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1 Introduction
In this paper, we consider one-dimensional linear hyperbolic conservation laws
up + cu, =0, (1.1)
and convection-diffusion equations
Uy + Cluy = gy, (1.2)

where ¢, b are constants and b > 0. We study the the superconvergence of the discontinuous
Galerkin (DG) solutions and the local DG (LDG) solutions towards a particular projection
of the exact solution. Superconvergence requires upwind fluxes for the DG scheme and
alternating fluxes for the LDG scheme. This superconvergence also implies a good control
on the time evolution of the errors.

The DG method discussed here is a class of finite element methods using completely
discontinuous piecewise polynomial space for the numerical solution and the test functions.
It is originally devised to solve hyperbolic conservation laws containing only first order spatial
derivatives, e.g. [14, 13, 12, 11, 15, 17]. It has the advantage of flexibility for arbitrarily
unstructured meshes, with a compact stencil, and with the ability to easily accommodate
arbitrary h-p adaptivity. The DG method was later generalized to the LDG method by
Cockburn and Shu to solve the convection-diffusion equation [16]. Their work was motivated
by the successful numerical experiments of Bassi and Rebay [5] for the compressible Navier-
Stokes equations.

For ordinary differential equations, Adjerid et al. [1, 4] proved the DG solution is super-
convergent at Radau points. In [8], we proved superconvergence of the DG solution towards
a particular projection of the exact solution in the case of piecewise linear polynomials on
uniform meshes for the linear conservation law (1.1) and considered its impact on the time
growth of the errors. We also demonstrated numerically that the conclusions hold true for

very general cases, including higher order DG methods, nonlinear equations, systems, and



two dimensions. For convection-diffusion equations, in [7], Celiker and Cockburn studied the
steady state solution of (1.2), and proved that for a large class of DG methods, the numerical
fluxes (traces) are superconvergent, also see [6] for related discussions on elliptic problems.
In [3, 2|, Adjerid et al. showed for convection or diffusion dominant time dependent equa-
tions, the LDG solution will be superconvergent at Radau points. In [9], we discussed the
superconvergence property of the LDG scheme for convection-diffusion equations. We proved
the superconvergence result for the heat equation in the case of piecewise linear solutions
on uniform meshes, and gave numerical tests to demonstrate the validity of the result for
higher order schemes and nonlinear equations.

The proof in [8, 9] uses Fourier analysis and works only for piecewise linear approximation
space and uniform meshes. In this paper, we use a different framework to prove the super-
convergence results and do not rely on Fourier analysis. The proof now works for arbitrary
non-uniform regular meshes and schemes of any order.

Even though the proof in this paper is given for the simple scalar equations (1.1) and
(1.2), the same superconvergence results can be easily proved for one-dimensional linear
systems along the same lines. The generalization to two space dimensions is more involved,
see [8] for some discussion.

This paper is organized as follows: in Section 2, we consider the superconvergence of
the DG method for the linear conservation law (1.1). We prove our main superconvergence
result in Theorem 2.2. In Section 3, we prove the superconvergence of the LDG method for
the linear convection-diffusion equation (1.2), and discuss the effect of fluxes on superconver-
gence. Finally, conclusions and plans for future work are provided in Section 4. The proofs

for some of the technical lemmas are collected in the Appendix.



2 Conservation laws

In this section, we consider, without loss of generality, the linear conservation law (1.1) with
c=1:
U +u, =0
u(z,0) = up(x) . (2.1)
u(0,t) = u(2m, t)

Here, ug(z) is a smooth 27-periodic function. We consider only periodic boundary conditions
in this paper for simplicity. Since we do not use Fourier analysis, the assumption of periodic
boundary condition is not essential.

The usual notation of the DG method is adopted. If we want to solve this equation on

the interval I = [a, b], first we divide it into IV cells as follows
o=y <wz<.. <ayp1=Db (2.2)

We denote
1

as the cells and cell centers respectively. h; =z, 1=y denotes length of each cell. We

i=3
denote h = max; h; as length of the largest cell.

Define V¥ = {v : vl € P*(I;), j =1,---,N} to be the approximation space, where
P*(I;) denotes all polynomials of degree at most k on ;. The DG scheme using the upwind
flux will become: find u;, € V;¥, such that

/ (up)ivpdr — / up(vp)de + u,:v,:|j+% — u,:v}ﬂj_% =0 (2.4)
I; I;

holds for any v, € V;*. Here and below (vy,) = vh($j_+l) denotes the left limit of the
2

j+3
function vy, at the discontinuity point 1. Likewise for v;".
In addition, if k > 1, we can define P, u to be a projection of u into V¥, such that

/Ph_uvhd:c:/uvhdx (2.5)
I I

J

for any v, € P! on I;, where k is the polynomial degree of the DG solution, and

(Ph_u)_ =Uu at ZL’j+1/2. (26)



Notice that this special projection is used in the error estimates of the DG methods to derive
optimal L? error bounds in the literature, e.g. in [18]. We are going to show that indeed
the numerical solution is closer to this special projection of the exact solution than to the
exact solution itself, extending the results in [8]. Let us denote e = u — uy, to be the error
between the exact solution and numerical solution, € = u — P, u to be the projection error,
and € = P, u — uy, to be the error between the numerical solution and the projection of the
exact solution.

We introduce two functionals which are essential to our estimates. We prove in Lemma

2.1 that they are related to the L? norm of a function on ;.

T—xj_1/2 d T —x;
M(z) —2—= — ( M(2)—
B; (M / h T < (x) n ) dx,

T—Tjpe d T —x;
M(z it M J .
/ h;  da < (=) h; ) o

Lemma 2.1. For any function M(z) € C' on I;,

B (M) = % /1 M2(2)dz + W (2.7)
B (M) = _4%- /I M2(z)dz — W (2.8)

The proof of this lemma is given in the Appendix.

Theorem 2.2. Let u be the exact solution of the equation (2.1). If £ > 1, define uy, to be
the DG solution of (2.4) with the initial condition u(-,0) = P, ug. We have the following

error estimate:

e(, Dl < O (+ 1) BF+372, (2.9)

and

lle(-,t)l|r2 < Cyt AFF3/2 4 Cy h*H, (2.10)

where C7 = C(||ul|g+3), Co = Cao(]|u||k+3)-



Proof: Since u satisfies (2.1), we can easily check that

/ wopdr — / u(vp)dx + u_v}:|j+% — u_v}ﬂj_% =0 (2.11)
I I

holds for any v, € V;¥. Combined with (2.4), we have the error equation
/ evpdr — / e(vn)zdr +e vy |1 —e vl ;o1 =0 (2.12)
I] I] 2 2
which holds true for any v, € V;¥. By the property (2.5) of the projection P, , we have
/ e(vp).dr =0
I.
since (vp), is a polynomial of degree at most k& — 1 in [;. By the property (2.6) of the

projection P,", we have

6j+% - 6]—1—% + ej+% - é]+§
Thus,
/ eyundz — / S(0n)ade + & 701 — &0 |,y =0, (2.13)
I I
and by integration by parts,
/ e;updr + / (&) vpdx + [é]v}ﬂj_% =0, (2.14)
I 1

where [e] = et — &~ denotes the jump of é.

Taking v, = € in (2.13), since e = € + ¢, we obtain

/(G)t edz + /5t edr — / eeydr+e e |1 —ee|;_1=0,
I I Ij 2 2
or
: - 1
/I(e)t edr + /I»st edr + Fyp1 — Fy 1 + 5[é]§+% = (2.15)

with

- 1

— >+ 2 —— +
iy = 3 (E) T

Summing the equality (2.15) over j and noticing the periodic boundary condition, we have
o 1 9 L
I(e)t edx + 3 Z[Q]H% + i gredxr = 0.
j

6



Thus,

d
£||é||%2 <2 ‘/et edz| . (2.16)
I

Now, let us return to the error equation (2.14). If v, (z;_1) = 0, then the equation

/ ervpda + / (€),vpdr = 0.

J J

1
2

reduces to

Notice that this is a completely local equality inside the cell I;. Throughout this paper we
will repeatedly use such special test functions to obtain similar local equalities to facilitate
our analysis.

Define € = e; +w;(z)(z —x;)/h; on I;, with e; = é(z;) and w;(zx) = (e—e;)h;/(z—x;) €

P*=1 then

[ cda+ [ (i) = m)mda =0

as long as v;[(xj_%) =0, v, € P*. Clearly, v, = wj(z)(z — x;_12)/h; is a legitimate choice,

so using the definition of B (M), we have
/ o0y (2)(x — 2;-1y2) [y + B (w;) = 0.
I.

From Lemma 2.1, this is equivalent to

1 2 wi(Tje1/2)
erw;(x)(x — xj_1/2)/h; dx + e wy (w)dx + = 0. (2.17)
JJI;

I .

Hence,

[ w@rds < —any [ ews@)e =iy ds =~ [ @) -2z do

I I I
We define piecewise polynomials w(x) and ¢;(z), such that w(z) = w;(z), ¢1(x) =

x —xj_1/2 on I;. Clearly ||¢1]|1~ = max; h; = h, hence
[lw]|Z2 < 4lled|z2l[wl] 2]l < 4hlle][r2][w]] 2,

thus

[lwl[z2 < 4hlex]| 2. (2.18)

7



The bound of ||e;||z2 can be obtained from the following lemma.

Lemma 2.3. Under the same condition as in Theorem 2.2, we have
led |2 < CRF (4 1) (2.19)
where C' = C(]|u]|x+3)-

The proof of this lemma is given in the Appendix. We now resume the proof of Theorem

2.2. Combining (2.18) and (2.19), we have
lJw||g2 < CHEF2(t+ 1),

where C' = C(]|u]|x+3)-
Next, we look back at the right hand side of (2.16)

‘Zawx=§:ﬁfﬂ@+www@—%wwmx=}:wa%@w—xﬁMﬂf

where we have used the fact that £ > 1 and hence the definition of the projection P,  ensures
that e, as well as ¢;, are orthogonal to piecewise constant functions. Define a new function

¢(x) = (x — x;)/h; on I}, then [|¢(z)||1~ = 3, and

‘/c‘ft edx
I

where C) = C(||ul|g+3). Plugging into (2.16), we have

1
<lleullze [l lwllze < Cllullisah™ SCRET(E +1) = CLA* (1 +¢)

Slellz. < (1 4 1)
Since é(z,0) = 0, we have, after an integration in ¢,
|€]| 2 < CLAFP32(1 + 1),
Combined with ||e||z2 < C'||u||x11h*T, we have finished the proof for Theorem 2.2. W

We remark that the error estimate (2.10) implies that the error does not grow with time

L
Vh

of error for a long time for linear as well as nonlinear scalar and systems of hyperbolic

for a long time t = O(—=). See [8] for numerical experiment results to show this non-growth

conservation laws. This is a major advantage of DG methods for solving hyperbolic wave

equations over long time.



3 Convection-diffusion equations

We are interested in the linear convection-diffusion equation given by,

U + Uy = by,
u(z,0) = up(x) (3.1)
u(0,t) = u(2m,t).

Here, ugp(z) is a smooth 27-periodic function, ¢ and b are constants and b > 0. The LDG

scheme for (3.1) uses the same mesh and approximation space as in Section 2 and is formu-

lated based on rewriting (3.1) into

{ U + cuy = agy (3.2)

q — au, = 0.

Here a = v/b, and we introduce a new variable z = cu — ag, that will be used later in the
proof. Then the scheme becomes, to find uy, g, € V¥, such that
~ - S o+
/1 (up)ivpdx — /1 cup(vp)zdx + clpv, |j+% — clpv, |j_%

J J

+/ aqn(vp)zdx — aqhv,:|j+% + acjhv,ﬂj_% =0, (3.3)
I.

2

- PO _
/I grwpdr + /I aup(wp) dr — atpw, |j+% + atpw, \j_l =0

j j
hold for any vy, wy, € V¥, where i, is the upwind flux depending on the sign of ¢. Without
loss of generality we assume ¢ > 0 and 4, = w,; . The alternating diffusion fluxes are taken
as
Gn=qy,  Un=uy, (3.4)
or
dn = q » Up, = uy - (3.5)
The projection P, is defined as before. Similarly, the projection P;" is defined as follows:
for any function u, Pjfu € V¥ satisfies

/Pgruvhdx:/uvhdx
I, I

J J



for any v, € P*~! on I; and
(Pfu)t =u* at z;_1/o.

In order to better control the errors of the initial condition, we define two operators P}
and P?, which will be used in the initial condition of the numerical scheme. P} is defined

as: for any function u, Plu € V¥, and suppose ¢, € V¥ is the unique solution to

/ qnwpdz —I—/ aPlu(wy).dz — a(P,}u)_wﬂH% + a(Plu) " w; -1 =0 (3.6)
I I

for any wy, € th , then we require

/ (Pyu— Plu) — a(Prq—qn))vndr =0 (3.7)

I;

for any v, € P*~! on I; and
u” — (Piu)” =alg" —q)  at zj_1p. (3.8)

We recall that ¢ = au,.
On the other hand, P? is needed only for the case of ¢ > 0 and is defined as follows. For

any function u, P?u € V¥, and suppose ¢, € V¥ is the unique solution to

/ qrwpds + / aPru(wy,)dr — a(P,fu)erﬂjJr% - a(P,fu)er,ﬂj_% =0 (3.9)

1; 1;

for any wy, € V¥, then we require
cPu—aq, = Py z (3.10)

for z = cu — aq.

The definitions of the above operators are nontrivial. Proof for existence and uniqueness
will be provided in Lemma 3.1. We remark that P! and P? are only introduced for technical
purposes in the proof, to guarantee that the initial errors of the LDG solution are small
enough to be compatible with the superconvergence error estimate. In the numerical exper-
iments, we have used simply the L? projection of u or P, u, P, u as the initial condition,

and still observed superconvergence, see [9].
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In the discussion that follows, we will consider various measurements of errors. Let us
denote e, = u — uy to be the error between the exact solution and the numerical solution,
€, = u — Pyu to be the projection error, and e, = P,u — uj to be the error between the
numerical solution and the projection of the exact solution. Similarly, for ¢, e, = ¢—gy, is the
error between the exact solution and the numerical solution, €, = ¢ — P,q is the projection
error, and e, = P,q — @y is the error between the numerical solution and the projection of
the exact solution for q. Here, the projection P, can be P, or P;" depending on the problem

and will be specified later.

min; h;
max; h;

We introduce a new parameter A = . In the rest of the paper, if A\ appears in the

estimate, it means we require a lower bound for A, i.e., the mesh needs to be regular.
Lemma 3.1. Plu, P?u exist and are unique. Moreover, we have the following estimate
1P u = Prul| < OO, [Jul [p42) REH2, (3.11)
15w — Fiul] < C(|[ullx2)h™ 2. (3.12)
The proof of this lemma is given in the Appendix.

We will next present the major result of this section. We first consider the case ¢ > 0.

Theorem 3.2. If £ > 1, let u, ¢ = u, be the exact solution of the convection diffusion
equation (3.1) when ¢ > 0 and @, = u,, and uy, g, be the LDG solution of (3.3). If the
fluxes (3.4) are used, then we define Pyu = P, u, P,g = P;fq, and we choose the initial

condition as u(-,0) = Plug. We have the following error estimate:
t
w2+ [ llen(e )2 ds < Ons5(e + 17,
0

and in particular

llew(, )|z < CRM2(t 4 1).

where C' = C(||u||rys, A, a/c).

11



Otherwise, if the fluxes (3.5) are used, we let Pyu = P u, Pyz = Py z and up(+, 0) = PPu.

We have the following error estimate:
t
lleu(, t)lIZ: +/ (-, 8)|[72 ds < CeM R,
0

and in particular

|[Eu(- )] |12 < CePrtnkt3/2,

where C' = C(]|ul|xs5, a/c) and Cy = Ci(a/c) > 0.
Proof: Without loss of generality, we will only prove for ¢ = 1.

We first consider the case for the fluxes (3.4). Now, the scheme becomes,

/ (uh)tvhdx + Z(Uh, an; ’Uh) = O, / qhwhdx + Qj (Uh; wh) = 0, (313)

I I
for any vy, wy, € V¥, where
T (un, gn; vn) = —/ uh(vh)xdx+u;vg|j+;—u;v,ﬂj_;%—/ aqh(vh)xdx—aq;[v,j|j+%+aq,fvf[|j_%,
I I
and
Q,(up;wy) = / aup(wp)odr — aw, wy |50 + auy w; -1
1

From (3.2), we have

/ wopdr + Tj(u, g;v,) = 0, / qupdr + Qj(u;wy) =0
I.

I .

that hold for any vy, wy, € VF. Combined with (3.13), we have the error equations

/ (ew)tvndr + Ti(ey, eq;vn) =0, / equpdr + Q,(ey;wp) =0

I; I;

that hold for any vy, wy, € V;*. Using the properties of the projections P, and P;", we have

/ (ew)tvndr + T;(€y, €q;vn) =0, (3.14)
I;
/ eqwpdr + Q;(€y; wy) = 0, (3.15)
I;

12



or equivalently

/I (euend— /I S I s P / (Egstndz—aleuy |1 =0, (3.16)

J

and

/ eqwpdr — a/ (Ew)swpdr — a[éu]wi—”j—

1; I;

=0 (3.17)

1
2
for any vy, wy, € ViF. Taking v, = é,,w, = &, in (3.14) and (3.15), summing (3.14) and

(3.15) and then over all j, we obtain

/(eu)t udr + /(eq)zdx + /(5u)t eudr + /5q e, dx + % Z[éu]§+% = 0. (3.18)

I I I I
/Eq eqdx
I

/(Eu)t éudl'
I
Now, we return to the error equation (3.17). If w) (z;_1) = 0, then the equation reduces

i=3

Thus,
1d. _
§E||eu||%2+||eq||%2 < +

. (3.19)

to

/ equpdr — a/ (€y)zwpdr = 0.

J J

Define €, = a; + d;(x)(z — z;)/h; on I, where a; is a constant and d;(z) € P*7!, and

let wy, = dj(z)(x — xj_1/2)/hj. Clearly, wy, € P* and wj (z;_1) =0, so

N

j_

/‘ eqdj(x)(x — xj_12)/h; dv — aB3; (d;) = 0.

By Lemma 2.1, we have

a

[ ) —ayaihydo - - [ da)da -
I; 7 Ij

hence

/ d;(x)*dx < %/ eqdi(x)(x — xj_1/2) da. (3.20)

I I
Introducing piecewise polynomials ¢ () and d(x), such that ¢,(z) =z — z;_1/2 and d(x) =

d;(z) on I, we know that ||¢1]|z~ = h. We then have

4
]Iz < —llegllzzlldl|z2lén] |,

13



thus

4h
lldllz2 = —llegllr2. (3.21)

For the other error equation (3.16), we follow the same procedure. If v, (z;, 1 ) =0, then

the equation reduces to

/ (ew)yundz — / eu(on)edz — €30}, 1 —a / (é))atndz = 0.
I; I; : I;

Define €, = b; + s;(x)(x — x;)/h; on I}, and let v, = s;(x)(x — xj41/2)/h; in the equation

above. Clearly, v, € P* and v,:(xH%) =0, so

/ (ea)e 53(2) (& — 2y12) [y dit — Quy + Qo = 0

I
with
Qi = / éu(vp)dx + é;v}ﬂj_%
I;
L= T—T—
—_ / d](SL’) h J (Uh)wdx + (dj_l(x)T“ _'_ aj—l _ aj)vf—l—b_%
I; J j—1
Xr — .CL’j 1
= ; d](:L') hj (S](i)(l‘ - $j+1/2)/hj):cdl' - idj—l(xj_%) + aj—1 — @ 3](;[;]_%)
and

> + 1 2 S?(ZEJ'—%)
Q2 = —a/ (g)zvndr = —aBB] (s;) = a E/ s5(w)dx + 1
I; jJI

J

where we have used Lemma 2.1. Thus,

/1 2a)da < ﬂ (Ql; /(6u)t sj(z)(x — xj11/2)/ by dx)

J J

and hence, if we define the piecewise polynomial s(z) such that s(z) = s;(z) when z € I;,

/32 g%( > hiQuy) + ) (3.22)

To estimate the right hand side of the above inequality, we need the following lemma.

then

(ew)e sj(x)(x — @jt1/2) da
I

14



Lemma 3.3. Under the same condition as in Theorem 3.2, we have

[(ew)e]|r2 < CRFL(t + 1), (3.23)
lleal|ze < CRFFH(E + 1), (3.24)
lleg]|z2 < CRMH(t + 1), (3.25)

where C' = C(]|u||x+5) is a constant.

The proof of this lemma is given in the Appendix. From (3.21) and (3.25), we have
ld]|z2 < CRE2(E+ 1),

where C' = C(a). Our next goal is to bound the right hand side of (3.22), thus obtain a
bound for s(z). Define the piecewise polynomial ¢o(x), such that ¢o(x) = 2 — ;11/2 on ;.

Then ||¢a||r~ = h and

Z/I (eu)e 55(2) (@ = wjp1/2) da| < |l(e)ellz llsl]z2 llgalle < CRE2(E+ )]s 2.
j J

The other term on the right hand side of (3.22) is
> hi@Qu,
J

J

[ @@ )50 — o) m)ae — by (s, )+ 01— ) (o,

J

N

)
We need to express a; — a;_; in terms of d; and ij eqdr. In (3.15), let wy, = 1, we get
/ eqdx —ae, |1 +ae,[;_1 = 0.

I

r—x

After plugging in e, = a; + d](x)h—]J on I;, we obtain

f]- eqdr 1 1
: - §dj(xj+%> + §dj—1($j—

).

a; — a;—1 =

1
a 2

15



Thus
Zthj
Z/I o = )sy(x)fhy dx+2/ )85 (@) (@ = 234172) /hyda
—Z Shsdi(ay ) sz, ) + Zh </ equ) sz,

= T1+T2 T3+ Ty,

)

[NIES

where

T — Z /1 d;(2)s;(2)(x — x;)/hydz,  Tp= Z /1 dj(x)(x — x5)8}(2) (2 — Tj11/2) [ hjda,
Ty = Z %hj dj(xﬁ%) sj(xj_%), T, = %Zh]’ </1 6qu> Sj(fj—%).

We again introduce a piecewise polynomial ¢35 = (z — z;)/h; on I;, then ||¢s|[r~ = 1,
and
(T3] < [ldllz2 Isll2 1@l | < CREF2(E+ 1) 5] 2.
Similarly, for T5, we introduce ¢4 = (x — x;)(® — x41/2)/h; on I;. We have |||z~ = %,

and

I To| < [ldl]2 18|22 [|@al | < CR*2(t + 1[5 2.

Since s(x) € V"', we have ||s'||;2 < Cy_1/h||s||z2 for a regular mesh. Here, Cj_; only
depends on k. Thus,
| To| < CRE2(t + 1)|s] | 2.

16



For the two remaining terms, we have

T € 530l des)stosy)

ol

< 1/ d2dx =
2 2 2
< §Ck;\//ljdjdx /Ijsjdx
1
< 50,3\/2/ dgde/ s3dx
j Ui i vl
1 2
= 5Cilldllzz [ls] 22
< CR*2(t+1)|s|| L2,
and
T < < / d) s5(e,1)
< Zh\/ ezdx
< Lo 24 24
1
< —Cih Z/ e2dx Z/ s?dm
a i YL i YL
1
=~ Cilllegllz [[s]]12
< CRF2(t+1)][s]] 2

In the above derivation, we use the property that d(z), s(z) € V¥, thus Cj, is a constant that

only depends on k.
Now, (3.22) tells us

[IsllZ2 < CR2(t + D3]] 22,

and therefore

I[s]|z2 < C(\, a)RFT2(t +1).
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We are now ready for the final step of our proof. In (3.19),

Jedrade =3 [ Gt +dia)eo = a)/m)de = 3 [ @rdta)a =)/

£q€qdx = Z gq (bj + s;(z)(z — z;)/hj)dr = Z gq8;(x)(x —x;)/h;dx.
e =3}, )

Recall ¢3(x) = (x — x;)/h;, and ||¢3(x)|| 1~ = %, thus

/(5u)t €,dr /gq e, dx
I I

< [I(ew)illzz [19s]lzo lldl| 2 + [leqll 2 |1 sl L= [[s]] 2

1d

§£|léu\\2m +llegllz: < +

< Ch¥™P3(t41)

where C' = O(||u||x4s5, A, @). Using the fact that ||&,||z2 < C(||ul|pss, NRFF3/2 at t = 0,

which is due to the special choice of the initial condition and Lemma 3.1, we have proved
t
leuCotlEs + [ lleal )l ds < CH*43(e 4 17
0

and in particular

[Eu(-, t)|] 2 < CRF372(t 4 1).

Next, we consider the flux choice (3.5). This is the case that the choices for @ for the

diffusion part and @ for the convection part do not coincide. The scheme becomes,

/I (up)vpdr — /I up(vp)dz + u}:v,ﬂﬂ% — u}:v;{\j_%

+/ agp(vp)zde — aq,:v,:|j+% + aq}:fuiﬂj_% =0,
I.

/ qgrwpdx +/ aup,(wp)zdr — au;[wﬂﬂé + au;w,ﬂj_% =0 (3.26)
I; I;

for any vy, wy, € V;F. The error equations are now,
— —
/ (ey)ivpdr — / ey (vp)dr + e, v, |j+% — e, ) |j_%
I I;

+/ aeq(vp)dr — ae;v;\jJr% + ae;v;[\j_% =0,
I.

S oot —
/eqwhdx+/ aey(wp)zdr — acgwy |1 +acgwy|;_1 =0
I I
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for any vy, wy, € V¥, Since z = u — ag, e, = e, — ae,, e, = (e, — €.)/a, we have

/I (ey)rvpdr — /I e, (vp)dx + ez_vﬂjJr% — e;v}ﬂj_% =0,
j

J

ey — €
/ = - thdx+/ ae,(wp)dr — aefw, |]+1 + aefw |]_; =0
I I

for any vy, wy, € V;¥. Using the properties of the projections P, and P, we have

/ (ey)rvpdr — / e, (vp)dzr + éz_v,j|j+ —e, v |]_7 =0, (3.27)
I I

J J

/ Cu i + / aéy(wp),dr — aejwy |; 1+ aggwy |, (3.28)
I I

a .
J
or

/ (en)eonda + / (E2)vnda + e |,y = O, (3.29)

I; I;

/I €y ; €, wpdr — a[ (éu)mwhdx - a[éu]w;|j+% =0 (330)
J J

for any vy, wy, € Vi¥. Letting wy, = €., v, = é,, multiplying (3.27) by a, subtracting (3.28),

and summing over all j, we obtain

L (éz)2 _ 1 _ 1 B 1 o
a [ (&) eudr + dr +a [ (ey)ieyde+ — | e e, de —— [ eye.de—— [ e e, de =0,
I 1 a I aJr aJr aJr

(3.31)

1
+ - /eu e.dx
I

hence we have

ad é,)?
——||eu||iz+/ud$§a
I a

a a a

/I(Eu)t eudr

1
+ - /su e,dr
I

1
+ - /ez e,dx
I
1

1 1 1
<a /I(au)téudx +o /I&?Zézd:c + - Ié‘uézdx +%||éu||%z+%/1(éz)2dx.
Thus,
Dl + eIl <2/<> d+2/ d+2/ .| + —le,1243.32)
€y €, )t Eudr| + — e, edr| + — ey Edx| + —=lleu] 543
72 .2 | t CL2 ; a2 I a2 L

Now, we return to the error equation (3.29) and (3.30). If v} (z;

) =0 and w,:(xﬁ%) =

1
2

0, then the equations reduce to

/ (en)eonda + / (&) stndz = 0,

I; I;

19



/ Cu " C wpdr — a/ (€y)zwpdx = 0.

J J

Define e, = a; +d;(x)(x —z;)/h;, €, = b; + s;(z)(x —x;)/h; on I;, with a;, b; being con-
stants and d;(z), sj(z) € P*1. If we choose the test functions as v, = s;(x)(x — j_1/2)/h;,

wp, = dj(x)(x — xj41/2)/hj, then we have

[ (€esi@)a = 2ym172) by o + B, (55) = 0

I;
[ et @)a = 017/ o — aBF(d) = .

By Lemma 2.1, we have

1
/(eu)t Sj( )(:L’—xj 1/2 /h de + — / 8 dI’—l— j j+1/2) :()7
4h; Ji, 4

Iy

T
/eqdj(af)(x—$]+1/2 /h; dx+42 /d dﬂH— (i 1/2) _ 0.
b i JI;

Then,

/1 2(x)de < —4 /1 (ea)e 55(x) (@ — zj_1)0) da,

J J

4
/ d3(z)dx < —5/ eqdi(x)(x — xj412) du.
I I

J J

Define piecewise polynomials s(z), d(x), ¢1(x), ¢2(z), such that s(x) = s;(z), d(z) = d;(z), p1(z) =

r — xj_1/2,¢2($> =T — $j+1/2 on ]ja then

4
[1sl1z= < 4ll(ew)elliallsllzzll @l Mldllz2 < =llegllz2lldl] 2] [ 1oe.
However, ||¢1||r~ = ||¢2||L~ = h, hence we conclude
Isllz> < Chl[(ew)ellr2,  [ld]lz2 < Chlleg||r>- (3.33)

Moreover, from (3.10), at ¢ = 0, €, = 0. Hence, by (3.27), at t = 0, flj(eu)tvh dx = 0, for
any v € V;¥. This implies ||(&,):]| < Ch** ! at t = 0.
The bound for ||(ey):||z2 and ||e,||z2 at time ¢ can be obtained similar to Lemma 3.3.

Lemma 3.4. Under the same condition as in Theorem 3.2, we have

l|ew||r2 < Ce“rtRF!, (3.34)
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[(ew)t]|z2 < Ce“H R (3.35)
lleg]|z2 < Ce“thk+t, (3.36)
with C' = C(||u||g+s,a), C1 = Ci(a) > 0.
The proof of this lemma is given in the Appendix. By Lemma 3.4, (3.33) leads to

Is]| 2 < Ce“rthR T2, l|d||2 < CeCrink+?

with C' = C’(||u||k+5,a), Cl = C’l(a) > 0.

We are now ready for the final step of our proof. In (3.32),

Jednade =3 [ Gt +dita)o = o) /h)de = 3 [ @rdta)a =)/

/Isz e.dx = Z /Ij e, (b; + s;(x)(x — z;)/h;)dx = Z /Ij e, s;(x)(x — x;)/hydz,

/ cubedr =) / eu (b + 55(x)(x — a5) /hy)dw =) / eusi(z)(x — x;)/hidz.
I RS RAY
Recall ¢3(x) = (x — x;)/h;, and ||¢3(x)|| L~ = 5, thus
d,. o 1
ol + ez,
2 2 I
< 1@sllzee { 2ll(u)el ez [ldlle2 + —llezllez [Is]lz + —lleullza llsllee | + 1€l

S Ceclth2k+3 + C2||éu||L2

and C = C(||ullgss,a), C1 = Ci(a) > 0,Cy = Cy(a) > 0. Using the fact that ||e,||rz <
C(||w||pss, N)AFT3/2 at t = 0, which is due to the special choice of the initial condition and

Lemma 3.1, we have proved
t
ll&u (-, £)172 +/ le.(, 8|72 ds < O th*e+s,
0

and in particular
leu(,t)]|re < Cet M2,
where C' = C(]|ul|x+5,a, A), C1 = Ci(a) > 0. W
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Theorem 3.2 can be generalized to equations in the case of ¢ < 0. The case of ¢ < 0 is

symmetric to that of ¢ > 0 and is omitted. For ¢ = 0, we have the following theorem.

Theorem 3.5. If k > 1, let u, ¢ = u, be the exact solution of the diffusion equation (3.1)
when ¢ = 0, and uy, g, be the LDG solution of (3.3). If the fluxes (3.4) are used, we define
Pyu = Py u, P,g = P;fq, and we choose the initial condition as u(-,0) = Plug. We have

the following error estimate:
t
w12+ [ llen(e )3 ds < On45(e + 17,
0
and in particular
lleu(,t)|lze < CR*F2(t+ 1),

The situation with the fluxes (3.5) is symmetric to that with the fluxes (3.4).
The proof of this theorem is similar to that for the case of ¢ > 0 given above and is

therefore omitted.

4 Conclusion and future work

In this paper, we have studied the superconvergence property of the DG and LDG methods
applied to one-dimensional linear conservation laws and convection-diffusion equations. We
improve the proof in [8, 9] to arbitrary regular mesh and any order k > 1.

Future work includes the study of superconvergence of DG and LDG for two-dimensional

problems and for nonlinear equations.
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A Appendix: Proofs of some of the lemmas

In this appendix, we collect the proofs of some of the technical lemmas.
A.1 The proof of Lemma 2.1
We will only prove (2.7). The proof for (2.8) follows similar lines and is omitted.
_ — X y T —Tjay , 1
B (M) = M(z M() —|—M() dx
’ h] hj

- ZfOwwmwwﬁx_%xx_%*””+M%@£lﬁiﬁ)dx

) h? h?
d (M*(2)\ (z—25)(x—xj-1p) 2 Tj-1/2
= dx M( 7d
/ dfc( ) 7 +/ R
(z +1/2 M?(x —Xj_1/2 Tj_1/2
S / N d+/AF o)
j j
_ /M2 )dz + ($g+1/2)
4

This finishes the proof of Lemma 2.1.

A.2 The proof of Lemma 2.3

From the projection results [10], ||e¢||z2 < C7|ug||ps1h*Tt < C'||ul|rsoh® L, and ||ey||z: <
C'||uge] |1 P*H < O7)|u)|rpsh*tt, where the constant C’ only depends on k.
Since e = ¢ + €, we will only need to prove that ||&;][zz < Ch**(t + 1). Starting from

the error equation (2.12) and taking the derivative with respect to t, we get

/ eyvpde —/ é(vp)dr + ét_vﬂﬁ% - ét_v,ﬂj_% =0
I I

J J

which holds for any v, € V}*. By taking v, = &, and summing up over j, we have
1
/(é)tt erdr + 5 Z[ét]?-i-% + /5tt e.dr = 0.
1 j I
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Thus,
1d

3 d Iéfdl' <leull2 - el |2 = Cih* ||| 2

where C} = C’||ul|g+3. Therefore,
Slalls < Gt
This gives us
e |2 < CLh* e+ [ls(-, 0)]] 2
To bound ||é(-,0)||z2, we take ¢ = 0 in the error equation (2.13). At ¢ =0, & = 0, thus

/étvhdx:—/ grupdx
I I

J

/ 9 e;vpdr = 0. This means

for any v, € V¥ at t = 0. Let v, = &(z,0), then
et 0)llz2 < [l 0)]|z2 [1€:(, 0)][r2 < Co e+, 0)llL2,
e (-, 0)[[72 < [ler(- 0)[z2 [1ex(-, 0)[| 2 < Coh™Hle(-, 0)]]
where Cy = C'||ul|g42, thus
l|ew(-,0)][ 2 < Coh™H! (A1)

and we have proved Lemma 2.3 by taking C' = max(Cy, Cy).

A.3 The proof of Lemma 3.1

We will first prove the existence and uniqueness of Plu. Since ¢ — au, = 0, we have
/ qupdzx +/ au(wp)dx — au_wg|j+% + au‘wﬂj_% =0
I; 1

for any wy, € V;¥. Combined with (3.6), we get an error equation,

/ (¢ — qn)wpdzx + / a(u — Plu)(wy)dx — a(u — Pﬁu)_wﬂﬁ% +a(u — Pﬁu)_w,ﬂj_% =0,
I I

which, by the property of the projection P, ", is equivalent to

/I.(q—qh)whdx—k/l. a(Ph_u—Pﬁu)(wh)mdx—a(P}:u—P,}u)_w,:\j+%+a(Ph_u—Pﬁu)_w;{|j_% =0.
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We introduce the notation for the two errors E, = P, u — Plu, E, = P;’q — gy, and use the

notation €, = ¢ — P;"q. The above equality can then be rewritten as

/I.(aq + Eq)wpdx + /I ab, (wp).dr — aE;w;\jJr% + aEu_w,ﬂj_% =0, (A.2)
and the conditions (3.7), (3.8) are now
/I(Eu —aE,)vpdr =0 (A.3)
for any v, € P*~! on I; and
E; =aE;  atz;_yp. (A.4)

(A.2) is equivalent to the original definition of ¢ (3.6). Thus, we only need to prove there is
a unique solution E, to the equations (A.2), (A.3), (A.4), then Plu = P, u — E, will exist
and will be unique.
Combining (A.2), (A.3), (A.4), we arrive at the following equation
2 2 - 2
/I‘(sq + E,)wpdx + /I a’ Eq(wp).dx — a® Efwy, i1t a E;wmj_% =0, (A.5)
or
/I. E,wpdx + /I a*E,(wy)dz — azE;’wﬂjJr% + a2E;w;{|j_% = — /I gqwpde, (A.6)
J
or equivalently,
/ (eq + Ewpdr — a2/ (E,),wypdr — a® [EqJwy |42 =0, (A7)
I I;
for any wy, € V. For any given u, ¢, is uniquely defined, thus the equation (A.6) is a
n(k + 1) x n(k + 1) linear system for E, € V}¥ with a known right hand side. Hence, if we
can prove uniqueness for F,, then existence will follow.
The solution £, to (A.6) is unique. Otherwise, suppose there are two solutions E; and

2 _ 2
E;. Define g = E, — E, then
/I gwpdx +/I a?g(wp)dx — a2g+w,ﬂj+% + a2g+w;{|j_% =0
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for any wy, € V¥, Let wy, = g, and sum over all j, we obtain

2
a

j
Thus, g = 0. We have proved E, exists and is unique. Similarly, given E,, (A.3) and (A.4)
is an(k+ 1) x n(k + 1) linear system for E,. The solution is unique, because

/gvhdx:()
I,

J
for any v, € P*~! on I; and

g_ =0 at Tj—1/2-

will imply g = 0. That proves the existence and uniqueness of E,,, thus Plu.

To prove the estimate (3.11), we start with (A.7). Similar to the proof of Theorem 2.2,
we define E, = b; + sj(x)(z — x;)/h; on I, where b; is a constant and s;(z) € P*7!, then
let wy, = s;(x)(x — x41/2)/h;j on I;. Since wh(x;rl) =0, from (A.7) we get

2
[ ot B si@)a = 201/ dn - 0B} (55) =0,
I.
which by Lemma 2.1 is,
1 s3(z;_
/ (€q + Eq> Sj(.flf)(l’ — Zlfj+1/2)/hj dx + CL2 — / S?(.ﬁl])dl’ + M =0.
. ah; J, 4

Thus,

4
[ sit@rde <=2 [ G+ B s - 2y de
I; I;

Define piecewise polynomials s(x) and ¢o(x), such that s(x) = s;(x), ¢2(r) =+ — 241/ on

I;, then
9 4
181172 < —lleq + Eqllzallsllzel[ @z |-
However, ||¢s||r~ = h, hence

[1sll22 < Chlleq + Eqllze < Chllegllzz + 1| Ellz2) < CA* + ChJ| Byl e, (A-8)
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where C' = C(a, ||u||g+2). Now, plugging w;, = E, in (A.6) and summing over all j, we get
2 a’ 2
i E; dx + 5 Z[Eq]jJr% = — quEq dzx,
J
thus

. (A.9)

1B, < \ [t

Since €, is orthogonal to any constant, we have

‘/ngEqu Z/IJ gq45;()(x — ;) /h;dx

Define a new function ¢(z) = (z — ;)/h; on I, then ||¢(z)|| .~ = L, and

/5q E,dx
I

Therefore, (A.9) and (A.8) imply

< llegllzz 101z llsllz2 < CR*]s]].

| Eql|72 < CRMY|s|| < CR*M2 4+ ChM2|| By 2.
Thus, we have proved a bound for E,,
1 Eqll12 < CRF2,

where C' = C(||u||g+2). Using the relations (A.3) and (A.4), we will be able to prove a bound

for E,. Suppose

and

on [, with P,,(-) denoting the m—th order Legendre polynomial. From the orthogonality,
(A.3) means

Now (A.4) implies



thus

Now,

and

Thus,

2(k+1
/E}jdmgcﬂ ((1+2(k;+1))/ EZdz + e+ >/ Egdx>.
I 1 A i1

Summing over all j, we obtain

20k +1
||Eu)72 < a? <1+2(k:+1)+ (A >)||Eq||2L2.

We now have

1Bullzz < COVEyll2 < CO\ [fullkga) 52,
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hence we have proved (3.11).
We now proceed to prove the existence and uniqueness of P2u. Since ¢ — au, = 0, we

have
/I. qupdzx + /I au(wp)dr — au+wg|j+% + au+w;[\j_% =0
for any wy, € V;F. Combined with (3.9), we get an error equation,
/ (q — qn)wpdx + / a(u — Pru)(wp)dr — a(u — Pfu)+w;|j+% +a(u — Pfu)er,ﬂj_% =0,
I; I;
which, by the property of the projection P;", is equivalent to

/I (q—qh)whdx+/I a(P}fu—Pfu)(wh)mdx—a(P}fu—P,fu)er,:\j+%+a(P;u—Pfu)+w;{|j_% =0

for any wy, € Vi¥. We use the notation z;, = cPu—aqy, B, = P,/u— P?uand ¢, = u— P, u,

e, = 2z — P, z. The above equality can be rewritten as

/I_(q — qn)wpdz + /I aB,(wp)pde — aBwy |1+ aBfwf|;_ 1 =0, (A.10)
or
/I (¢ — qn)wpdz — a/j (Ew)swpdr — alEyJwy |1 =0 (A.11)
for any wy, € V}F. Sinjce ]
= cu—z cPPu — z, _ —(z = z) + c(u — P?u)
a a a

using (3.10) here, we have

—(r — P~ _ p2 —
= (2 th);—c(u Phu): €Z+Cfu+Eu)- (A12)

Thus (A.11) becomes

wwhdx (A.13)

Ey
/ ‘ whdx+/ aBy(wh)zdr — aBfwy ;1 + aBjwy]; s :/
I .

J a 1 I a
for any wy, € Vi¥. This is a n(k + 1) x n(k + 1) linear system for £, with a known right hand

side. The solution is unique. Otherwise, suppose there are two solutions E! and E?. Define

g= E! — E? then

cg -
;whdx + / ag(wp)zdz — agtwy, |j+% + ag+w;{|j_% =0
I I
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for any wy, € V¥, Let wy, = g, and sum over all j,

2
cg a}: 2
[—a dilf—|—§ : [g]H% =0.

Thus, g = 0. Now F, exists and is unique. By the equivalence of (3.9) and (A.10), P?u
exists and is unique.

The final step is to prove the error bound (3.12). Similar to the proof of Theorem 2.2,
we define F, = a; + d;(z)(z — z;)/h; on I;, where a; is a constant and d;(z) € P*7!, then
let wy, = dj(x)(x — xj41/2)/h; in (A.11) to get,

/ (¢ = an) dj(x)(z — xj41/2) /by dx — aB] (d;) = 0,
I
or, by Lemma 2.1,

dz(ﬂ?] 1/2)

=0.
4

/I A L ey Bayis+

J

Therefore

dj(x)*dv < - (¢ — an) dj(@)(x — xj31/2) da.
J /

j aJ;

Define piecewise polynomials d(z), ¢o(x), such that d(x) = d;(x), ¢o(x) = x — 2412 on I},

then
2 4
ldllz= < ~llg — anllzz]ld] 2|2
Since ||pa||p = h, we have
[|dl[z2 < Chllg — qnl| 2.
In (A.13), let wy, = E,, and sum over all j,

—ce
_ [ = “E,dx,
J+2 a

hence, since €, and ¢, are orthogonal to piecewise constants,

cE?

1
B3 < - /I(&t —ce,)Eydx| = Z/ . — cey)d;(z)(x — x;)/hydx
< COleallez + leullz2)lldl] 2 < CRE|d][ 2 < CR*2]]q — gull e
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However, by (A.12),

€, — CEy c||Ey|| L2 c||Ey|| L2
)
a

a

||L2+ SChk—H—i-

g — anllr2 <]

which tells us

1E[Z> < O + OB 12,

and (3.12) follows. This finishes the proof for Lemma 3.1.

A.4 The proof of Lemma 3.3

From the projection results, ||(c.)il|zz < C7||we||r1h™™ < C'||ul|p3h* with C” as a con-
stant.

Since e, = &, + &y, to prove (3.23), we will only need to prove ||(&,)¢||2 < Ch*1(t +1).
Similar to the proof of Lemma 2.3, we take the derivative with respect to time for the error

equations (3.14) and (3.15), and let vy, = (€,):, wy, = (€,):, sum them over all j, to obtain

/ (e (Ea)dz + / ((E,)0)d + / (ca)et (En)ed + / (e (@)eda + = Z W2, =o0.

I I I
Thus,
1d, 9 B 9 B B
§E||(eu)tHL2 +lE))llze < (eu)te (Bu)edr| + (5q)t (s
3 ol + M 2
< lewullee 11wl + ===+ [|(€g)el| 12
Therefore,

1d e
5%”(éu>t||%2 < H(gu)ttH[ﬂ H(éu)t||L2 + %

Again by the projection results, ||(c.)ullz2 < C'||u||pssh*+! and |(gg)e] |22 < C'l|q||kqsh*E,

thus,
4
dt
Denote E(t) = |[(€u)illrz, A = 2C"|[u(t)|lksh" !, B = 3(C"[|q(t)][x+3h"*1)?, then

el < 20 @) lssh 1@ 22 + 5(C gDl

d 2
%E (t) < AE(t) + B.
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Notice that here, although A, B do not explicitly depend on ¢, they are functions of time
through the dependence on the norm of u(t) and ¢(t). In our example, ||u(t)|| and ||q(t)||
are exponentially decaying with respect to time. However, we just assume that A, B are

bounded, namely, for any t, A < o, B < 3, whereas, a = Coh**1, 3 = Cyh?**2. Thus,

%E%t) < aE(t)+ 8. (A.14)

Because of the way the initial condition of uy, is chosen, using (3.7) and (3.8), and plugging
in (3.14), we have, at t = 0,

/ (ey)ivpdr =0 (A.15)

I .

for any vy, € V¥, Let vy = é,, then similar to the proof of (A.1) in Lemma 2.3, at t = 0, we
have

[1@u)e(-, 0)l]z2 < Ml(eu)e (-, 0)Ize < C'[[ul [ sh™ . (A.16)

We have thus proved
E(0) < C/HU('aO)||k+3hk+1 = C1hFH

Combined with (A.14), we will be able to obtain a bound on E(t). Integrate (A.14) with
respect to ¢,

E*(t) < E*(0) + Bt + Oé/t E(s)ds.

If t <T, then

E*(t) < E*(0) + BT + « /t E(s)ds.

Define w(t) = E?*(0) + 8T + Ozf(f E(s)ds, then the above inequality reads E(t) < (/w(t).

Moreover,

It is now easy to derive
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therefore,
(at)?
2

E%(t) < 2(E*(0) + BT) +

for any t <T. We can simply take T' = t now to obtain

(at)?
2

2
E2(t) < 2(E%(0) + Bt) + < 2(C2RHH2 4 Cyh 1) + %;ﬂﬂ%?

Taking a square root, we obtain
[(ew)e]|r2 < ORIt +1).

Similarly to the above, it is easy to derive (3.24) if we work with (3.18) directly. From
(3.18), (3.23) and (3.24), we have

€u)t Cudx €u)t €udT €4 €,dx
(€u) (€u) ¢ €q
I I I

< [ICCuw)illzz Nlewllz2 + [1(eu)il |2 [1eullze + [leqll2 [eg]] .2

IA

+ -

l1eql172

< Ch* P2t 4+ 1) + CR* |y | L,
thus (3.25) follows. This finishes the proof for Lemma 3.3.
A.5 The proof of Lemma 3.4
We can rewrite the error equation (3.31) into the following form,

ad, 1,
||€u||%2+5||€z||%2

2a
B 1 _ 1 _ 1 _

< al|[(ew)ieudx|+—| [ e.e.de|+—| [ eye.de|+—| [ eye.dr

I alJr alJr alJr

a _ 1 _ 1 1 _ 1, _ 1, _

< Ll + Vel ) + 5 lesl o+ 1EsI3) + el + el EolEe + el B + oIl B
then

d, _ 1 2 2 _

el < s + gl + Sl + (5 +1) el

From the projection properties, ||eu|[z2 < C'||ullrs1h* ez e < C'|ul|raoh™! and

l(e)el|z2 < C'||ul|ps3h*+t with C" as a constant. Therefore,

d
Zlleulze < OR*7 4 Cufleul [,
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and C = C(||ul|r13), C1 = Ci(a). Since ||é,|| < ChF*! initially,
C
||éu||%2 < aeclth2k+2‘

Combined with ||e,||z2 < C'||u||rs1h*HL, we have

||eu||L2 S lcgeClt/th—i—l‘
1

llewllze < CeCrthi+, (A.17)

We can rewrite it as

with C' = C(||u|k+3,a), C1 = Ci(a) > 0. Notice that, although the bound in (A.17) shows
an exponential growth, the constant C' is compensating the growth, since our exact solution
u is exponentially decaying, as well as all of its norms. This explains why in the numerical
experiments, exponential decay of the error is observed, see [9)].

To prove (3.35), we take the time derivative of the error equations (3.27) and (3.28), and
let the test functions be wy, = (€,)r, vy, = (€4):. At t = 0, we still have (A.15) because of the
choice of initial condition, hence we have (A.16), or ||(€,)¢|| < Ch¥! at t = 0. The remaining
proof is then very similar to the above and is thus omitted. From the error equation (3.31)

we have

1
0 / (Eu)iudz + ||| 2
I a

a _ 1 1 _ 1 1 _ 1. 1 _
el + leule) + ~lleale + —l1eslBa + —lleul B+ 11 s + < lleallBs + Ll R,

IA

thus,

[le=|17:
< —4a’ /I(eu)teudx +20%(||(eu)el 22 + [EullZ2) + Alle:lZ2 + Alleul 72 + 4lleu]lZ2
< 2a*(||(€u)elIZ2 + [EullZ2) + 2a*([1(eu)ellZ2 + 11ullZ2) + 4lle:llZ2 + 4lleul |2 + AllulIZ-.

We already have bounds on every term on the right hand side of the above inequality, thus

(3.36) follows by taking into account e, = (e, —e.)/a. This finishes the proof of Lemma 3.4.
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