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Motivation

An unexpected feature has been observed in the simulation of binary black holes following
their inspiral and merger. [1] After formation of a common apparent horizon, as the two
marginally outer trapped surfaces (MOTS) corresponding to the individual black holes continue
to approach, they eventually touch and then penetrated each other. This penetration was
surprising because it had not been considered in theoretical discussions [3, 4, 5] and had not
been observed in prior simulations of binary black hole mergers. In retrospect, it is tempting
to speculate in some heuristic sense that a small black hole should enter a very large black
hole with hardly any notice of its presence. In fact, it has been been conjectured on the basis
of the equivalence principle that a very small black hole should, in some appropriate sense,
fall into the large one along a geodesic. However, such a perturbative picture is unreliable in
the interior of the event horizon surrounding the two black holes, where the MOTS exist. In
this study we use an harmonic evolution code to first confirm that the individual MOTS do
penetrate following a binary black hole merger and then analyze some of the highly interesting
features revealed by the simulations.

Setup and stages of evolution

We study a head-on unequal-mass black hole merger with a 1/4 mass ratio. The initial sep-
aration of the two individual black holes is 1M and we use time-symmetric puncture initial
data. The black-holes have no angular momentum and we use a harmonic formulation of the
Einstein equations presented in detail in [2]. There are 5 distinctive stages of interest in the
simulations:

•Large separation - individual MOTS

•Formation of a common horizon as the MOTS approach

• Initial osculation of the two MOTS

•Penetration of the two MOTS

•The ultimate fate of the individual MOTS

Simulation results

Fig. 1 shows the coordinate representations of both individual apparent horizons and their
mean curvature as a function of the horizon finders six-patch angular coordinate sys-
tem at time t = 1.452M (already after a common horizon has formed) and at t =
1.974M (both MOTS touch for the first time). One can clearly see the tidal effect of
the small MOTS on the mean curvature of the larger MOTS, which develops a local
peak in its mean curvature located towards the small MOTS. This peak is smoothly
growing in time until finally both mean curvatures agree at the point of osculation.

Figure 1: Coordinate representation of the apparent horizons (left panels) and mean curvature as a function of
the coordinates of the horizon finders six-patch coordinate system (right) at times t = 1.452M (top panel) and
t = 1.97M (bottom panel).

Figure 2: Time evolution of the area of the larger
apparent horizon.

As the individual MOTS continue to overlap
we observe another interesting feature in our
simulations. As the puncture of the smaller
MOTS approaches the surface of the larger
MOTS we see a jump in the area evolution
of the larger MOTS. This is not unexpected
from mathematical theory, as the world tube
of a MOTS can intersect a given slice more
than once and it is possible to jump from one
solution to the other. This jump can also be
seen in the coordinate representations of the
apparent horizons. The smaller MOTS does
not show a jump in its area evolution but con-
tinues to stay fairly regular in shape and ge-
ometry.

Figure 3: Intersecting individual apparent horizons at time
t = 2.538M .

Fig. 3 shows the coordinate shapes of both
apparent horizons at a time t = 2.538M . Af-
ter that we cannot find the larger MOTS any-
more while the smaller one continues to exist.
We can only speculate why we lose the abil-
ity to track the evolution of the larger MOTS.
Either the MOTS becomes to irregular in its
shape and the apparent horizon finder fails
for numerical reasons or the MOTS becomes
unstable and stops to exist. Both scenarios
are possible but at the moment we can only
speculate to which one is the case.

Figure 4: A possible scenario for the evolution of the
trapped tubes. The outermost MOTS are drawn in
bold.

Fig. 4 suggests a possible scenario for the evo-
lution of trapped tubes in a binary black-hole
merger. Initially both MOTS are well sep-
arated and their geometrical properties are
purely determined by the choice of initial data.
As the MOTS approach eventually a com-
mon apparent horizon will be formed. To be
more precise a pair of two MOTS, a stable
and an unstable branch is formed. The two
surfaces evolve differently in time. The sta-
ble branch forms the outer common horizon
and stays regular while the unstable branch
shrinks and eventually seizes to exist. At the

time the MOTS touch for the first time, their mean curvatures at these points have to agree.
Then as they continue to overlap their geometrical properties are mostly determined by their
interaction.

Figure 5: Individual apparent horizons after
t = 0.384M of evolution time.

A MOTS S is found by searching for solutions to

θ± = P ±H = 0,

where θ± denotes the expansion,

H = sµν∇µNν

is the mean curvature of S in the Cauchy slicing, and

P = sµν∇µnν

is the 2-trace of the extrinsic curvature of the Cauchy
slicing and ∇ is the covariant derivative with respect
to the space-time metric g.

Discussion
•We have analyzed the geometrical properties of MOTS in a

head-on unequal-mass binary black-hole merger with a mass
ratio of q = 1/4.

•During the course of our simulations we have investigated
the evolution of the geometry of both individual and com-

mon apparent horizons.

•While the two individual MOTS approach, there is a strong
tidal effect of the small MOTS on the larger one, which is
visible both in the coordinate representation and the mean
curvature. Finally when both surfaces touch their mean cur-
vatures agree as predicted by mathematical theory.

•We track the evolution of both individual MOTS until the
smaller MOTS is more than half-way into the larger MOTS.
At this point the puncture of the small MOTS might in-
terfere with the geometry of the larger MOTS and how the
detailed merger of the two surfaces goes about in the final
stages of the evolution has yet to be determined.
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