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ABSTRACT. We introduce the Reduced Basis Method (RBM) as an efficient
tool for parametrized scattering problems in computational electromagnetics
for problems where field solutions are computed using a standard Boundary
Element Method (BEM) for the parametrized Electric Field Integral Equation
(EFIE). This combination enables an algorithmic cooperation which results in
a two step procedure. The first step consists of a computationally intense as-
sembling of the reduced basis, that needs to be effected only once. In the second
step, we compute output functionals of the solution, such as the Radar Cross
Section (RCS), independently of the dimension of the discretization space, for
many different parameter values in a many-query context at very little cost.
Parameters include the wavenumber, the angle of the incident plane wave and
its polarization.

1. INTRODUCTION

Many applications related to computational optimization, control and design,
require the ability to rapidly, perhaps even in real time, and accurately predict
some output under the variation of a set of parameters. A similar need can be
found in the development of large simulation based databases or the development
of efficient way to quantify uncertainty and its impact.

In such cases, the solution is often implicitly related to a set of parameters
p, which denotes the input. In practice the parameters can be related to the
description of sources, materials, geometries, uncertainties and so on. In such cases
we have an implicit relationship between the input and the output through the
partial differential equation.

In this work we shall pursue the development of efficient and accurate computa-
tional methods for problems of electromagnetics. In particular we shall discuss the
methods based on the electric field integral equation (EFIE) [15], given on abstract
form as

a(l(ﬂ)altaﬂ) = f(lt?ﬂ)v vlt € Vv

where the parameter space is denoted by D, V' is some appropriate functional space
and a(-, ;s @), f(+; i) a sesquilinear resp. linear form for any parameter value p € D.

Our primary goal is to develop a systematic approach to obtain an accurate and
reliable approximation of the output of interest at very low computational cost for
applications where many queries, i.e., solutions, are needed. We shall explore the
use of a reduced basis method by recognizing, and implicitly assuming, that the
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parameter dependent solution is not simply an arbitrary member of the infinite-
dimensional space associated with the partial differential equation, but rather that
it evolves on a lower-dimensional manifold induced by the parametric dependence.

On a discrete level, this assumption can computationally be tested for particular
cases. To do so, consider the underlying abstract discrete problem: For any given
parameter value p € D, find J; € V}, such that

(1) a(dp(p) Iy p) = [y p), Vd, € Vi,

where V}, is an appropriate discrete subspace of V. Then, compute a singular
value decomposition (SVD) of the matrix consisting of the column-wise represen-
tation of the numerical approximations J; (u) for different values p of a fine point
discretization = of the parameter space D. -

In order to obtain the numerical solution, any reasonable standard solver can be
used. In the framework of this work, we have focused on the Boundary Element
Method using the lowest order Raviart-Thomas elements also called Rao-Wilton-
Glisson basis [28]. However, the setting is not restricted to the particular choice.
These solutions are what we define as the truth solutions and which we seek to
approximate.

The left eigenvectors of the SVD corresponding to the N most significant singular
values build an ideal reduced basis. More precisely the numerical solution for any
particular parameter value p € = can be approximated by a linear combination
of the left eigenvectors up to a precision of the (N + 1)-th singular value (in the
I2-norm). Therefore any numerical solution can be represented, up to a certain
precision, using the low dimensional subspace spanned by the left eigenvectors of
the SVD.

Figure 1 (a) plots the singular values of the matrix consisting of column-wise
boundary element solutions for different wave numbers and incident wave directions
of an incident plane wave being diffracted on a scatterer illustrated in Figure 3. In
particular, the incident wave direction is expressed in spherical coordinates and we
consider the case of (k,6) € [0,25] x [0, 7] and ¢ = 0 fixed. We observe exponential
convergence for the first singular values and note that an error in the current of
10~7 can be achieved with 200 basis functions.

In Figure 1 (b), different types of SVD-profiles are plotted. Case 1 is the repe-
tition of the real case of the figure (a) and case 2 is a perfect exponential decrease
of the singular values. Case 3 illustrates a (hypothetical) case of a problem where
the discrete solution space can not be represented by a low dimensional subspace
and no exponential convergence for the first singular values is observed.

In the framework of parametrized scattering problems the exponential decay
of the singular values is an essential assumption and reasonable for the types of
applications considered here. In what follows, we therefore make the following
assumption:

Assumption 1.1 (Existence of a low dimensional reduced basis). The subspace
My = {J, (1) | Ve € D}, where J;,(p) is the numerical solution of the EFIE for
p defined by (1), is of low dimensionality, i.e.

My, @lspan{giﬁ: 1,....,N}

up to a certain given tolerance Tol for some properly chosen {gz}fil (left eigen-
vectors of the SVD) and moderate N < N = dim(Discretization space)). More
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F1GUrE 1. Singular value decomposition of the matrix consisting
of column-wise Boundary Element solutions for different parame-
ters values of a real case (a). Different types of SVD-profiles (b).

precisely, we assume that the relation between the achieved tolerance Tol with re-
spect to the number of elements N of the “ideal” reduced basis is exponentially
decreasing.

Under this assumption we can expect that as p varies, the set of all solutions
can be well approximated by a finite and low dimensional vector space.

The basic idea of reduced basis method was first introduced in the 1970’s for non-
linear structural analysis [1, 24] and it was subsequently abstracted, analyzed [4, 30]
and generalized to other type of parametrized partial differential equations [14, 25].
Most of these earlier works focus on arguments that are local in the parameter
space. Expansions to a low dimensional manifold are typically defined around a
particular point of interest and the associated a priori analysis relies on asymptotic
arguments on sufficiently small neighborhoods [12, 26]. In such cases, the compu-
tational improvements are quite modest. In [2, 18] a global approximation space
was built by using solutions of the governing PDE at globally sampled points in the
parameter space, resulting in a much more efficient method. However, no a priori
theory or a posteriori error estimators were developed in this early work.

In recent years, a number of novel ideas and essentially new features have been
presented [21, 19, 35, 27, 34, 3, 13, 33, 31]. In particular, global approximation
spaces are used and uniform exponential convergence of the reduced basis approxi-
mation has been numerically observed and confirmed in [22] where the first theoret-
ical a priori convergence result for a one dimensional parametric space problem is
presented. The development of rigorous a posteriori error estimators has also been
presented, thereby transforming the reduced basis methods from an experimental
technique to a computational method with a true predictive value.

Furthermore, in cases where the problem satisfies an affine assumption; that is,
the operators and the data can be written as a linear combination of functions with
separable dependence of the parameter and the spatial variation of the data, an
off-line/on—line computational strategy can be formulated. The off-line part of the
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algorithm, consisting of the generation of the reduced basis space, is pu-independent
and can be done in preprocessing. The computational cost of the on-line part
depends solely on the dimension of the reduced basis space and the parametric
complexity of the problem, while the dependence on the complexity of the truth
approximation has been removed, resulting in a highly efficient approach.

While there is substantial past work on the development of reduced basis meth-
ods for both coercive and non-coercive problems [23, 27, 32, 9], the majority of the
past work has been done based on partial differential equations. However, many
problems of industrial and applied character are more efficiently solved using in-
tegral equations, i.e., computational techniques based on a direct discretization of
the Electric/Magnetic/Combined Fields Integral Equations [15] continues be the
preferred and most efficient approach for large scale electromagnetic computations.

Apart from numerous central computational and mathematical differences in-
troduced by the focus on integral equations, an essential difference that emerges is
the lack of affine operators, required to ensure an efficient online/offline separation.
Unless this is addressed in detail, as we do here, the computational cost of the
overall algorithm is not achieved. In this work we continue the work in [3] and
present an significant extension of this work to ensure accuracy and efficiency by
an hp-like empirical interpolation methods.

In Section 2 we introduce the underlying physical problem and derive its repre-
sentation as an integral equation which depends on the parameter values. Section
3 explains how the problem can be solved using the standard Boundary Element
Method (BEM) for a fixed parameter value. The Reduced Basis method in com-
bination with the BEM in an algorithmic cooperation (rather than a competition)
is then applied to solve the general parametrized problem in Section 4. A key-
tool for this type of integral equation, due to the non-affine nature of the kernel
function, is the Empirical Interpolation Method (EIM) introduced in Section 5. It
is further developed to shift the workload from the Online part of the RBM to
Offline part resulting in the Elementwise Empirical Interpolation Method (EEIM).
Finally, in Section 6 we present some numerical examples of the RBM and we draw
our conclusions in Section 7.

2. PARAMETRIZED ELECTRIC FIELD INTEGRAL EQUATION (EFIE)

The underlying physical problem is the following: An incident plane wave E¢ is
scattered at the surface of a perfect conductor, see Fig 2, obeying Maxwell’s equa-
tions and the Silver-Miieller radiation condition at infinity. The resulting scattered
electric field is denoted by E®¢. The perfect conductor can either have a volume
or simply consist of a surface and is denoted by Q.. Its complement is denoted
by Q = R*\Q,. and its surface by I', with the outer unit normal n. Whenever the
scatterer consists only of a surface, no outer resp. inner normal can be defined and
we use an arbitrary but fixed convention for n. The magnetic permeability p and
electric permittivity € are assumed to be homogeneous in €.

Denote by E the total electric field and by H the magnetic field. Under the
assumption of a harmonic time dependence, the electric and magnetic complex
fields E,H € H..,,1(f2) satisfy

(2) twpH + curlE =0 in €,
(3) iweE — curlH = 0 in €,
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Einc Q= RZ’) \Q—sc

[=

FI1GURE 2. Illustration of the problem setting.

with w > 0 being the angular frequency. It is convenient to introduce the wavenum-
ber k and the impedance Z

k = wy/pe,

Z =\/p/e.
Then, iwy = ikZ, ike = ik/Z and substituting (2) into (3) yields
(4) curl curl E —k*E =0 in .

In addition we assume the Silver-Miieller radiation condition at infinity

1
=0 (—) as |x| — oo,
]

LE:Q onI’

(5) cwrlE* () x £~ KE" ()

and the boundary condition

since the body (). is assumed to be a perfectly conducting scatterer. Here, 7,
denotes the tangential trace operator on the surface I' defined by 7Y =nx (vxn)
for sufficiently smooth v and surface I'. As our interest is the scattering of an
incident plane wave by the surface I' of the perfect conductor 4. we write

E(K) _ Einc (K) + ESC(X) with Ean(z) _ _B eikk-é

where the unit vector k denotes the wave direction and p the polarization (lying in

the plane perpendicular to k). Note that E™ is assumed to satisfy (4). Thus the
unknown is no longer the total field E but the scattered field E* with the boundary
condition
ztESC — _ltEinc on T.
Next, we introduce a new unknown tangential vector field J, the electric current
on the surface T', defined as J = n x H|r on the surface. Denote by Hcy1(Q2) the
1

natural solution space of Maxwell’s equations in  and define H .2 (T") as the trace

div

space of n X H,;1(€2) on the surface, see [5, 6, 7, 8, 10] for different types of surfaces.
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The electric and magnetic field E, H can be represented in {2 depending solely on
the electric and magnetic current on the body, a result known as the Stratton-Chu
representation formula. In the case of a perfect conductor, it simplifies to

(6) E(x) = E"™(x) + kZT,J(x)

where the (linear) single layer potential T is defined as

Lg@y:l}avmu@y+ﬁvmcvmmwmﬂw»dy

in Q with r = [x—y| and where G(; k) is the fundamental solution of the Helmholtz
operator A + k? given as
ikr

e
G(r,k) = gy

Applying the tangential trace to (6) and invoking the boundary condition for E
yields the Electric Field Integral Equation (EFIE):

(7) ikZ 8, I (x) = —v,E"(x),

where the boundary potential S, is defined as
§k = lt O Ik'
Let J, € H;é (T') be a test function, then the weak form of the EFIE reads: Find
1
J e H;;2(T) such that
ikZ(8,d, I;)r = —(v,E", I,)r,

for all test functions J, € H, ;é (T"). Applying integration by parts then yields: find

_1
J e H,,? (T') such that

_1
a(d,d,) = f(J,) v, € Hy 2 (D)

with, using the notation r = [x — y],

0@.3) =iz [ [ Glrsw) {300 ) ~ drdive Aive, T | dxdy.

1@ == [ 2B

@et us now introduce the parametrized EFIE. To do so, let the unit wave direction
k be parametrized in spherical coordinates (6, ), i.e.
R cos(¢) sin(#)
k= sin(p)sin(0)
cos(0)

y) - di(y)dy.

Further, the plane perpendicular to k can be parametrized by the two following
basis vectors

cos(p)cos(0) —sin(p)
ey = | sin(p)cos(d) and e, = | —cos(p)
— sin(0) 0

The polarization in (5) is given by pg,py € C such that
P = poey + Py,
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The EFIE problem is parametrized by a 7-tuple p € R7, p=(k0, w,pg,pg,p;,pfp),
where:

k: is the wave number,
0: is the first spherical coordinate of the wave direction k,
@: is the second spherical coordinate of the wave direction k,
pp: is the real part of py,
Dp: is the imaginary part of pg,
p,: is the real part of py,
pfp: is the imaginary part of p,.
For notational convenience we use the abbreviation pu = (k, k, p) and generally
assume that the parameter values lie in the parameter domain D C R, with 1 <
p < 7 active parameters.

It is well-known [10, 16] that the EFIE is not well-posed for scatterers with
volume and where k is a resonant wavenumber, i.e. if the interior Maxwell problem
on 2. for k does not have a unique solution for homogeneous boundary conditions.
Let us denote by K the spectrum of resonant wave numbers, i.e. Ky = {ky,ko,...},
in the case of dealing with a scatterer with a volume. We assume that KqND = ().

The parametrized Electric Field Integral Equation reads:

For any fixed parameter value p € D, find J(u) € H? (T") such that

div

a@(p),dy;p) = fdy;pm) VI, € HyZ(T)

with

a(J,Jy; p) = ikZ/F /1“ G(r;k) {J(g) J(y) — k%divnmi(g)divnylt(z)} dx dy,

fyp) =— /F 7, E"(y; ) - 3,(y) dy.

Note that the sesquilinear form « is only dependent on the parameter k, and not
on the other parameters. Therefore, we also use a(J,J,;k) as notation when the
sole dependence on k shall be highlighted.

2.1. Output functional: Radar Cross Section (RCS). The output of interest
in parametrized scattering problems is the Radar Cross Section (RCS) as an indi-
cation of the far field associated with a scatterer. The RCS is a functional of the
electric current J on the surface and is defined by

50 (I3 d, k)2 )

RCS(J;d, k) := 1010 =
(i k) b1 <|§oo<g;go,k>|2

where s is a linear functional of the electric current J given by

S0 (lv d7 k) = lkZ/d X (l X d)eiki'é dx
r

for some given directional unit vector d or some fixed reference unit direction d,.
The RCS signal describes the energy of the total electric field E at infinity towards
the direction d.
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3. BEM ror THE EFIE WITH FIXED PARAMETER

For any fixed parameter value, the EFIE can subsequently be discretized using a

Galerkin approach. Replacing the functional space H (;V% (T") by some conforming fi-
nite dimensional subspace yields the Boundary Element Method (BEM), also called
Method of Moment (MoM). A common choice as discretization space is the low-
est order complex Raviart-Thomas space RTj, also called the Rao-Wilton-Glisson
elements in the electromagnetic community.

Let 7, be a family of shape-regular triangulations decomposing I" into flat trian-
gles. For a fixed triangulation let A7 denote the mesh size of any element T' € 7},
and let h be the elementwise constant function such that h|p = hp.

By RTy(T') we denote the local Raviart-Thomas space on I' of complex-valued
functions on 7" € 7;, defined by (cf. [11, 29])

RT,)(T) := {gh(g) :g+ﬂ§|g eC?peC,xe T} .
On a global level, the Raviart-Thomas space is defined by
RT, :={v, € H},,(I')|v,|r € RTL(T) VT € Tp},

div
where H{, (I') is defined in a standard manner
HY., () :={v e L}I) |divrv € L*(T') }.
Observe that the approximation space is conforming, i.e. RT, C HY (I') C

_1
H 2 (T'). The Boundary Element Method then consists of seeking J), (u) € RTo,
for any fixed parameter value p € D, such that

(8) a(dy,(p),dy;p) = f(dy;p) vd, € RT;

4. REDUCED BASIS METHOD

The reduced basis method consists of approaching the “ideal” reduced basis, as
described previously, by Wy = span{J, (&) i =1,...,N} for a set of carefully
chosen parameters Sy = {p, N . The reduced basis approximation is defined by:
for any p € D, find J () € Wy such that

9) a[n(p), In i p) = Iy ) VN, € Wh.

The following questions arise:

e How can Sy be chosen to get accurate approximations?
e How can problem (9) be solved in an efficient way?

They are discussed in the following sections.

Let us quickly introduce some notation: matrices and vector of size N x A
resp. N are denoted in curly letters such as ,A and b. The simple and double
underlines stand for vectors resp. matrices. On the other hand, matrices and
vectors independent of the dimension of the boundary element space A are denoted
such as A and b.

4.1. Accuracy. The question of accuracy of the reduced basis approximation is
uniquely defined by the choice of the parameter sample space Sy and is determined
using a greedy type algorithm, see [17, 32] for an overview. Denote by = some finite
dimensional pointset of D. The algorithm is illustrated in Algorithm 1.
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ALGORITHM: RB-0ffline

Input: Initial parameter value Hl.
Output: Reduced basis space Wy and associated parameter samples Sy .

begin
Set S; = p' and Wy = span{J,, (")} with J, (u'), solution of (8) with
B=p
forn=2,...,N do
foreach p € = do
Compute J,,_;(p) € W,,_1 solution of (9)
Compute a posterlorl error estimation

n(p) = [y (1) = I, (e )H ™)

end
Choose p™ = argmaxpe =n(p)
S = Sn 1J ll'

Compute the truth solution Jj, (u™), solution of (8) with p = p™
Wy, = span{Wy_1,J;,(p")}
end
end
Algorithm 1: Offline-procedure of the reduced basis method: the greedy algo-
rithm to assemble the reduced basis space.

Note that in the practical implementation, we use the residual of the linear
system

(10) A(p)b(p) = f(p)

as an a posteriori error estimation of ||J; (u) — J,, (¢ )||

% o The matrix A(u)
and vectors f(p) resp. b(p) denote the sequilinear form a( ;3 ), the right hand
side f(-;p) and the solution J, (u) expressed in the standard basis of RTy. This
linear system represents the discrete variational problem (8), in the standard basis
of RT), defining the boundary element approximation for a given parameter value,
i.e. the solution we are trying to approximate by the reduced basis method. It is
called the truth approximation in the framework of Reduced Basis Methods.
More precisely, we choose the following quantity as an a posteriori estimate

LA™ (1) — £ ()2

max,cs 1 () ll22

(11) n(p) =

where b"(p) represents the Reduced Basis approximation J, (ut) in the standard
basis of RT}. Note that due to the equivalence of norms on finite dimensional spaces
the || - |[;,-norm of the degrees of freedom is equivalent to the || - || z,-norm of the
corresponding functions which itself is equivalent to the natural || - ||H_ 3 -norm.

However, depending on the regularity of the underlying function the sggling in the
mesh size h might be different. But since we only consider discrete functions, they
are sufficiently regular and the scaling in the mesh size h (which does not change
at any instance) is the same.



10 M. FARES, J. S. HESTHAVEN, Y. MADAY, AND B. STAMM

Remark 4.1. For the purpose of well-conditioned systems we use the Gram-Schmidt
process to orthonormalize the basis functions of Wy .

The previously defined algorithm identifies the reduced basis space Wy such
that Wy is a good approximation to My,. In practice, exponential convergence is
observed with respect to N, as the numerical results presented in Section 6 will
show.

4.2. Efficiency. Once the reduced basis space is assembled, the goal is to efficiently
solve the input-output procedure:

ALGORITHM: RB-Online

Input: A parameter value p and a discrete set of directions D.

Output: The Radar Cross Section RCS(J (p),d) of the reduced basis
approximation Jy () € Wy, .. for all directions deD.

The previous input-output procedure can be in a many-query context, in the
framework for an optimization problem or shape recognition problem, for example.
Note that if we do not manage to solve problem (9) efficiently, there is no need for
the reduced basis approximation since the solution could be obtained through a full
BEM-approximation using (8). Observe that solving (8) depends on the dimension
N of the approximation space RTy. We therefore define efficiency in the sense that
the solution of (9) should be independent of N .

The efficient implementation of problem (9) is conditioned by the possibility that
exactly or approximatively the following assumption is satisfied:

Assumption 4.2 (Affine decomposition). The sesquilinear form a and the linear
forms f, s., can be decomposed into a finite sum of parameter dependent scalar
functions multiplied by parameter-independent forms, i.e.

My

N
©)
3
=
S
=
|2
=

a(w,v;k) =

m=1
with
0" :R — C, a™: RTy x RTy, — C
@?‘:’D—>C3, . RT, — C3
or : D — C, s™: RT, — C3.

Remark 4.3. Note that in the case of the parametrized EFIE, this assumption is
not obvious. On the contrary, without any additional tools the assumption is not
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satisfied exactly, i.e

piklx—y|
a(3,J,:k) = sz//47T|X_y| I(x) - Ty(y) — fdive ,Jd (x)divr T,y )} dx dy,

fut;g):/r Y b T y) dy.

Seo (J;k,d) = ikZd x (/ J(g)eiki'é dx x ﬂ)
r

due to the simultaneous presence of the variable and the parameter in the power of
the exponential function.

This particular assumption is motivated by the fact that the forms, which depend
on the dimension N of the boundary element space, can be precomputed for the
basis functions of the reduced basis space Wyy. The slight differences between scalar
and vector quantities is due to the tools used to recover this decomposition and is
discussed in details in Section 5. We therefore postpone the discussion of how to
get this decomposition and suppose for now that this assumption holds.

Given Wy = span{g |[i=1,...,N}, for any N > 1, we then pre-assemble in a
offline procedure the M corresponding matrices A™ € CNxN E" S" ¢ CN3 to
the forms a™, £ and s™ defined by

Am':am(sjagi% ]-SZaJSNy ]-SmSMk,
E" =1(), 1<i<N1<j<3, 1<m< M,
ST =s7'(€,), 1<i<N,1<j<3, 1<m< My

Note that this assembling is depends on A/, but once the matrices are assembled
they are of dimension N x N resp. N x 3, thus independent on N

In a similar way we pre-compute quantities related to the residual of the linear
system (10), namely the matrices Ry"", the vectors Re"™" and the scalars Rg™"

Ry™" = (A™E ., A"E )y, 1<4,7<N, 1 <m,n < My,

i, = 2= =i
Rpi™" = (£ A", 1<i<N,  1<m<Mgl1<n<My,
mn:(im,in)j\/’, 1§m,n§Mf,

where (-,-)x denotes the scalar product in CV. A™ and f™ denote the vecto-
rial representation of the sesquilinear forms a™(,-) and linear forms £ (-) in the
standard basis of RTj.

Once this pre-assembling is completed during the Offline stage of the algorithm,
the previously described Input-Output procedure can be solved in a fast way, as
described in Algorithm 2.

5. EMPIRICAL INTERPOLATION METHOD

This section is devoted to finding strategies to satisfy the affine assumption
approximatively. The Empirical Interpolation Method (EIM) [3, 13, 20], also called
Magic Points, is frequently used in the framework of reduced basis methods. We
first introduce the method and show some numerical examples that are essential in
our context. In a second part we will generalize the existing method to better fit
the needs in the framework of the parametrized EFIE.
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ALGORITHM: RB-Online

Input: A parameter value p and a discrete set of directions D

Output: The Radar Cross Section RCS(J (i), d) of the reduced basis

approximation Jy (p) € Wy for the | given directions d € D.
begin

i) Assemble the matrix Arb(u) € CN*N and vector Frb( ) € CN a

My
A”’ Z 0" (1A and E”’(H) = Z Emg;"(ﬁ)
m=1

ii) Solve the linear system érb(ﬂ)b(ﬂ) = Erb(ﬂ).
/* The reduced basis solution is then given by

N

In(p) = (b(p):§,
i=1
*/

iii)

foreach d €D do
Compute the RCS signal

[Sec ()]
RCS(J v (p); k, d) = 10logy, | 2"
Iy (p); k. d) 810 <|§oo(g0)|2>
with s__(d) := Zz 1ZM°° bi(p ) (k,d)d x (§§” X d) where

si" € C? is the i-th row of the matrix 8™
end

iv) Compute a posteriori estimate:

\/m ) — 2m (1) + 713 (1)
maxuez || F(p)e

with

M
= Y 6w e (w (b, Ra""b(w))

m,n=1

N
My

Z > 07 (u) 0" (1) (R2™",b(p))

m=1n=1

My
s(p) = > OF(p) OF () Rs™"

m,n=1

N

end

Algorithm 2: Online-procedure of the Reduced Basis Method.
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ALGORITHM: EIM

Input: Function f, Q, D, M.

/* f:Q2xD —C: function to be interpolated */
/* M: Maximal length of expansion */
Output: Parameter samples I, = {Ej }jl‘/il, interpolation points

Ty = {gj }j]‘/il, basis functions Qar = {g; }]]Vil and interpolation

error Err.

begin
Set = C D, a finite dimensional point-set and fine enough.
B'=Qo=Ip=To=0
form=1,...,M do
/* Get m-th basis function and m-th interpolation point */
(Ertm, g, B, ,X;,) < ERROR(Trp—1, Qro1,m — 1)
Set Qm = @m—l U {QM}; Hm = Hm—l U {Em}’ TrrL = Tm—l U {Em} .
end

(Err, -) < ERROR(T1r, Qar, M)
end

Algorithm 3: The Empirical Interpolation Method.

5.1. Empirical Interpolation Method. Consider a function f : Q x D — C that
is smooth enough, i.e. f(-,u) € CO(Q) for all u € D. Note that the parameter
domain is not necessarily the same as the one for the reduced basis method. When
combining the EIM with the Reduced Basis Method, it also consists of a subset
of the parameter space given by the underlying parametrized problem. The EIM
provides a set of parameter values I, = {Hj 1L, and basis functions Qar = {g;}}%,

such that the interpolant defined by
M

(12) Tu(f) & p) =) aj(p) g(x)
j=1

is an approximation of f(x;u) for all (x;u) € 2 x D and where the coefficients
{aj(p) fil are obtained by solving a linear system of size M. Indeed, the inter-
polant can be chosen to be arbitrarily accurate depending on the number of modes
M used. The accuracy is measured in the L°°(€2 x D)-norm. In practice, exponen-
tial convergence is observed with respect to the number of modes, see the following
section of numerical results of the EIM. The EIM also uses a greedy algorithm to
pick the parameters I, = {Hj }]A/il and is given in Algorithm 3. The algorithm
EIM uses the module ERROR which is described in Algorithm 4 and computes the
next basis function and interpolation point for a given system of basis functions
and interpolation points.

Indeed, for any new parameter value p the parameter dependent coefficients

{a; (ﬂ)}ﬁl are obtained by solving the following linear system

M
S BYaj(p) = fxip),  1<i<M,
j=1
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ALGORITHM: ERROR

Input: T,,, Q,,,m.
Output: Error of interpolation Err, next basis function ¢, parameter value g
and point x that yield the maximum.

begin
Define the interpolation matrix by
B —g(x), 1<ij<m.
foreach p € = do
Solve the linear system

m
S OB = flxip),  1<i<m x €T,
j=1

Compute the interpolant defined by
() =Y i), 4 € Qu.
j=1

Compute the error function

e(x;p) = f(x5p) — Zin(f) (x5 1)
and the interpolation error

n(g) = ||e(';g)|\Lw(Q)-

end
Set. ji = argmax, c=n (). & = argsupyeqle(x, )], 4 = (- i) /e(%, f2) and
Err = n(p).

end

Algorithm 4: The ERROR module.

where the interpolation matrix EM is defined by EZI = ¢;(x;) and where Ty =
{x;}}L, are the interpolation points provided by the EIM.

Remark 5.1. Note that the sample space from the Empirical Interpolation Method
Ias is not to be mistaken for the sample space Sy; of the reduced basis method. The
Jormer one is linked to a good approzimation of the interpolant defined by (12).
The latter one defines the reduced basis and therefore also accounts for phenomena
arising from the physical problem.

In order to satisfy the affine decomposition, Assumption 4.2, we use the Empirical
Interpolation Method, as pointed out in Remark 4.3. The following examples show
how this method is involved to used the affine decomposition assumption in the
framework of the parametrized EFIE.

Example 5.2 (Kernel function). The kernel function Gy is first split into a pa-
rameter independent singular part and a parameter dependent non-singular part

1 ikr 1
Grik) = 7=+ Gua(rik)  with  Guu(rik) = ¢ -

This splitting is due to the underlying boundary element discretization which re-
quires different numerical integration for the sesquilinear forms of those two parts.
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Next, the Empirical Interpolation Method is used to construct an interpolant

Z]u( Z Oég

Replacing Gps(r;k) by its interpolant IM(Gns)(T;k) in the sesquilinear form a

yields
ikZ
0(3,3,:%) ~ . //T x) - L(y) dx dy
r

47rk/ Frdlvfr (x)divr,J, (y) dx dy
+ Z zay 9 [ [ .01 309 - T asay
_ Z —ag //qm ) divr J(x)divr,,J,(y) dx dy,

where r = |x —y|. Since the interpolant can be constructed to any precision (point-
wise over the spatial and parameter domains), it is reasonable to use the approxi-
mate sesquilinear form. We define

i}f—WZ ifm=1,
iZ .
— ifm=2,
Gm(k) _ 47k

ikZad, (k) if 3<m2+ M,,
—Zag (k) if 3+ My, < m2+2M,,

for all 1 < m < My = 2My + 2. In the same manner we define the parameter
independent forms by

frfr%ﬂ(ﬁ)'z(z)dzdz ifm=1,
Jr Jr £ dive e w(x)divr,,v(y) dx dy if m=2,
) = fr frq%qn r)w(x) - v(y)dxdy if 3<m2+ Mg,

fF fF q9,(r) divr o w(x)divr ,v(y) dxdy if 3+ My < m2+ 2M,.

Example 5.3 (Trace of incident plane wave). The second example deals with the
trace of the incident plane wave E™(x; p) = —pe™E=X onto I'. Observe that since
we integrate E™° against a tangential test function J, we do not have to project

E™ onto the surface I'. Thus we can write

f(lt;g)=g~/r ¢y T (y) dy

and observe that the integral still depends on the parameters k and k. We therefore
apply the Empirical Interpolation Method to the scalar function fo(x;k, k) = e'kx
which results in a set of basis functions {qfn}Mi that defines the interpolant

T (fe)(x:k, k) = Za (k, k) g7, (x).
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Again, the coefficients {afn(k,k)}%il can be obtained by solving a linear system of
size My for any new pammeter values. Finally we can write

fip Za (k,k)p /qun(z)@dz.

We finally define ©7F (p) = of, (k. k) p and £ = [..q},(y) I,(y) dy.

Example 5.4 (Radar Cross Section). The third example treats the non-affine char-
acter of the functional

Seo (J;k,d) = ikZd x (/ J(g)eiki'é dx x ﬂ)
r

needed to compute the RCS-signature in a given direction d for a current J. The
non-affine behavior lies in the function eiled e therefore apply the EIM to the
function fo(x;k, d) = e’*=d_ Observe that this is the same function as in the pre-
vious example, but for a different parameter domain. We therefore compute the
interpolant twice to keep the mumber of necessary modes M as low as possible.
Again, the EIM results in a set of basis functions {qS° }M°° and efficiently com-

putable coefficients {asd (k,k)}m:1 for each new parameter values. We can then

write
Ma
s.o(J;k,d) ~ d x ((Z ikZ oy (k, d)/J(_) i?f(z)@) ><d>

m=1 r
and we define O (k,d) = ikZaZS(k,d) and s™ = [ J( x) dx.

5.1.1. Numerical results. Let us test the approximation and convergence properties
of the Empirical Interpolation Method. We will consider four test cases given by:

function parameter D fixed values | spatial domain
ik
i flr;k) = <=1 k [1, keax] 7 € (0, Rmax)
i | f(x;0) = etkk(0.0)x 0 [0, 7] k, ¢ =0 xerl
iii | f(x;0,¢) = e’kk(0.0)x 0,¢ [0, 7] x [0,2m) k xel
iv | f(x;k, 0) = etkk(0,¢)x k, 0 [0, krmax] X [0, 7] ¢=0 xerl

We recall that the wave direction k is parametrized by the spherical coordinates
(0,¢) € [0,7] x [0,27). For the previous three test cases, we use a cavity as il-
lustrated in Figure 3 as surface I'. It is an open box of length 1 x 0.25 x 0.25 m?
centered at the origin and open towards the positive x-axis.

In the convergence plots we use the following relative L>°-norm over 2 x D:

If = Zam(f)ll L~ xD)
1|l xD)

Figure 4 shows both the error behavior depending on M and the parameter range
for three different values of k. for the test case i). Note that the number of basis
functions needed to achieve some given tolerance increases linearly with k4. As
is expected the distribution of the parameter value resembles, at least visually, the
usual interpolation point-sets and, up to a linear stretch, seems to be similar for all
values of K,qz-
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FIGURE 3. Two different views on the surface I' used for the test
cases ii), iii) and iv).
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FIGURE 4. Relative error in the test case i) for different values of
kmax depending on the length M of the expansion (top) and the
corresponding picked parameter values (bottom).

In Figure 5, we present the same plots as above but for test case ii) and varying
fixed wave numbers k. Again, observe the linear increase, with respect to k, of the
recovered basis functions to achieve a certain tolerance and a similar parameter
distribution for different wave numbers.

Figure 6 and 7 illustrate the error behavior and the distribution of the picked
parameters for cases iii) and iv). Similar observations as above can be made. Note
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FIGURE 5. Relative error in the test case ii) for different values
of k depending on the length M of the expansion (top) and the
corresponding picked parameter values (bottom).

that in the test case iii) the parameter values are gathered around the value 6 = 7/2
which corresponds to the equator of the sphere. Due to the spherical coordinates the
parameter distribution is uniform on the sphere but not in the parameter domain.
Concerning test case iv), we observe that the most parameter values are picked
around k = 25. This is due to the fact that the function under consideration is
most oscillatory for the highest values of k. The greedy algorithm selects more
points around high values of k in order to resolve the oscillations as expected.

5.2. Elementwise Empirical Interpolation Method (EEIM). In the previous
section, we observed that the dimension of the reduced basis space scales with
the dimension of the parameter domain D and its volume. The expansion can
become too large, i.e. large enough to significantly increase the computation time
of the online procedure (Algorithm 2) which depends on My, My and Mpg. This
can increase the online computation time to be in the order of a direct boundary
element computation. To overcome we propose an adaptive approach by splitting
the parameter domain D into several subelements on which we approximate the
subsequent function individually by a different expansion of the form (12). It is
similar in spirit to an Ap-interpolant where p stands for the number of added modes
per (parameter) subelement (indexed M) and h represents the diameter of the
subelements. Observe that no inter-element continuity in the parameter domain is
required.
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The overall strategy is the following. We first run the EIM to pick M parameter
values I}, integration points T}, and basis functions Q}, which uniquely defines the
interpolant on D using M terms. Next, if the interpolation error does not satisfy
a certain given error tolerance we compute the gravity center of the point-set I};.
The domain D C R¢ is then split into 27 rectangular quadrilateral subelements D;
having the gravity center as common node. Otherwise if the tolerance is achieved,
the previous computed expansion is final and remains unchanged. Finally, we
proceed recursively on the newly created subelements. On each of them M new
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ALGORITHM: EEIM

Input: Function f, Q, D, M, Tol.

/* f:Q2xD—C: function to be interpolated */
/* M: Maximal length of expansion per element */
/* Tol: Tolerance */

Output: A partition of D = Ué\;El’Di, Ng parameter samples S, = {Hj l}jl‘/il
and interpolation points T}, = {x; ;}}Z,.

begin
c=1,N'=0,D} =D,Comp} =1,1=1
while ¢ > N do
c=0
fori=1,...,N'do
if Comp!, then
/* Compute the interpolation error on element D)  /
(I, T}, Q}, Err) — EIM(f,Q, D}, M)
if Err > Tol then

/* Refine element ’Di into 2¢ subelements */
(DUt),..., D) < REFINE(D., 1Y)
Compifi d: 1, V1<i<2d
c:=c+2
else
c=c+1
Cognpljl =0 l
[+1
(Dc+ ) ]Iiz—Hv Ti:—,—lv @5:—,—1) = (Dia ]Ha Té’ Qi)
end
else
c=c+1
Comp.™ =0
(ch+1a I[Ié+17 Tlé—Ha Qlc+1) = (’Div Héa Téa Qi)
end
end
l=1+1
end
end

Algorithm 5: The Elementwise Empirical Interpolation Method.

basis functions are computed following the greedy algorithm before we check the
error tolerance etc. The algorithm is schematically described in Algorithm 5.

5.2.1. Numerical results. We present numerical test corresponding to the test cases
i) and iv) of section 5.1.1.

Figure 8 illustrates the balance between the maximum length of the approxima-
tions M versus the number of elements needed to satisfy a certain given relative
error tolerance for the test case i). The error is measured in the relative L°°-norm
over the spatial domain €2 and the parameter domain D. We also show the differ-
ent accuracies with respect to the length of the interpolation serie M for different
resulting subdivisions of the parameter domain.
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ALGORITHM: Refine

Input: D, I
/* D: parameter domain */
/* I: parameter samples in domain D */

Output: A partition of D that consists of 2¢ sub elements (D1, ..., D).
begin
Compute the gravity center x = m deﬂ X.
The subelements {’D7}fi1 is the unique partition of D consisting of
rectangular quadrilaterals have as one common node X.

end
Algorithm 6: The Refine algorithm.
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FI1GURE 8. The length of the EEIM expansion M versus the num-
ber of elements needed for test case i) and three different error
tolerances (left). Accuracy of the EEIM with respect of the length
of the EEIM expansion M for different numbers of resulting ele-
ments (right).

In a similar manner we plot the quantities in Figure 9, but for test case iv).
Observe the algebraic relation between the required number of elements and the
length of the expansion M.

Figure 10 shows the picked parameter values and the corresponding subdivision
for the test case iv). The interpolant satisfies in all cases a relative error tolerance
of 107'2, but achieved with different maximum lengths of the expansions. The
corresponding values of the lengths are M = 218,151, 106, 74.

6. NUMERICAL TESTS OF THE REDUCED BASIS METHOD

Finally, having all these tools to apply the reduced basis algorithm, we present
some numerical examples. For that consider the four following test cases:
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FIGURE 9. The length of the EEIM expansion M versus the num-
ber of elements needed for test case iv) and three different error
tolerances (left). Accuracy of the EEIM with respect of the length
of the EEIM expansion M for different numbers of resulting ele-
ments (right).

test case | parameter D fixed values
i) 0 6 € [0, ] k=5,10,20,9=0
ii) 0,¢ (0,¢) € [0,7] x [0,2m) k =5,10,20
iii) k k € [0, 25] 0=mn/4,6=0
iv) k, 6 (k,0) €10,25] x [0, 7] p=0

As scatterer, we use the geometry already introduced in Section 5.1.1 and illustrated
in Figure 3. The mesh used for the underlying truth approximation consists of 2236
elements/triangles with 3338 degrees of freedom. The mesh-size is chosen in such a
way that for the highest wavenumber considered, namely k = 25 m =1, we still have
a sufficient resolution of the oscillations, i.e. 7 degrees of freedom per wavelength
which yields an error of the truth solution (with respect to the exact solution) in the
order of 107!, Note that this error is magnitudes larger than the errors arising form
approximating the truth solutions by the Reduced Basis Method in the framework
of this study. The fact that the errors between the truth solution and the reduced
basis approximation that go below 10~! are of no practical interest, but remains
interesting and important to analyze in a mathematical framework. The output
functional is the RCS-signal given by the direction d parametrized in spherical
coordinates by the angles 0,.s € [0, 7] and ¢,..s = 0. The reference unit direction
do is given by 0,.s = ¢rcs = 0, therefore the RCS-signals have always value zero
for 01’(:3 = (brcs = 0.

As underlying BEM-solver we use the code Cerfacs Electromagnetic Solver Code
(CESC) developed at CERFACS, Toulouse. It solves the linear system using a
LU-factorization, then solves for different right hand sides.
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FIGURE 10. Picked parameter values and subdivision of the pa-
rameter domain for different levels of refinements. The empirical
interpolation satisfies a relative error tolerance of 10~'2 for all four
cases but with different lengths of the series per element, i.e. M =
218,151, 106, 74.

In all the test cases, we study the relative error

maxyez [|J, (1) — Iy ()20

maxucs (5 (1)l 20

with respect of the increasing dimension N of the reduced basis space. Figure 11
shows the error behavior for the test cases i) and ii) for three different values of the
wavenumber k. In Figure 12 the same quantity is illustrated for test cases iii) and
iv). Observe the exponential convergence in all four cases. We also indicated the
decrease of the singular values which represents the approximation properties of the
best possible reduced basis in the sense of the L?(2) x L®(Z)-norm. Observe that
the greedy-type of assembling the reduced basis is sub-optimal. However, it comes
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with a minimal assembling cost which is the true advantage of the greedy-algorithm.
In addition, the a posteriori estimator has also an impact on the quality of the
reduced basis. Therefore a more mathematical rigorous a posteriori estimate could
also yield to a better performance of the reduced basis. However, this comment is
of speculative nature.

Further we study CPU time of the online procedure and also compare it to solving
the problems for each parameter value. We are focussing on test case iv) where
the RCS signal should be computed for all directions d parametrized in spherical
coordinates by the angles 6 € [0, 7] and ¢ = 0.

We present the result of the Reduced Basis Method with three different Empir-
ical Interpolation Methods, i.e. we use three different types of EEIM interpolants.
In the following table we present the number of EIM elements that are used for
each interpolation for all three versions.

Kernel function Incident plane wave RCS-signal
version | N. of elements | M | N. of elements | My | N. of elements | M
1 1 148 1 15 4 98
2 4 98 4 9 16 66
3 16 67 8 8 64 47

In Figure 13 we compare the average time of computing the RCS-signal using the
different versions of the Reduced Basis Method compared to the average computing
time of the Boundary Element Method. For both methods the average computing
time is taken over a sample set of parameter values. Regarding the Boundary
Element Method we only compute the LU factorization once for all the parameter
values having the same wavenumber, then we solve for the different right hand sides.
We plot the speed-up of the Reduced Basis Method in function of the dimension of
the Reduced Basis. Observe that the speed-up can be considerably increased using
an EEIM interpolant.

In the subplots of Figure 14 we plot the absolute time for each parameter value
(averaged over the whole set of parameter values) to compute the RCS signal in
function of the dimension of the reduced basis. We subdivide the total computing
time into the three most time consuming factors: The LU-factorization of the linear
system (9), the computation of the residual error (11) and the computation of the
RCS-signal. We not only observe that the total computing time is reduced while
involving several EIM elements but also that the different fractions of computing
times are slightly more equally distributed. However, the error tolerance of the
EIM resp. EEIM is fixed in advance to 1e — 8. Therefore one could further reduce
the online computing time by adapting the precision of the EIM resp. EEIM to
the target error tolerance of the RBM. This would have the highest impact in the
region with low values of N and thus lead to a higher speedup.

In Figure 15 we plot the exact and approximated RCS-signal by the Reduced
Basis Method for test case iii) with k = 23.8 and for three different dimensions of the
reduced basis. We consider all directions d parametrized in spherical coordinates
by the angles 0,.s € [0,7] and ¢.s = 0. In Figure 16 we plot the RCS-signal
corresponding to the first five Reduced Basis basis functions for the test case iii).

Figure 17 shows two different kinds of plots, (a) and (b), for the RCS-signal
depending on the angle 6,..s of the direction d and the wave number k. We can
observe that for some values of k, the RCS is changing fast in its neighbourhood.
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FI1GURE 12. Accuracy of the Reduced Basis Method for test case
iii) (left) and iv) (right) and comparison to the optimal accuracy
given by the singular values.

Figure 18 provides a zoom of the region between k = 12.5 and k = 13.5 and we can
detect a bifurcation of a branch.

7. CONCLUSIONS

We presented an efficient algorithm to solve parametrized scattering problems
in the form of the Electric Field Integral Equation (EFIE). The present algorithm
consists of two steps: assembling the reduced basis, comparable to building a data-
base, and a fast evaluation of the database in a many-query context. The advantage
of such an approach is that, once the reduced basis resp. database is build, the
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FIGURE 13. Speed-up for three different versions of the online pro-
cedure of the Reduced Basis Method with respect to the computing
time using the Boundary Element Method in function of the di-
mension of the Reduced basis. Test example iv) is considered.
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FIGURE 14. The time of the subtasks of the online procedure of
three different versions of the Reduced Basis Method for different
dimensions of the Reduced Basis. The time (measured in seconds)
corresponds to the average computing time of the RCS-signal for
a parameter value for the test example iv).

evaluation of an output functional of the solution is independent of the dimension
of the underlying discretization for any new parameter value. The parameters of
the problem include the wave number, angle of the incident plane wave and its
polarization.

For scatterers with volumes we are aware of the fact that spurious modes may
interfere since we are using the EFIE. However, excluding them from the training
sample = avoids that the algorithm is at any point not well posed. We justify the use
of the EFIE by the sake of its simplicity in the beginning of this project. However,
there is no reason why the combination of the Reduced Basis Method combined
with any other standard solver for the parametrized scattering problem should not
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FiGURE 15. Exact and approximated RCS-signal by the Reduced
Basis Method for test case iii) with k = 23.8 and for three different
dimensions of the reduced basis.
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F1GURE 16. Unnormalized RCS-signal corresponding to the first
five reduced basis functions for test case iii).

work. In particular, we will work on the Combined Field Integral Equation (CFIE)
in near future.

The use of a posteriori estimates is important in the greedy algorithm to assemble
the reduced basis. Therefore the quality of the estimate has a direct influence on
the approximation properties of the reduced basis. It is ongoing work to develop
mathematically rigorous efficient and reliable a posteriori estimates for the EFIE.
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