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Abstract

In this paper, we develop, analyzeand test local discortin uous Galerkin (LDG)
methods for solving the Degasperis-Procesiequation which contains nonlinear high
order derivatives, and possibly discortinuous or sharp transition solutions. The
LDG method has the exibilit y for arbitrary h and p adaptivity. We prove the
L2 stability for generalsolutions. The proof of the total variation stability of the
schemesfor the piecewiseconstart P© caseis alsogiven. The numerical simulation
results for di erent typesof solutions of the nonlinear Degasgeris-Procesiequation
are provided to illustrate the accuracyand capability of the LDG method.
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1 Intro duction

In this paper, we consider numerical appraximations to the Degasyeris-Procesi (DP)
equation

U U + 4F (U)x = T (U)o s (1.1)
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wheref (u) = %uZ. We dewelop two local discortinuous Galerkin (LDG) methods for this
nonlinear DP equation. Our proposedsdemesare high order accurate,nonlinear stable
and exible for arbitrary h and p adaptivity. The proof of the L 2 stability of the schemes
are given for generalsolutions and total variation stability for the piecewiseconstart P°
caseis alsogiven. To our best knowledge,this is the rst provably stable nite elemen
method for the DP equation.

Degasperis and Procesi[14] studied the following family of third order dispersive
PDE consenration laws,

2 — 2 2 .
Up + Colx + U yxx Unx = (CLU” + CoUy + CaUUyy )x; (1.2)

where , , ¢y, Ci, C, and cz are real constarts. Their motivation was to answer the
question of which equationsof a form similar to the Camassa-Holm(CH) equation are
integrable. Applying the method of asymptotic integrability to the family (1.2), they
found that there are only three equationsthat satisfy the asymptotic integrability con-
dition within this family, namely, the KdV equation( = ¢, = ¢; = 0), the CH equation
(= 2%, c = 2)andonenewequation(c, = 2%, ¢, = c3, the DP equation). By
rescaling, shifting the dependen variable and applying a Galilean boost [13], one can
nd the Degasperis-Procesiequation (1.1) which hasa similar form to the limiting case
of the Camassa-Holnshallov water equation.

Despite the similarities to the CH equation, we would like to point out that the DP
equationis truly dierent. One of the important featuresof the DP equationis that it
hasnot only peaked solutions[13], for example,u(x;t) = cel * i, but alsoshack waves
to the equation [24, 9], for example

1 o
uix;t) = ——sign(x)e! X: ¢c> 0: 1.3
(xit) = signx) (13)

Also, thesetwo equationshave ertirely di erent forms of conseration laws:

Three useful conseration laws for the DP equation:
Z Z 5 1 Z
Ei(U) = U Ugdx; Ex(U) = 2v%+ S(w)?+ S(Vx)® dx; Ea(u) =  uidx;
R R 2 2 R

wheredv vy, = U.

Three useful conseration laws for the CH equation:
z z z

Hi(U) = U Undx; Ho(u) = (u?+ u2)dx; Ha(u) = (ud+ uud)dx:
R R R



We canseethat the correspnding conseration laws of the DP equationare much wealer
than thoseof the CH equation. Sud nonlinearly dispersiwe partial di erential equations
support peakon solutions and shack solutions. The lack of smaothnessof the solution
and weak property of equationintroduce more di cult y in the numerical computation.
It is a challengeto designstable and high order accurate numerical sthemesfor solving
this equation.

In the last ten years,a lot of analysishasbeengivenfor the DP equation. Coclite and
Karlsen proved existenceand uniquenesgesults for entropy weak solutions belongingto
the classL!\ BV in [9] and uniquenessresult for ertropy weak solutions by replacing
the Kruzzkov-type erntropy inequalities by an Oleinik-type estimate in [10]. For the
wellposednesf the initial value problem, Yin has given a discussionwithin certain
functional classesn a seriesof papers[39, 40, 41]. Someblowup results were studied in
[16,17, 23].

The explicit form of multip ealon solutions of the DP equation was found by Lund-
mark and Szmigielski[25, 26]. Lundmark [24]found someexplicit shack solutionsto the
DP equationthat are entropy weak solutions and alsoshaved that a jump discortinuity
forms when a pealon collideswith an arntip eakon. The traveling wave solutions of the
DP equationwereinvestigatedin [21]. Matsuno [27, 28] discussednultisoliton solutions
and their pealon limits and N soliton solutions of the DP equation.

There are only a few numerical works in the literature to solwe the DP equation.
Coclite, Karlsen and Risebro [1]] constructed se\eral operator splitting sdemesand
proved that solutions of these nite di erence schemesconvergeto erntropy weak solu-
tions. Moreover, they provided seeral numerical examplesto show that shack solutions
canform independernly of the smoothnessof the initial data. Another operator splitting
method was proposedfor the DP equationin [18], which is basedon the second-order
TVD sthemeand linearizedimplicit nite di erence method. In [20], a particle method
basedon the multi-shock pealon solutions was investigated for ertropy weak solutions
of the DP equation numerically.

The discortinuous Galerkin (DG) method we discussin this paper is a classof nite
elemen methods, using discortinuous, piecewisepolynomials as the solution and the
test space. It was rst designedas a method for solving hyperbolic conseration laws
cortaining only rst order spatial derivatives, e.g. Reedand Hill [29] for solving linear
equations,and Cockburn et al. [4, 3, 2, 6] for solvingnonlinearequations. It isdi cult to
apply the DG method directly to the equationswith higher order derivatives. The LDG
method is an extensionof the DG method aimedat solving partial di erential equations
(PDEs) cortaining higher than rst order spatial derivatives. The rst LDG method
was constructed by Cockburn and Shu in [5] for solving nonlinear convection di usion
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equationscortaining secondorder spatial derivatives. Their work was motivated by the

successfulnumerical experimerts of Bassiand Rebay [1] for the compressibleNavier-

Stokes equations. The idea of the LDG method is to rewrite the equationswith higher
order derivativesinto a rst order system, then apply the DG method on the system.
The designof the numerical uxes is the key ingrediert to ensurestability. The LDG

technigues have been dewloped for convection di usion equations (containing second
derivatives)[5], nonlinear one-dimensionabnd two-dimensionalKdV type equations[38,
34] and the Camassa-Holmequation [35]. In [36, 33, LDG methods are designedfor the
Hunter-Saxton equation. There is a recen review paper on the LDG methods for high-
order time-dependen partial di erential equations[37], which provides more details.
More generalinformation about DG methodsfor elliptic, parabolic and hyperbolic partial

di erential equationscan be found in the three special journal issuesdewted to the DG

method [7, 12, 8], aswell asin the recen books and lecture notes[22, 19, 30, 31].

The DG discretization results in an extremely local, elemen baseddiscretization,
which is bene cial for parallel computing and maintaining high order accuracyon un-
structured meshes.In particular, DG methods are well suited for hp-adaptation, which
consistsof local meshre nement and/or the adjustmert of the polynomial order in indi-
vidual elemertts. They alsohave excellen provable nonlinear stability. The LDG method
for the DP equation (1.1) that we designin this paper sharesall thesenice properties.

The paper is organizedas follows. In Section 2, we present and analyze our LDG
method for the DP equation (1.1). Section3 cortains numerical results to demonstrate
the accuracyand capability of the methods. Concluding remarksare given in Section4.
Someof the more technical proofs of seeral lemmasare collectedin the Appendix.

2 The LDG metho ds for the DP equation

2.1 Notation

We denotethe meshof the domain by I; = [X; %;x“%], forj = 1;:::;J. The certer
of the cell is x; = %(xj 1t xj+%) and the meshsizeis denotedby h; = Xj+1 X
with h = max; ; ; h; being the maximum meshsize. We assumethe meshis regular,
namely the ratio betweenthe maximum and the minimum mesh sizesstays bounded
during meshre nements. We de ne the piecewise-plynomial spaceV, asthe spaceof
polynomials of the degreeup to k in ead cell I}, i.e.

i,
2

Vhw=fv: v2 P"(I,-) forx21;; j=1::J0
Note that functionsin V, are allowed to have discontiinuities acrosselemen interfaces.
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The solution of the numerical schhemeis denoted by uy, which belongsto the nite
elemen spaceV,,. We denote by (uh) ! and (uh) ! the valuesof u;, at Xj+ 1, from
the right cell 1,1, and from the left ceII I, respectlvely We usethe usual notations
[un] = uj u, andu, = 3(uy + u,) to denotethe jump and the mean of the function
un at eat elemem boundary point, respectively.

2.2 The auxiliary variable and its equation

To obtain the L2 bound on the solution u in terms of the L2 norm of the initial data uo,
we needto introducethe auxiliary variable v which satis es the following equation

AV Ve = U (2.1)
We assumethe solution satis es the periodic boundary conditions
u(x;t) = u(x + L;t); v(x;t) = v(x+ L;t); (2.2)

wherelL isthe period in the x direction. Notice that the assumptionof periodic boundary
conditions is for simplicity only and is not essetial: the method can be easily designed
for non-periodic boundary conditions.
It can be proved that the quartity v satis es the energystability [9]
Z

d 5 1
pr 2v2 + é(vx)2+ é(vxx)2 dx = O: (2.3)

Thereby we can get the L? stability of u, i.e.
p_
kUkLZ(R) 6 2 2kU0k|_2(R): (24)

In orderto provethe L2 bound onthe numericalsolution uy,, we alsoneedto introduce
the LDG schemefor the equation (2.1). We rewrite the equation (2.1) asa rst order
system:

 z=u (2.5a)
Z Wy=0; (2.5b)
w vy =0 (2.5¢)

The LDG method for the equations(2.5) is formulated as follows: nd vy, Wy, zn 2 V,

sud that, for all test functions , & 2 Vi,
Z Z Z

vy, dx Z, dx = up dx; (2.6a)

lj lj lj
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Z Z

zpn8dX+  Wh&dx  (Wh& )1+ (Wh&);
Z'J Zj ?

Wh dX+  Vpydx (B )1+ (o 7))

lj lj

I
o

(2.6b)

N

I
=

(2.6¢)

Nl

The \hat" termsin (2.6) in the cell boundary terms from integration by parts are the
so-called\n umerical uxes", which are single valued functions de ned on the edgesand
should be designedbasedon di erent guiding principles for di erent PDEs to ensure
stability. For the equation (2.6), we can take the simple choicesof alternating uxes
sud that

Wh = w,; b= vy, (2.7)

wherewe have omitted the half-integerindicesj + % asall quartities in (2.7) arecomputed
at the samepoints (i.e. the interfacesbetweenthe cells). We remark that the choice for
the uxes (2.7) is not unique. We can for examplealso choosethe following numerical

ux
Wh = wp; b= v (2.8)

Remark 2.1. The LDG scheme(2.6) is only usedfor the proof of the L? stability of u,.
It doesnot needto be actually computedin the numerical algorithm.

Lemma 2.1. The solution to the schemegq2.6)-(2.7) satis es the following equality
Z Z
d 2 S 2 1 2 — .
G Pt oWt 5zy dx= o (Un)ve Zn)dx: (2.9)
Proof. For equation(2.6), we rst take the time derivative and choosethe test functions
=V, 2z, &= Vv, and = 4w,, then we get

Z Z Z
A(Vh)t(vh  zn)dX (zn)e(vh  zn)dx = (un)(vn  zn)dx; (2.10)
Z|j Z I I
(Z0)evhdX+ (Wh) (V)X (wn)eviy ) s + (GWn)iv); 1= 0; (2.11)
z iz
4 (W)WndX+ 4 (Vi)e(Wn)xdx  Abvn)iw, )L + A wg) 1= 00 (212)
y lj
We can also choosethe test functions &= 4(vn):, = (Wp): in equations(2.6b)-(2.6¢)
and obtain
Z Z

4 zn(vn)edx+ 4 wh((Va)o)xdx  AQWR(Vh); )j. g + 4Wn(va)); 1 =0 (2.13)

lj lj
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Z Z

Wh(Wh)edX + Vi ((Wh))xdX  (Bn(Wn); )i + (Bn(Wh){); 1= O (2.14)
!j y
Summing equation (2.10){(2.14) together, we can get
Z Z
(4(vn)tvn + S(Wh)tWh + (zn)izn)dx+ o1 1+ 5 1= (Un)i(vh zn)dx;
! lj
(2.15)

wherethe numerical ertropy uxes are given by
o= AW ) () + b))+ vy () () b))
and the extra term is given by

P 3= AC IOl + )bl + Wnl(n)D) [l + G D] + Bnlwn)]

With the de nition (2.7) of the numerical uxes and after somealgebraicmanipulation,
we easily obtain

[(Vh)ewn] + @), [wWn] + B [(vh).] = O;
[(Wh)tVa] + (qvh)t[Vh] + o [(Wh)i] = O

Summing up equation (2.15) over j and taking into accourt the periodic boundary
condition, we obtain equation (2.9).
]

2.3 The LDG method (I)

In this section, we de ne our rst LDG method for the DP equation (1.1), written in
the following form

U U + 4F (U)x = F (U)xxx s (2.16)

with an initial condition
u(x; 0) = up(x); (2.17)
wheref (u) = %uz. We write the equation (2.16) in the following form
U Ux =0 (2.18)
q + 4f (U)x = f (U)ux (2.19)



To de ne the local discortinuous Galerkin method, we further rewrite the equation
(2.18) asa rst order system:

u ry=g; (2.20)

ruy=0:

The LDG method for the equations (2.20), where q is assumedknown and we would
want to solwe for u, is formulated as follows: nd uy, ry 2 V, sud that, for all test

functions , 2 V,,
Z Z Z
Uy dx +  rpxdx (b )i+ (b ") 1= g dx (2.21a)
7' 7' ’ ’ lj
rh dx + Un xdx (by )j+% + (by, +)j =0 (2.21b)

lj lj

Corresponding to the numerical ux (2.7), we can take the simple choicessud that
bh=r,; bn=up: (2.22)

For the equation (2.19), we can alsorewrite it into a rst order system:

G+4s pc=0;
p sx=0 (2.23)
s f(ux=0

Now we can de ne a local discortinuous Galerkin method to the equationsin (2.23),
resulting in the following scheme: nd ¢, pn, Sh 2 W, sud that, for all test functions' ,

v 2 VW,
z z z
(ch)dx +  dsy'dx +  pp'xdx (bh' )zt (') 1 =0 (2.24a)
7' 7z i lj
ph dx+  spoudx (@ )i+t (B 7)) =0 (2.24b)
le le 2 2
snodx+  f(up) xdx (P )+ (®@7) =0 (2.24c¢)
I I
The numerical uxes in equations(2.24) are chosenas
bh=p,; b= sp; (2.25)

and 1"3(uh ;up ) is a monotone ux for solving conseration laws, i.e. it is Lipschitz con-
tinuousin both argumerns, consisten (fb(uh;uh) = f (uy)), non-decreasingn the rst
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argumert and non-increasingin the secondargumert. Examples of monotone uxes
which are suitable for discortinuous Galerkin methods can be found in, e.g., [4]. We
could for exampleusethe simple Lax-Friedrichs ux

u, ;ur) = %(f (u))+ F(us)  "(uy ) "= maxjf Lun)j;

where the maximum is taken over a relevant range of u,. This Lax-Friedrichs ux is
usedin the numerical experimerts in next section. The de nition of the algorithm is
now complete.

We remark that the choicefor the uxes (2.22) and (2.25) is not unique. We can for
examplealso choosethe following numerical ux

by =ris b= U b= pns B = sy (2.26)

which is correspnding to the numerical ux (2.8).

Algorithm o wchart (1)
In this section,we give the details related to the implemertation of the method.

Giventhe solution u;, at time level n, we rst obtain ¢, from the equations(2.21)-
(2.22) in the following matrix form

gn, = AUy; (2.27)

whereq,, and uy, are the vectorscortaining the degreesof freedomfor g, and uy,
respectively.

From (2.24)-(2.25), we obtain the LDG discretization of the residual 4f (u)y
f (U)xxx in the following vector form

(dn): = res(unp): (2.28)

We then combine (2.27) and (2.28) to obtain
A(up); = res(up): (2.29)

We usea time discretization method to solve
(up): = A tres(up): (2.30)

This step involves a linear solver with the matrix A. We perform a LU decom-
position for A at the beginning and useit for all time steps. Any standard ODE
solers can be usedhere, for examplethe Runge-Kutta methods.
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The LDG matrix A is a sparseblock matrix, henceits multiplication with vectorsand
a linear solver involving it asthe coe cient matrix can be implemerted e cien tly.

Prop osition 2.2. (Energy stability of the solution v,,) The solution to the schemes
(2.21)-(2.22)and (2.24)-(2.25) satis es the stability property
Z

% 22 + gwﬁ+ %zﬁ dx O (2.31)
Proof. For equations(2.21), we rst take the time derivative and take the test functions
=vy,and = w, then we get
Z Z Z
(Un)vadx + () VdX  (@)ev)ir + (@F)g) 2= (@)ovedx  (2.32)
I 7 I 7 I
(r)ewndX — (un)e(Wa)xdx + (Bun)ewy )r (Bun)ewy); 5= 00 (2.33)

y y

We also choosethe test function in equations(2.24) and (2.6) in the following
"= Vh; = Why = Unp = Sp &= (Un)t Shs = Pnt (Mn)e

R
and sumup with equation(2.32) and (2.33). TakingF (u,) = " f( )d , then we obtain
z

(Un)e(vh  Zn)dx+ .1
lj

+ =0 (2.34)

N|=
Nl

i i

wherethe numerical ertropy uxes are given by

= F(up) + Uy (W, (U)ot sn)  (Bn((un)c+ sn) + (fun)c+ @)w))
Fup (et ) )t )+ (@)cs mv)

i+

N

2

and the extra term s given by

= [F@un)] ®un]l  ( [(un)e + s)Wal+ (@in), + $)[Wh] + Wa[(Un): + Sh])
[+ pval+ (Bo), + )]+ Bl(rn)+ pol

N

i

With the de nition (2.7), (2.22) and (2.25) of the numerical uxes and after somealge-
braic manipulation, we easily obtain

[((up)t + sn)wp] + (@Jh)t + $)[Wh] + Wh[(un): + sn] = O;
[((r)e + Po)Vel + (@n), + MH)[Va] + B[(rn)c + pu] = O
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and hence

i 1= (Fun)l Pudy 2 O

2

wherethe last inequality follows from the monotonicity of the ux
Z u?
Funl Pul= (F(s) Mu,iup)ds O

Uy

Summing up equation (2.34) over j and taking into accourt the periodic boundary

condition, we obtain
y4

(Un)i(vn  zp)dx O

Combining with the resultsin Lemma 2.1, we obtain the energystability in (2.31). O

24 The LDG method (I1)
Equation (2.16) is formally equivalert to the system
u+ f(uy+p=0 (2.35)
P P = 3 (U)x

To de ne another local discortinuous Galerkin method, we further rewrite the equation
(2.35) asa rst order system:

u+q+p=0; (2.36)
P s = 30
s =0
g f(ux=0
The LDG method for the equations (2.36) is formulated as follows: nd up, Sh, pn,
th 2 Vi sudh that, for all test functions', , 2 VW,
z VA
(Un)¢'dx (Ch + pn)'dx =0 (2.37a)
7' z " Z
ph dx+ sy oudx (B )it (B ) 1=3 gy dx; (2.37b)
7 7 : ? I
sh dX+  prxdX (bh )jsz+(Ph 7)) 1=0; (2.37¢)
le le 2 2

0: (2.37d)

N

Ghdx +  f(up) xdx (P )j+%+(fb+)j

lj lj
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Correspnding to the numerical ux (2.7), the numerical uxes in equations(2.37) are
chosenas

b= Py by = S (2.38)

Here Ib(uh ;U ) is @ monotone ux for solving conseration laws. The de nition of the
algorithm is now complete.

We remark that the choice for the uxes (2.38) is not unique. We can for example
also choosethe following numerical ux

b= pLi B = s, (2.39)

which is correspnding to the numerical ux (2.8).

Algorithm o wchart (1)
In this section,we give details related to the implemertation of the method.

Given the solution uy, at time level n, we rst solwe equation (2.37d) to getq,,.

gp = res(uy): (2.40)

From (2.37b), (2.37c) and (2.38), we obtain the following matrix form
App = 3Qp: (2.41)
This step involvesa linear solver with the matrix A. Then we get

ph = 3A ‘g (2.42)

Using the solution gy, p;, of (2.40) and (2.42) to computing discretization of the
residualin (2.37a), then we obtain

(Un)t = On + Pp: (2.43)

Any standard ODE solwers can be usedhere, for examplethe Runge-Kutta meth-
ods.

Prop osition 2.3. (Energy stability of solution v,) The solution to the schemes(2.37)-

(2.38) satis es the stability property

q Z

dt

1
22 + gwﬁ+ éz,% dx O (2.44)
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Proof. Since(2.37) and (2.6) hold for any test functions in V;,, we can choose
"=Vh Zn; = Vhy = Why = Upy = Ghy &= phy = Sh;

R
and sum up the equations. Taking F (up) = " f ( )d , then we obtain

Z

(Un)e(vn  zn)dx+ o1 ot =0 (2.45)

lj

N

i

N

wherethe numerical ertropy uxes are given by
1= FU) P (wpy (Bnpy + i) (s, (s, + 9v))
2
and the extra term is given by

= [F(un)] Munl+ ( [pewel+ miwn] + Galpn])  ( [SnVe] + &n)ve] + tn[sn])

N

With the de nition (2.7) and (2.38) of the numerical uxes and after some algebraic
manipulation, we easily obtain

[Phwh] + i [wh] + Wh[pn]) = O;
[shvn] + $h[Vh] + [sn] = O

and hence

1= (Fun)]l Ml 3 0

wherethe last inequality follows from the monotonicity of the ux
Z u?
[Fu)l fuld=  (f(s) Mu,;up)ds O
Uy
Summing up equation (2.45) over j and taking into accourt the periodic boundary

condition, we obtain
y4
(Up)i(vh  zy)dx O:

Combining with the resultsin Lemma 2.1, we can get energystability in (2.44). O
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2.5 L? stabilit y of solution up

Prop osition 2.4. (L2 stability) The solutionsto the LDG sdemes(l) and (I1) both
satisfy the stability property

p_
kUhkLZ() 2 2kak|_2() . (246)
Proof. From equation (2.6a), we can easily obtain
z z z
2 — 2 2 2
updx = (4w, zp)“dx 2 (16vf+ Zf)
z
5 1
16 (2v2 + éwﬁ + ézﬁ):
By using the stability results for v, of scheme(l) and (11), we have
z z 5 1
udx 16 (2v3+ éWS+ é2(2,): (2.47)
In equations(2.6b) and (2.6c), we choosethe test function &= v,, = w,. By the
de nition of numerical ux (2.7) and somealgebraicmanipulation, we easily obtain
Z Z
ZpVpdx = wadx: (2.48)
On the other hand, we also have
Z Z
uzdx = (16vZ 8vyz, + z2)dx
z
= (16vZ + 8wi + z2)dx
z
(4vZ + 5w + z2)dx:
For t = 0, we will have
z z
2 2 2 2 .
ugdx (4v§ + 5wy + zg)dx: (2.49)

Combining (2.47) and (2.49), we get
Z Z
uzdx 8 u3dx;

which implies (2.46).
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2.6 Total variation bounded prop erty for the P° case

In this section, we will discussthe total variation bounded property for the P° casein

the uniform grid. We denote the meshsize by h and the time step by t.
averageof the solution uy, is denotedas

Z
u = 1 updx:
iR hax.
h |
We alsodenote
luj = uj; +Up = Ujs1 Uy, U =u U 1

Now we can get the schemefor the P° case

Sdeme(l)
d 1 u.+4ﬁ+% Itl)% It?*% 31*%4—31?% ﬁ%
dt h2 * ! h X3
Sdeme(ll)
du 1b-+; t 1
d—tj+ %.,. B =0;
1 By B4

The equation (2.51b) can be written into the matrix form

Apy = res(uy);

wherethe matrix A is a tridiagonal matrix in the following form

0 1
1+ 2a a 0 0 a
a 1+ 2a a 0 0
0 a 1l+2a a 0 0 1
A= . ; a= m;
0 0 a 1+ 2a a
a 0 0 a 1+ 2a

and py,, u, are the vectorscortaining fp; g, f u; g, respectively.
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Remark 2.2. For equation (2.50), we can rewrite it as

d 1 ftj)+l ftJ) 1 1 ftj)_,_; ftJ) 1

— — T+ 3—2 2 4 — 22 12— )

gt I h2 u + 3 h I h2 h 0. (2.54)
After taking the inverseof matrix A, we can seethat the schheme(2.54) and (2.51) are
the same. In the following, we only discussthe stheme(2.51).

Lemma 2.5. (Property of A 1) The inverse of the matrix A can be written as

0 1
12 J1 J
J 1 2 J1
At=R: : ; (2.55)
3 J 1 2
2 J1 J 1

i jal< %hz; =1 3 1 (2.56)
1
06 ; ;< §h2
Proof. The proof of this lemmawill be givenin the Appendix A. O

After inverting the matrix A in (2.51b), we can get

X ltl:J)+i+l fb+i L

p=3 i Al ¥ (2.57)
i=1

Now the stheme(2.51a) becomes

P, P, X P, P,
OIol—utJ’L—thJz —t—t=0 (2.58)

For simplicity, we will only considerthe forward Euler time discretization of the semi-
discretestheme(2.57). Now we will get the fully discretizedstheme

X
1 .
an+ = an (ftj):_% ftj)ﬂ' %) 3 i(ftjp_'_i_,_% ftjn.,.i %)a (259)
i=1
where = t=h. With a simple calculation, we can get
P (VAT PO I T D P & 1Y B UAPEIT DI

J
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Denoting

q+

N
N

Iqun un+1) 1.b(ujl ] D Hujl ] Ib(uj ll Jn
+

J n
uJ uJ

we have
06 q,,%G Lo, 06 Dj+%6 L 1 (2.60)

where we have usedthe monotonicity and Lipschitz cortinuity of ux £ which is non-
decreasingin the rst argumert and non-increasingin the secondargumer. L, and
L, are the Lipschitz constarts of £ with respect to its rst and secondargumerts,
respectively. If we choosethe time step sothat

1
_; 2.61
L+ L, (2.61)
we also have
1 C“_% Dj+% > 0 (2.62)
Sincewe have
#@. #,)=G. «u DUl (2.63)
we can rewrite the equation (2.59) into the following form
X
Ut =+ Gar owul Dy w43 i(Gawr U Dyyr Ul
i=1
(2.64)

Taking the forward di erence operation . on (2.64), we have

n+1_ n n n
(1 Giy Djvy) +u+Gus +uly+ Dy 1y
X X
+ 3 |C]+|+3 J+|+1 3 |C]+|+1 + j+i
i=1 i=1
¥
n n .
3 iDj+i+% Uirisg + 3 iDj4i 1 Ui
i=1 i=1

Using the property (2.60), (2.62), (2.56) and periodicity of the solution, we can obtain

X X X X
jo+u™j6 (1 Gii Dy +uli+  Gusi o «Ulgj+ Dy i
j=1 j=1 =1 1=1
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X X X

+3 iC;+i+g +an+i+1 iq+i+% +uin+i
j=1 i=1 i=1
X X X
+ 3 iDj+i% ujn+i iDj+i+% ujn+i+1
i=1 =1 i=1
X X X
= (1 Gup Dpp)i Wit Gey Wi+ Dy oU]
j=1 j=1 =1
X X XX
+3 (i i )G 2 #Uhi + 3 (i )Dj4iss # Uy
]:l i=1 J:1 i=1
X XX
6 | +ulj+3 G i dGeiwr*] i iiDjrw )l + UL
]=l j=l i=1
R DR - -
6 .uits h*(Li+ L2)j +upsij
j=1 j=1 i=1
X 3 X
= +uJ.”J+§(L1+ La)  h3Jj .y
j=1 j=1
X X
6 jo+ulj+rC ot j LUl
j=1 j=1

If we denotethe \total variation in the means"semi-norm,or TVM as
X
TVM (un) = ] +Ujj;
j=1
which for the piecewiseconstart caseunder study is just the standard boundedvariation
semi-norm,then we have

TVM (up*) 6 (1+ C t)TVM (up) 6 (1+ C t)""'TVM (u°) 6 exp(CT)TVM( u°):
Now we have the following proposition.

Prop osition 2.6. For the periodic boundary conditions, the solutionsof the scheme(l 1)
for the P° casewith Euler forward time discretization is total variation bounded,that is

TVM (u}) 6 exp(CT)TVM (u%):

Remark 2.3. Even though Proposition 2.6 is proved only for the rst order Euler
forward time discretization, the specialtotal variation diminishing (TVD) Runge-Kutta
time discretization [32] allows us to obtain the sameresult for the high order in time
fully discretizedsdheme. Howeer, this is not necessanyif the spatial accuracyis only
rst order.
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2.7 Comparison of the two schemes

In this section, we give somecommerts on the comparisonof the two proposedLDG
sihemes.

The sdheme(l) is basedon the dispersive form equation (2.16) and the scheme(l 1)
is basedon the hyperbolic-elliptic form equation (2.35).

The L? stability for the generalcaseof both schemescan be proved.
TVB property for the P° caseof both schemescan be proved.

For the computational cost, the sdheme (I1) is more e cient than the sdieme
() becausethe scheme (I) has one more equation (2.24b) to compute. But the
di erence of the real computational time is small.

The computational performanceof the two sdhemeis almost the same. The results
are showvn in Section3.

3 Numerical results

In this sectionwe provide numerical examplesto illustrate the accuracyand capability
of the proposedmethods. Time discretization is by the third order explicit TVD Runge-
Kutta method in [32]. This is not the most e cien t method for the time discretizationto
our LDG sdheme. However, we will not addressthe issueof time discretization e ciency
in this paper. We have veri ed with the aid of successi® meshre nemernts, that in all
cases,the results shovn are numerically corvergen. We will give the numerical test
results for the DP equation

Ut Upx + 4F (U)x = T (U)uxx (3.1)
with f (u) = %uZ for di erent initial conditions.
Example 3.1. Accuracy test

The pealon solutionsof the DP equation(3.1) are well known. The pealed traveling
wave solution is

u(x;t) = cel * °U; (3.2)

where c is the wave speed. We give the accuracytest with ¢ = 0:25. The accuracyis
measuredin smooth parts of the solution, 1=10 of the computational domain away from
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Table 3.1: Accuracytest for the DP equation(3.1) with the exactsolution (3.2). Periodic
boundary condition. ¢ = 0:25. Uniform mesheswith N cellsat time t = 1.

Scheme (I) Stheme (1)
N | L2 error order L' error order L2 error order L' error order
20 | 6.62E-03 { 6.84E-02 { 6.62E-03 { 6.84E-02 {

p° | 40 | 1.98E-03 1.74 2.18E-02 1.65 1.98E-03 1.74 2.18E-02 1.65
80 | 8.56E-04 1.21 1.02E-02 1.09 8.56E-04 1.21 1.02E-02 1.09
160| 4.76E-04 0.85 6.39E-03 0.68 4.76E-04 0.85 6.39E-03 0.68

20 | 2.31E-03 { 3.19E-02 { 2.31E-03 { 3.19E-02 {

pt | 40 | 1.73E-04 3.74 2.42E-03 3.71 1.73E-04 3.74 2.43E-03 3.71
80 | 3.92E-05 2.14 5.31E-04 2.19 3.92E-05 2.14 5.31E-04 2.19
160| 1.08E-05 1.86 1.88E-04 1.50 1.08E-05 1.86 1.88E-04 1.50

20 | 3.90E-04 { 6.61E-03 { 3.90E-04 { 6.61E-03 {

p? | 40 | 3.35E-05 3.54 5.25E-04 3.93 3.35E-05 3.54 4.33E-04 3.93
80 | 4.07E-06 3.04 5.25E-05 3.04 4.07E-06 3.04 5.25E-05 3.04
160| 5.77E-07 2.82 7.13E-06 2.88 5.77E-07 2.82 7.13E-06 2.88

10 | 1.49E-03 { 1.77E-02 { 1.49E-03 { 1.77E-02 {
p°| 20 | 1.51E-04 3.30 2.69E-03 2.72 | 1.51E-04 3.30 2.69E-03 2.72
40 | 7.64E-06 4.30 1.32E-04 4.35| 7.64E-06 4.31 1.32E-04 4.36
80 | 1.60E-07 5.58 2.13E-06 595 | 1.60E-07 5.58 2.13E-06 5.95

10 | 7.07E-03 { 7.09E-02 { 7.07E-03 { 7.09E-02 {

p*| 20 | 1.72E-04 5.36 2.75E-03 4.69 1.72E-04 5.36 2.76E-03 4.68
40 | 4.68E-06 5.20 8.45E-05 5.02 4.68E-06 5.20 8.45E-05 5.03
80 | 8.30E-08 5.82 1.31E-06 6.01 8.30E-08 5.82 1.31E-06 6.01

the peak. The L2 and L' errors and the numerical orders of accuracyfor u at time
t = 1 with uniform meshesin [ 25;25] are cortained in Table 3.1. We can seethat
the methods with P¥ elemens generally gives (k+1)-th order of accuracyfor u in both
norms.

Example 3.2. Peakon solution

In this example,we presenm the wave propagation of the peakon solution (3.2) and
anti-p ealkon solution

u(x;t) = ce x*eu: (3.3)
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Figure 3.1: The pealon pro le of the DP equation (3.1) with the exact solution (3.2).
Periodic boundary conditionin [ 40;40]. P* elemens and a uniform meshwith N = 228

cells.

We presen the wave propagation for the DP equation with the parameterc = 1. The
computational domainis [ 40;40]. In Figures 3.1 and 3.2, the pealon and anti-p eakon
prole att = 4,8, 12 and 16 are shovn. The lack of smaothnessat the peak of pealon
intro duceshigh-frequencydispersiwe errorsinto the calculation and may causenumerical
oscillations near the peak when the solution is under-resoled. In our computation of
the LDG method, we usethe P* elemen with N = 228 cellsto resole the peak. We
can seeclearly that the moving pealon pro le is resohed very well.

Example 3.3. Tw o-peakon interaction

In this examplewe considerthe two-pealon interaction [24, 18] of the DP equation
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Figure 3.2: The anti-p ealon pro le of the DP equation (3.1) with the exact solution
(3.3). Periodic boundary condition in [ 40;40]. P4 elemens and a uniform meshwith
N = 228cells.

(3.1) with the initial condition
Uo(X) = 1(X) + 2(x); (3.4)
where
i(x)=gel * Xl =12 (3.5)

We also considerthe two-arti-P ealon interaction of the DP equation with the initial
condition

Uo(X) = 1(X) + 2(x); (3.6)
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Figure 3.3: The two-pealon interaction of the DP equation(3.1) with the initial condition
(3.4). Periodic boundary condition in [ 40;40]. P2 elemerts and a uniform meshwith
N = 512cells.
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Figure 3.5: Shock pealon solution of the DP equation (3.1) with the exact solution
(3.3). Periodic boundary condition in [ 30;30]. P elemens and a uniform meshwith
N = 228cells.

where
i(x)= cgel Xl =12 (3.7)

The parametersarec; = 2,¢, = 1, Xy =  13792,x, = 4. The computational domain
is[ 40;40]. We usethe P2 elemem with N = 512cellsin our computation of the LDG
method. In Figures 3.3 and 3.4, the interaction at t = 0, 4, 8, 10, 12 and 16 are shavn.
We can seeclearly that the moving pealon interaction is resohed very well.

Example 3.4. Shock peakon solution

In this example,we presen the wave ewlution of the shack peakon solution
u(x;t) = sign(x)e’ ¥=(1+ t): (3.8)
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The computational domainis [ 30; 30]. In Figure 3.5, the shack pealon prole att = 0,
1, 2 and 6 are shovn. The lack of smoothnessof shock peakon intro duceshigh-frequency
errorsinto the calculation and will causethe numerical oscillation nearthe shack pealon.
To cortrol the oscillation of u,, we usethe TVBM limiter in [4] to remove the oscillation
near the discortinuity of u,. In our computation of the LDG method, we usethe P*
elemem with N = 228 cellsto resole the shack peakon. We can seeclearly that the
shack pealon pro le is resolhed very well.

Example 3.5. Shock formation

In this examplewe considerthe shock formation [11, 18] of the DP equation (3.1)
with the initial condition

Uo(X) = €% sin( x): (3.9)

The computational domainis [ 2;2]. We usethe P23 elemen with N = 256 cellsin our
computation of the LDG method. In Figure 3.6, the shock pealon prole att = 0,0.12,
0.18,0.3, 0.5 and 1.1 are shown. To cortrol the oscillation of u,,, we usethe TVBM
limiter in [4] to remove the oscillation near the discortinuity of u, when the shack is
formed. The results agreewith thosein [11, 18].

Example 3.6. Peakon and anti-P eakon interaction

In this examplewe considerthe peakon and interaction [24, 18] of the DP equation
(3.1) with the initial condition

Uo(X) = cie) X X1 el X X (3.10)

Firstly, we considerthe symmetric caseand choosethe parametersc, = 1, ¢, = 1,
X; = 5, X, = 5. In Figure 3.7, the interaction at t = 0, 2, 4, 5, 6 and 7 are shaown.
We can seethat a stationary shack pealon is formedatt 5 and ewlution follows one
shack pealon solution.

Secondly we considerthe nonsymmetric caseand choose the parametersc, = 2,
c; = 1,Xxy = 5,x, = 5. In Figure 3.8, the interaction at t = 0, 2, 3, 3.3626,4 and
6 are shavn. We can seethat a stationary shock pealon is formedatt  3:3626and
ewlution follows one shack peakon solution.

The computational domainis [ 25;25]. We usethe P2 elemen with N = 256 cells
in our computation of the LDG method. To cortrol the oscillation of u,, we usethe
TVBM limiter in [4]to remove the oscillation nearthe discortinuity of u, whenthe shack
pealon is formed. In both caseswe can seeclearly from Figure 3.9 that the interaction
is resolhed very well.
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Example 3.7. Triple interaction

In this examplewe considerthe peakon, shock peakon and anti-p eakon interaction
[11, 18] of the DP equation (3.1) with the initial condition

Uo(x) = el X 5 + signx)e! ¥ el X 9 (3.11)

The computational domainis [ 25;25]. We usethe P23 elemen with N = 256 cellsin
our computation of the LDG method. To cortrol the oscillation of u,,, we usethe TVBM
limiter in [4]to remove the oscillation nearthe discortinuity of u, whenthe shack peakon
is formed. We can seeclearly that the interaction is resohed very well.

4 Concluding remarks

We have deweloped two local discortinuous Galerkin methods to solwe the DP equation.
L2 stability is proven for generalsolutions. TVB property of the DG schemefor the P°
caseis proved. Numerical examplesare given to illustrate the accuracyand capability
of the methods. Although not addressedn this paper, the LDG methods are exible for
generalgeometry unstructured meshesand h-p adaptivity, and have excellen parallel
e ciency. The LDG method hasa good potertial in solvingthe DP equationand similar
nonlinear equationsin mathematical physics.

An important issuenot addressedn this paper is the a priori error estimatesof so-
lutions. From the stability and appraximation results, we can derive L? a priori error
estimatesof the high order LDG method for the Camassa-Holmequation [35]. Howewer
the proof of the high order LDG method for the DP equationis not completely straight-
forward and we could easily lose half an order or even one order in accuracy becauseof
a lack of cortrol for certain jump terms at cell boundaries. Sud error estimatesare left
for future work.

A App endix: Pro of of Lemma 2.5

We will give the proof of Lemma 2.5 in this Appendix. First, we rewrite the matrix A
into the following form

1
A =aB; a= W; (A.1)
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Figure 3.9: Pealon, shack pealon and anti-p ealon interaction of the DP equation (3.1)
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wherethe matrix B is

0 1
b 1 0 0 1
1 b 10 0
0O 1 b 10 0 "

B = T b= P (a2
0 0 1 b 1
1 0 0 1 b

Then the inverseof the matrix A becomes

A l= %B l=h?B % (A.3)

In the following we will only discussthe properties of the matrix B.

Lemma A.1. (Explicit form of the matrix B ) The inverse of the matrix B can ke
written as

0 1
1
J 1 2 J 1
B!'=RB : : ; (A.4)
3 J 1 2
2 J 1 J 1

Proof. From the results in [15], we can get the explicit form the matrix B ! asthe
following

1

B Yy = i = 5 vl 3 1t i (A.5)
J+1 J 1
where
K K - L
k= ——2; 1= }(b+ Pz 4); ,= }(b P& 4): (A.6)
1 2 2 2

Herewe noticethat ; , =1, ;> 1and , < 1. Usingthe de nition of , and some
algebracalculation, we can prove that

ij = i+ i +1- (A7)
Due to the symmetry of the matrix B, we know that ;; = ;. We denote
1
i= o= > Jj+a1t o1, iz 3 g2 (A.8)
J+1 J 1
Now we can easily seethat the matrix B ! hasthe form (A.4). O
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Lemma A.2. f jgin LemmaA.l satisfy the following properties

1 .
5= N B (A.9)
06 1 1< %: (AlO)

Proof. From the de nition of , we can have

j j j+lj<

— 1 ( k+1 k+1 k

k+1 k 1= 1 2 1+ l; 1t 2)
1 2
1
= 2((1 DY D (5 2 D)
Using the property of ; , = 1, we canobtain
_ 1 1 k k+1y.
ket k1= X 2( 1 D@ ) (A.11)
Similarly, we can also get the following equality
1 .
o =0t ona Y (A.12)
1 ) -
s oy 101 pa (A.13)
_ 1 1 J 1 Jy.
3 a1 1= ; 2( 10 DA ) (A.14)
1
s sa 25 (1 DA+ Q2 (A.15)
Now we will estimate the di erence of f ;g.
1
e = 2(Jj+1 i1 Cag o )
J+1 J 1
1
= 2(Jj+1 s (0 j1 1)
J+1 J 1

(17 na M (At ona b,
(1 DA+ 2T 3) '
Using the property of ; , = 1 againand after somealgebracalculation, we obtain

Jj+l i
1 1.

- : A.16

J b (1 1A+ o) ( )

Dueto ;> 1, wecanget

J j+l j J — ) .
1 16 1 1 ‘) i J+l6



*i j+1 Jl > 1 ‘i :) j j+1 > 1 n . > é
Then we prove (A.9). For (A.10), we have
- _J 31 1 - 1t 1 - 1 1 .
v I+ i1 2 (1 1A+ p) o1+ 1

Dueto 1> 1,weknow ; ;3 > 0. And alsowe have

T 1>0 7 >0 T 1 (1 =@+ N1 >0

J .
1 1

then we have

Proof of the Lemmais nished. O

From the results of LemmaA.1 and A.2, we can directly get the resultsin Lemma
2.5.
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