On Stochastic Navier-Stokes Equation Driven by
Stationary White Noise

Chia Ying Lee Boris Rozovskii
January 15, 2012

Abstract

We consider an unbiased approximation of stochastic Navier-Stokes
equation driven by spatial white noise. This perturbation is unbiased in
that the expectation of a solution of the perturbed equation solves the
deterministic Navier-Stokes equation. The nonlinear term can be charac-
terized as the highest stochastic order approximation of the original non-
linear term uVu. We investigate the analytical properties and long time
behavior of the solution. The perturbed equation is solved in the space
of generalized stochastic processes using the Cameron-Martin version of
the Wiener chaos expansion and generalized Malliavin calculus. We also
study the accuracy of the Galerkin approximation of the solutions of the
unbiased stochastic Navier-Stokes equations.

1 Introduction

Stochastic perturbations of the Navier-Stokes equation have received much at-
tention over the past few decades. Among the early studies of the stochastic
Navier-Stokes equations are those by Bensoussan and Temam [1], Foias et al.
[3, 4, 5], Flandoli [6, 7], etc. Traditionally, the types of perturbations that were
proposed includes stochastic forcing by a noise term such as a Gaussian random
field or a cylindrical Wiener process, and are broadly accepted as a natural way
to incorporate stochastic effects into the system. The stochastic Navier-Stokes
equation

Ut + uiuwi + VP =vAu+ f(ta 3?) + (Ui(t>$)uzi + g(t,x)) W(t,l’),
divu =0, (1)
U(O,Jf) = U)(HZ‘), u|8D =0.

is underpinned by a familiar physical basis, because it can be derived from
Newton’s Second Law via the the fluid flow map, using a particular assumption
on the stochasticity of the governing SODE of the flow map, known as the
Kraichnan turbulence. (See [11, 12] and the references therein.) However, due to
the nonlinearity, stochastic Navier-Stokes equation (1) is a biased perturbation
of the underlaying deterministic Navier-Stokes equation. That is, the mean of



the solution of the stochastic equation does not coincide with the solution of the
underlying deterministic Navier-Stokes equation. Of course, this observation is
also true for other nonlinear equations such as the stochastic Burgers equation,
Ginzburg-Landau equation, etc. In fact, the mean of (1) solves the famous
Reynolds equation.

An unbiased version of stochastic Navier-Stokes equation (1)

up +u' o Uy, + VP = vAu+ f(t,2) + (0 (t, 2)us, + g(t,2)) W(t, ),
divu = 0, (2)
u(0,x) =w(x), wulop =0.

has been introduced and studied in [13]. The unbiased version of (1) differs from
(1) by the nonlinear term: the product u'u,, is replaced by the Wick product
u® o u,,. In fact, Wick product u’ ¢ u,, can be interpreted as Malliavin integral
of u,, with respect to u (see [10]). An important property of Wick product is
that

E[u’ o u,] = Eu’ Eu,,. (3)

Due to this property, stochastic Navier-Stokes equation (2) with Wick nonlin-
earity is an unbiased perturbation of stochastic Navier-Stokes equation (1). In
the future, we will reffer to unbiased perturbations of stochastic Navier-Stokes
equation as unbiased stochastic Navier-Stokes equation.

In this paper we will study an unbiased stochastic Navier-Stokes equations
on an open bounded smooth domain D € R¢, d = 2, 3, driven by purely spatial
noise. In particular, we will study equation

w4 ut o uy, + VP =vAu+ f(t,z) + (o' (x)ug, + g(t, x)) © W (x),
divu =0, (4)
u(0,2) = w(x), wulop =0.

where the diffusivity constant is v > 0, and the functions f,g,o are given
deterministic R%-valued functions. Here, the driving noise W(z) = 3=, w(z)& is
a stationary Gaussian white noise on La(D), and we assume that sup; ||u;|| g <
0.

We will also study the stationary (elliptic) version of equation (4)

@' o Uy, + VP =vAu+ f(2) + (6%(2) Uy, + g(z)) o W (),
diva = 0, (5)
7._L|3D =0.

where f(z),g(z),5(x) are given deterministic R?%-valued functions. It will be
shown that u (¢t,2) — @ () as t — oo.

Solutions of equations (4) and (5) will be defined by their respective Wiener
chaos expansions:

u(t,x) = Zua (t,2) &, and @ (z) = Zﬁa () &as (6)



where {£,,a € J} is the Cameron-Martin basis generated by W (z), v, :=
E (v€,), and J is the set of multiindices & = {ag, k > 1} such that for ev-
ery k, ap € No(No={0,1,2,...}) and |a] = >, o < oo. It will be shown
that Wiener chaos coefficients u, (t,2) and @, (z) solve lower triangular sys-
tems of deterministic equations. We will reffer to these systems as propagators
of uy (t,z) and @, (), respectively.

In fact, equations (4) and (5) could be viewed as the highest stochastic or-
der approximations of similar equations with standard nonlinearities u‘u,, and
u'iiy,, respectively.  Indeed, it was shown in [13] that under certain natural
assumptions the following equality holds:

= D)D"
Vo = Z w (7)
n=0 '

where D" is the n*" power of Malliavin derivative D = Dy;,. Taking into account
expansion (7),
vVorvdVo (8)

This approximation is the highest stochastic order approximation of vVv in
that vQVuv contains the highest order Hermite polynomials of the driving noise,
while the remaining terms of the right hand side of (7) include only lower order
elements of the Cameron-Martin basis. This fact could be illustrated by the
following simple fact:

gagﬁ = fa-‘,—ﬁ + Z klg'yv

y<a+ps

where k. are constants.

As a side note, we remark that in comparison, the usual stochastic Navier-
Stokes equation has a propagator system that is a full system of equations which,
comparatively, is a much tougher beast to tackle. Additionally, apart from the
zero-th chaos mode which, being the mean, solves the deterministic Navier-
Stokes equation, all higher modes in the propagator system solves a linearized
Stokes equation. Thus, where a result is known for the deterministic Navier-
Stokes equation, it is sometimes the case that an analogous result may be shown
for the unbiased approximation of the stochastic Navier-Stokes equation. For
instance, the existence of a unique stationary solution of (5) requires the same
condition on the largeness of the viscosity v as does the existence of a unique
steady solution of the deterministic equation (13ba).

There is substantial theory on the steady solutions of the deterministic Stokes
and Navier-Stokes equations, the long time convergence of a time-dependent so-
lution to the steady solution, as well as other dynamical behavior of the solution.
In the subsequent sections, we begin to study some of these same questions for
the unbiased Navier-Stokes equation, focusing on the large viscosity case where
the uniqueness of steady solutions and long time convergence has been estab-
lished in the deterministic setting. We will study the existence of a unique
stationary solution of (5) as well as the existence of a unique time-dependent
solution of (4) on a finite time interval. The Wiener chaos expansion and the



propagator system will be the central tool in obtaining a generalized solution,
but to place the solution in a Kondratiev space involves a useful result invoking
the Catalan numbers. The Catalan numbers arises naturally from the convolu-
tion of the Wiener chaos modes in the nonlinear term. It was used to study the
Wick versions of the stochastic Burgers [9] and Navier-Stokes [13] equations.

2 Generalized random variables and functional
analytic framework

To study equations (4) and (5), we will give the basic definitions for the gener-
alized stochastic spaces that will be used. The definition of the generalized so-
lution will be defined in the variational/weak sense such as described in [15, 14],
and before stating those definitions, we first state some standard notation and
facts about the vector spaces.

Let d = 2,3 be the dimension. Denote the vector spaces L2(D) = (L?(D))?
with the norm |- |, and H™(D) = (H™(D))? with the norm || - ||g=. Denote the
following spaces

V= {v e (CE(D))?: dive = 0}
V := closure of V in the H(D) norm = {u € Hj(D) : divu = 0}
H := closure of V in the L?(D) norm

V' := dual space of V w.r.t. inner product in H

Also denote the norms in V' and V' by || - ||y and || - ||y, respectively. In
particular, we have || - ||y :=|V - |.

The operator! —A on H, defined on the domain dom(—A), is symmetric
positive definite and thus defines a norm |- | via |- |2 = |A-|, which is equivalent
to the norm |Jw|g2. For m > 0, the spaces V;, := dom((—A)™/?) are closed
subspaces of H™ (D) with the norms | - |,, = |(—=A)™/2|. In this paper, we will
commonly use m = 1/2,3/2 and 2. Note that |- |; = || - ||v, and the norms |- |,
and || - ||[gm are equivalent. We thus have a constant ¢; so that

1
allw||Fn < |wli < ;Hw||§{17 for all w € V.
1
Denote A\; > 0 to be the smallest eigenvalue of —A, then we have a Poincare

inequality,
Mlol* < Jolly,  forveV. (9)

Define the trilinear continuous form b on V x V x V by

b(u,v,w)z/ uF 0, viw’de,
D

ITechnically, the correct operator is Au := —PAu, where P is the orthogonal projection
onto H. We abuse notation here and continue writing —A.



and the mapping B: V x V — V' by
(B(u,v),w) = blu,v,w).
It is easy to check that
b(u,v,w) = =b(u,w,v), and blu,v,v) =0

for all u,v,w € V. B and b have many useful properties that follow from the
following lemma.

Lemma 1 (Lemma 2.1 in [14]). The form b is defined and is trilinear continuous
on H™ x H™2t1 x ™3 where m; > 0 and

ifm; # %, i=1,2,3,

if m; = g, some 1.

my +mz +mg >
mi + mo +ms3 >

[SIISVSIISH

(10)

In view of Lemma 1, let ¢, be the constant in
[b(w, v, w)| < cp|wlm, [V]mot1]wlm,
where m; satisfies (10). Also let ¢4, d = 2,3, be the constants in

b, v, w)| < calu 2 |lul[y/? o]y *| Ao /2 w| i d =2
[b(w, v,w)] < callullvllvlly/*|Av[/2]ul ifd=3

for all w € V, v € dom(—A), and w € H (equations (2.31-32) in [14]). Other
useful consequences of Lemma 1 is that B(-,) is a bilinear continuous operator
from V x H? — L?, and also from H? x V — L2.

Next, we introduce the basic notation that will be used to define the gener-
alized stochastic spaces and the generalized solution. Let (2, F, P) be a prob-
ability space where the o-algebra F is generated by {&, k = 1,2,...}, where
&y, are independent and identically distributed N(0,1) random variables. Let
U = L*(D) and let {ug(x), k = 1,2,...} be a complete orthonormal basis for
U. Then the Gaussian white noise on U is

Wia) = 3w @)

k>1

Let J = {a = (o1,02,...),ar € Ny} be the set of multi-indices of finite
length. Denote |a| —)",~; ar < 00, and €, is the unit multi-index with |a| = 1,
a, =1. For a, 8 € J,

a+B=(a1+ P,z + B2,--+), and a!:Hak!.
k>1

For a sequence p = (p1,p2, ... ), set p® =[] pp*.

For each o € 7, let
H,, (€
fa:H ako(l k)
p>1 VO



n_—a?
where H,, is the nth Hermite polynomial given by H,,(z) = (—1)”(%6“2/2).

It is a well-known fact that the set & = {{,, a € J} forms an orthonor-
mal basis in L?(Q) [2]. Thus, for a Hilbert space X, if f € L?(Q;X) and
fo = E[f&.], then the Wiener chaos expansion of f is f = Zkg foaka, and
moreover E|f|% = Y c7|falk- The set 2 is the Cameron-Martin basis of
L?(Q).

For a Hilbert space X, define the (stochastic) test function and distribution
spaces

D(X) = {v = Z Vo€t Vo € X and only finitely many v, are non—zero} ,

(e

D(X') = {AH formal series u = Zuaga with u, € X’} )

Random variables in D(X) serve as test functions for the distributions in D' (X’).
If (-,-) is the duality pairing between X', X, then the duality pairing between
u € D'(X’) and v € D(X) is

(0 = 3t va).

e

The space D’ is a very large space. To quantify the asymptotic growth of
the Wiener chaos coefficients, we introduce the Kondratiev spaces. For ¢ >
0, Denote the sequence (2N)~7 = ((2k)~%);—12, ., and let the weights 72 =
(2N)79* /a!. The Kondratiev space S_1,_4(X) is

S_1,4(X) = {u = Zuaﬁa D uq € X and Z [ua |52 < oo} .

S_1,-¢(X) is a Hilbert space with the norm ||u||§_l__q(x) =3 lua k2.

Definition 2. For o, € J, the Wick product is defined as

gaogﬁ = <a26)6a+5~

Extending by linearity, for u,v € D’(R), the Wick product u ¢ v is a D'(R)

element with
o
UOV = Z Z (/y)u,yva_,y o

a \0<y<a

In particular, for G € S_1,_,(L*(D)),

(Glx) o W(@)a = ) VarGa—e, (@)uk(2).

k>1



We now proceed to define the weak solution of (4). Recall that for a smooth
function p, (Vp,v) = 0 for all v € V. This leads us to define the weak solution
by taking the test function space V', so that the pressure term drops out.

Definition 3. Let T < co. A generalized weak solution of (4) is a generalized
random element u € D'(L?(0,T;V)) such that

(g + u O Uy, O) = (VAU+ f+ (Jiuxi —|—g) OW(JC), o)) (11)
for all test functions ¢ € D(V).

The pressure term can be recovered from the generalized weak solution in
the standard way.

Using the Wiener chaos expansion, we will study equations (4) and (5)
through the analysis of the propagator system — an equivalent infinite sys-
tem of deterministic PDE that gives the coefficients u, of the solution, thereby
equivalently characterizing the solution u. Recalling the definition of the Wick
product, the propagator system of (4) is, for a = (0),

Opug + B(uo, up) = vAug + f
divugy =0 , (12a)
up(0,7) = w(x), wuolop = 0.

and for |a| > 1,

Opt, + B(ug, up) + Blug, ug) + Zo<7<a (ﬁ;) B(ty, Ug—v)

= vAuy + ) anu(z) (Uiawiuoc—ez + 1a:619) (12b)
divu, =0
Ua(0,2) =0, unlop =0

with equality holding in V’. Note that each equation in the propagator system
involves only the divergence-free part; the pressure term P, can be recovered
from each equation by a standard technique (see e.g., [15]). Hereon, we will
focus only on studying the velocity field u.

Similarly, the propagator system of (5) is

B(l_l,o,’l_l,o) = I/A”L_L() + fT
divag =0, aglop=0" (13a)
B(ta, o) + B(to, Ta) + 2oy < \/ () By Ga—ry)
= vAu, + Y, aru () (50, tlia—e + Go—e) (13b)
divig, =0, aalop =0
with equality holding in V.
The zeroth mode uy = Eu is the mean of (4) and solves the the unperturbed
Navier-Stokes equations (12ba).



3 The stationary unbiased stochastic Navier-Stokes
equation

Given deterministic functions f, g, € Ly(D), we seek a weak/variational solu-
tion @ € D' (V) satisfying

—v{(AT, ) + (@ 0 0s,1, o) = (f, o) + ((0'0z,a+g) o W(z), 9)

for all test random elements ¢ € D(V).
We will first show the existence and uniqueness of a generalized strong so-
lution.

Proposition 4. Assume the dimension d = 2,3. Assume f,§,& are determin-
istic functions satisfying

f,9.5 € H, (A0)
v? > ol fllv, (A1)
geHY (D), &e (W">(D))" (A2)

Then there exists a unique generalized strong solution u € D'(H?*(D)) NV of
(5)-

REMARK. It is interesting to note that condition (A1) in Proposition 4, that
ensures the existence of a generalized strong solution, is the same condition
that ensures the uniqueness of the strong solution of the deterministic Navier-
Stokes equation. Thus, Proposition 4 generalizes the analogous result in the
deterministic Navier-Stokes theory, which is the subcase when g = 6 = 0.

Proof.
Solution for o« = (0). The equation for 4y is the deterministic stationary
Navier-Stokes equation, for which the existence and uniqueness of weak solutions

is well-known [15, 14]. From (A1), there exists a unique weak solution @y € V
of (13ba) satisfying

B 1, - v
laollv < =[Ifllv: < —- (14)
v Cp

Moreover, since f € Ly(D), then @y € dom(—A), with

2
o] < 2|| + =L 7P
Vo]

THE BILINEAR FORM Go(-,-). Define the bilinear continuous form ag on
V xV by

ao(u,v) = v(Vu, Vv) + b(u, tg, v) + b(to, u, v) (15)



where 1o () is the solution of the stationary (deterministic) Navier-Stokes equa-
tion (13ba) just found. Also define the mapping Ay : V — V', by

(Ag(u),v) = ag(u,v), forallve V.
Then (13bb) can be written as
Ao(ﬁa) = - Z \/ (:) B(ﬁw ﬂafv) + Z Vo (x) (51.85171'17"1*51 + 1Ot:€l§)
0<y<a l

for |a| > 1.

To obtain the existence and uniqueness of u,, we intend to apply the Lax-
Milgram lemma to the bilinear form ag(-,-). To do this, we first check the
coercivity of ag(-,-) on V.

Lemma 5. Assume (A1), and assume ug solves (13ba) with f € V'. Then
ao(+,-) defined in (15) is coercive and bounded on V.

Proof. Indeed, for any v € V,

C7L0(Ua U) = V‘V’U|2 + b(?], 120,1}) + b(ﬂ()a v, U)

Y

v|[Vol* = collaollv[lvli
= (v —alaollv)llvlF = BllvIT,
where (3 := v — ¢ |to||v > 0 by (14). Next, a(,-) is bounded, because
|ao (v, w)| < vljollv|[wllv + [b(v, %o, w)[ + [b(t0, v, w)]
< (v+allaollv)llvlvllwly
for any v,w € V. O

We continue with the proof of Proposition 4.

Solutions for a = ¢;. Equation (13bb) in variational form reduces to finding
Ui, € V such that

o (e, ,v) = (1 (6i81i120 +9), v) =: (Ge,,v)

for all v € V. To apply the Lax-Milgram lemma to (13bb), we check that the
term ‘
Ge, = (00,10 + 9)

belongs to V’. In fact, we have that G, belongs to L2(D). Indeed, due to
assumption (A2), |50, o] < [ o]y and from (1)

Gl < Clhullas (o llwr~ 1o llv + gl

v _ _
< Cllwle (N3 lwr = + 1)



By the Lax-Milgram lemma, there exists a unique variational solution ., €
V' with the estimate

3 1 v, _ _
e lv < =Cllwll= (= lollwre + gl )-
B b

Additionally, by a standard technique in [15], there exists P, € L?(D) such
that (13bb) holds in V.
Next, observe that by the continuity property of the bilinear form B : V X
EF'—9L2,
—vAt, = G, — B(i,,, o) — B(io, ) € L*(D)

Hence, 4, € dom(—A), and we have the estimate

| At |

IN

1
~(1Ga| + 1B 1) | + | Bio, 1))

IN

1
= (1G] + 20| Atio [ v )
< C'sup; |‘7ulHLoo

L (Lol + Nl ) (1 + 521

=K

and K = K(v, f,g,5) does not depend on .

Solutions for |a| > 2. Denote

Go =Y Varw(6'0s, ),
1
Fo:=— Z \/CYT) B(ty, ta—vy)

0<y<a
We first find @, € V such that
Go(Te;, V) = (Fo + Gq,v)

for all v € V.

We prove by induction. Assume we have shown the existence of a unique
solution @, € dom(—A) for all |y| < n —1. By a similar argument as above, we
have G, € L?(D) with

|Gal < O varluill = [15llwso | Ga—elv < oo.
l

Also, since B(:,-) is a bilinear continuous from H? x H? — L2, we deduce that
F, € L(D) with

[Fal < Z \ (3) | Aty | |Atiq—y| < 00

0<y<a

10



Applying the Lax-Milgram lemma, there exists a unique solution 4, € V

with the estimates 1

E(|Ga| + |Fa|)'

”ﬂoz”V <

Finally, since
~VAly = Fo + G — Bltia, o) — B(tg, ta) € L*(D),
we deduce that u, € dom(—A), with

_ 1 o o
|Ata| < = ([Fa] +[Gal + |B(ta, @o)| + [B(to, ua)l)

IN

(|Fal + |Gal + 2¢p|tallv| Ato))

IN
RI=X|=

2
(1Fal +1Gal) (1 + %mw) <00

Hence, we have found a solution u € D'(H?(D) N V). O

Next, we find the appropriate Kondratiev space to which the solution u be-
longs. As described previously, the estimation of the Kondratiev norm makes
use of the recursion properties of the Catalan numbers. The Catalan num-
ber rescaling technique used in our estimates has been described in [9], and is
detailed in Appendix A.

Proposition 6. Assume (A0-2) hold. Then there exists qo > 2, depending on
v, f, §, & such that @ belongs to the Kondratiev space S_1 _,(H?*(D)NV), for

q>qo-

Proof. For |a] > 1, we have found in the proof of Proposition 4 estimates for
[Adg,

A, | < K

1, . _ [Aty| |Alig—y| 1 _
—|At,| < By T I 4 1,20 Loy z0———=|Ta—¢ v | -
Va! 0<¥<a VIt Ve =) ; TV —a)! L

where By depends on v, f,. Let L., = 1+ |Ad,,|, and L, = \/%|Aﬁa| for
|| > 2. Then by induction, we find that

and by the Catalan numbers method in Appendix A,
o

= 12 2
|Aua‘ S a'C|a1<a

) (QN)QBS(‘M_UKQ‘O‘I (16)
for |a] > 1. The result holds with ¢o satisfying

B3K?2°7a0 Y "jlma0 = 1, (17)
i=1

11



4 The time-dependent case

In this section, we consider for simplicity equation (4) with o(¢,2) = 0. We
will consider the time-dependent solution u(t) of (4) on a finite time interval
[0,7] if d = 2,3, and also study its uniform boundedness on [0, 00) for d = 2.
The former result allows an arbitrarily large time interval, thereby ensuring a
global-in-time solution. On the other hand, the latter result will become useful
for showing the long-time convergence of the solution to a steady state solution.

For any T < o0, it is known that a strong solution ug(¢) of the deterministic
Navier-Stokes equation (12ba) exists on the finite interval [0,T] if d = 2, and
exists on [0, (T' A T1)] for a specific T1 = T3 (uo(0)) depending on ug(0) if d = 3.
Without further conditions, we have the following result for a generalized strong
solution of the unbiased Navier-Stokes equation.

Lemma 7. Ford=2,3, letT < o0 ifd =2, or T < Ty if d = 3. Assume the
forcing terms f, g and initial condition u(0) are deterministic functions satisfy-
mg

fr9€ L*(0,T;H),  u(0)€V.

Then there exists a unique generalized strong solution u(t) € D'(H?(D) N V)
for a.e. t €10, T]. Moreover, u, € C([0,T],V) for all a.

Proof. For a = (0), it is well-known that (12ba) has a unique solution ug, and
up € L*([0,T);dom(—A)), uo € C([0,T); V).

THE BILINEAR FORM ag(t). For ¢t € [0,T], define the bilinear continuous
form ag(t) on V x V by

agp(u,v;t) = v(Vu, Vo) + b(u, uo(t), v) + b(ug(t), u, v)

where ug(t,z) is the solution of the time-dependent (deterministic) Navier-
Stokes equations given in (12ba) just found. Also define the mapping Ag(t) :
V — V' forte[0,T], by

(Ao(t)u,v) = ag(u,v;t), forallveV.

Then (12bb) can be written as

Opte+ Ao (t)ua + Z A/ (‘;‘) By, Ug—ry) = Z Voqu(x) (Ji&ciua_el +1a=€lg)
0<y<a l

This is a linear Stokes equation of the form

8tU+A0(t)U =F
Ulpp=0, U0)=w "

Since ug € L*(0,T;dom(—A)), it can be shown by standard compactness tech-
niques that if F € L?(0,T; H) and w € V, then there exists a unique strong

12



solution U € L2(0,T;dom(—A)) N C(0,T;V) and U; € L*(0,T; H) with the
estimates

sup IU v +1UllL20,7500m(—a) + Ul 220,057 < CUNUO) lv+1F |l 20,7580 )

(18)
where the constant C' depends only on T',v, D and ||uol|£2(0,7;dom(-A))-
We prove the lemma by induction. For |a| > 1, assume that u, € L?([0, T]; dom(—A))
for all v < a. We check for the RHS of (12bb),

- Z \/@B(uwuafv) +1a—qwg € L*([0,T7; H)

0<y<a

This follows from (A0’) and the fact that |B(uy, ua—ry)| < cp|Auy||Aug—y|. Tt
follows from (18) that there exists a unique solution u, of (12bb) with

uq € L*([0,T];dom(—A)), e € L*([0,T); H), and u, € C([0,T); V).

O
REMARK. If o # 0, then in addition to (A0’), we must require that g €
L2(0,T;HY(D)) and o € L?(0,T; (W'>(D))%). (Compare with (A2).)
Next, we study ||u(t)||—1,—q;m2 on a finite interval [0, 7| as well as the uniform
boundedness of ||u(t)||—1,—q;1 for all time ¢ € [0,00). We recall the following
established result on the uniform bounds of ug in the V' and H?(D) norms.

Lemma 8. (Lemma 11.1 in [14]; see also [8]) Assume for the initial condition
that uo(0,-) € V, and assume

f is continuous and bounded from [0,00) into H

0
or is continuous and bounded from [0,00) into V'

ot

Let ug(t) be the strong solution of the deterministic Navier-Stokes equations
(12ba), defined on [0,00) if d =2, or on [0,T1] if d = 3. Then

sup uo(®)]lv < ¢ (lu) (0, )[lv, v, f, D). (19a)
Sl>1p |Aug(t)| < (7, [Jugo) (0, ) [|v, v, f, D). (19b)
t>T

for any T > 0.

Proposition 9. (i) For d = 2,3, assume the same conditions as in Lemma 7.
Then there exists some q1 > 2 depending on v,c’,c, and T, such that for ¢ > q1,

uw € S_1_g( L*(0,T; dom(—A))) N S_q1,_o(L>=(0,T;V)).

(i) For d = 2, assume the hypothesis of Lemma 8, and assume g is bounded
from [0,00) into H. Also assume
27ctc

4 All
v > 7)\1 ( )

13



where ¢ = ¢ (||u(0,-)||v,v, f, D) in (19a).
Then there exists qgo > 2 depending on v, ¢ and ¢y, such that for q > qo,

sup [u(®) -1 g < o0 and  sup w1 _guiom(_a) <
t>0 t>1

with T in (19b). In fact,
uw €81, 4(L7([0,00); V) and uwe S y(L¥([1;00); V).

Remark. Part (ii) of the equation asserts a uniform-in-time bound of the
S_1,-¢4(V) norm of the solution on the infinite time interval. Unfortunately,
this result does not follow from part (i) because, under the present proof, the
estimates for the S_1 _,(H?*(D) N V) norm of the solution on the finite time
interval increases to infinity as the terminal time 7" — oo.

Proof. (i) The proof of this result is identical to the proof of Proposition 6,
by using the estimates (18). For a = (0), (19a) and the usual deterministic

theory implies that ug € L?(0,T;dom(—A)) N L*(0,T;V). Let L, = \/%La

for |a] > 1. For a = ¢, the estimates (18) yield

L, < CSlllp luill o (py lg] =: K1

where K7 does not depend on I. For |a] > 2,

iaSC( > /6 |u7|LQ(O,T;HQ)||ua_w||Lz<o,T;v>> <c Y SO iyEass

0<y<a 0<y<a

Then for L, := \/%La,

L, < B; Z LyLo.
0<v<a

By the Catalan numbers method as per Appendix A,
« -1
luallzoe0,7;v) + [[AuallL20,750) < ValCla)—1 <|a>Bla| Kl
and the statement of the Proposition holds with ¢; satisfying

(oo}
BYK72P 0y it =1,

i=1

(ii) We now show the uniform boundedness of each mode u, on the infinite
time interval. For o = (0), this is shown in the estimates of (19a),(19b). For

14



|a] =1, a = €, choose in (12bb) the test function v = (—A)ug,

13 1B P < 1 0, At )|+ (oo, e A+ [(ag, Au)|
< 2p||uo v |lue v/ Auue, [P/ + Juag] [ Aue |
< Slua ? + o (2culluollv e 1218w 2 + hug))®
< v 2 2L a4 g
< (@) 2+ 2L o L
Taking € = 4,

d 27¢c} 4
D13+ w180 P < 2 o e 7+ g
and from (9) and (19a),

d 27t 4
el < (5= = A1) e} + gl

4
< *5”“61 H%/ + ;|ulg|2

27C4C/4 . .
where 3 := —(=%— — vA;) > 0 by (Al’). By Gronwall’s inequality,

v3

T
4 T 4 _
o < [ Slangle T < ol ol e g (1= )

for any T > 0. Also,

7 A2
2'¢c

4
Bue (O < 5 e (O + — hag(t)

It follows that

Ly = sup (Jlue (®)llv + [Auq ()]) < Ko,

for all I, where the constant K5 is independent of [ and ¢. For |a] > 2, let
L, = \/% sup;>o([[ua (t)[lv + [Aua(t)]). Then

1d 9 9
5@””04”‘/ + v[Aug|
< 1b(Ua, U0, Atg)| + [b(uo, Ua, Aug)| + Z ,/(f:) [6(try, Ug—ry, Al
0<y<a
1/2
< 2aplluollvllualy/ | Aual®? + 37 /(%) collus v [Auasy||Augl.

0<y<a

15



By similar computations,

1d
5 o luall} + vlAua
27¢ 4¢?
< 7b uoll¥ luallt + —2 ( > ) lusllv A 7|>
0<y<a
27c; 4 2 4Cb ’
< —5 ol llually + > /¢ Supl\uv v ) ( sup|Aua—y(s)|
0<y<a 520
and so

2
d 4c?
@”ull”%/ B”’U’OCHV Vb < Z \/aL'yLa'y> .

0<v<a

By Gronwall’s inequality and triangle inequality,

2
4 2 T
ua (T} < = ( Z \/a!LvLawe_ﬂ(T_s)m) ds
0

14
0<y<a

2
< 405( > \/a!LvLav(/T e—mT_s)dS)l/z)
0

0<v<a
SO

1 2cb
— sup ||u L,L
\/aTZI())” o(T Hv_ > a—vy

O<7<a
We have also,

2
27 4 % 4e
B0 < 22 >V+b< S VL, Lo )

0<y<a

for any ¢ > 0. Hence, it follows that

Lo <By Y LyLay

0<v<a

where B, depends on v, ¢ and ¢, but is independent of t. By the Catalan
method in Appendix A,

« al—1 @
sup (a0l + 8o ) < Vaicap-: () B 1
>0 a
for || > 1, and the statement of the Proposition holds with ¢y satisfying

B3K3257®y " ilmer = 1.

i=1
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5 Long time convergence to the stationary solu-
tion

In this section, we study the solutions u(t,z) of (4) and @(z) of (5) with
o(t,x) = &(x) = 0, and for simplicity consider the case with f(t,z) = f(z)
and g(t,x) = g(z). We study the convergence of u(t,z) to the stationary solu-
tion @(x) as t — oo, first in a weak sense (in a generalized space D'(H) with
some exponential rate of convergence in each mode, then in a strong sense (in
some Kondratiev space S_1,_4(H)) using a compact embedding argument. The
latter proof, unfortunately, is does not provide a rate of convergence. For time-
dependent f, g, similar results can be obtained under suitable assumptions, but
the exponential convergence of each mode is not guaranteed.
Let z(t) := u(t) — u. The propagator system for z is

20t + B(UO, ’u,o) — B(’ﬁo, ﬂo) =vAz (20&)

Zat + Ao(tua) — Ag(a) = — Y \/E (B(tiy, o) — Blity, i)

~
0<v<a
(20b)
with 24(0,2) = ue(0,2) — Ga(x), zlop = 0 and divz, = 0, for all a.
Proposition 10. Let d = 2. Assume (A0), (A0'), (A1), and assume
A1\3/4 2 o
— = A3
(Z) >+ el (A3)

where ca, ¢l are specific constants depending only on D.
Then the solution u(t) of (4) converges in D'(H) to the solution u of (5),

u(t) 7 u, as t — oo.

REMARK. In the following proof, all computations follow through even when
d = 3. So, a similar statement to Proposition 10 can be made for d = 3, provided
a strong solution u(t) exists in D'(H2 N V) for all t > 0, and the zero-th mode
uo(t) satisfies the energy inequality (c.f. [14])

57 [ + vllu®)F, < (f uo(t)).-

REMARK. If f(t,2) and g(¢, ) depend on time, then an additional condition
for the proposition to hold is that f(t), g(t) converge to f,g in H.

Proof. For a = (0), the convergence for the deterministic Navier-Stokes equa-
tion is well-known: if ug(¢) is any weak solution of (12ba) with initial condition

17



uo(0) € H, then ug(t) — @y in H as t — oo, provided (A3) holds. Moreover,
|z0(t)| decays exponentially,

l20(t)] < [20(0)] ™", (21)

where 7 := V/\l—yi—é/g\AaoW?’ > 0. (See e.g., Theorem 10.2 in [14]; the positivity
of v follows from the fact that |Atg| can be majorized by the RHS of (A3).)

For a = ¢, choosing the test function v = z,, in the weak formulation of
(20bb),

1d
2 dt
< |b<Z6ua0’261)‘ + |b(Z€z7Z0’Zez)| + |b(Z0’a617261)‘ + |b(ﬂ€z’20’261>|

< ellollvllze, IV + esllzollze l2e | |2 v + 2] Atie, 20| l|2e, v

—lze|” + vz |17

2cb

_ C
< eolltollvllza i + 52 Iz0ll2 |26 l” + ellze i + —HAue P20/

where we have used the e-inequality in the last line with any 0 < ¢ < 3. So,

1d

2, 2 <i 2 2, 26} Adi 12]20]2 929
€] €] = oo [~€ €l .
5 oleal + (3 = o)llza iy < Lllzolmlzal? + “E AP0, (22

. . . . . Y
Using the Poincare inequality (9) and taking e = 5,

2 882 B
Iqu + Bz [ < fbl\ZoIIQLwIZQIZJrj’lAquQIzOIQ

g

For some appropriately chosen tg € (0, 00) to be discussed next, we apply Gron-
wall’s inequality,

T
26 (T)[2 < o PO 2 (1) + / di(s)els #Od g
to

where

4¢2 _
plt) = %u%@n%w — B,

8cb

g

The t is chosen large enough so that ||zo(t)[|2e < 5420{;1 whenever ¢ > ty. Such
b

to exists, because by (19b) and the Sobolev embedding zy(t) € C'/? is Holder
continuous with exponent v < 1 and sup,s, ||z0(t)|[[cv < ¢’ is uniformly in ¢.
Then due to (21), we deduce that in fact zo(t,-) — 0 uniformly on D ast — oo.
Consequently, we have that sup,s,, ¢(t) < 0. Set ¢ > 0 satisfying

hi(t) = = ATz (8)]*.

2¢ < min {— sup o(t), 21/} .
t>to

18



Obviously, exp { ftf p(t)dt} < exp{ —2¢(T —ty)}. Moreover, from (21),

8c? _ ~
li(t)] < %\Aﬂq|2\Zo(t0)|2672"(t7t0) =: C’wleﬂ”(t’t‘]) —0
decays exponentially as t — oo. Combining these results,

T
0 (D < 20T (1) + [ e e300

to

< BT a W) + gty (I T0) —

as T — oo. (In the first term, |z, (to)|?> has been shown to be finite for any
finite ¢p.) Since ¢ < 7,

2(v =)
for T > ty. K., does not depend on T'. For |a| > 2, we prove by induction. Fix
«, and assume the induction hypothesis that: For each 0 < v < a, for T > ¢,

C _ _
|z, (T)]? < <|Zel (to)]* + wl) e~ 2P(T—t0) —. Kfle_zw(T_tO) (23)

|2(T)] < Kye™? 7o) g (24)

as T — oo, where K, does not depend on T. We want to show that (24) also
holds for o. From (20bb) with test function v = z,,

Ld
2dt
S ‘b(zouﬂmza” + ‘b(ZCwZOaZCK” + |b(205ﬂaaza)| + |b(aa720aza)|

+ Z \/@ (|b(zﬂ,, Za—y Za)| F [0(2y, Ua—rs 2a)| 4 |0(Tys Za—ry, za)|)

0<v<a

|za|2 + | Vza|?

Similar to (22), using the e-inequality with any 0 < ¢ < 3/2,
2 2 2 < 2 2, 260\ 2 2
5 aeleal? + (B=22)zally < S 2o lelal? + “oL | A [ 20

) 2
+ LS SO (ol + 2t 1)l

0<y<«
Using the Poincare inequality and taking e = 3/4,
d 4c? ~ 16¢2
Gla0F < (0l = 0B o + 1A Pl
2c2 . _ 1/2)2
+28(0 JE) (amsl + 2Wamsll) =21 )

0<y<a
< p()za ()] + Ya(t)
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where now

16cb

wa(t) ‘A a| |Z0 |
2
24 ( 3 /) (lzamy Ollv + 2l llv) 12 (2 ||v> ( DRRVIGREN( )
0<y<a 0<y<a

From the hypothesis (24),

al0) £ Cue 070 4 Gy (35 f(5) e 2ot )

0<y<a
where
16¢2
Co. = 5 a0 (t0)
~ 20b
Co. =2 20 V) (sup leaao)l + 2 ) up [ (9)llv
0<v<a

and C%,C'% do not depend on t. By Gronwall’s inequality,

T
2a(T)P < e T |20 (t0) P + | tals)e™?T*)ds
to
—217‘W|¢(T—t0)

< e—@(T—to)|za(t0)|2 + Q(_Ca_) —2¢(T—to) 4 Cw Z / W
vV — _

0<y<a
_ol=(lal=1) 57—
< ng 2 (T—to)

where K, does not depend on T'. Hence,
20(T)| < Kqae 2 "2t (25)
for all T > to. It follows that (24) holds also for «, and the result follows. [

We proceed to deduce the long time convergence of u(t) in some Kondratiev
space S_1,_¢(H). The manner of estimates in Proposition 10 is not directly
suited for applying the Catalan numbers method. Instead, we will use a compact
embedding type argument in the following lemma to show the result.

Lemma 11. For q > 0, let the sequence r = (2N)79. Let u* € S_1,_,(V) be a
sequence satisfying
r k(2
Z j(sup ||ua||V) < o,
(&%) k
«
that is, satisfying {u*} € S_1,_,(£>(V)).
Then there exists a subsequence ky such that ukN converges in D'(H) to

some w € D'(H). In fact, w € S_1,_4(V') and the convergence is in S_1,_q(H).
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Proof. Since for every o'

> = (A1) = > (||—uauv) > |- r“ bl

and
2 r k|2
sup | f Wil <} (k) < oe.
Since 7 is countable and embedding V' C H is compact it follows that there are
H-valued i, € Z, and a subsequence u*¥ a € Z, so that for every a
|k~ — Gig | — 0 as N — oc.

By Fatou,

e

> = (laali7)

[e3

IN

T (k2
SHPE - |ue |5
k - (%)

7,.0(
sup 3 = (k17 )
k P (6%

and @ = ) Uaéa € S—1,—q(H). The convergence in D'(H) will follow easily
from the fact that V is compactly embedded in H. Let Jy = {a € J : |a| <
N, and o; = 0 for i > N}. Since supy, |uf||v < oo, there exists a subsequence
{k§}52, such that ||lu§ — @ollgz — 0 for some %y € H. Iteratively, for each N,

IN

there exists further subsequences {kN 1521 C {kN 1} ©, such that for every

[eAS jNv
g, — @l — 0

for some %, € H. In particular, for each N, we can find jy such that

N

2
lue’ — tig||gr < N7%,  forall a € Jy.

Consequently, choose the subsequence kn = kjj\liv and we have found the limit

u=>,Uséa. It follows that uFN = @ in D'(H). Now suppose 4 € S_1,_4(H).
Let € > 0 be arbitrary. For any N,

~ B ,,,a ~ B Ta ~ _
lay = a2y = alluk” —alf+ Y alluk” —alf = (1) + (1)

a€JN agJn

By our special choice of INcN, there exists N such that

(I) < Z JN <§ whenever N > Ny.

From the hypothesis of the lemma, there exists N;; such that

« (&3 I
<2y %(sup”ukH%/) +2 ) %Han%{ < whenever N> Nyj.
aggn o F agIn

Thus, Hu’;N - ﬂ||2_17_q;H < & whenever N > max{Ny, Nyr}. O
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The hypothesis in Lemma 11 is stronger than requiring u* € 1°°(S_1 _,(V)),
thus it is a weaker statement of what might be construed as a compact embed-
ding result for Kondratiev spaces. It is not shown whether S_q1 _4(V) is com-
pactly embedded in S_1,_4(H). Nonetheless, it is sufficient for our purposes.

Corollary 12. Let d = 2. Assume the hypotheses of Propositions 6 and 9(ii).
Then, for the solutions u(t) and @ of (4), (5), we have that

u(t) —a inS_1,_4(H), ast — oo,
for ¢ > max{qo, g2}, where qo, g2 are the numbers from Propositions 6, 9.

Proof. In the proof of Proposition 9, we have in fact shown that u(¢) belongs
to the space S_1,_q(L>([0,00);V)) Taking any sequence of times, t; — oo,
the sequence {u(ty)} satisfies the hypothesis of Lemma 11. So, there exists a
subsequence of u(ty) converging in S_; _,(H) to %. This is true for any sequence
{tx}, hence u(t) — @ in S_1 _4(H) as t — oc. O

6 Finite Approximation by Wiener Chaos Ex-
pansions

In this section, we study the accuracy of the Galerkin approximation of the
solutions of the unbiased stochastic Navier-Stokes equations. The goal is to
quantify the convergence rate of approximate solutions obtained from a finite
truncation of the Wiener chaos expansion, where the convergence is in a suitable
Kondratiev space. In relation to being a numerical approximation, quantifying
the truncation error is the first step towards understanding the error from the
full discretization of the unbiased stochastic Navier-Stokes equation.

In what follows, we will consider the truncation error estimates for the steady
(2N) 9

solution . Recall the estimate (16) for |Aa|: for r2 = =2

have

, with ¢ > qo, we

T§|Aﬂa|2 < C|2a|—1 <|z|> (QN)(l—q)aBO—2(BOK)2Ia\_

This estimate arose from the method of rescaling via Catalan numbers, and will
be the estimate we use for the convergence analysis. For the time-dependent
equation, similar analysis can be performed using the analogous Catalan rescaled
estimate, and will not be shown.

Let Jup = {a : |a| < P,dim(a) < M}, where M, P may take value oo.
The projection of @ into span{é,,a € Ju,p} is uMF = > aeTup Uaba-
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M,P

Then the error e =4 — @ can be written as

|Ael? = Z 72| Aty |?

ae€I\ImM, P
o0
= Z 2| Atig|? + Z 72 |Adig|?
ler|=P+1 {lal<P, lacm|<|al}
0o P |al-1
NS TENRSS DB DD M T
|a|=P+1 la]=1 =0 |a<y|=i
(Iv) (I)
(1)
(IT1)
We define the following values
o0
Q:=2"""B3K*> i1,
i=1
M 0o
Qenr =27 BoK? Yy it Qo =21 BKY ) it
i=1 i=M+1

In particular, the term Q>M decays on the order of M?79.
We proceed to estimate the terms (I)-(IV), by similar computations to Wan
et al. For fixed 1 < p < P, |a| = p, and fixed i < p,

(I) < 62713072 Z (|z|) <2N)(1—q)a(BOK)2P

la<n|=1, |as v |=p—i
_ 2 —2(P\Ai  Ap—i
=C,_1By (i)QgM >M

Then for fixed 1 < p < P, |a] = p,

p—1 p—1

— P\Ai  Ap—i

11 = Y0 < ¢ Y (1) Qs
=0 =0

= 62—130_2(62}7 - A%M)

And finally,

P P
(IIT) = " (1) <> C2 B (Q" — Q%)
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Since QP — Q%M < pQP~(Q — Q<) by the mean value theorem for x — P,

1 p24pr 1
(I]I) BQQ>M+16 B2Q>MZ,71)

P
L 4 L 4 p(2'Q)"
B2 Q>m + Py Q>m 312 (p—1)°

IN

1. P-1
< FgQ>M 2(24Q)p

p=0

To estimate Term (IV),

( Z Z 21 qBZKQ) (|Z>(N)(lq)a

p=P+1 |a|=p

~ By Z LR (Y i)

p=P+1 i>1
B ) i 24(p 1) Ap 1 (24Q)P+1
3 = 2 A
o1 " 16mBy 1 — 24Q)

Putting the estimates together,
|Ae\2 < C((24Q)P+1 + M2_q)

Notice the condition 24Q < 1in (17), which ensured summability of the weighted
norm of the solution, is of course a required assumption for the convergence of
the error estimate.

A The Catalan numbers method

The Catalan numbers method was used in the preceding sections to derive
estimates for the norms in Kondratiev spaces. This method was previously
described in [9, 13], but we restate it here just for the record.

Lemma 13. Suppose L, are a collection of positive real numbers indezxed by
a € J, satisfying

L,<B Z LyLo .
0<y<a

L. <c. el (10N 17 e
= Vija|-1 o H €;

%

Then

for all a, where C,, are the Catalan numbers.
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Proof. The result is clearly true for & = ¢;. By induction, let |a| > 2, and
suppose the result is true for all v < a. Then

Lo < Y CoimiClaq B (hl) (Ia - vl) (I12¢)

0<v<a v a—° i
|a|71 |
nt(lal =n)! Hjaj- :

= Cr-1Claj—n_1— ———" Bl ( La)

2 2 A (=) e

0<y<al|y|=n
la|—1 -1
la\ " (o) el pjag-1 ;

= > CoiClajn-1 Y (n . gl (HL@;)

n=1 i

O0<y<al|y|=n

()

We claim that (+) = 1, for any a and any n < |a|. Indeed, let Ko = (k1,...,kq|)
be the characteristic set of @. Each summand in (%) is

la|™\ " nl (Ja| = n)!
< al ) 7 (a—9)!
The term ‘Z—!' is the number of distinct permutations of K, whereas the term
:—E (EZ‘__A:Q! is the number of distinct permutations of K, where only K., Ko_~
has been permuted within themselves. On the other hand, the latter term is the
number of distinct permutations of K, corresponding to a particular -y, where
the correspondence of a permutation of K, toay € {v: 0 <y < a, |7 = n}
can be made by taking K, to be the first n entries of that permutation of
K. Thus, each summand in (*) is the relative frequency of v over all distinct
permutations of K, and hence their sum must equal 1. To complete the proof,
using the recursion property of the Catalan numbers,

o] —1

al! _ o
La < Z Cn—lc\od—n—l (Oé! >B|a ! l__[LeiZ
n=1 i
al! _ o
:Cla\—l ('a' >B|a IHLeil’

O

If L, satisfies the hypothesis of Lemma 13, and if L., < K for all ¢, then for
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r=(2N)"1,
Z r“Li < Z c2 1B2(|a|—1)K2a|(|a>(2N)(1—q)a
< n— o
la]=n la|=n
= B~ 2C2 B2K291—4\" ‘O‘| NI-Da
n—l( ) I; a
= B2 (B ) (i)
i=1
For large n, the Catalan numbers behave asymptotically like C,, ~ %
Hence, the sum >~ , Z|a\:n r®L?2 converges for any ¢ > max{qo, 2}, where qo
satisfies -
B2y " jlima0) = 1.
i=1
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