
Modeling Magma Dynamics with a Mixed Fourier
Collocation - Discontinuous Galerkin Method

Alan R. Schiemenz1,2,� , Marc A. Hesse2,3, and Jan S. Hesthaven1

1 Division of Applied Mathematics, Brown University, Providence, RI 02910, USA.
2 Department of Geological Sciences, Brown University, Providence, RI 02910, USA.
3 Jackson School of Geosciences, University of Texas, Austin, Austin, TX 78712,
USA.

Abstract. A high-order discretization consisting of a tensor product of the Fourier col-
location and discontinuous Galerkin methods is presented f or numerical modeling of
magma dynamics. We solve an advection-reaction-compaction system, consisting of
two hyperbolic equations and one elliptic equation. The hig h-order solution basis al-
lows for accurate and ef�cient representation of wave-like behavior that is predicted
from linear theory. New insights into the processes of melt g eneration and segregation
are revealed from time-dependent simulations of the model s ystem.
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1 Introduction

The generation and segregation of melt from the earth's interi or is a fundamental, but
only partially understood, process. Melt is generated by ad iabatic decompressional melt-
ing during upwelling in the Earth's upper mantle. Segregatio n of melt involves two-
phase �ow in which low viscosity melt percolates through a muc h more viscous solid
matrix [3]. During its upward migration, melt generated in t he deeper part of the up-
welling mantle will interact both thermally and chemically with the overlying mantle.
Precise understanding of the evolution of melt is constrain ed by physical evidence based
upon �eld observations at ophiolites, where sections of the Earth's mantle have been up-
lifted and exposed at the surface. The key observation from th ese outcrops is the local
depletion of a soluble mineral, orthopyroxene (opx). This ob servation has been inter-
preted as the localization of porous melt �ow into high porosi ty channels that have lead
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to the depletion of the soluble mineral. The main objective of the present study is to de-
velop a high-order numerical model that can be used to study t he interaction between the
melt and solid mantle during melt migration. Unlike previous studies we explicitly track
the evolution of the soluble mineral (opx) to understand the formation of the observed
opx-depletions and their spatial and temporal relation to l ocalized melt �ow in regions
of high permeability.

A fundamental geologic observation that gives insight into the existing theory of melt
transport is that the chemical composition of erupted basal t is not in equilibrium with
residual mantle at low pressure, particularly at diverging plate boundaries. Additionally,
it is observed that the mantle is chemically and lithologica lly heterogeneous. To preserve
the geochemical signature developed at depth, melt must ris e from depths of at least
30 km to the surface without extensive re-equilibration wit h the surrounding mantle.
One mechanism for this involves reactive in�ltration insta bility, where highly porous
regions form due to a feedback between melt �ow and dissolutio n of a soluble mineral
in the solid. It has been suggested that high-permeability d unite channels act as conduits
for focused �ow, where melt may ef�ciently segregate from its source region while still
maintaining its geochemical signature at depth. For furthe r discussion we refer to [9] and
the references therein.

Previous numerical study [12] utilizing a low-order �nite d ifference scheme demon-
strates localization of the melt �ow into high-porosity chan nels. However, this work
does not explicitly account for the soluble mineral opx, who se presence is integral to the
formation of dunite channels, nor does it consider the effec ts of upwelling or a bulk vis-
cosity dependent upon the porosity. Further numerical stud y incorporating upwelling of
the mantle is presented in [11], although this work does not d iscuss the numerical model
used. In this paper, a high-order accurate numerical model i s presented following the
physical model presented in [6], which includes upwelling, a porosity-dependent bulk
viscosity, and an additional equation to track the opx abund ance. We assume a formu-
lation of local chemical equilibrium. Linear analysis of ou r system predicts the emer-
gence of wave-like features; in addition to the balancing be tween advection, reaction and
compaction, these features present a formidable challenge in numerical modeling. We
address this challenge by developing a high-order numerica l method that provides ac-
curate resolution at a reasonable cost. Numerical simulati ons con�rm the existence of
porosity waves, and also demonstrate that melt channels are not necessarily spatially or
temporally correlated with dunite channels.

2 Simulation Equations

The simpli�ed governing equations for our model system and th e non-dimensionalization
have been introduced in [1, 6]. The system comprises two hyper bolic equations for the
�uid and opx fractions, f f and f opx, respectively, and an elliptic equation for the over-
pressure in the �uid, p:
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¶f 3
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¶z
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The system is closed with Darcy's law which yields the �uid veloc ity V f relative to the
uniform solid upwelling via the algebraic equation

f f V f � gf f nz = � f 3
f (dr p� nz) . (2.4)

Here, we have introduced nz, the unit vector in the vertical dimension. The rate of mass
transfer, Gopx, is proportional to the Darcy �ux and is computed algebraical ly as

Gopx= �
f f

�
V f �nz

�

1� dz
I f opx

= �
1

1� dz

�
gf f � df 3

f
¶p
¶z

+ f 3
f

�
I f opx. (2.5)

We have introduced the indicator function I f opx, which returns 1 if f opx is positive and
zero otherwise. In this way, mass transfer exists only if the soluble mineral opx is present.
We assume periodicity in the horizontal dimension, whereas boundary conditions in the
vertical dimension are given as

f f (x,0,t)= 1, f opx(x,0,t)= 1,

p(x,0,t)= � 1� g
¶p
¶z

(x,zmax,t)= 0.

(2.6)

The initial-boundary value problem (2.1)-(2.6) is governed by the dimensionless parame-
ters d, g, and h. d is the solubility gradient of the equilibrium concentratio n of the soluble
mineral in the �uid, while the upwelling rate g is the ratio of the characteristic solid to
�uid velocity. Unless otherwise noted, we choose standard val ues for these parameters
to be 10� 2. The mantle fertility rate is h, representing the ratio of �uid to opx at in�ow,
and is taken to be 0.266.

Assuming a positive opx fraction, mass transfer remains pres ent, and one-dimensional
analysis [6] of the system (2.1)-(2.6) yields the approximate steady states

f̄ f =
�

1+ q0
dz

1� dz

� 1/3

f̄ opx= 1�
hq0

g
dz

1� dz

p̄= �
q0

(1� dz)2 (2.7)
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where q0 = 1+ g. Solving for f̄ opx= 0, the location z� of opx exhaustion is

z� =
g/ d

hq0+ g
(2.8)

As reaction is everywhere zero above this location, z� is a natural upper bound on domain
height. To allow for the possible presence of opx at the top of the computational box we
typically select a domain height of 75% of this value,

zmax= 0.75z� � 2.69 (2.9)

3 Numerical Discretization

To solve the system (2.1)-(2.6) we employ a nodal discontinuous Galerkin (DG) scheme [8]
in the vertical dimension and a Fourier collocation (FC) sch eme [7], also known as a
pseudospectral scheme, in the horizontal dimension. Time i s discretized with an explicit,
fourth-order Runge-Kutta (RK) scheme. The rationale behind th ese choices are as fol-
lows. The high-order nature of the spatial discretization pr ovides the necessary accuracy
to ef�ciently resolve the dynamics of the problem, which inv olves a balance of advec-
tion, reaction, and compaction. Analysis in [6] predicts the emergence of wave-like fea-
tures, for which high-order methods are well-suited to reso lve. The assumption of peri-
odic boundary conditions in the horizontal direction is eas ily satis�ed by the FC scheme,
where solutions are represented by periodic basis function s. An explicit method is suf-
�cient for time stepping and simple to implement, requiring only function evaluations
of the nonlinear right-hand-sides to (2.1)-(2.2). Unlike prev ious numerical studies [12],
our model assumes local chemical equilibrium and thus expli cit time stepping is not re-
stricted by a large reaction rate constant. The terms limitin g time integration therefore
are the advection and reaction terms in (2.1) and are typicall y of comparable magnitude.

Proceeding by a method-of-lines approach, the spatial operations in the hyperbolic
equations (2.1)-(2.2) are discretized to produce a system of differential-algebraic equa-
tions that are a function of time only. Time integration is pe rformed with the �ve-stage,
fourth-order RK method as detailed in [5]. Each inner RK stag e is concluded by discretiz-
ing the elliptic equation (2.3) with the updated value of f f , and solving the resulting
linear system with an iterative method.

3.1 Selecting a mesh

Before detailing the numerical schemes we �rst introduce a m esh
�

xi ,z
k
j

�
2 X � Z. (3.1)

An even number M of equidistant horizontal points are chosen,

X = f 0= x0,x1,� � � xM � 1g, xi =
i

M
xmax. (3.2)
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These grid points yield the explicitly de�ned interpolating polynomials l FS
i ,

l FS
i (x)=

1
M

sin
�

p M
xmax

(x � xi )
�

cot
�

p
xmax

(x � xi )
�

, (3.3)

as well as the discrete differentiation operator [7]

(D x) ij =
d
dx

l FS
j (x)

�
�
�
�
xi

=

(
(� 1) i+ j p

xmax
cot

h
p

xmax

�
xi � xj

� i
, i 6= j

0, i = j.
(3.4)

De�ning the vertical grid points zk
k2 Z requires more effort. Z is comprised of K (interval)

elements I k,

Z =
K[

k= 1

I k, I k =
n

zk
0,zk

1,...,zk
N

o
, (3.5)

where the value chosen for N determines the local order of approximation. For each
element a set of grid points is introduced,

zk� 1
N = zk

0 < zk
1 < ��� < zk

N = zk+ 1
0 , z0

N = 0,zK+ 1
0 = zmax. (3.6)

It is noted that at cell boundaries the solution is doubly-de �ned. Although in theory any
choice of grid points may suf�ce, in practice one would prefe r a set that is optimal for
computation. In particular, for higher N the choice of equidistant grid points leads to
poorly conditioned operators. Instead, we use the Gauss-Lobatto points which lead to
well-conditioned operators. While these points cannot be d e�ned explicitly, they can be
computed in a pre-processing step; see [8] for an ef�cient im plementation in MATLAB.
Similar to the notation (3.3)-(3.4) introduced for the FC scheme, we de�ne interpolating
polynomials l DG,k

j on the grid points (3.6) and a corresponding differentiation matrix

�
Dz,k

�

m,n
=

dlDG,k
n

dz

�
�
�
�
�
z= zk

m

, 0� m,n � N. (3.7)

With the mesh de�ned by (3.1), the solution variables u2
�

f f ,f opx,p
	

are discretized as

u ' uh =
KM

k= 1

uk
h(x,z,t) , uk

h(x,z,t) =
M � 1

å
i= 0

N

å
j= 0

uk
h

�
xi ,z

k
j

�
l FS
i (x) l DG,k

j (z). (3.8)

On the rectangular patch X � I k, representing the entire domain width and vertical section
corresponding to DG element k, solutions are represented as the two-dimensional array

uk
h(x,z,t)=

2

6
6
6
4

uk
0,0

uk
1,0
...

uk
N,0

uk
0,1

uk
1,1
...

uk
N,1

� � �

uk
0,M � 1

uk
1,M � 1

...
uk

N,M � 1

3

7
7
7
5

(3.9)

where uk
j,i = uk

h(xi ,zk
j ,t). Therefore, discretez operators act on columns from the left while

x operators act on rows from the right.
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3.2 Full numerical method

Having de�ned a mesh, the full numerical method is detailed, beginning with the poros-
ity evolution (2.1); the other equations quickly follow ther eafter.

On the rectangular patch X � I k, the residual Rk
h is formed by substituting the approx-

imate solution(s)

uk
h =

n �
f f

� k
h
,
�
f opx

� k
h,pk

h

o
(3.10)

into (2.1),

Rk
h(x,z,t)=

¶
�
f f

� k
h

¶t
+

g
d

¶
�
f f

� k
h

¶z
� pk

h

�
f f

� k
h
+

�
Gopx

� k
h (3.11)

where
�
Gopx

� k
h is Gopx evaluated on the grid points.

It is how the residual (3.11) is chosen to vanish that distingu ishes the two schemes.
Horizontally, the collocation approach simply requires th e residual to vanish on the grid
points. That is,

For all ( j,k) :Rk
h(xi ,z

k
j ,t)= 0,1� i � M. (3.12)

Vertically, the Galerkin method requires the residual is L2-orthogonal to the solution basis
V k

N of polynomials of degree N whose support lies in element I k. The DG interpolating
polynomials span this basis:

V k
N =

n
l DG,k
j :0� j � N

o
,k= 1,2,...,K. (3.13)

This orthogonality condition is enforced by multiplying the residual by a test function
from V k

N and integrating. For each horizontal point xi , we require

Z

I k
Rh(xi ,z,t) l DG,k

j (z)dz= 0,0� j � N,1� k � K. (3.14)

Integration by parts is performed twice on the �ux terms in (3.1 4) for the strong DG form;
suppressing h subscripts we write

Z

I k

¶f k
f

¶z
l DG,k
j dz! �

Z

I k
f k

f

¶l DG,k
j

¶z
dz+

Z

¶I k

�
f k

f

� �
l DG,k
j dz

!
Z

I k

¶f k
f

¶z
l DG,k
j dz+

Z

¶I k

��
f k

f

� �
� f k

f

�
l DG,k
j dz. (3.15)

There are no continuity requirements on the solution across e lement boundaries, from
which the discontinuous label in the method name originates . Rather, information is

transferred across elements via the numerical �ux
�

f k
f

� �
, which approximates f k

f on el-

ement boundaries. This �ux is a consistent, monotone, Lipschi tz-continuous function of
all its arguments.
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Applying the FC scheme (3.12) and DG scheme (3.14)-(3.15), the semi-discrete form
of the porosity evolution equation (2.1) is

df k
f

dt
= �

g
d

Dz,kf k
f

+
g
d

�
M k

� � 1h
l DG,k
j

�
f k

f �
�

f k
f

� � �i j= N

j= 0

+ pkf k
f � Gk

opx (3.16)

The local mass and differentiation matrices, M k and Dz,k, are de�ned as
�

M k
�

m,n
=

Z

Ik
l DG,k
m l DG,k

n dz,
�

Dz,k
�

m,n
=

dlDG,k
n

dz

�
�
�
�
�
z= zk

m

. (3.17)

and operate on solution columns via matrix-matrix products . The remaining products
are computed by entry-wise multiplication. Using notation ( 3.9), the interpolant l DG,k

j
takes the value 1 on all entries in row j and 0 elsewhere. At the cell intersection Ik\ Ik+ 1=h
zk

N ,zk+ 1
0

i
we use an upwinding numerical �ux,

�
f k

f

� �
= f k

f

�
�,zk

N

�
. (3.18)

The opx evolution equation (2.2) is discretized in a similar fa shion,

df k
opx

dt
= �

g
d

Dz,kf k
opx

+
g
d

�
M k

� � 1h
l DG,k
j

�
f k

opx�
�

f k
opx

� � �i j= N

j= 0

+ hGk
opx. (3.19)

As before, the numerical �ux is computed by upwinding. Note tha t evaluation of the
reaction rate Gk

opx in (3.16) and (3.19) involves computing the derivative ¶p/ ¶z, for which
we apply the DG derivative.

Lastly, the elliptic equation (2.3) is a modi�ed Helmholtz eq uation, discretized by
introducing the auxiliary variable q= ¶p/ ¶z to reduce the equation into a system of �rst
order equations. To accommodate the non-zero Dirichlet bou ndary condition p(z= 0) =
p0, we substitute p = p̂/ d+ p0 so that p̂(z= 0) = 0, yielding a modi�ed right hand side
g= � dp0f f � ¶f 3

f / ¶z to (2.3). The local discretization becomes

�M z,k
h�

f k
f
3
�

p̂k(D x)T
��

(D x)T + Dz,k
�

f k
f
3
qk

�
� p̂kf k

f

i

+
h
l DG,k
j

�
qk �

�
qk

� � �i j= N

j= 0
= M z,kgk,

qk = Dzp̂k �
�

M z,k
� � 1h

l DG,k
j

�
p̂k �

�
p̂k

� � �i j= N

j= 0
. (3.20)



8

Horizontal derivatives are computed with the Fourier diffe rentiation matrix D x as given
in (3.4).

For the numerical �uxes
�
p̂k

� �
and

�
qk

� �
we use a stabilized central �ux [2], generally

given on the intersection of cells Ik\ Ik+ 1 =
h
zk

N ,zk+ 1
0

i
as

( p̂) � = ff p̂gg

(q) � = ff qgg� t [p̂] (3.21)

where ff ugg = 1/2
�

u
�
�,zk

N

�
+ u

�
�,zk+ 1

0

��
is the average solution at the cell interface

while [u] = u
�

�,zk+ 1
0

�
� u

�
�,zk

N

�
is the jump across the interface. t is a positive num-

ber, whose role is to penalize jumps in p̂. Different values of t affect the accuracy of
the scheme and conditioning of the linear system; greater di scussion and analysis can be
found in [8]. We select t = 1. Boundary conditions are enforced through the numerical
�ux by setting p̂(z0

N )= � p̂(z1
0) and q(zK+ 1

0 )= q(zK
N ).

Assembling (3.20) over all DG elements, we are left to solve a linear system of size
D-by-D, where D = (N + 1) � K � M. This system is nonsymmetric due to the perme-
ability f 3

f . As a solver, we use a matrix-free implementation of the BiCGS tab iterative
method [10]. Solving the Helmholtz equation is the main bott leneck in computation.
However, current multithreading capabilities available i n MATLAB allow for reasonably
fast transient simulations on desktop machines of size D � 50,000.

Finally, we note that with a nodal DG scheme, integrals are co mputed via quadrature
on the N + 1 Gauss-Lobatto grid points, which is exact for polynomials up to order 2 N �
1. For higher-order, nonlinear terms that exceed this order , aliasing errors may lead to
numerical instability. A standard, robust way to maintain s tability is to post-process
solutions at each time step with a �lter (equivalent to addin g arti�cial dissipation [8]). To
this end, we apply an exponential �lter on the porosity in bot h the vertical and horizontal
dimensions. This in effect damps only the highest solution mo des, and retains accuracy
while preventing numerical instability. Implementation d etails for such a �lter can be
found in [7] and [8].

3.3 Convergence study

The ef�ciency of a high-order method is apparent when conside ring the relatively rapid
rate of convergence. This is demonstrated in Fig. 1.

To verify the convergence of the FC scheme we conduct transient simulations of (2.1)-
(2.5) with standard parameter choices on a domain width xmax= 1 with the boundary con-

dition f f (x,z= 0,t) = 1+ 0.05exp
h
� 100(x � 0.5)2

i
and take the vertical extension of this

throughout the domain as an initial condition. This setup gua rantees a smooth transient
solution with energy in all representable horizontal waven umbers. We conduct simula-
tions with varying number of M horizontal grid points up to a terminal time t = 0.5, with
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Figure 1: Convergence study.L2 error rates in porosityf f are shown. The error decays exponentially as a

function of FC order M and DG orderN, and polynomially as a function of element sizeK� 1.

6 DG elements of order 10 in the vertical dimension. As an “exac t” solution, we choose a
well-resolved case of M = 128. In Fig. 1 it is seen that theL2-error decays exponentially
as a function of M, verifying spectral convergence of the scheme.

To verify the convergence of the DG scheme we take the same parameter and domain
setup as in the previous case, and assume exact, steady solutions

f e
f (x,z)= exp(0.04z)(1+ 0.1cos(2p x)) , (3.22)

pe(x,z)= (p0+ 0.1cos(2p x)) zsin(0.75p z)+ 0.1zcos(2p x) . (3.23)

Substituting (3.22)-(3.23) into (2.1) and (2.3) yields a residual for each equation that is
in turn added back to the equations, guaranteeing an exact solution as prescribed. We
integrate this system to steady state with very small time st eps. From general analysis
of the DG method [8] we expect the error of the scheme to dimini sh as a polynomial
function of the size of the element, K� 1. This is con�rmed in Fig. 1, where it is seen
that the L2-error trends as K� (N+ 1) . Moreover, exponential convergence is observed as a
function of the DG order N.

4 Linear Stability Analysis of the Physical System

We will use a linear stability analysis of the non-dimension alized equations (2.1)-(2.6) to
verify the results of our discretization and to gain insight into the dynamical behavior of
the system. In [6] this analysis is described in depth; the nu merical discretization used
in this analysis is discussed here. Observing that the opx fr action evolution equation
(2.2) is decoupled from the melt evolution (2.1) and compactio n rate (2.3) equations, we



10

may consider the simpler two-variable u2
�

f f ,p
	

system. Accordingly, we linearize each
around the one-dimensional base states (2.7)

u(x,z,t)= ū+ eũeikx+ st , (4.1)

where e� 1 is a small number, and k2 [0,¥ ) is the horizontal perturbation wavenumber.
We seek eigenpairs(s,ũ(z)) representing the dominant growth rate and vertical solutio n
mode, respectively. The boundary conditions on the perturba tions are

f̃ f (0)= p̃(0)=
¶p̃
¶z

�
�
�
�
z= zmax

= 0 (4.2)

Substituting (4.1) into (2.1),(2.3), and (2.5), and keeping only O(e) terms results in the
linear system  

ASf f
ASp

APf f APp

! �
f̃ f

p̃

�
= s

�
1 0
0 0

��
f̃ f

p̃

�
(4.3)

with entries

ASf f
= �

g
d

D + p̄�
g � 3f̄ 2

f (dp̄0� 1)

dz� 1

ASp= f̄ f �
df̄ 3

f

1� dz
D

APf f = dp̄� 3
�
�
dp̄0� 1

�
�

f̄ 2
f D +

�
f̄ 2

f

� 0
�

� df̄ 3
f p̄00

�

APp= d
h
f̄ f � 3D f̄ 0

f f̄
2
f +

�
k2�D 2�

f̄ 3
f

i
. (4.4)

The D operator is the (discontinuous Galerkin) derivative, comp rised of the local differ-
entiation matrix and numerical �ux terms,

D = Dz,k+
�

M k
� � 1h

l DG,k
j

�
uk � (uk) �

�i j= N

j= 0
. (4.5)

Note that the numerical �ux
�
uk

� �
varies depending upon whether one is computing

the derivative of f f (upwinding) or p (central). Substituting p̃= �
�
APp

� � 1 APf f f̃ f into
the generalized eigenvalue problem (4.3) reduces the systemto the standard eigenvalue
problem �

ASf f
� ASpA � 1

PpAPf f

�
f̃ f = sf̃ f . (4.6)

Eigenpairs
�
s,f̃ f

�
are easily computed from the linear system (4.6) with standar d meth-

ods.
The DG method shows its strength in two different ways when con ducting the lin-

ear stability analysis (4.3)-(4.4). First, the high-order solution approximation allows for
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accurate resolution of oscillatory eigenfunctions f̃ f . Second, the combination of element
order/size ( N/ K) re�nement allows us to robustly compute eigenpairs with fa r fewer
degrees of freedom than a low-order scheme would allow, ther eby improving the condi-
tioning of the left-hand-side operator in (4.6).

4.1 Two unstable regimes: channels and waves

In [6], stability of our model system is explored over g � d space, and it is observed that
two distinct types of instability (i.e. Re (s) > 0) occur. We will refer to these as the “chan-
nel” and “wave” regimes, corresponding to the case of Im (s) = 0 and Im(s) 6= 0, respec-
tively. These names are motivated by the structure of the comp uted eigenfunction f̃ f and
the nature of the time-dependent behavior of the solution. Ke y observations from [6] in-
clude a boundary in g � d space separating these instabilities to be a function of the ratio
g/ d2, as well as the existence of a stable regime sandwiched between the two unstable
regimes that expands with increasing h.

In Fig. 2 we examine results from the linear stability analys is with two different up-
welling rates, g2

�
10� 5,10� 2

	
. It is observed that with little upwelling, the growing solu -

tion modes are monotonic in z and the dispersion relationship does not yield a preferred
wavenumber. In this case, the computed eigenvalue is purely real, so small perturbations
are expected to grow monotonically in time as well. However, in the case of moderately
higher upwelling rate, the computed eigenfunctions are now oscillatory in z, and the
eigenfunctions have a nonzero complex part. Consequentially, a wave-like variation in
time is predicted. A peak in the dispersion relationship in t he neighborhood of k= 4.5
indicates a preferred wavenumber for the given parameter se ttings. We will restrict our-
selves to consider the wave regime case, as this value ofg is more relevant to our physical
setting.

4.2 Veri�cation of numerical discretization

Beyond offering a �rst-order predictive glimpse of the nonl inear system, we shall also use
that the linear stability analysis provides a mechanism to v erify our discretization while
the solution �elds are relatively close to the steady states (2.7). This is accomplished in
the following manner: selecting a horizontal wavenumber pe rturbation k, we compute
the eigenfunction f̃ f and evolve the initial condition

f f (x,z,0)= f̄ f + 0.01f̃ f cos(kx) . (4.7)

A horizontal domain length xmax = 2� 2p / k is chosen to ensure resolution of the given
wavenumber. With the data stored from each time step we compu te the (numerical)
growth rate and angular frequency, using recurrence relati onships (see [4], Appendix
A). These numerical values are then compared to the predicted v alues, Re(s) and Im (s),
respectively. In Fig. 2 this comparison is demonstrated for the standard caseg= 10� 2 over
wavenumbers 0 � k< 8. Numerical growth and angular frequency rates are compute d at
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Figure 2: Results from linear stability analysis(4.3)-(4.4). Two upwelling rates,g 2
�

10� 5,10� 2	
, are compared.

With smaller upwelling, eigenfunctions are monotonic, eigenvalues are purely real, and there is no preferred
wavenumber selection. With greater amounts of upwelling, eigenfunctions are oscillatory, eigenvalues are com-
plex, and a peak in the dispersion relationship reveals a strong wavenumber selection. Transient simulations
from our numerical model are veri�ed to match the behavior predictedby linear analysis.
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the terminal time t= 1. Our numerical discretization is very well matched to the p redicted
behavior.

Next, we employ the numerical scheme to verify the preferred wavenumber trend
evidenced by the peak in the dispersion relationship from Fi g. 2. This is accomplished
by evolving the initial condition

f f (x,z,0)= f̄ f + 0.1f̃ f ,2cos(2x)+ 0.01f̃ f ,4cos(4x) (4.8)

where f̃ f ,2 and f̃ f ,4 are the computed eigenfunctions from the k= 2 and k= 4 horizontal
wavenumber perturbations, respectively (displayed in Fig . 2). Whereas f̃ f ,2 is seeded
with ten times the perturbation magnitude of f̃ f ,4 we expect from the linear stability
analysis the former to decay and the latter to grow exponenti ally in time. This transition
– from wavenumber 2 to 4 – is presented in Fig. 3. With a horizon tal domain length
xmax= 2p , two wave crests are dominant in the initial f f �eld. Stepping forward in time,
we observe a transition to four wave crests by time t = 5.

As a means of quantifying this transition, we compute the expe cted value < k> of the
wavenumber,

< k> = å
k

k

Rzmax

0 jEkj
2dz

å k

Rzmax

0 jEkj
2dz

(4.9)

where Ek are the discrete Fourier coef�cients of the zero-mean quant ity f f � f̄ f and are

easily computable via the FFT. The quantity jEkj
2 is a measure of energy in wavenumber

k, and the fractional quantity in (4.9) acts as a discrete probability density. Plotted in Fig.
3 as a function of time, < k> smoothly transitions from the initially seeded k= 2 to the
preferred k= 4.

5 Results From Numerical Simulations

Linear stability analysis provides a foundation from which we may begin to explore non-
linear behavior of our model, yielding locations in paramet er space that are conducive
to physical instability. Here we present a few results from t ransient simulations of our
numerical scheme.

5.1 Simulating the effects of mantle heterogeneity with a �x ed boundary per-
turbation in porosity

While the linear stability analysis presented in Sec. 4 measures the response of the sys-
tem to small, internal perturbations, we also observe inter esting dynamical behavior in
response to altering the in�ow porosity boundary condition. Consider the evolution of
the IBVP (2.1)-(2.6) with initial values f f = f̄ f ,f opx = f̄ opx, and modifying the porosity
boundary condition as

f f (x,0,t)= 1+ Aexp
h
� 50(x/ xmax� 0.5)2

i
,A > 0. (5.1)
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Figure 3: Wavenumber selection. Initially most of the energy is focusedin the stable k= 2 mode, with a small
amount in the unstablek= 4 mode. As predicted by linear stability analysis, the former decays while the latter
emerges as the dominant feature.
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We select a domain width xmax= 1 so that the minimum resolvable wavenumber is k= 2p ,
placing us in a regime stable to internal perturbation (see F ig. 2). Therefore we expect a
steady-state solution to exist.

Fig. 4 presents results with the sustained boundary perturb ation in porosity (5.1) for
increasing amplitudes A. Transient simulations are performed until a terminal time t = 3,
at which time steady state has been reached. A number of observations can be made from
these simulations. Although the governing equations admit w ave-like instabilities, the
�xed porosity boundary perturbation admits a distinctly ch annel-like feature (top row).
Moreover, the channel of melt bifurcates as a consequence ofopx exhaustion. It is seen
that larger perturbation amplitudes deepen the depth of the dunite channel (bottom row).
Compacting (i.e. low-porosity) boundary layers are observe d outside high-porosity melt
channels. Greater analysis of this phenomenon and discussion as to its geological conse-
quences will be reported in future work.

5.2 Interaction between channels and waves

Linear analysis of the problem predicts porosity waves (Fig . 2), and we have observed
that a sustained boundary perturbation in the in�ow melt frac tion induces a channel
of melt that bifurcates upon exhaustion of the opx fraction ( Fig. 4). Next we consider
the superpositioning of these effects, by conducting numer ical experiments in the wave
regime with a �xed boundary perturbation.

In Fig. 5 we show results from a simulation with the �xed bound ary perturbation
(5.1), amplitude A = 0.15 and a domain width xmax= 4p /4.4 � 2.86. This suf�ces to guar-
antee a physical instability that is representable with our numerical scheme. Results are
shown starting at time t = 3, from which the initial effects of the boundary perturbati on
have fully evolved. At t = 50, wave features are noticeable in the porosity �eld. These
amplify with time, shown later at t= 65 and t= 75, eventually overwhelming the channel.
The waves induce secondary high-porosity regions, locally i ncreasing the reaction rate
(Gopx� f 3

f , per Eq. (2.5)) and thus creating secondary dunite channels.

5.3 Dependence Upon Horizontal Domain Size

With the assumption of periodic boundary conditions, the do main length xmax is the
largest representable wavelength in the horizontal dimens ion; in other words, we are
constrained in which wavenumbers we are able to represent. W ith M grid points, the
observable wavenumbers are quantized into units 2 p n/ xmax, with integer n � M /2. This
is clearly an issue to be recognizant of when performing long -time integration, where
predictions from linear theory are not necessarily valid.

To demonstrate this we consider a series of numerical experiments with varying do-
main sizes xmax= n � 2p /4.4, n2 f 4,5,6g and a noisy initial input with energy in all repre-
sentable wavenumbers. Similar to Fig. 3, the preferred wavenumber is initially selected
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Figure 4: Steady-state solutions with sustained in
ow porosity perturbation as given in(5.1). Top: 
uid fraction.
Bottom: opx fraction. From left to right, perturbation amplitude A = f 0.05,0.1,0.2,0.4g.
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Figure 5: Evolution of 
uid fraction (top) and opx fraction (bottom) in unstable wave regime with �xed boundary
perturbation (5.1). Interaction between porosity waves, inherent to the system, and a central channel, induced
by the boundary condition, is observed. Out
ow dunite (opx-free) channels are shown to vary in time as strong
porosity waves emerge.
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according to linear theory. However, for n= 5 we observe a transition at later times to the
next representable wavenumber.

6 Summary

In this paper, a high-order numerical scheme has been presented for the equations of
magma dynamics described by the physical model presented in [6]. This model includes
a porosity-dependent bulk viscosity term, a solid upwellin g term and a hyperbolic equa-
tion to track the fraction of the dissolvable mineral opx. The latter quantity is used as a
level set function, where upon exhaustion the mass transfer rate is taken to zero.

Our numerical implementation consists of a Fourier colloca tion method in the hori-
zontal direction and a discontinuous Galerkin method in the vertical direction. Numer-
ical error estimates match their theoretically expected va lues. A high-order method is
well-suited to resolve the wave-like dynamical features wh ich are predicted by linear
analysis. Our discretization is veri�ed to match transient behavior predicted by linear
stability analysis; a strong wavenumber selection is observed in the presence of moder-
ate upwelling rate.

Numerical experiments reveal new insight into the full, non linear system. Mantle
heterogeneity, represented by a perturbation in the in�ow me lt fraction, appears to be an
agent of dunite channel formation. In the event of depleted o px fraction, melt channels
bifurcate.
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A Algorithm for computing oscillatory behavior

In [4] a method utilizing simple recurrence relationships i s given for computing the linear
behavior of a signal

fn ' exp[(g+ iw)nDt]. (A.1)

The signal fn is sampled at equally spaced time intervals Dt. The recurrence relationships
yield values for the real numbers g and w, the growth rate and frequency, respectively,
as the signal asymptotically approaches its dominant mode.

We extend the method of [4] to extract the numerical growth ra te and angular fre-
quency from transient simulations seeded with the dominant eigenfunction (numerically
computed for each k),

f f (x,z,t = 0)= f̄ f + 0.01f̃ f cos(kx) . (A.2)
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A horizontal domain length xmax is selected to ensure periodicity of wavenumber k. So-
lutions are then computed with our numerical scheme up to a te rminal time t = 1, taking
equal time steps. In order to reduce the two-dimensional f f �eld to a single “signal” data
point fn, at each time step we:

1. Subtract the base statef̄ f , to achieve an (approximately) zero-mean solution

2. Extract the energyEk(z) in the k-mode at each vertical level by taking the FFT across
the horizontal dimension

3. Integrate Ek over z
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