SUPERCONVERGENCE OF DISCONTINUOUS GALERKIN
METHOD FOR SCALAR NONLINEAR CONSERVATION LAWS IN
ONE SPACE DIMENSION
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Abstract. In this paper, the analysis of the superconvergence property of the discontinuous
Galerkin (DG) method applied to one-dimensional time-dependent nonlinear scalar conservation laws
is carried out. We prove that the error between the DG solution and a particular projection of the
exact solution achieves (k + %)—th order superconvergence when upwind fluxes are used. The results
hold true for arbitrary nonuniform regular meshes and for piecewise polynomials of degree k (k > 1),
under the condition that | f/(u)| possesses a uniform positive lower bound. Numerical experiments are
provided to show that the superconvergence property actually holds true for nonlinear conservation
laws with general flux functions, indicating that the restriction on f(u) is artificial.
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1. Introduction. In this paper, we consider the semi-discrete discontinuous
Galerkin (DG) method applied to one-dimensional scalar conservation laws

(1.1a) up + f(u)e = g(z,1),
(1.1b) u(,0) = uo(z),

where g(x,t) and ug(z) are smooth functions. We assume that the nonlinear flux
function f(u) is sufficiently smooth with respect to the variable u, for example, f € C3
is enough. For the sake of simplicity and easy presentation, we only consider the
periodic or compactly supported boundary conditions. We show the superconvergence
property of the DG solutions towards a particular projection of the exact solution
when the upwind fluxes are used.

The DG method discussed in this paper is a class of finite element methods, us-
ing discontinuous piecewise polynomials as the solution and the test functions. It
was first introduced by Reed and Hill [22] for solving a steady-state linear hyperbolic
equation in the framework of neutron transport, and then developed by Cockburn et
al. [13, 12, 11, 14] for solving time-dependent nonlinear conservation laws, termed
as Runge-Kutta discontinuous Galerkin (RKDG) method, by combining DG spatial
discretization and explicit high order Runge-Kutta time discretizations. For more de-
tails of DG methods for convection-dominated problems, including algorithm design,
analysis, implementation and its applications, we refer the readers to the lecture notes
[8, 9, 24], the review paper [15]; see also [3] for a unified analysis for elliptic prob-
lems. Since there is no continuity requirement at cell boundaries, the DG methods
have several attractive properties which are not shared by the typical finite element
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methods. For example, they can be easily constructed for any order of accuracy with
the allowance of different degree of piecewise polynomials in each element; they have
an extremely local data structure; they have the flexibility for arbitrarily unstruc-
tured meshes even those with hanging nodes; and they have excellent efficiency in h-p
adaptivity, see, e.g., [4].

We would like to mention related theoretical results including stability analysis
and error estimates of the DG methods for conservation laws. For smooth solutions
of linear conservation laws, optimal a priori error estimates of order k 4+ 1 for one-
dimensional and some multi-dimensional cases [19, 23, 10] and a sub-optimal L? error
estimate of order k—i—% for arbitrary meshes [18], are obtained for steady-state solution
or for the space-time DG discretization, where k is the polynomial degree of the finite
element space. The results in [18] are later proven to be sharp for the most general
situation [21]. For nonsmooth solutions of nonlinear conservation laws, Jiang and
Shu [17] proved a cell entropy inequality for the semi-discrete DG method as well
as for some fully discrete DG scheme with implicit time discretizations such as the
backward Euler and Crank-Nicholson algorithms, which trivially implies the nonlinear
L? stability of the method even without limiters. More recently, the L? stability of
the fully discrete RKDG method with explicit third order total variation diminishing
(TVD) Runge-Kutta time-marching method is given for the linear time-dependent
conservation laws with possibly discontinuous solutions [26]. Also in [25, 26], sub-
optimal a priori error estimates for general monotone numerical fluxes and optimal
error estimates for upwind numerical fluxes are obtained for the RKDG schemes to
sufficiently smooth solutions of nonlinear conservation laws.

Let us now mention in particular the superconvergence property of the DG meth-
ods in the literature. In [2, 1], Adjerid et al. showed that the DG solution is supercon-
vergent at Radau points for solving ordinary differential equations and steady-state
hyperbolic problems. In [5], Cheng and Shu proved superconvergence of order k—i—% of
the DG solution towards a particular projection of the exact solution for linear conser-
vation law when upwind numerical fluxes are used in the framework of Fourier analysis,
which works for piecewise linear polynomials on uniform meshes with periodic bound-
ary conditions. The results were later improved, using a different technique, in [6] for
arbitrary nonuniform regular meshes and schemes of any order. Let us point out that
the superconvergence property with linear growth in time entails that the error of the
DG scheme will not grow for fine grids over a long time periods, see [5] and [20] for
this excellent long time behavior of the error. The objective of this paper is to study
the superconvergence property of the DG method for nonlinear scalar conservation
laws, extending the results in [6] for linear problems. Superconvergence of order k + %
is proved for smooth solutions of nonlinear conservation laws when upwind numerical
fluxes are used, under the condition that |f’(u)| has a uniform positive lower bound,
i.e., either f'(u(z,t)) > > 0 or f'(u(z,t)) < =6 < 0,V(x,t) € I x [0,T]. Let us
emphasize that this restriction is artificial due to the limitation of the technical proof;
the superconvergence property actually holds true for nonlinear conservation laws
with general flux functions, see numerical results in Section 4 below and also in [5].
As far as we know, this is the first superconvergence proof for DG methods applied
to nonlinear hyperbolic equations. The generalization from linear problems in [6] to
the nonlinear case in this paper involves several technical difficulties, for example, one
of the most essential points is how to obtain a sharp estimate for the time derivative
of the error, e;, see appendix A.2 for a detailed proof. The main tool employed in
this paper is an energy analysis. To deal with the nonlinearity of the flux, Taylor
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expansion and a prior assumption about the numerical solution are used.

This paper is organized as follows. In Section 2, we review the DG scheme for
conservation laws. In Section 3, we present some preliminaries about the discontinuous
finite element space, state the main results and then display the main proofs. In
Section 4, numerical experiments are shown to demonstrate the theoretical results.
Concluding remarks and comments on future work are given in Section 5. Finally, in
the appendix we provide the proofs for some of the more technical lemmas.

2. DG scheme. In this section, we follow [13] and review the DG scheme for
the problem (1.1).

The usual notation of DG method are adopted here. Let us start by assuming the
following mesh to cover the interval I = (0, 27), consisting of cells I; = (i 1,254 1),
for 1 <j < N, where

0:$%<$%<"'<$N+%:2ﬂ'.

The cell center and cell length, respectively, are denoted by z; = (=, 1t 1)/2
and h; =z il Ty We use h = max; h; and p = min; h; to denote the length
of the largest cell and the smallest cell. The mesh is assumed to be regular in the
sense that the ratio of h/p is always bounded during mesh refinements, namely, there
exists a positive constant v such that vh < p < h. We denote by pj_Jr 1 and p;.;r 1 the

values of p at the discontinuity point 1 from the left cell, I;, and from the right
cell, Ij 41, respectively. Moreover, we use [p] = p* —p~ and {p} = S(p™ +p7) to
represent the jump and the mean of p at each element boundary point. The following
piecewise polynomials space is chosen as the finite element space:

Vi, = ViF = {v e L*0,27) : v|f, € P*(Ij), j=1,--,N},

where P¥(I;) denotes the set of polynomials of degree up to k& > 1 defined on the
cell I;. Note that functions in Vj, are allowed to have discontinuities across element
interfaces. Then the approximation of the semi-discrete DG method for solving (1.1)
becomes: find the unique function up = uy(t) € Vj, such that

(2.1)
(un)eondz — [ fun)(vn)edz + fi 1 (on) 0 = fis(on) T, = / g(x, yopdz
holds for all v, € Vj, and all j = 1,--- , N. Here, in order to achieve the supercon-

vergence property, the numerical flux f; +1 is chosen to be an upwind flux defined
on each boundary point, which includes the well-known Godunov flux, the Engquist-
Osher flux and the Roe flux with an entropy fix. Note that we have dropped the
subscript j + 1/2 in the definition of upwind flux for convenience.

3. The main results. Before we state the main results, let us begin by intro-
ducing the following notation, definitions and some auxiliary results which will be
used later in the proof of the superconvergence property.

3.1. Preliminaries.

3.1.1. Notation for different constants. We denote by C (possibly accompa-
nied by lower or upper indices) a positive constant independent of A but may depend
on the exact solution of the equation (1.1), which could have a different value in each
occurrence. To emphasize the nonlinearity of the flux f(u), we employ C, to denote
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a nonnegative constant that depending solely on the maximum of |f”| or/and |f"’|.
We remark that C, = 0 for a linear flux f(u) = cu, where c is a constant.

We assume that the exact solution u is smooth enough, for example, ||u|/x+1,
[lwellk+1 and ||wgl/k+1 are bounded uniformly for any time ¢t € [0, T]. Suppose that
the initial condition ug(z) lies in [mg, Mp], then it follows from the maximum principle
that the exact solution is also in this range. We assume that the flux function satisfies
|f'(u)| > 6 uniformly on the interval [mg, Mp] with ¢ being a positive constant, we
then follow [25] to modify the flux f such that |f(u)| > 36 on [mg — 1, Mo + 1], and
for simplicity, we still denote this lower bound as §. We also assume the derivatives
of f(u) with respect to u up to third order are globally bounded on [mg — 1, My + 1].

3.1.2. Functionals related to the L? norm. To get the superconvergence
property of the method, two functionals related to the L? norm of a function F(z) on
I, are needed as defined in [6]:

T—Tj1/2 d

5, )= [ )2 L (R0 T e

— T, d T — T
HF :/F T Tit12 ¢ F I Vdx.
BI®) = [ B2 L (@) T o

The functionals defined above have the following properties, which are essential to
the proof of the superconvergence.
LEMMA 3.1. [6] For any function F(z) € C* on I;, we have

e | 2 F?(41/2)
1 F2(2; 1))
+ _ 2 _ j—1/2
(3.2) BYE) =~ [ Flajde - 22

The proof of this lemma is straightforward, see [6].

3.1.3. Projections and interpolation properties. We introduce the stan-
dard L? projection of a function ¢ € L?(I) into the finite element space V},, denoted
by Ppq, which is the unique function in V}, satisfying for each j,

/l. (Prg(z) — q(z))vpdz =0, Y, € Vj,.

In what follows, we define two kinds of Gauss-Radau projections P,j[ into Vj
following a standard trick in the DG analysis. For any given function ¢ € L?(I) and
arbitrary element I; = (xjf% , ijr%), the special projection of ¢, denoted by Pfq, is
the unique function in the finite element space V}, satisfying, for each j,

i-3)

(3.3) /1 (P,jq(x) —q(z))vpdz =0, Yo € Pkil(lj), (P,jq);i% =q(z

2

(3.4) /1 (P, q(z) — q(z))vpdx =0, Yo, € PF71(1), (Ph_q)jjr% = q($;+1)-

J

Note that these two special projections have been used to derive optimal error
estimates of the DG methods in the literature, for example, in [25, 26]. We would
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like to mention that the exact collocation at one of the boundary points on each cell
plus the orthogonality property for polynomials of degree up to k — 1 of the Gauss-
Radau projections PhjE play an important role and are used repeatedly in the proof
of the superconvergence property. We denote by n = ¢(x) — Quq(z) (Qn = P, or
Pf) the projection error, then by a standard scaling argument [7] together with trace
inequality, it is easy to obtain, for smooth enough ¢(x), that,

(3.5a) Il + Rzl + B2 |nlls, < CR*,

where C' is a positive constant depending solely on ¢ and its derivatives but indepen-
dent of h. Here and below, an unmarked norm |-|| is the usual L? norm defined on
the interval I, and |||, denotes the L? norm defined on the cell interfaces of the
mesh. For example, for the one-dimensional case under consideration in this paper,

Inl, = Ejvzl ((77;.;1/2)2 + (77]._“/2)2). Moreover, the Sobolev’s inequality implies
that

(3.5b) [7lloe < ChE*3

with the positive constant C' is independent of h. This inequality is important for the
a priori assumption that to be used for the error estimates, see Section 3.3 below.

3.1.4. Inverse properties. Finally, we list some inverse properties of the finite
element space V},. For any p;, € V},, there exists a positive constant C' independent of
pn, and h, such that

(i) 19apnll < CR7 Ipall; (i) lIpalln, < CRTY2|pall; (i) [palloo < CRTY2|pal.

Here and below, 0,(-) denotes the partial derivative with respect to the variable x,
likewise for 0;(+). For more details of these inverse properties, we refer to [7].

3.2. The main results. Let us denote e = u — uy, to be the error between the
exact solution and numerical solution and split it into two parts, one is the projection
error denoted by n = u — Qpu, and the other is the part belongs to the finite element
space V3, denoted by £ = Qpu — up, which is proven to be (k + %)—th order super-
convergence as shown in the following theorem. Here the projection Qy, is defined at
each time level ¢ corresponding to the sign variation of f’(u); more specifically, for
any t € [0,7] and = € I, if f'(u(x,t)) > 0, we choose Qp, = P, , if f'(u(z,t)) <0, we
take Qp = P,j .

We are now ready to state the main theorem.

THEOREM 3.2. Let u be the exact solution of the problem (1.1), which is assumed
to be sufficiently smooth with bounded derivatives, and assume that f € C* and |f'(u)]
is lower bounded uniformly by any positive constant. Let up, be the numerical solution
of scheme (2.1) with nitial condition up(-,0) = Qpuo when the upwind fluz is used.
For regular triangulations of I = (0,27), if the finite element space V¥ of piecewise
polynomials with arbitrary degree k > 1 is used, then for small enough h there holds
the following error estimate

(3.6) I€C, 1)l < CRET32 vt e [0, T,

where the positive constant C depends on the exact solution u, the final time T and
the mazimum of | f™| (m = 1,2,3), but is independent of h.
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3.3. Proof of the main results. Without loss of generality, we will only con-
sider the case f'(u(z,t)) > > 0 V(z,t) € I x [0,T], the case of f'(u(x,t)) < —-0<0
is similar. Therefore, we take the numerical flux as f = f(u,, ) on each cell interface
and choose the projection as Qj = P, on each cell element, the initial condition is
chosen as uy(-,0) = P, ug. Thus the DG scheme (2.1) can be written as
(3.7

: (un)ivndr — : Flun)(vn)ade + f(ug, Yoy s — Fluy o |;o1 = /1 g9(z,t)vpdz,

which holds for any v, € V},. Since the exact solution u also satisfies the weak formu-
lation (3.7), we thus have the error equation
(3.8)

/l evonda = / (F(u) = £ (un))(on)ada— (£ ()~ F ()0 o 3+ )= F )it |

j i
for any v, € V. Summing the above error equation over j and using the periodic
boundary conditions, one obtain

(3.9) / etvhdx_z / F(un)) () dx+z @ )nd) s

for all v, € V. We now take v, = £ to obtain the followmg identity
(3.10) LHS = RHS,

where

(3.11a) LHS = /etfdx,

(3.11b) RHS = Z/ f(un) §zd:c+z f(u,;))[[g]])ﬂ%.
Obviously,
1d

To estimate RHS, let us define & = r; + S;(x )( — x;j)/h; on each cell I;, with
r; = &(z;) being a constant and S;(z) € Pkfl(Ij) The estimate of RHS is given in
the following lemma.

LEMMA 3.3. Suppose that the interpolation property (3.5a) is satisfied, then we
have

(3.12b) RHS < (C(e) + C.h 2 ||e| ) I€]|1* 4+ CLhETY|[S|| + Ch2k+3,

where C(e) = C + Cyh™Y|e||s, and the positive constants C and C, are independent
of h and the approximate solution up.

Proof. We start by using the second order Taylor expansion with respect to the
variable u to write out the nonlinear terms, namely f(u) — f(un) and f(u) — f(u, ),
as

(3-13a)  f(u) = f(un) = f'(w)€+ f'(u)n -

(313b)  f(u) ~ flu) = FOE -+ Fm — P + € 26,46, +05

I+ €)% 2 M+ o + g,

N =
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where f/ and f/ are the mean values given by f” = f"(aju + (1 — o1)us) and
f;’ = f"(agu+ (1 — az)u, ) with 0 < ay, ap < 1. Note that here we have dropped
the subscript j 4+ 1/2 for notational convenience, since all quantities are evaluated at
the same points (i.e., the interfaces between the cells). Thus, the identity (3.11b) can
be represented by

3
RHS = (Ai + ),
i=1
with A; and ©;, given by
N N
A = Z/ Nibpda and  ©; = (6;[¢]); 11 (i=1,2,3),
j=1"1i j=1

which will be estimated separately later. A simple integration by parts gives us the
estimate for A1 + O1:

1o 1o
A +6; = —52/1 0 f' (w)€da — §Zf/(uj+%)[[§]]§+%
=171 =1

1 N
< CUlgl? = 5wy 1)ED
j=1
(3.14a) < Culigl,

where we have used the positivity assumption of f/(u) to obtain the last inequality.
Note that 77;+1/2 =0, due to the property of the projection P, in (3.4), we get

N

0 => (' []) 4y =0.

j=1
To estimate Ag, we rewrite the expression for f’(u) as
f1u) = f'(uy) + (F"(u) = £ (u)),

where u; denotes the value of the exact solution v at z;. Note that n is orthogonal
to any polynomials of degree up to k& — 1 by virtue of the property of the projection
P, in (3.4), therefore, Ay can be represented by

N
Na=3 [ 0 T

- i [ e = s ($@ 552+ 2

We now define piecewise polynomials S(z) and ¢(x) such that S(z) = S;(x), ¢(z) =
(z — x;)/h; on each I;. Clearly ||¢||oc = 3, then Cauchy-Schwarz inequality together
with the inverse property (i) yields that

A < CullnllIS] < Coh™ 8],
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where we have also used the interpolation property (3.5a) and the fact that |f'(u) —
f(u;)] < Cih on each element I; due to the smoothness of the exact solution u and
f. Thus, we arrive at a bound for Ay + O,

(3.14b) Az + 0 < CLEFTYS|.
It is easy to show that

Az + O3 < Cilef|oollell[|€xll + Cxllelloollelim lI€]In,

< Coh el (llellllN + R2 [Inlln, 1€l + 11€]1%)
< CohFllel|solI€]l + Cuh™ el oo 1€
(3.14c¢) < (Coh7Mlelloo + Cuh ™3 el|2)|I€]12 + Ch2FT3,

where for the first step we have used Cauchy-Schwarz inequality, for the second step
we have used the inverse properties (i) and (ii), for the third step we have employed
the interpolation properties (3.5a), and a direct application of Young’s inequality is
used for the last step. To complete the proof of Lemma 3.3, we need only to combine
(3.14a)-(3.14c¢). O

We now collect (3.12a) and (3.12b) into (3.10) to get

1d
1a a2 < ‘/n cda
2 dt ;O

It follows from the orthogonality property of the projection P, in (3.4), Cauchy-
Schwarz inequality and the interpolation property (3.5a) that the first term on the
right-hand side of (3.15), | [, n:£dx|, can be bounded by

(3.15) + (C(e) + Ch73le|| ) I€N17 + CLhFFL||S|| + Ch2F+3.

< lmellISlli¢lloe < CRMS],

(3.16) ’/ n&dx
I

where C' is a positive constant depending solely on the exact solution wu, but is inde-
pendent of h. A combination of (3.15) and (3.16) yields that

1d

1
(38.17) 2.dt

I€]1* < (C(e) + Cuh™2|lelZ)IEN? + CLh™ S| + Ch+2.
In what follows, to deal with the nonlinearity of the flux f(u) we shall make an a
priori assumption that, for small enough h, there holds

(3.18) |Qnu — unl| < b7,

Later we will justify this a priori assumption (3.18) for piecewise polynomials of degree
k> 1.

COROLLARY 3.4. Suppose that the interpolation property (3.5b) is satisfied, then
the a priori assumption (3.18) implies that
(3.19) lelloe < ChZ  and ||€]joe < Ch2.

Proof. This follows from the inverse property (iii), the interpolation property
(3.5b) and triangle inequality. O
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Under this the a priori assumption, we can first get a crude bound for &, which
is used to derive a sharp bound for e; in Lemma 3.7.

COROLLARY 3.5. Under the same conditions as in Lemma 8.3, if the a priori
assumption (3.18) holds, we have the following error estimates

(3.20) le|| < CRFTY and ||€|| < ChFTL.

Proof. The proof follows along the same lines as that in Lemma 3.3 except that we
can derive a crude bound for Ay + Oy < C,h*+1||¢]| instead of Ay + O2 < CLAFHL|S||
in (3.14b) and also in (3.16). Then the results in Corollary 3.5 follow by using (3.19)
implied by the a priori assumption (3.18) and a simple application of Gronwall’s
inequality together with the fact that £(-,0) = 0 due to the choice of the initial
condition. O

We remark that the results in Corollary 3.5 for the semi-discrete case considered
in this paper can be viewed as a straightforward consequence of the fully discrete
DG method for solving conservation laws when the upwind fluxes are used, see e.g.,
[25, 26].

The next lemma gives us a bound for S, which is essential to obtain the super-
convergence property.

LEMMA 3.6. Under the same conditions as in Theorem 8.2, if, in addition, the a
priori assumption (3.18) holds, we have

(3:21) ISI| < Chlle|| + CR**2,

for any t € [0, T], where the positive constant C is independent of h and the approzi-
mate solution uyp,.
The proof of this lemma is given in the appendix, see A.1. Up to now, we see
that we still need to have a bound on e;, which is given in the following lemma.
LEMMA 3.7. Under the same conditions as in Theorem 3.2, if, in addition, the a
priori assumption (3.18) holds, we have

t
(3.22) nmmcmﬂ+awézﬂawwa

for any t € [0,T), where the positive constants C and Cy are independent of h and
the approzimate solution up,.

The proof of this lemma is deferred to the appendix, see A.2.

We are now ready to get the following important inequality for £ by collecting the
estimates (3.21) and (3.22) into (3.17), by employing (3.19) implied by the a priori
assumption (3.18) and by virtue of Young’s inequality

| =

(3.23) %

Qu

t
IEOI < Gl + s [ (o) s + Ca 4,

where C1, Cy and C3 are positive constants independent of h. Note that there holds
the following identity

(3.24) & | lepas = e
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Adding twice of (3.23) and (3.24) up, we arrive at

25 4 (1wl + [ lewias) <o (leon + [ lewias) + one,

where Cy = max(2C; 4 1,2C5) and C = 2C} are positive constants independent of h.
An application of Gronwall’s inequality together with the fact that £(-,0) = 0
gives us the desired result

(3.26) €, 8[| < CRFF3/2,

Finally, let us complete the proof of Theorem 3.2 by verifying the a priori assump-
tion (3.18). First of all, the a prior assumption is satisfied at ¢ = 0 since £(-,0) = 0.
For piecewise polynomials of degree k (k > 1), one can choose h small enough such
that Ch**3/2 < Ih2 where C is a constant in (3.6) determined by the final time
T. Define t* = sup{s < T : ||Quu(t) —un(t)|| < A%Vt € [0, s]}, then we have
|Qru(t*) — up(t*)|| = h? by continuity if t* < T. However, our main result (3.26) im-
plies that [|Qpu(t*) — up(t*)| < Ch**3/2 < 1h?, which is a contradiction. Therefore,
there always holds t* = T, and thus the a priori assumption (3.18) is justified.

4. Numerical examples. In this section we provide some numerical experi-
ments to verify the superconvergence property of the DG method for hyperbolic con-
servation laws. To reduce the time errors, we use the five stage, fourth order strong
stability preserving (SSP) Runge-Kutta discretization (see, e.g., [16]) in time and take
At = CFL h?. In the computations below, our numerical initial condition is taken by
the L? projection of the initial condition. In fact, we have observed little difference
if we use the Q@ projection of the initial condition instead, except that for the case
with severely nonuniform mesh solving (4.1) in Example 4.1 for short time simulation
(for example, T = 1); see Table 4.2.

EXAMPLE 4.1. First we consider the following equation

ur + (u¥/3 +u), = g(z,t),
(4.1) u(z,0) = cos(z)
u(0,t) = u(2m,t)

where g(x,t) is given by
g(x,t) = —(2 + cos®(x + t)) sin(z + ).
The ezact solution is

u(x,t) = cos(xz + t).

Note that f(u) = u? +1 >1 > § > 0, we can use upwind fluxes and choose
Qn = P, . We test this example using P* polynomials with 1 < k < 3. Table 4.1
lists the numerical errors, & and e, and their orders for different final time 7" using P!
polynomials on a uniform mesh. We can clearly observe third order accuracy for £ and
second order for e. Also, & does not grow much which ensures that the error e does not
grow with respect to time. Table 4.2 lists the results when using P! polynomials on a
nonuniform mesh which is a 30% random perturbation of the uniform mesh. From the
table, we can still observe superconvergence (the order is around 2.5). Let us point
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out that the usage of P,  projection of the initial condition would help to recover
the third order accuracy, which are, however, not included here to save space. That
is, the conclusions hold also true for this nonuniform case. The results for Example
4.1 when using P? and P? polynomials on a uniform mesh, respectively, are listed
in Tables 4.3 and 4.4. We can clearly observe that the orders of convergence of the
errors, £ and e, are k + 2 and k + 1, respectively; moreover, both errors do not grow
with respect to time either.

TABLE 4.1
The errors & and e for Example 4.1 when using P! polynomials on a uniform mesh of N cells.
CFL =0.5.

pl N T=1 T =50 T =500
L? error order | L% error order | L? error order
20 | 2.10E-04 - 1.84E-04 - 2.45E-04 -

40 | 2.65E-05 299 | 2.73E-05 2.76 | 3.90E-05  2.65
¢ 80 | 3.31E-06  3.00 | 3.65E-06 2.90 | 5.10E-06  2.93
160 | 4.14E-07  3.00 | 4.61E-07 298 | 6.53E-07 2.97
320 | 5.17E-08  3.00 | 5.77E-08  3.00 | 8.21E-08  2.99
20 | 4.26E-03 - 4.26E-03 - 4.24E-03 -

40 | 1.06E-03  2.00 | 1.06E-03  2.00 | 1.06E-03  2.00
80 | 2.65E-04 2.00 | 2.66E-04 2.00 | 2.65E-04 2.00
160 | 6.64E-05 2.00 | 6.64E-05 2.00 | 6.64E-05 2.00
320 | 1.66E-05 2.00 | 1.66E-05 2.00 | 1.66E-05 2.00

TABLE 4.2
The errors & and e for Example 4.1 when using P! polynomials on a random mesh of N cells.
CFL =0.5.

pl N T=1 T =50 T =500
L? error order | L? error order | L? error order
20 | 5.86E-04 - 6.46E-04 - 6.21E-04 -

40 | 6.19E-05 3.24 | 5.86E-05 3.46 | 5.43E-05 3.51
¢ 80 | 1.18E-05 2.39 | 7.71E-06  2.93 | 8.03E-06 2.76
160 | 2.30E-06  2.37 | 7.81E-07 3.30 | 9.81E-07  3.03
320 | 4.65E-07 2.30 | 1.14E-07 2.78 | 1.21E-07  3.02
20 | 5.50E-03 - 4.98E-03 - 5.37E-03 -

40 | 1.30E-03  2.08 | 1.23E-03 2.01 | 1.28E-03  2.07
80 | 3.55E-04 1.88 | 3.52E-04 1.81 | 3.52E-04 1.86
160 | 8.73E-05 2.02 | 832E-05 2.08 | 836E-05 2.07
320 | 2.13E-05 2.03 | 2.10E-05 1.99 | 2.15E-05 1.96

EXAMPLE 4.2. In this example, we solve the following equation

Ut + (u3/3)I = g(Ia t)v
(4.2) u(z,0) = cos(x)
u(0,t) = u(2m,t)

where g(z,t) is given by

g(x,t) = —(1 + cos®(x + t)) sin(z + ).
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TABLE 4.3
The errors & and e for Example 4.1 when using P2 polynomials on a uniform mesh of N cells.
CFL =0.5.

p2? N T=1 T =50 T = 500
L? error order | L? error order | L? error order
20 6.35E-06 - 6.70E-06 - 6.69E-06 -

40 | 4.12E-07  3.94 | 4.13E-07 4.02 | 4.13E-07 4.02
¢ 80 | 2.57E-08 4.00 | 2.57E-08 4.00 | 2.57E-08  4.00
160 | 1.61E-09  4.00 | 1.61E-09 4.00 | 1.61E-09  4.00
320 | 1.00E-10  4.00 | 1.00E-10 4.00 | 1.01E-10  3.99
20 | 1.07E-04 - 1.07E-04 - 1.07E-04 -

40 | 1.34E-05 3.00 | 1.34E-05 3.00 | 1.34E-05  3.00
80 | 1.67E-06  3.00 | 1.67E-06 3.00 | 1.67E-06  3.00
160 | 2.09E-07  3.00 | 2.09E-07 3.00 | 2.09E-07  3.00
320 | 2.61E-08 3.00 | 2.61E-08 3.00 | 2.61E-08  3.00

TABLE 4.4
The errors & and e for Example 4.1 when using P3 polynomials on a uniform mesh of N cells.
CFL =0.1.

PPN T =10 T =50 T =500
L? error order || L® ertror order | L? error order
10 | 2.82E-06 1.81E-06 1.98E-06 —

20 | 5.47E-08  5.69 5.67E-08  5.00 | 5.66E-08 5.13
¢ 40 | 1.74E-09  4.97 1.74E-09 5.02 | 1.74E-09 5.02
80 | 5.42E-11  5.00 5.42E-11  5.00 | 5.49E-11  4.99
10 | 3.31E-05 - 3.30E-05 - 3.30E-05 -

20 | 2.07E-06  4.00 2.07E-06  4.00 | 2.07TE-06  4.00
40 | 1.29E-07  4.00 1.29E-07 4.00 | 1.29E-07  4.00
80 | 8.07E-09  4.00 8.07E-09  4.00 | 8.07TE-09  4.00

The exact solution is

u(x,t) = cos(x + t).

In this case, f/(u) = u? > 0, we can still use the upwind flux and choose Q;, = P, .
We test this example using both P! and P2 polynomials on a nonuniform mesh which
is a 10% random perturbation of the uniform mesh. The results in Table 4.5 show
that the orders of convergence of the errors, £ and e, are k + % and k+ 1, respectively.
EXAMPLE 4.3. We consider the following Burgers equation
u + (u?/2)e = g(2,1),
(4.3) u(z,0) = cos(x)
u(0,t) = u(2m,t)
where g(x,t) is given by
g(x,t) = —(1 + cos(x + t)) sin(x + t).
The exact solution is

u(z,t) = cos(z +1t).
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TABLE 4.5
The errors & and e for Ezample 4.2 when using both P1 and P? polynomials on a random mesh
of N cells. CFL=0.5.T =1.

P k=1 k=2
N I3 e I3 e

L? error order | L? error order | L? error order | L? error order
40 2.28E-04 — 1.08E-03 — 4.29E-06 - 1.40E-05 —

80 4.52E-05 233 | 2.75E-04 1.98 | 3.25E-07 3.72 | 1.77E-06  2.98
160 || 7.95E-06  2.51 | 6.85E-05 2.01 | 2.24E-08 3.86 | 2.18E-07  3.02
320 || 1.49E-06 242 | 1.72E-05 1.99 | 1.90E-09  3.56 | 2.77E-08  2.98
640 || 2.63E-07 2.50 | 4.30E-06 2.00 | 1.66E-10 3.52 | 3.48E-09 2.99

Since f’(u) changes its sign in the computational domain, we use the Godunov
flux, which is an upwind flux. The projection Qj is defined element by element as
follows. For t = T, if u(x;,t) is positive, we choose Qp, = P, on the cell I}; otherwise,
we use Qp = P,j. We test this example using P* polynomials with 1 < k < 3 on a
uniform mesh. The results are listed in Tables 4.6-4.8, from which we observe that
¢ achieves at least (k + %)-th superconvergence and it does not grow with respect to
time for most meshes. Meanwhile, the error e achieves the expected (k + 1)-th order
of accuracy and it does not grow with respect to time either.

TABLE 4.6
The errors & and e for Example 4.3 when using P! polynomials on a uniform mesh of N cells.
CFL =0.5.

pl N T=1 T =50 T = 500
L? error order | L error order | L? error order
20 6.31E-04 — 1.61E-03 - 1.64E-03 —

40 | 9.03E-05 2.81 | 2.74E-04 2.56 | 2.65E-04 2.63
¢ 80 | 1.25E-05 2.85 | 3.76E-05 2.86 | 4.24E-05 2.65
160 | 1.82E-06  2.78 | 8.15E-06 2.21 | 6.67E-06  2.67
320 | 2.59E-07 2.81 | 1.50E-06 2.44 | 1.04E-06 2.68
20 | 4.26E-03 - 4.48E-03 - 4.49E-03 -

40 | 1.06E-03  2.00 | 1.09E-03 2.04 | 1.09E-03 2.04
80 | 2.66E-04 2.00 | 2.68E-04 2.03 | 2.69E-04 2.02
160 | 6.64E-05 2.00 | 6.68E-05 2.00 | 6.67E-05 2.01
320 | 1.66E-05 2.00 | 1.67E-05 2.00 | 1.66E-05 2.00

5. Concluding remarks. In this paper, the superconvergence property of the
DG method for nonlinear hyperbolic conservation laws is investigated. We prove that
the error between the numerical solution and a particular projection of the exact solu-
tion achieves (k + %)-th order superconvergence when piecewise polynomials of degree
k (k > 1) are used, provided that |f/(u)| is lower bounded uniformly by a positive
constant. Numerical experiments are given to show that the superconvergence prop-
erty holds true for nonlinear conservation laws with general flux functions, indicating
that the restriction on f(u) is artificial.

Future work includes the study of superconvergence of DG method for conserva-
tion laws in multi-dimensional cases on structured and unstructured meshes. Analysis
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TABLE 4.7
The errors & and e for Example 4.8 when using P2 polynomials on a uniform mesh of N cells.
CFL =0.5.

p2? N T=1 T =50 T = 500
L? error order | L? error order | L? error order
20 7.57TE-05 - 9.23E-05 - 1.05E-04

40 | 8.19E-06  3.21 | 8.76E-06 3.40 | 9.08E-06  3.53
¢ 80 | 9.76E-07  3.07 | 1.01E-06  3.11 | 9.11E-07  3.32
160 | 8.72E-08  3.48 | 9.03E-08 3.49 | 8.81E-08 3.37
20 | 1.20E-04 - 1.31E-04 - 1.31E-04 -

40 | 1.47E-05  3.03 | 1.49E-05 3.13 | 1.49E-05 3.13
80 | 1.77E-06  3.05 | 1.78E-06  3.07 | 1.78E-06  3.07
160 | 2.15E-07  3.04 | 2.15E-07 3.04 | 2.15E-07 3.04

TABLE 4.8
The errors & and e for Example 4.8 when using P3 polynomials on a uniform mesh of N cells.
CFL =0.2.

=~ T=1 T=50 T =500
L? error order | L? error order | L? error order
10 | 1.10E-05 - 1.56E-05 - 1.50E-05 -

20 | 3.94E-07 4.81 | 4.16E-07 5.23 | 4.14E-07 5.18
¢ 40 | 1.49E-08 4.72 | 1.29E-08 5.01 | 1.27E-08  5.02
80 | 5.39E-10 4.79 | 3.92E-10 5.04 | 3.91E-10  5.02
10 | 3.53E-05 - 3.63E-05 - 3.51E-05 -

20 | 2.11E-06 4.06 | 2.11E-06 4.10 | 2.11E-06  4.05
40 | 1.30E-07 4.02 | 1.30E-07 4.02 | 1.30E-07 4.02
80 | 8.09E-09 4.01 | 8.08E-09 4.01 | 8.08E-09 4.01

of superconvergence property of the local DG (LDG) method for nonlinear diffusion
equations also constitutes future work.

Appendix A. Proof of several lemmas.

In this appendix, we give the proofs for some of the technical lemmas.

A.1. The proof of Lemma 3.6. A simple integration by parts of (3.8) yields
that

(1) [ endet [ (70 = lun))eonde -+ L) = flif ]y =0

J J

for all v, € V5. We recall that u — up = n+ & and § = r; + S;(x)(x — x;)/h; with
r; being a constant and S;(z) € P*~1(I;). If we now let v, = S;(z)(x — x;_1/2)/h;,
then we have the following identity

(A.2) /I_ets,-(x)x_zﬂdﬁ/l (f(u)—f(uh))msj(x)%;*mdmzo,

J j
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since vp(z] ;) = 0. To estimate ||S||, we would like to split the nonlinear term

f(u) — f(up) in (A.2) into five terms by the following Taylor expansion:

F(u) = flun) = £+ f (@ - 5 fre?

= f'(u)&+ (f'(w) = f /()& + f'(ug)n + (' (w) = f(us))n - %f{;e2
£ M+ T+ T3+ Ty + T

where f;/ is again the mean value. As we have shown before, |f'(u) — f'(u;)| < Cih
on each element I;. Therefore, (A.2) can be written as

5
(A3) /1 erS; (95):“2%1/2‘155 + Z IL;; =0,
i g i=1

where

Hi)j :/ (F17J)mSJ($)WdCL‘ (Z = 1, cee ,5).
1; J

In what follows, we will estimate each term above separately.
First, it is easy to show, by the property of B, in Lemma 3.1, that

S%(wj41/0
(Ad) Ty = f(uy)B; (S;) = f'(uy) [ﬁ/l Sj(@)de + %] '

J

Plugging (A.4) into (A.3) and using the assumption that f’(u(z,t)) > ¢ > 0, we get

5
(A.5) g/ S3(w)dx < h; l—/ etSj(x)de _ ZHW
I]' Ij J i=2

We now define piecewise polynomial ¢1(x) such that ¢1(z) = ( —2;_1/2)/h; on each
I;, clearly, ||¢1]lcc = 1. A summation of (A.5) over j yields that

5 5
(A.6) —|IS|I? < —h/ eiS(x)¢r ()dw — Y TI;,
4 I i=2
with IT; = th-V:le (i =2,---,5). We shall estimate the right-hand side of (A.6)
one by one below.
The first integral term can be bounded by using Cauchy-Schwarz inequality

(A.7a) h < hllecllISIlll¢rllco < Allel[IS]-

/ e:S(z) g1 (z)dx

I

To estimate IIs, we begin by using Cauchy-Schwarz inequality and inverse property
(1) to get a bound for Iy ;, it reads

o ") — ' (ws ") — (s _:E‘T_‘rj‘—l/?a7
My = [ 1070 = /)t (70) = £ )8 0) 220

< Cullgl ISl
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here and below, ||-||7, denotes the usual L? norm defined on the cell I;. Therefore,
again by Cauchy-Schwarz inequality

(A.7b) TIo| < CLhIENIIS]I-

A simple integration by parts together with the property of projection P,  in (3.4)
gives us

s, = _f/(uj)/zj 77% (&(I)%ﬁ”ﬂdm = 0.
Thus,
(A.7c) T3] = 0.
To estimate 114, we first get a bound for Ily ;, it reads

I, :/ [ (u) = f'(ug))em + (f(u) — f'(uj))nm]Sj(x)%dex

I;
< Culllnllz; + hllnellz;) ISz,

As a consequence, the Cauchy-Schwarz inequality in combination with the interpola-
tion property (3.5a) produces a bound for I14

(A.7d) M| < Cuh(lInll + RlnaADIIS| < Coh*+2|IS]].
It is easy to get, for the high order term Il5, that
(A.7e) 5| < Cullelloo (B*F1 4 1EIDISI-

Finally, the error estimate (3.21) follows by collecting the estimates (A.7a)-(A.7e)
into (A.6) and by using (3.19) implied by the a priori assumption (3.18) and a crude
bound for £ in (3.20), in Corollary 3.4 and Corollary 3.5, respectively. This completes
the proof of Lemma 3.6.

A.2. The proof of Lemma 3.7. From the interpolation property (3.5a), we
know that ||n;(-,¢)|| < Ch¥*1, thus, to get the error estimate (3.22) we need only to

prove ||&(-, 1) < ChFH + C*h_%\/fot l€(s)||2ds. To this end, we shall first get a
bound for the initial error ||&(-,0)].

We start by noting that the error equation (3.9) still holds at ¢ = 0 for any
vp, € Vj,. Using the fact that £(-,0) = 0, we arrive at the following representation of
the nonlinear terms in (3.13a) and (3.13b) on the right-hand side of (3.9):

Shwe

(As2) F(w) = Flun) = J'un 3 Fir”
(Agb) Flu) = Flug) = ™ — 5 Filr )2

By a similar analysis as that in the proof of Lemma 3.3, we can easily get a bound
for the right-hand side of (3.9) at ¢ = 0, denoted by RHS, as follows

(A.9) RHS < Co(B* 4+ h¥n(-,0)[loo) [[onll,
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which holds for any vy, € Vj,. If we now let vy, = &(+,0) in (3.9) as well as in (A.9), we
get, after a simple calculation, that

(A.10) €GO < Nl Ol + Cu (B + B¥[In (-, 0) [ 0) < CRFH,

by the interpolation properties (3.5a) and (3.5b).
We then move on to estimate ||&:(-,¢)|| for ¢ > 0. To this end, we take the time
derivative of the error equation (3.9) and let vy, = & to get

(A1) [ eutudo = > | (@ = run(€)ade + > (1) = s le)

To estimate the right-hand side of (A.11), we would like to use the following Taylor
expansion for the nonlinear terms:

(f(w) = f(un))e = (f' (&) + (f'(w)n)e — (R1e?),
=0 f' (W)€ + f(w)& + O f (un + f'(u)ne — OsRye® — 2Ry eey
(A.12a) £ o1+ + s,
(f(u) = flu))e = (F (W& )e + (f'(whn™)e — (Ra(e™)?)s
=0 f (WE + (W& +0uf' (wn™ + f'(w)n; — 0 Ra(e™)? —2Rye” ey
(A.12Db) 2 by 4 -+ 1,

where Ry = fo (1 — ) f"(u+ p(up, —u))dp and Ry = fol(l —v)f"(u+v(u;, —u))dv.
Therefore, the right- hand side of (A.11), denoted by T, can be formulated as

(A.13) YT =K+ +Ks,

where

N N
K = z;/l ©i(&)dx + Z;(wi[[&]])ﬂé (i=1,---,6)

which will be estimated one by one below. Accordingly, (A.11) can be represented by

(A.14) IIé“zeH2 ST+ [meellllée] <00+ CREH g,

2dt

by the interpolation error estimates (3.5a). We estimate the term K; firstly, it follows
from Young’s inequality and the inverse property (ii) that

(A.150) / Ouf (WEE) dm+azugt 2 L+ Ol

where ¢ is a small positive constant. We would like to point out that the first integral
term on the right-hand side of (A.15a) is intractable to get a sharp bound due to the
hybrid of £ and (&), and is left to be estimated later, together with other terms. A
simple integration by parts gives us a bound for Ko

1 1
Ky _5]; / O.f(w)(E) e gjglf%uﬁ%)ﬂstﬂi%

5 N
< Cull&l”® - 5 [€07, 1

j=1
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where we have used the assumption that f’(u(x,t)) > ¢ > 0. Combining the above
estimates for K1 and Ko, we arrive at

N
/c1+/c2<0||5t|\2+2/ o e(Ee + C1EI - (5 ) Il

(A.15D) <0||5t|\2+2/ 00/ (WE(E)ad + Coh €],

where we have chosen ¢ to be small enough, for example, ¢ = §/4, to obtain the
last inequality. Noting that O, f'(u) = Ouf'(u;) + (Or f'(u) — Ouf’(u;)) and |0 f'(u) —
0 f'(uj)| < Cih on each element I, we thus have, by the property of the projection
P, that

N
(A15c) Ky = Z/J (e (u) = 0ef(ug)n(Ee)ade < Cullnlll|&cll < Ch™ &,

where we have used Cauchy-Schwarz inequality, the inverse inequality (i) and the
interpolation property (3.5a). Similarly, it follows from the property of the projection
P, and the inverse property (i), that

(A.15d) K1 < Cullmellliéell < Cuh®H&.

It is easy to show, for the high order term K5, that

(A.15e) Ks < Cuh™Ylelloo (1€l + RM 11l < Cuh®llelloolléell,

where we have employed (3.20) in Corollary 3.5 to obtain the last inequality. For the
last term, namely K¢, we have

(A.15f) Ko < Ceh™Hellooliée]? + Cuh*lleflcli€ell-

Therefore, by collecting the estimates (A.15b)-(A.15f) and (A.13) into (A.14), we get,
after a straightforward application of Young’s inequality, that

1d
(A16) Sl < e H&Huz/ O (WE(E)adda + O €] + O+,

where C(e) = C + C,h7!||e]| has been defined in (3.12b). Now we integrate the
above inequality (A.16) with respect to time between 0 and ¢ and take into account
the initial error estimate (A.10) to obtain

1 t t
(A1n) Gl < e [ el o ot [ e+ cne,
0 0

where

t N
Q= /0 ; g O f (u)€(&)wdadt.
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Let us work on the term Q. To do that, we begin by using integration by parts with
respect to time to get

0- i / j / 0 (w)e e, Yt
= i/lj {—/Ot 20y (0 f (u)€)dt + 5tf/(u)§§m|6}dff

- ﬁ [ {-[ soorwe+ @smein}an

since £(+,0) = 0. Next, by a similar analysis as that in the proof of (3.14b), we have
that

t
@ < Cu™ [ SIIel + et + C.n IS e
t
= C*/ €17 dt + C.h & || + Ch?* T
0
t
1
(A.18) < C*/ el + 1€ ]” + Ch?*+2,
0

where for the second inequality we have used a crude bound for ¢ in (3.20) and a
compact bound for S, namely, ||S|| < Chl||&]|| + Ch¥*? by taking into account the
interpolation properties (3.5a); the last inequality is a direct application of Young’s
inequality.

Plugging the estimate (A.18) into (A.17) and taking into account (3.19) implied
by the a priori assumption (3.18), we get that, for small enough h

1 N t t
(A.19) Hel? < ¢ / &2t + Ch / €|t + Cr2,
0 0

where C,C, and C are positive constants independent of h. Finally, a direct applica-
tion of Gronwall’s inequality yields that

t
Je < ot e [ (o) s,
0
This completes the proof of Lemma 3.7.
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