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Turbulence modeling is of significant importance not only for engineering applications
but also for theoretical understanding. We present mathematical derivation of a closure
relating the Reynolds stress to the mean strain rate for incompressible turbulent flows,
without any physical assumptions. This first derivation is based on a systematic mul-
tiscale analysis, which expresses the Reynolds stress in terms of the solutions of local
periodic cell problems. We reveal an asymptotic structure of the Reynolds stress by in-
voking the frame invariant property of the cell problems and an iterative homogenization
of large and small scale solutions dynamically. We would like to point out that we don’t
have the closure problem encountered by other turbulent models, such as the turbulent-
kinetic-energy model, and k-ε model, etc. , where intrinsic assumptions and/or empirical
functions are indispensable.

In principle, this procedure of derivation could be applied to any flow in the domain
with arbitrary geometry. However, in order to obtain and simplify the explicit form of
the multiscale model, we need to know the characteristics of the flow. A reparameteriza-
tion of the velocity in a two-scale form based on Fourier expansion is needed in order to
determine the coefficient(s) in the multiscale model. The recovery of Smagorinsky model
for homogeneous turbulence is presented as an example of this procedure of mathemat-
ical derivation. Another example of turbulent channel flow is given, where the modified
Smagorinsky model could be simplified as the structure of flow is known. Numerical sim-
ulation results (at two Reynolds numbers) using this simplified Smagorinsky model are
in good agreement with both experiments and Direct Numerical Simulations in terms
of turbulent statistical quantities, such as the mean velocity profile, r.m.s. velocity and
vorticity, the budget of turbulent kinetic energy, etc. in turbulent channel flow.

Key Words: Multiscale analysis, Turbulence modeling, Smagorinsky model, homoge-
neous turbulence, turbulent channel flow

1. Introduction

Turbulent flows can be seen everywhere in our daily life, whether it’s tortuous smoke of
cigars, or rip current of waterfalls, and turbulence has been a central research area in fluid
dynamics since the 19th century. Navier-Stokes equations, one of the seven millennium
prize problems established by the Clay Mathematics Institute, are good description of
turbulent flows, according to extensive theoretical and experimental works. However,
no theoretical results show that it has a (unique) solution in three dimensional space.
In addition, it is extremely difficult to solve the Navier-Stokes equation because of its
non-local non-linear nature.
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Nowadays, thanks to the enormous progress of computer technology, it’s possible to
perform direct numerical simulation (DNS) of the Navier-Stokes equations. But still it
requires tremendous computing resource to perform DNS of turbulent flows, especially
for flows with high Reynolds number and/or irregular geometry. Many turbulent models
have been established, aiming at capturing the most important statistical quantities of
turbulent flows, such as the mean velocity profile, the mean kinetic energy distribution,
etc. . Among them, the eddy-viscosity and mixing length model is the first attempt. But it
over-simplifies the turbulent structures without considering the essential physical mech-
anism. Another popular model is the Smagorinsky model (see Smagorinsky 1963) and
its variants(see van Driest 1956, for an example of channel flow), which have succeeded
in many applications, e.g. homogeneous turbulence and turbulent channel flows.
Large eddy simulation (LES) has been able to calculate practical engineering flows in

relative complex geometries (Ferziger 1977; Lesieur & Méais 1996; Rogallo & Moin 1984;
Sagaut 2001). However, it is still impossible to simulate the wall-bounded flows at very
high Reynolds numbers, since huge number of grid points are needed to resolve the small
structure near the wall (Chapman 1979; Spalart et al. 1997). Recently, hybrid models,
which combine LES with Reynolds Averaged Navier Stokes (RANS) equations, have been
proposed to improve the modeling performance of wall-bounded turbulence (Baggett
1998; Hamba 2003). Most popular RANS models appear to yield good predictions of
high Reynolds number turbulent flows. Hence, the RANS model is applied near the wall,
while LES is carried out away from the wall. Spalart et al. (1997) proposed the detached
eddy simulation (DES) by modifying Spalart-Allmaras one-equation model. The RANS
simulation in the near-wall region is switched to the LES in the outer region, when
the model length scale is changed from the wall distance to pseudo-Kolmogorov length
scale. DES has been applied to prediction of the separated flow around a rounded-corner
square at 10 deg angle of attack (Squires et al. 2005). Nevertheless, all these models
have a closure problem, which means that these models are based on speculating some
empirical formulations and/or making empirical fittings to the experimental data. No
systematic mathematical derivation of such a turbulence model has been provided and
validated yet.

In this paper, we present mathematical derivation based on systematic multiscale anal-
ysis of Navier-Stokes equations developed by Hou-Yang-Ran (hereafter referred to HYR,
see Hou et al. 2005, 2008), aiming to provide an explicitly systematic derivation of the
Reynolds stress term in the turbulent models. This multiscale analysis is developed in 3D
homogeneous incompressible Euler and Navier-Stokes equations using a semi-Lagrangian
point of view. A multiscale model can be obtained by separating variables into large scale
component and small scale counterpart and considering the interactions between these
two components. This gives rise to a system of coupled equations for large and small
scale variables. An important feature of the multiscale formulation is that no closure
assumption is required and no unknown parameters need to be determined. Therefore,
it provides a self-consistent multiscale system, which captures the dynamic interaction
between the large-scale velocities and the small-scale velocities. This multiscale technique
has been successfully applied to 3D incompressible Navier-Stokes equations with multi-
scale initial data (see Hou et al. 2008). The multiscale analysis couples the large scale
solution to a subgrid cell problem. The computational cost for this coupled system of
equations is still quite expensive although an adaptive scheme has been developed to
speed up the computation.

In the multiscale model, the Reynolds stress term is expressed as the average of tensor
product of the small scale velocities. These small scale velocities are the solutions of a
local periodic cell problem. By using the frame invariance property of the cell problem
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and an iterative homogenization of large and small scale solutions dynamically, we reveal
a crucial structure of the Reynolds stress. This special structure enables us to obtain
an explicit form of Reynolds stress in turbulent flows without any physical assumption
or empirical function. To the best of our knowledge, this is the first time that a linear
constitutive relation between the Reynolds stress and the strain rate is established by
combining systematic mathematical derivation and physical arguments. In principle, this
procedure of mathematical derivation could be applied to any turbulent flows in the
domain with arbitrary geometry, as along as the flow keeps the same features in that
domain.

The paper is organized as follows: In section 2, we briefly review the multiscale analysis
for the 3D Navier-Stokes equations. The systematic mathematical derivation of turbulent
models, in general, based on the multiscale analysis is presented in section 3. In section
4, Smagorinsky model for homogeneous turbulence is recovered via this mathematical
derivation. A simplified Smagorinsky model is obtained for turbulent channel flow and the
coefficients in the model are determined and validated. Section 5 is devoted to numerical
simulation and extensive comparison among the simplified Smagorinsky model, DNS and
experiments. Final conclusions and remarks are presented in section 6.

2. Multiscale analysis for the 3D Navier-Stokes equations

First we review the multiscale analysis for the Navier-Stokes equations. Based on the
multiscale analysis in Hou et al. (2005, 2008), we can formally formulate a multiscale
system for the incompressible 3D Navier-Stokes equation as a homogenization problem
with ǫ being a reference wave length as follows:

∂tu
ǫ + (uǫ · ∇)uǫ +∇pǫ = ν∆uǫ (2.1a)

∇ · uǫ = 0, (2.1b)

uǫ|t=0 = U(x) +W (x, z), (2.1c)

where uǫ(x, t) and pǫ(x, t) are the velocity field and the pressure, respectively. The
initial velocity field uǫ(x, 0) can be reparameterized in a formal two-scale structure and
is separated into mean part U(x) and the high frequency componentW (x, z). In general,
W (x, z) is periodic in z with mean zero, i.e.,

〈W 〉 ≡
∫

W (x, z) dz = 0.

In appendix A , the reparameterization technique of the initial velocity uǫ(x, 0) in two-
scale structure for turbulent channel flow is illustrated in detail. Here, the mean com-
ponent U(x) and high frequency component W (x, z) depend on the reference scale ǫ.
If we take the limit ǫ → 0, W (x, z) will tend to zero, and the mean velocity U(x) will
recover the full velocity field, which contains all of the scales.

In the analysis of the structure of the multiscale solution for Euler and Naver-Stokes
equations, the key idea is to use a nested multiscale expansion to characterize the prop-
agation of small scale or high frequency component W (x, z). The first study of homoge-
nization theory of the 3D Euler equations with highly oscillating data was carried out by
McLaughlin et al. (1985). To construct a multiscale expansion for the Euler equations,
they made an important assumption that the oscillation is convected by the mean flow.
However, Hou et al. performed a detailed study by using the vorticity-stream function
formulation (see Hou et al. 2005, 2008), and they found that the small scale information
is in fact propagated by the full velocity uǫ. To be specific, define a multiscale phase
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function θǫ(t,x) as follows:

∂θǫ

∂t
+ (uǫ · ∇)θǫ = 0, (2.2a)

θǫ|t=0 = x, (2.2b)

which is also called the inverse flow map. By using this multiscale phase function, we can
characterize the evolution of the small scale velocity field.

Based on a careful multiscale analysis in the Lagrangian coordinate, we obtain the
following nested multiscale expansions for θǫ:

θǫ = θ̄(t,x, τ) + ǫθ̃(t, θ̄, τ,θǫ/ǫ), (2.3)

where τ = t/ǫ. By making change of variables to simplify the computation of the cell
problem, we perform multiscale expansion for (uǫ, pǫ) in the form:

uǫ = ū(t,x, τ) + ũ(t, θ̄, τ, z), (2.4a)

pǫ = p̄(t,x, τ) + p̃(t, θ̄, τ, z), (2.4b)

where t = τ/ǫ, z = θ̄/ǫ.

Then, substituting the expansions (2.4) to the Navier-Stokes system (2.1) and aver-
aging with respect to z, we obtain the averaged equations for the mean velocity field
u(t,x, τ) with initial and proper boundary conditions:

∂̄tū+ (ū · ∇x)ū+∇xp̄+∇x · 〈ũ⊗ ũ〉 = ν∇2
x
ū (2.5a)

∇x · ū = 0, (2.5b)

ū|t=0 = U(x), (2.5c)

where ∂̄t = ∂t+ǫ
−1∂τ . The additional term 〈ũ⊗ũ〉 in the averaged equation (2.5a) is the

well-known Reynolds stress. How to model the Reynolds stress term is of importance in
both theoretical understanding and engineering application for turbulent flows. In many
LES models, the Reynolds stress is modeled by making some closure assumptions with
unknown parameters to be determined by using empirical assumptions and/or fitting
experimental data. In contrast, by using the frame invariance property of the cell problem
and an iterative homogenization of large and small scale solutions dynamically, we reveal
a crucial structure of the Reynolds stress. Then the linear constitutive relation between
the Reynolds stress and strain rate can be obtained mathematically, up to second order
accuracy in the time step ∆t, see section 3 for more details.

Next, substituting the expansion (2.3) into (2.2) and averaging over z give us the
averaged equations for θ̄(t,x, τ) with initial and proper boundary conditions:

∂̄tθ̄ + (ū · ∇x)θ̄ + ǫ∇x · 〈θ̃ ⊗ ũ〉 = 0, (2.6a)

θ̄|t=0 = x. (2.6b)

To simplify the model further, we only consider the leading order terms of large scale
variables (ū, p̄, θ̄)

ū(t,x, τ) = u(t,x) + ǫu1(t,x, τ), (2.7a)

p̄(t,x, τ) = p(t,x) + ǫp1(t,x, τ), (2.7b)

θ̄(t,x, τ) = θ(t,x) + ǫθ1(t,x, τ), (2.7c)
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and small scale variables (ũ, p̃, θ̃)

ũ = w(t, θ̄, τ, z) +O(ǫ), (2.8a)

p̃ = q(t, θ̄, τ, z) +O(ǫ), (2.8b)

θ̃ = Θ(t, θ̄, τ, z) +O(ǫ). (2.8c)

This gives us simplified averaged equations, up to first order of ǫ,

∂tu+ (u · ∇x)u+∇xp+∇x · 〈w ⊗w〉 = ν∇2
x
u (2.9a)

∇x · u = 0, (2.9b)

u|t=0 = U(x), (2.9c)

and

∂tθ + (u · ∇x)θ = 0, (2.10a)

θ|t=0 = x. (2.10b)

Then we subtract the averaged equations from the Navier-Stokes equation (2.1) and the
equations for the inverse flow map θǫ (2.2). After some complicated algebraic operations,
we obtain the equations for the small-scale variables, to the leading order approximation:

∂τw +DzwAw +AT∇zq −
ν

ǫ
∇ · (AAT∇zw) = 0, (2.11a)

(AT∇z) ·w = 0, (2.11b)

w|t=0 = W (x, z), (2.11c)

and

∂τΘ+ (I +DzΘ)Aw = 0, (2.12a)

Θ|τ=t=0 = 0, (2.12b)

where A is the gradient of phase function θ, i.e. A = Dxθ, and I is the identity matrix.

Remark. An important feature of the above formulation, including the equations for
both large-scale variables and high-frequency variables, does not need any closure as-
sumption, thus no unknown parameters to be determined, in contrast to other models,
e.g. , Smagorinsky model etc. . It provides a self-consistent system which captures the
interaction between large-scale field and small-scale field. The computational cost for
this coupled system of equations is still quite expensive although an adaptive scheme
has been developed to speed up the computation, (see Hou et al. 2008, for an numerical
example of homogeneous turbulent flows).

Remark. For the convenience of theoretical analysis and numerical implementation,
the cell problem (2.11) can be further simplified by making a change of variables from
w to w̃ by letting w̃ = Aw. The w̃ satisfies the following modified cell problem:

∂τ w̃ + (w̃ · ∇z)w̃ +AAT∇zq −
ν

ǫ
∇ · (AAT∇zw̃) = 0, (2.13a)

∇z ·w = 0, (2.13b)

w̃|t=0 = AW (x, z), (2.13c)

3. Mathematical derivation of turbulent models

Considering that the model (2.9)–(2.12) needs huge computational CPU time and
storage space, we would like to develop a simplified multiscale model. On one hand, the
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new model has a comparable computational complexity with the other LES models. On
the other hand, the new model needs as least closure assumptions as possible.

First of all, we state the Rivlin-Ericksen Theorem, which plays an essential role in the
mathematical development of the turbulence models.

Theorem 1 (Rivlin-Ericksen). A mapping T̂ :M3
+ → S3 is isotropic and material

frame invariant if and only if it is of the form

T̂ (F ) = T̄ (FFT )

where the mapping T̄ : S3
+ → S3 is of the form:

T̄ (B) = β0(iB)I + β1(iB)B + β3(iB)B
2

for every B ∈ S3
+, where β0, β1, β2 are real-valued functions of the three principal invari-

ants iB of the matrix B.

A complete proof of the Rivlin-Ericksen can be found in the book (Ciarlet 1988).
Note that the cell problem (2.13) for w̃ is frame invariant, i.e. the following conditions

are met:
(i) Translational invariance

x = y +Z

where Z is a constant vector,
(ii) Galilean invariance

x = y + vt,

where v is a constant vector,
(iii) Rotational invariance

x =My

where M is a rotation matrix with

(MTM)i,j = δi,j .

Define B = AAT, which is obviously symmetric. By Rivlin-Ericksen Theorem, we have
the following relation in three-dimensional space:

〈w̃ ⊗ w̃〉(B) = a0I + a1B + a2B2. (3.1)

At this point, we only know that all these coefficients are the real-valued functions of
the three principle invariants of B. Furthermore, B cannot be solved explicitly in order
to obtain these invariants.

However, in order to extract the structure of the Reynolds stress, we perform a local-
in-time multiscale analysis to account for the interaction between large and small scales
through dynamic re-initialization of the phase function. The large-scale components of
the solution, u and θ, can generate small scales dynamically through convection and
nonlinear interaction. In order to make sure that u contains only the large-scale compo-
nents of the solution, we need to decompose the multiscale solution into the local mean
and high frequency components by applying the reparameterization technique of HRY
after solving the multiscale system for some characteristic time step ∆t. This dynamic
iterative reparameterization of the multiscale solution enables us to capture the dynamic
interaction among all small scales of the solution. We call this procedure a dynamic iter-
ative homogenization. More specifically, we solve the average equations (2.10) for inverse
phase flow θ in a local time interval [t, t +∆t] with θ(t,x) = x as the initial condition.
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By using the forward Euler method, we can approximate θ as follows:

θ(t+∆t,x) = x−∆tu(t,x).

Now it follows that the rate of deformation can be computed as A = Dxθ = I −∆t∇u+
O(∆t2), and its inverse A−1 = I +∆t∇u+O(∆t2). The above scheme is accurate up to
the second order of time step ∆t.

Therefore, B can be approximated up to second order of ∆t as follows:

B = AAT = I − 2∆tD +O(∆t2), (3.2)

where D is the rate of strain tensor defined as

D =
1

2

(
∇u+∇uT

)
.

Then we have the approximation of 〈w̃ ⊗ w̃〉
〈w̃ ⊗ w̃〉 = a0I + a1B + a2B

= a0I + a1(I − 2∆tD +O(∆t2) + a2(I − 2∆tD +O(∆t2)2

= αI − β̃∆tD +O(∆t2),

where the coefficients α = a0 + a1 + a2 and β̃ = 2(a1 + a2). Keep in mind that both of
the coefficients α and β̃ are still the functions of the invariants of B.

Finally, the Reynolds stress tensor is given by

R = 〈w ⊗w〉
= 〈A−1w̃ ⊗A−1w̃〉
= 〈(I +∆t∇u+O(∆t2))w̃ ⊗ (I +∆t∇u+O(∆t2))w̃〉
= 〈w̃ ⊗ w̃〉+∆t∇u〈w̃ ⊗ w̃〉+∆t〈w̃ ⊗ w̃〉∇uT +O(∆t2)

= αI − β∆tD +O(∆t2). (3.3)

where tr(R) = α/3 = (a0 + a1 + a2)/3 is the SGS kinetic energy, and β = −2a0. Both of
them are also functions of the invariants of B.

Remark. In equation (3.3), we establish a linear constitutive relation between the
Reynolds stress R and the strain rate D, up to second order accuracy in time step ∆t.
The first term αI is not important since this can be incorporated by using a modified
pressure. So the remaining essential question is how to determine the coefficient β. In
order to specify the coefficient β, we need to know the detailed structure of the symmetric
tensor B.

Note that there exists a relation between B and D given in (3.2), so we can find the
relation of the eigenvalues of B and D as follows. In three dimension, assume λi and
λ̃i (i = 1, 2, 3) are the eigenvalues of D and B respectively, while ψi (i = 1, 2, 3) are the
corresponding eigenfunctions. Then, up to the second order of ∆t, we have

Bψi = (I −∆tD)ψi = λ̃iψi, i = 1, 2, 3,

which gives

Dψi =
1− λ̃i
∆t

ψi = λiψi, i = 1, 2, 3,

or

λ̃i = 1−∆tλi, i = 1, 2, 3. (3.4)

Further, in three dimensional space, the three invariants Ii, (i = 1, 2, 3) of a matrix M
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can be expressed by the three eigenvalues λi, (i = 1, 2, 3) as follows

I1 = tr(M) =
∑

i=1,2,3

λi,

I2 =
1

2

(
(tr(M))2 − tr(MM)

)
= λ1λ2 + λ2λ3 + λ3λ1,

I3 = det(M) =
∏

i=1,2,3

λi.

Given the relations in (3.4), we can express the invariants of B by those of D. Now,
the coefficient β can be formulated approximately as a function of the three principle
invariants of D. For various flows, we can specify the characteristic structure of the rate
of strain tensor D so that an explicit form for the coefficient β may be obtained. To
validate our mathematical derivation of turbulent models, we first take homogeneous
turbulent flow as an example for its simple geometry and physics. Later on, we will
work on a more realistic channel flow, chosen because of its relevance to a large variety
of engineering applications and its ability to provide direct insight into fundamental
turbulence phenomena. These two examples are explained in section 4.

4. Examples: incompressible homogeneous turbulence and turbulent

channel flow

Based on the mathematical analysis we have gained from the previous sections, we are
now ready to give two examples to illustrate the procedure of deriving turbulent models
of incompressible flows.

4.1. Homogeneous incompressible turbulence

For homogeneous turbulence, the flow is statistically invariant under translations and/or
rotations of the reference frame. Therefore, all entries in strain tensor must be in the
same order. Then, the full strain tensor D have to be considered:

D =




ux
1
2 (uy + vx)

1
2 (uz + wx)

1
2 (uy + vx) vy

1
2 (vz + wy)

1
2 (vz + wy)

1
2 (vz + wy) wz


 . (4.1)

The first principle invariant of D is zero due to the incompressibility of turbulent flows,
i.e.

I1 = tr(D) = ∇x · u = 0.

The other two invariants can be calculated as follows:

I2 =
1

2

(
(tr(D))2 − tr(DD)

)
= −1

2
‖D‖2F , I3 = det(D). (4.2)

where ‖·‖F is the Frobeniun norm, i.e. ‖D‖F =
√∑

i

∑
j |Dij |2. From dimensional anal-

ysis, we find that the coefficient β has the dimension of ‖D‖F . Thus, we assume that β
is a linear function of ‖D‖F , i.e.

β(I1, I2, I3) = C2
s ‖D‖F ,

where Cs is a universal constant because of homogeneity. A simple scaling analysis shows
the scaling relation ∆t ∼ ∆2 for the Navier-Stokes equations, where ∆ is a typical length
for the large-scale solutions. Finally, we recover the Smagorinsky model for homogeneous
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Table 1. Quantitative order of the velocity derivatives.

∂u/∂x ∂u/∂y ∂u/∂z ∂v/∂x ∂v/∂y ∂v/∂z ∂w/∂x ∂w/∂y ∂w/∂z
∼ 10−2

∼ 102 ∼ 10−2
∼ 10−4

∼ 10−1
∼ 10−4

∼ 10−2
∼ 102 ∼ 10−1

turbulence, up to second order accuracy of time step, as stated in the following

R = −(Cs∆)2 ‖D‖F D.

The constant Cs = 0.18, which can be estimated by using the k−5/3 Kolmogorov cascade
to make the ensemble-averaged subgrid kinetic energy dissipation identical to the kinetic
energy (Lilly 1987).

4.2. Turbulent channel flow

The argument for homogeneous turbulence also applies for turbulent channel flow and
it leads to the following modified Smagorinsky model by adding the van Driest damping
function

R = −(Cm∆(1− exp(y+/A)))2 ‖D‖F D,
where y+ is the non-dimensional distance from the wall and A = 25 is the van Driest
constant (van Driest 1956). However, we can simplify the Smagorinsky model by tak-
ing advantage of the special structure of the strain rate D for turbulent channel flow.
Specifically, by an asymptotic boundary layer analysis, we find the orders of the velocity
derivatives as follows:

∂u

∂y
,
∂w

∂y
≫ ∂u

∂x
,
∂u

∂z
,
∂v

∂y
,
∂w

∂x
,
∂w

∂z
≫ ∂v

∂x
,
∂v

∂z
.

The scaling analysis of the velocity derivatives near the wall is consistent with the nu-
merical results obtained by Direct Numerical Simulation (DNS), see Table 1. Given the
orders of the velocity derivatives, we neglect the small quantities in the entries of D.
Thus, D can be approximated as follows

D ∼




0 uy/2 0
uy/2 0 wy/2
0 wy/2 0


 . (4.3)

The eigenvalues of the above approximate D are λ1 = 0, λ2,3 = ±
√
u2y + w2

y/2. Thus it

follows that the three principle invariants are I1 = I3 = 0, I2 = −(u2y +w2
y)/4. Now, the

coefficients α and β are functionals of I2 or u2y +w2
y only. Based on the same arguments

as homogeneous turbulence, we propose the following form for β:

β = f(y)(u2y + w2
y)

1/2,

where f(y) is a function of y or y+ due to the inhomogeneity in y direction. By fitting
using DNS, f(y+) is found to be shaped as damping van Driest function

f(y+) = C2
m((1− exp(y+/A)))2,

where Cm is the universal constant, y+ is the non-dimensional distance from the wall,
and A = 25 is the van Driest constant (van Driest 1956). The distance from the wall
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measured in wall units is important in the turbulent channel flow and defined as follows

y+ =
uτ (δ − |y|)

ν
, (4.4)

where δ is the channel half-width, uτ is the wall shear velocity, and ν is the viscosity.
Finally, based on the multiscale analysis, we propose a simplified model for the Reynolds

stress

R = −(Cm∆(1− exp(y+/A)))2(u2y + w2
y)

1/2D. (4.5)

Remark. In the simplified model (4.5), Reynolds stress reduces to 0 naturally as the
boundary is approached due to van Driest damping function (see van Driest 1956; Pope
2000; Berselli et al. 2006). This property ensures that the non-slip boundary condition
on walls is preserved.

The constant Cm can be determined by locally minimizing the Reynolds stress error
term

min
Cm

∥∥∥∥R− αI +
(
Cm∆(1− exp(y+/A))(u2y + w2

y)
1/4

)2

D
∥∥∥∥
F

.

This gives us

Cm =

√
−Rd : D

∆(1− exp(y+/A))(u2y + w2
y)

1/4 ‖D‖F
, (4.6)

where Rd = R−tr(R)I/3 and Rd : D =
∑

i,j(Rd)ijDij . We perform a priori calculation
to calculate Rd in equation (4.6) using the multiscale formulation elaborated in the
following algorithm.

Algorithm 1 (Determining the constant Cm).
(i) Run a DNS simulation of (2.1) to get the full velocity field uǫ(xi, tn) at each time

step,
(ii) Perform a reparameterization procedure, which is based on the Fourier expansion

and explained in detail in Appendix A for the channel flow, to obtain u(xi, tn) and
w(xi, tn,xi/ǫ, tn/ǫ),

(iii) The reynolds stress is given by

R(x, t) = 〈w ⊗w〉. (4.7)

4.3. Verification of the Algorithm 1 and determination of constant Cm

In order to validate the algorithm 1, we run a test on a classical eddy viscosity model, the
Smagorinsky model with van Driest damping . The Smagorinsky model (Smagorinsky
1963) can be derived from the k−5/3 spectra theorem. For the channel flow, boundary
layer in the normal direction introduces a large amount of dissipation. The extra dissipa-
tion prevents the formation of the eddies, thus eliminating turbulence from the beginning.
Therefore, the van Driest damping is introduced to reduce the Smagorinsky constant CS

to 0 when approaching the walls (for more discussions, see Pope 2000; Sagaut 2001). The
Smagorinsky model with van Driest damping for Reynolds stress reads as

R(x, t) = −(Cs∆(1− exp(y+/A)))2 ‖D‖F D, (4.8)

where Cs is the Smagorinsky constant, ∆ = 3
√
∆x∆y(y)∆z is the filter width, y+ is the

non-dimensional distance from the wall.
The constant Cs can be estimated by using the k−5/3 Kolmogorov cascade to make the

ensemble-averaged subgrid kinetic energy dissipation identical to ε, which is the kinetic
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Figure 1. Temporal evolution of the constant Cs in the Smagorinsky model with van Driest
damping function. The dashed line denotes the value of 0.18, which can be estimated by using
the k−5/3 Kolmogorov cascade to make the ensemble-averaged subgrid kinetic energy dissipation
identical to the kinetic energy (Lilly 1987).

energy (see the review by Lilly 1987). An approximate value for the constant is then

Cs ≈
1

π

(
3CK

2

)−3/4

. (4.9)

For a Kolmogorov constant CK of 1.4, which is obtained by measurements in the atmo-
sphere (Champagne et al. 1977), this yields Cs ≈ 0.18.
On the other hand, using the technique of an iterative homogenization of large and

small scale solutions dynamically and locally minimizing the Reynolds stress error, the
Smagorinsky constant Cs can be determined as follows:

Cs =

√
−Rd : D

∆(1− exp(y+/A)) ‖D‖F
√
‖D‖F

. (4.10)

In figure 1, we plot the evolution of the Smagorinsky constant Cs. It can be seen that
the Smagorinsky constant Cs oscillates slightly around the value of 0.18, showing that
algorithm 1 determines the Smagorinsky constant accurately. Figure 2 indicates that the
constant Cm varies around 0.2074. This is the value we will take for Cm in the following
numerical simulation with the simplified Smagorinsky model for turbulent channel flow.

5. Turbulent channel flow: numerical results and discussions

In this section, we present an extensive numerical study of the simplified Smagorinsky
model (4.5). The turbulent statistical quantities obtained by the simplified model are
compared comprehensively with both experimental and DNS results for two Reynolds
numbers Reτ = 180 and Reτ = 395.

5.1. Numerical Methods and Settings.

In order to examine the structure of the rate of strain tensor D, we need to perform a
DNS run. We use the same computational domain as that in Kim et al. (1987), see figure
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Figure 2. Temporal evolution of the constant Cm in the simplified Smagorinsky model obtained
by Algorithm 1. The dashed line denotes the value of 0.2073, which is a universal constant for
the turbulent channel flow.

3. The streamwise (x) and spanwise (z) computational periods are chosen to be 4π and
2π, and the half-width of the channel is 1. Fully developed turbulent flow in a channel is
homogeneous in the streamwise and spanwise directions. Therefore, we assume periodic
boundary conditions in these two directions. The no-slip boundary condition is chosen
in the wall-normal direction (y).
The numerical scheme uses a Chebychev-tau formulation in the wall-normal direction

(y) and Fourier expansions in the streamwise (x) and spanwise (z) directions. Further, we
make a change of variables in the Chebyshev expansion to take advantage of the Fourier
transform. In DNS by Kim et al. (1987), the 2/3 rule was used to remove the alias-
ing errors induced by the pseudo-spectral method. Here, we use the high order Fourier
smoothing method introduced by Hou & Li (2007). A low-storage third order Runga-
Kutta time discretization developed by Spalart et al. (1994) is used. A constant pressure
gradient is applied to drive the flow in the streamwise direction. For DNS with Reτ = 180,
Kim et al. (1987) used an effective resolution 128(x)×129(y)×128(z), while we use only
64(x) × 65(y) × 64(z) for the simplified Smagorinsky model. For DNS with Reτ = 395,
Moser et al. (1999) used an effective resolution 256(x)× 257(y)× 256(z). In comparison,
we use only 128(x)× 129(y)× 128(z) for the simplified model.

The fully developed turbulent flow in a channel using the simplified Smagorinsky model
is obtained by taking first N modes of velocity given by the DNS as initial data, where
N is the number of grid points used for the simulation of the simplified model. The
code is run by integrating forward in time until a statistically steady state is achieved.
The steady state is identified by quasi-periodic behavior of the total kinetic energy and
by a linear profile of total shear stress, −u′v′ + (1/Re)∂ū/∂y. Once the velocity field
reaches the statistically steady state, the simplified model is further integrated in time
to obtain a time average of a variety of statistical variables. The statistical variables
are obtained by averaging over horizontal plane (both homogeneous directions x and z)
and time t. The coordinates and flow variables are normalized by the channel half width
δ, the kinematic viscosity ν, and the friction velocity uτ = (τw/ρ)

1/2, where τw is the
statistically averaged wall shear stress and ρ is the density.
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Figure 3. Computational domain in a channel.

5.2. Turbulent structure near the wall

The two most prominent structural features of the near-wall turbulence are illustrated
in figures 4 and 5:

(i) Streaks of low momentum fluid, regions of u′ < 0, which have been lifted into the
buffer region by the vortices.

(ii) Elongated streamwise vortices, identified by the region of negative λ2 proposed by
Jeong & Hussain (1995).
Currently, it is well accepted that near wall streamwise vortices by Biot-Savart induction
lifts the low speed fluid to form the streaks. On the other hand, the streamwise vortices
are generated from the many normal-mode-stable streaks via a new scenario, identified
by the streak transient growth (STG) mechanism (for details, see Schoppa & Hussain
2002). The phase averages of the vortices, their characteristics and their dynamical role
have been discussed by Jeong et al. (1997).

5.3. Mean flow properties

Figure 6 shows the profile of the mean velocity normalized by the wall-shear velocity uτ
for Reτ = 180. In the viscous sublayer y+ < 10, we observe excellent agreement with the
linear relation u+ = y+. In the log-law region (y+ > 30, y/δ < 0.3), it is well known that
the logarithmic law of the wall due to von Kármán (1930) can be expressed as

u+ =
1

κ
ln y+ +B,

where κ = 0.41 is the Kármán constant and B is the additive constant. In the simplified
Smagorinsky model, the additive constant B is 5.5, which is exactly the approximate
value reported in the literature (Eckelmann 1974; Kim et al. 1987; Spalart 1988). In the
log-law region, the profiles of mean streamwise velocity of both the simplified model and
DNS Kim et al. (1987) are lower than experimental results by Eckelmann (1974).

The profile of the mean velocity u+ for Reτ = 395 is shown in figure 7 and compared to
the DNS results obtained by Moser et al. (1999) and the experimental results by Hussain
& Reynolds (1970) for Reτ = 642 . In the viscous sublayer, the results of simplified model
obey the linear relation accurately. The profile conforms to the log law with the constant
B = 5.5 in the log-law region, while both DNS by Moser et al. (1999) and our simplified
model give slightly larger values of u+ than the experiments by Hussain & Reynolds
(1970).
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Figure 4. Turbulent structure near the wall obtained using simplified Smagorinsky model;
Iso-surface of streamwise vortices (blue) indicated by the λ2 < 0 vortex definition (Jeong &
Hussain 1995) and lifted low-speed streaks (red) denote u′ < 0 in the region 0 < y+ < 60,
Reτ = 180.

Figure 5. Top view of turbulent structure near the wall; Iso-surface of streamwise vortices
(blue) indicated by the λ2 < 0 vortex definition (Jeong & Hussain 1995) and lifted low-speed
streaks (red) denote u′ < 0 in the region 0 < y+ < 60, Reτ = 180.

5.4. Turbulence intensities

One of the Reynolds number effects in wall-bounded turbulence is in the root-mean-
square (r.m.s.) velocity profiles (u′, v′, w′). These turbulence intensities normalized by
the wall-shear velocity are shown and compared with DNS (Kim et al. 1987; Moser et al.
1999) and experiments (Kreplin & Eckelmann 1979) in figure 8 for Reτ = 180 and figure
9 for Reτ = 395, respectively, whenever the data are available.

In the case of Reτ = 180, the profiles obtained by the simplified model are in good
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Figure 6. Near wall profiles of mean streamwise velocity u+ for Reτ = 180, compared with
DNS by Kim et al. (1987) and experiments by Eckelmann (1974).
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Figure 7. Near wall profiles of mean streamwise velocity u+ for Reτ = 395, compared with
DNS by Moser et al. (1999) and experiment by Hussain & Reynolds (1970).

agreement with those of Kim et al. (1987) and Kreplin & Eckelmann (1979), although
the peak value of urms, about 2.5, is lower. The value of urms obtained by DNS is slightly
higher. This may be because of the high damping coefficient near the wall. As pointed out
in Kim et al. (1987), these values of numerical simulations are lower than the measured
values in the experiment by Kreplin & Eckelmann (1979). The r.m.s. spanwise velocity
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Figure 8. Root-mean-square velocity fluctuations normalized by the wall shear velocity uτ by
the simplified model for Reτ = 180, compared with DNS by Kim et al. (1987) and experiments
by Kreplin & Eckelmann (1979).

fluctuation wrms is in remarkably good agreement with Kim et al. (1987). But both of
them are lower than the experimental results (Kreplin & Eckelmann 1979) near the wall.

In the case of Reτ = 395, the peak value of urms is much higher than DNS results by
Moser et al. (1999) around y+ = 20. The values of urms and wrms of the simplified model
are higher than DNS when y+ < 20. After that, the value drops faster and eventually be-
comes lower than DNS. On the other hand, the values of vrms match quit well throughout
computational domain between the simplified model and DNS. Moreover, as observed of
Spalart (1988), the peak value of the urms is Reynolds number dependent, which is clearly
shown by comparing urms in figure 8 and figure 9. Antonia et al. (1992) pointed out that
the Reynolds number dependence for wrms is significant compared to that for urms and
vrms. This is also demonstrated in figure 8 and 9. In the present results of the simpli-
fied model, all three root mean square velocity fluctuations are enhanced with increasing
Reynolds number. This may be because the energy redistribution increases remarkably
for urms, vrms, wrms.

Figure 10 and 11 show the profile of r.m.s. pressure normalized by the wall shear
velocity and density, prms/ρu

2
τ for Reτ = 180 and Reτ = 395, respectively. For Reτ =

180, the simplified model gives a value of about 1.84 on the wall, compared to 1.5 of
DNS by Kim et al. (1987). Moreover, it has a maximum value of about 2.2 at y/δ ≈
±0.9. This is even better than that in DNS by Kim et al. (1987) when compared to
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Figure 9. Root-mean-square velocity fluctuation normalized by the wall shear velocity uτ by
the simplified model for Reτ = 395, compared with DNS by Moser et al. Moser et al. (1999).

the experiments conducted by Willmarth (1975). The experimental results show that
the r.m.s. wall pressure in a turbulent boundary layer varies between 2 and 3. This is
also true for the case of Reτ = 395, in which the maximum value of r.m.s. wall pressure
fluctuation is about 2.42 for the simplified model, see figure 11. Willmarth (1975) also
shows a definite increasing trend of the r.m.s. wall pressure fluctuations with Reynolds
number, which is demonstrated in figures 10 and 11 with two Reynolds numbers.

5.5. Reynolds shear stress

The total shear stress, −u′v′ + (1/Re)∂ū/∂y, is shown in figure 12 for the simplified
model at two Reynolds numbers Reτ = 180 and Reτ = 395. In the fully developed
turbulent channel flow considered in this section, this profile is a straight line when the
flow reaches an equilibrium state. For this simplified model, figure 12 clearly shows that
our computations of the two Reynolds numbers have achieved statistically steady state.
The behavior of the Reynolds shear stress in the immediate vicinity of the wall can be
explained by the following nondimensionalized equation (Tennekes & Lumley 1972)

−u
′v′

u2τ
+

du+

dy+
= 1− y+

δ+
, (5.1)

where δ+ = uτδ/ν. The stress at the wall is purely viscous. Nondimensionalized in
this way, the Reynolds number dependence is absorbed in the scale for y so that the
viscous term does not become small at large Reynolds numbers. Thus, for small y+/δ+,
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Figure 10. Root-mean-square pressure fluctuation normalized by the wall shear velocity and
density, prms/ρu

2
τ for Reτ = 180, compared with. DNS by Kim et al. (1987)

the Reynolds shear stress does not vary with Reynolds numbers and collapses into one
curve. In figure 12, the two lines are close to each other, especially near the wall when
|y| close to 1. Also, it can be seen that the slopes for Reτ = 180 and Reτ = 395 are close
to 1 as well, as confirmed in (5.1).

5.6. Vorticity

The root mean square of vorticity fluctuations, normalized by the mean shear at the
wall ωiν/u

2
τ , (i = x, y, z), are shown in figures 13 and 14 for Reτ = 180 and Reτ = 395,

respectively.
The simplified model results agree very well with the DNS results Kim et al. (1987).

On the wall, the values of ωxν/u
2
τ given by the multiscale model and DNS are larger

than that obtained experimentally Kreplin & Eckelmann (1979). Away from the wall,
the multiscale model performs slightly worse than DNS Kim et al. (1987) when compared
to the limited experimental data Kastrinakis & Eckelmann (1983) in terms of ωxν/u

2
τ .

Near the wall, the streamwise and spanwise vorticity fluctuations increase with increas-
ing Reynolds number. Especially, r.m.s. ωz shows a larger value for a higher Reynolds
number.This is simply because of the large shear stress at the immediate vicinity of
the wall. To see this in detail, write down the vorticity equation in the local coordi-
nates (x, n, s) (Lamb 1945) for linearized perturbations of a U(x) streak distribution, the
inviscid evolution equation for vorticity perturbation ω′

x, which is the most important
component, can be derived as

∂ω′
x

∂t
+ ū

∂ω′
x

∂x
= hsΩ

∂u′x
∂s

+ hnω
′
n

dū

dn
= Ω

∂u′s
∂x

, (5.2)



A Mathematically Derived Multiscale Turbulence Closure 19

Figure 11. Root-mean-square pressure fluctuation normalized by the wall shear velocity and
density, prms/ρu

2
τ for Reτ = 395.
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Figure 12. Total shear stress, −u′v′ + (1/Re)∂ū/∂y, normalized by the wall shear velocity for
Reτ = 180 and Reτ = 395.
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Figure 13. Root-mean-square vorticity fluctuations normalized by the mean shear near the
wall for Reτ = 180, compared with DNS by Kim et al. (1987) and experiments by Kreplin &
Eckelmann (1979), Kastrinakis & Eckelmann (1983) and Balint et al. (1991).

where the direction cosine amplitudes hn and hs are determined from

h2n =

(
∂n

∂y

)2

+

(
∂n

∂z

)2

, h2s =

(
∂s

∂y

)2

+

(
∂s

∂z

)2

. (5.3)

The base flow vorticity is given by Ω = −hndū/dn in the local coordinates, which permits
simplification by combining the two ω′

x production terms. Thus, the profile of u′s is critical
for ω′

x generation. This has been illustrated in the streak transient growth mechanism
for the generation of near-wall streamwise vortices by Schoppa & Hussain (2002).

5.7. Budget of turbulent kinetic energy k

For fully developed turbulent channel flow, the balance equation for turbulent kinetic
energy is (Pope 2000)

0 = P − ε̃+ ν
d2k

dy
− d

dy
〈 12vu · u〉 − 1

ρ

d

dy
〈vp′〉. (5.4)

Budget terms of the turbulent kinetic energy in (5.4) are given by

(i) The production term

P = −〈uiuj〉
∂〈Ui〉
∂y

. (5.5)
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Figure 14. Root-mean-square vorticity fluctuations normalized by the mean shear near the all
for Reτ = 395, compared with DNS by Moser et al. Moser et al. (1999).

(ii) the dissipation term

−ε̃ = −
(
2ν〈sijsij〉 − ν

∂2〈uiuj〉
∂xi∂xj

)
, (5.6)

where sij is the fluctuating rate of strain:

sij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
. (5.7)

(iii) the viscous dissipation term

ν
d2k

dy
. (5.8)

(iv) the turbulent convection term

− d

dy
〈 12vu · u〉. (5.9)

(v) pressure transport

−1

ρ

d

dy
〈vp′〉. (5.10)

Figures 15 and 16 show the budget terms of the turbulent kinetic energy normalized by
ν/u4τ for Reynolds number Reτ = 180 and Reτ = 395 obtained by the simplified model.
The results are compared with DNS by Kim et al. (1987) and Moser et al. (1999).
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Figure 15. The turbulent-kinetic budget normalized by ν/u4
τ near the wall for Reτ = 180,

compared with DNS by Kim et al. (1987). Production term: simplified model, solid line; DNS,
square. Dissipation term: simplified model, dash-dash line; DNS, circle; Pressure transport term:
simplified model, dash-dash line with circle; DNS, up-triangle. Viscous diffusion term: simplified
model, dash-dot line; DNS, down-triangle. Turbulent convection term: simplified model, solid
line with circle; DNS, diamond.

For Reτ = 180, each kinetic energy budget term obtained by the simplified model
agrees well with DNS by Kim et al. (1987). More specifically, the production behaves like
the order of y3 from 0 near the wall. For the simplified model, the production reaches the
peak value at around y+ = 12, where the production-to-dissipation ratio is approximately
1.8, which agrees with the ratio obtained by Kim et al. (1987).
The effects of different Reynolds numbers on all these budget terms are reflected in the

comparison of figures 15 and 16 for Reτ = 180 and Reτ = 395, respectively. The values
of all terms in the budget of the turbulent kinetic energy increase with the increase of
Reτ . Especially, the wall values of the dissipation and the viscous dissipation increase
remarkably with the increasing Reynolds number. This is simply because the increase of
the shear stress dominates the decrease of the viscosity.

5.8. Mixing length

One of the most popular models for Reynolds stress in the turbulence modeling com-
munity is the mixing length model proposed by Prandtl (1925), which is based on two
essential assumptions: (i) the characteristic length lm in the approach u′ ∼ lm

dū
dy is pro-

portional to the distance y from the wall; (ii) the v′ fluctuations normal to the wall and
the u′ fluctuations in the spanwise direction behave similarly, i.e. v′ ∼ u′. This approach
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Figure 16. The turbulent-kinetic budget normalized by ν/u4
τ near the wall for Reτ = 395,

compared with DNS by Moser et al. (1999). Production term: simplified model, solid line; DNS,
square. Dissipation term: simplified model, dash-dash line; DNS, circle; Pressure transport term:
simplified model, dash-dash line with circle; DNS, up-triangle. Viscous diffusion term: simplified
model, dash-dot line; DNS, down-triangle. Turbulent convection term: simplified model, solid
line with circle; DNS, diamond.

leads to

−u′v′ = l2m

∣∣∣∣
dū

dy

∣∣∣∣
dū

dy
. (5.11)

The above model has been used extensively in the CFD softwares. Unfortunately, these
assumptions are not really correct near the wall region. Thus, the Prandtl’s mixing length
theory cannot lead to any essential mechanism in the physics of turbulence. However,
mixing length is still one of the most important length scales in turbulence, since it is
regarded to be the size of the large eddies.

The variation of lm with y+ is shown in figure 17 for the simplified model. Near the

wall, the mixing length displays a scaling of lm ∼ y+
3/2

(She et al. 2010). Near the center
of the flow, the scaling is lm ∼ 1/

√
1− y+/Reτ . This simplified model agrees well with

the scaling in lm near the wall and the center.

6. Summary and discussion

We present a new mathematical derivation of a closure relating the Reynolds stress to
the mean strain rate for incompressible turbulent flows, based on the multiscale analysis
of Navier-Stokes equation in three-dimensional space. Based on a systematic multiscale
analysis and by using an iterative homogenization of the large and small scale solutions
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Figure 17. The mixing length for Reτ = 180 and Reτ = 395 by the simplified model.

dynamically, we identified a crucial structure of the Reynolds stress. As a consequence,
we have established a linear constitutive relationship between the Reynolds stress and
the strain rate for incompressible turbulent flows, up to second order accuracy of time
step ∆t. Further consideration of specific flows would enable us to produce an explicit
formula for the Reynolds stress in two examples, homogeneous turbulence and turbu-
lent channel flow. The Smagorinsky model has been recovered using this procedure of
mathematical derivation for homogeneous turbulence. In addition, we have obtained a
simplified Smagorinsky model for turbulence channel flow.

An extensive numerical study has been performed to validate the simplified model for
turbulent channel flow, using some well-established benchmark tests and good agreement
has been found with both experimental and DNS results. Currently, this procedure of
mathematical derivation of turbulent models has been successfully applied to turbulent
flow with a relatively simple geometry. It does shed light on the explanation of the
physical mechanism by deriving a constitutive relationship between Reynolds stress and
the strain rate through systematically mathematical analysis. Moreover, the analysis
presented in this paper is quite general and can be applied to derive a leading order
constitutive relation between the Reynolds stress and the strain rate for incompressible
flows with different boundary geometries, and for other type of flows such as compressible
and non-Newtonian flows.

Acknowledgments. This work was in part supported by the AFOSR MURI grant
FA9550-09-1-0613. We would like to thank Professor Olivier Pironneau for many stim-
ulating and inspiring discussions. His comments and suggestions have greatly improved



A Mathematically Derived Multiscale Turbulence Closure 25

the quality of this work. We also thank Dr. Daniel Chung for providing the DNS code of
turbulent channel flow.

Appendix A. Reparameterization of initial velocity in a two-scale

structure

In this appendix, we would like to show how to reformulate any velocity v(x, y, z),
which may contain infinitely many scales, in a two-scale structure. Assume v is periodic
in x and z. The no-slip boundary condition is applied in y direction. Since this procedure
can be done direction by direction, we can reparameterize in the periodic direction x
and z and this has been shown in Hou et al. (2005, 2008). Thus, we only need to deal
with the non-periodic direction y. The key idea is to use Sine transform, which not only
has the same computational complexity of Fourier transform, but also incorporates the
boundary condition.

Let v(x, y, z) be any function, which is periodic in (x, z) and zero on the boundaries
in y, i.e. v(x, 0, z) = v(x, 1, z) = 0. Denoting x = (x, y, z) and k = (kx, ky, kz), Fourier
transform in x and z directions and sine transform in y direction read as

v(x, y, z) =
∑

k=(kx,ky,kz)

v̂k sin(πkyy) exp(2πi(kxx+ kzz)).

Choose 0 < ǫ = 1/E < 1, where E is an integer, and let

ΛE =

{
k; |kj | 6

E

2
, j = (x, y, z)

}
, Λ′

E = Z3\ΛE . (A 1)

Then by splitting into two parts in spectral space, the velocity can be rewritten as

v = v(l)(x) + v(s)(x,x/ǫ), (A 2)

where

z = x/ǫ = (x/ǫ, y/ǫ, z/ǫ)

The two terms in (A 2) are the large-scale velocity and the small-scale velocity respec-
tively,

v(l)(x) =
∑

k∈ΛE

v̂(k) sin(πkyy) exp(2πi(kxx+ kzz)),

v(s)(x,y) =
∑

k∈Λ′

E

v̂(k) sin(πkyy) exp(2πi(kxx+ kzz)).

Rewrite each k in the following form

k = Ek(s) + k(l),

where

k(s) = (k(s)x , k(s)y , k(s)z ), k(l) = (k(l)x , k(l)y , k(l)z ),
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then we have

v(s) =
∑

k∈Λ′

E

v̂(k) sin (πkyy) exp (2πi(kxx+ kzz))

=
∑

Ek(s)+k(l)∈Λ′

E

v̂(Ek(s) + k(l)) sin
(
π(Ek(s)y + k(l)y )y

)
exp

(
2πi((Ek(s)x + k(l)x )x+ (Ek(s)z + k(l)z )z)

)

=
∑

k(s) 6=0


 ∑

k(l)∈ΛE

v̂(Ek(s) + k(l)) sin
(
πk(l)y y

)
exp

(
2πi(k(l)x x+ k(l)z z)

)



× cos
(
πk(s)y (Ey)

)
exp

(
2πi(k(s)x Ex+ k(s)z Ez)

)

+
∑

k(s) 6=0


 ∑

k(l)∈ΛE

v̂(Ek(s) + k(l)) cos
(
πk(l)y y

)
exp

(
2πi(k(l)x x+ k(l)z z)

)



× sin
(
πk(s)y (Ey)

)
exp

(
2πi(k(s)x Ex+ k(s)z Ez)

)

=
∑

k(s) 6=0

(
v̂1(k

(s),x) cos
(
πk(s)y (y/ǫ)

)
+ v̂2(k

(s),x) sin
(
πk(s)y (y/ǫ)

))
exp

(
2πi(k(s)x x/ǫ+ k(s)z z/ǫ)

)

= v(s)
(
x,

x

ǫ

)
,

where v̂1(k
(s),x) and v̂2(k

(s),x), which are in physical space, are the results of inverse
transform of the large scale,

v̂1(k
(s),x) =

∑

k(l)∈ΛE

v̂(Ek(s) + k(l)) sin
(
πk(l)y y

)
,

v̂2(k
(s),x) =

∑

k(l)∈ΛE

v̂(Ek(s) + k(l)) cos
(
πk(l)y y

)
.

Remark. Note that v(s)(x, z) is a periodic function in z with mean zero.
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