomeltry
»Fractional Differential Geomelry :
»Fractional Nonlinear Optics

»Fractional Derivatives in Cosmic Ray
Astrophysics

DUMITRU BALEANU




International Symposium on Fractional PDEs

Theory,Numerics and Applications
SALVE REGINA UNIVERSITY ,NEWPORT, USA, June 3-5, 2013

International Symposium on Fractional PDEs
Theory,Numerics and Applications

SALVE REGINA UNIVERSITY ,NEWPORT, USA, June 3-5, 2013
DUMITRU BALEANU

/SN AN




