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Abstract:  In this paper we continue our effort in [Y. Liu, C.-W. Shu, J. Comput.
Electron. 3 (2004) 263 and Appl. Numer. Math. 57 (2007) 629] for developing local
discontinuous Galerkin (LDG) finite element methods to discretize moment models in
semiconductor device simulations. We consider drift-diffusion (DD) and high-field (HF)
models of one dimensional devices, which involve not only first derivative convection terms
but also second derivative diffusion terms, as well as a coupled Poisson potential equation.
Error estimates are obtained for both models with smooth solutions. The main technical
difficulties in the analysis include the treatment of the inter-element jump terms which
arise from the discontinuous nature of the numerical method, the nonlinearity, and the
coupling of the models. A simulation is also performed to validate the analysis.
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1 Introduction

In our previous work [1, 2], we have developed a local discontinuous Galerkin (LDG)
finite element method to solve time dependent and steady state moment models for semi-
conductor device simulations, in which both the first derivative convection terms and second
derivative diffusion (heat conduction) terms exist and the convection-diffusion system is cou-
pled to a Poisson potential equation. The convection-diffusion system is discretized by the
local discontinuous Galerkin (LDG) method [3, 4, 5], see also [6, 7, 8, 9]. The potential
equation for the electric field is also discretized by the LDG method. The unified discretiza-
tion used to the first and higher order spatial derivatives by using the LDG method allows
the full realization of the potential of this methodology in easy h-p adaptivity and parallel
efficiency. The numerical results shown in [1, 2] demonstrate good resolution of the methods
and an agreement with the results obtained by the ENO finite difference method [10].
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The LDG methods have several attractive properties [11]. They can be easily designed
for any order of accuracy. In fact, the order of accuracy can be locally determined in each
cell, which allows for efficient p adaptivity. They can be used on arbitrary triangulations,
even those with hanging nodes, which allows for efficient h adaptivity. The methods have
excellent parallel efficiency. They are extremely local: each cell needs to communicate only
with immediate neighbors, regardless of the order of accuracy. Also, they usually have
excellent provable nonlinear stability.

In this paper we continue our work in [1, 2] to give error analysis for the one dimensional
drift-diffusion (DD) and high-field (HF) models of the semiconductor devices with smooth
solutions. We remark that P! continuous finite element method solving the DD model
coupled with P°-P! mixed finite element method for the poisson equation is analyzed in
the papers [12, 13]. For our case, the main technical difficulties in the analysis include the
treatment of the inter-element jump terms which arise from the discontinuous nature of our
numerical method, when coupled with the nonlinearity through the Poisson solver.

For the DG method solving smooth solutions of linear conservation laws, optimal a priori
error estimates O(h*+1) for tensor product and certain other special meshes, and O(h**2)
for other cases, have been given in [14, 15, 16, 17]. The first a priori error estimate for
the LDG method of linear convection-diffusion equations was obtained by Cockburn and
Shu [3]. Later Castillo et al. [18, 19, 20] proved the optimal rate of convergence order
O(h¥*1) for the LDG method with a particular numerical flux. Riviere and Wheeler [21]
gave an optimal error estimate for the methods applied to nonlinear convection-diffusion
equations for at least quadratic polynomials. Recently, Zhang and Shu presented a priori
error estimates for the fully discrete Runge-Kutta DG methods with smooth solutions for
scalar nonlinear conservation laws [22] and for symmetrizable systems [23]. Xu and Shu [24]
provided L? error estimates for the semi-discrete local discontinuous Galerkin methods for
nonlinear convection-diffusion equations and KdV equations with smooth solutions.

Although there have been many theoretical analysis of the LDG method, such analysis
for semiconductor device moment models which involve a coupling to a Poisson potential
equation seems to be still unavailable. In this paper, we provide the error estimate of O(h“%)
when P* elements (piecewise polynomials of degree k) are used in the LDG scheme for one
dimensional DD (k > 1) and HF (k > 2) models. A simulation is also performed to these
two models to validate the analysis.

2 Preliminaries

In this section we introduce some notations and definitions to be used later in the paper
and also present some auxiliary results.
First we will give some basic notations of the finite element space. Then we define some
projections and present certain interpolation and inverse properties for the finite element
spaces that will be used in the error analysis.



2.1 Basic notations

Let I; = (xj_1/2,Tjt1/2), = 1,2,-- -, N be a partition of the computational domain 1,
Az = xj112 — Tj_1/2, h = sup; Ax; and z; = % (xj_l/g + :cj+1/2). The finite dimensional
computational space is

Vi=VF={z: 2l € PH(I;)}
where P*(I;) denotes the set of polynomials of degree up to k defined on I;. Both the
numerical solution and the test functions will come from this space V;*.

Note that in V}¥, the functions are allowed to have jumps at the interfaces x4 /2, hence
Vi ¢ H'. This is one of the main differences between the discontinuous Galerkin method
and most other finite element methods. Moreover, both the mesh sizes Az; and the degree
of polynomials k£ can be changed from element to element freely, thus allowing for easy h-p
adaptivity.

We denote (Uﬁ)}ﬁrl/2 = uh(x;l/?) and (uh);rl/2 = uh(atjjrl/z), respectively. We use the
usual notations [u"] = (u")" — (u")~ and @" = ((u")" + (u")7) to denote the jump and the
mean of the function u” at each element boundary point, respectively.

We will denote by C' a generic positive constant independent of A, which may depend on
the exact solution of the partial differential equations (PDEs) considered in this paper. We
also denote by £ a generic small positive constant. C' and £ may take a different value in
each occurrence. For problems considered in this paper, the exact solution is assumed to be
smooth. Also, 0 <t < T for a fixed T. Therefore, the exact solution is always bounded.

2.2 Projection and interpolation properties

In what follows, we will consider the standard L?-projection of a function u with k + 1
continuous derivatives into space V;*, denoted by g, i.e., for each j,

/ (pu(z) —u(x))v(x)de =0 Yo € Pk(lj), (2.1)

I;

and the special projections p* into V¥ which satisfy, for each j,

/(p+u(x) —u(x))v(z)dr =0 Yo e P*(1),

I;

and  pTu(z] ) = u(zj-1/2),

/(p_u(:c) —u(z))v(x)de =0 Yv € Pk_l(lj), (2.2)

IJ
and o u(x},, ) = u(Tj41/2)-
From the projections mentioned above, it is easy to get (see [25])
1
111+ Rllnllo.co + 22 lInllr, < CREH, (2.3)
where = pu — u or n = p*tu — u. The positive constant C, solely depending on wu, is

independent of h. I';, denotes the set of boundary points of all elements ;.
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2.3 Inverse properties

Finally, we list some inverse properties (see [25]) of the finite element space V,* that will
be used in our error analysis. For any v € V¥, there exists a positive constant C' independent
of v and h, such that

(i) llvall < CR7Moll, (@) Nolle, < Ch72loll, () [olloc < CR72 0]l (2.4)

where d is the spatial dimension. In our case d = 1.

3 The drift-diffusion (DD) model

The drift-diffusion model is described by the following equation (we refer to [26] and
the reference therein for more details)

ny — (LEN)y = 70n,,, (3.1)
¢x:c - g(n - nd)a (32)

where x € (0,1), with periodic boundary condition for the first equation and Dirichlet
boundary condition for the potential equation: ¢(0,¢) = 0, ¢(1,t) = vpies. The second
Poisson equation (3.2) is the electric potential equation, £ = —¢, represents the electric
field.

In the system (3.1)-(3.2), the unknown variables are the electron concentration n and
the electric potential ¢. m is the electron effective mass, k is the Boltzmann constant, e is
the electron charge, u is the mobility, Tj is the lattice temperature, 7 = = is the relaxation
parameter, 6 = %T 0, € is the dielectric permittivity, and n, is the doping which is a given
function.

3.1 Weak form and the LDG scheme

The starting point of the LDG method is the introduction of an auxiliary variable
to rewrite the PDE (3.1) containing higher order spatial derivatives as a larger system
containing only first order spatial derivatives.

Let ¢ = /70 n,, thus the equation (3.1) is rewritten as

ny — (WEN), — V710 ¢, = 0, (3.3)
q— V16 ng, = 0.

Note that, we only rewrite equation (3.1) as a system containing first order spatial deriva-
tives and then use the LDG method to solve it. For the Poisson equation of the electric field,
we still solve it by integrating it directly or by a continuous Galerkin finite element method
in this paper. This is for the convenience of the proof of the error analysis. To shorten the
length of this paper, we only take the case of integrating the Poisson equation directly as an
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example to perform the error analysis. We will explain briefly the case of using a continuous
Galerkin finite element method to solve the Poisson equation afterwards. 3
Since the boundary condition of ¢ is not periodic, we treat it as following. Let ¢ be the

solution of ~
¢xx = ¢:c:c = g(n - nd)>

¢ is periodic on the boundary, ¢(0,t)=0.

We can easily check that ¢ = Q~S+ Vpias T, B = E — Upjgs = —ng — Upigs. DiNCE Q; is periodic,
we have E is periodic, and then F is periodic.

We multiply equations (3.3)-(3.4) by test functions v, w € V¥ respectively, and formally
integrate by parts for all terms involving a spatial derivative to get

/ nyvdx + / (uEn + V1lq)v.dx
I I
—(HEN +V709) 117207 )y + (HEN + VTOG)j1/20] 5 = 0, (3.5)

J+1/

/ qudz + [ V7hnw.dr — VTOnj 10w, e+ \/ﬁn‘j_l/Qw‘;—_l/Q =0, (3.6)
I I
E, = —g(n —ng). (3.7)

Replacing the exact solutions n, ¢ and EF in the above equations by their numerical
approximations n”, ¢" in V¥ and E" noticing that the numerical solutions n” and ¢" are not
continuous on the cell boundaries, then replacing terms on the cell boundaries by suitable
numerical fluxes, we obtain the LDG scheme:

/(nh)tvdx + / (LE"n" + V704" v da

I; I;

—(uE"Mnh + VT@th)j+1/2Uj_+l/2 + (uEMh + \/Teqh)j_l/z'l};__l/z =0, (3.8)

/I ¢"wdzr + i Vrn"w,dr — \/T@ﬁ;ﬁrl/?wj_ﬂﬂ + VTQﬁ?_l/Qw;f_lﬂ =0, (3.9
; j

El = E! = —g(n" — nq), (3.10)

E" = E" — vy = / —S( " ng)dz 4+ Ey — Upias, (3.11)
0

where Ey = E"(0) = fol( o £(n" —ng)ds)dz. The “hat” terms are the numerical fluxes. We
choose the alternate flux for 2" and ¢", that is, A" = (n")*, ¢" = (¢")~, and the upwind flux
for W‘, that is, Ernk = max (E™,0)(n™)* 4+ min (E",0)(n")".

Notice that the auxiliary variable ¢ can be locally solved from (3.9) and substituted into
(3.8). This is the reason the method is called the “local” discontinuous Galerkin method
and this also distinguishes LDG from the classical mixed finite element methods, where the
auxiliary variable ¢" must be solved from a global system.
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3.2 Error estimate

Theorem 3.1: Let n, g be the exact solution of the problem (3.3)-(3.4), which is sufficiently
smooth with bounded derivatives. Let n”, ¢" be the numerical solution of the semi-discrete
LDG scheme (3.8)-(3.9) and denote the corresponding numerical error by e, = u — up
(u = n,q). If the finite element space V¥ is the piecewise polynomials of degree k > 1, then
for small enough A there holds the following error estimates

1
||n — nh”LOO(O,T;LZ) + ||q - qh||L2(O7T;L2) S Chk+2 (312)

where the constant C' depends on the final time T, &, ||n|| poo o, mr+1) and |[14|]0,00-
Proof: Taking the difference of (3.5) and (3.8) and the difference of (3.6) and (3.9), we have
the following error equations

/ (n — n")wdx + / w(En — E'nMu,de + / V71l(q — ¢")v.da
I I 1
—u(En — Eh”h)j+l/2“j_+1/2 + pn(En — Ehnh)j—l/QU;——l/Q

—V T@(q — th>j+1/2Uj_+1/2 + \/ﬁ(q — qh)j_l/QU;__l/2 = O (313)

/ (¢ — ¢"wdx + / Vl(n — n"w,dx
I 1
-V 7'9(71 — ﬁh)j+1/2wj_+1/2 +V 7'9(71 - ﬁh)j_l/gw;__l/Q =0. (314)
We write the error e, = u — up (u = n,q) as e, = &, — 1y, where &, = pHu — u,
e = pFu — u.

We recall that we have taken the alternate fluxes for 2" and ¢", that is, A" = (n*)*,

¢" = (¢")~. If we choose v = &,, w = &, in the error equations (3.13)-(3.14), we have

[ (= mliado+ [ w(Bn - B )ado+ [ VE ~ n)6ada

I I I

—p(En — EM) i€ 0+ (ER — Ehah) o p88 s

—VTI(§ — nq)j_+1/2€;j+1/2 + V708 — 77(1);—1/25;,]‘—1/2 =0, (3.15)

and

[ =i+ [ Ve~ )6
I I

J

—VTO(En = 1) S 106 i1 jo + VTOEn = M) ]y o€l = 0. (3.16)



Summing the above two equations, and summing over j, we have
N N )
'Zl f[j gn,té-ndx + Zl flj quﬂf
.7]:7 ]J_V
= Zl f[j nn,tgnd$ + Zl flj nngdi’
j= j=

%—é%ﬂ%%mw+&ﬁﬁ@ﬂwwﬁﬁmﬁhw
+\/_77q_g S \/77]:]-1—1/25(1_]-&-1/2_'_\/77]:] yo€as1z2)
+ 2 1 fz V7O, wdT — f, \/_fnngdx+\/75¢1_j+1/2§n]+1/2
jv\/ﬁfq] 1/2§n] 1/2+‘/_5ng+1/2§qg+1/2 \/_fnj 1/ qJ 1/2)
+ j;(_ Ji, (B — EMM)6, pdx
+M(En_w)j+l/2§;j+l/2 —M(E”_Eh”h)a 1260 j1/2)

=TV +To +T5+ Ty +T5. (3.17)

Next, we estimate 7T; term by term. From the property (2.3) of the projection and the
Schwartz inequality, we can get

N
Tl = Z/ nmtgndl’ S C/ni,tdl' + C/§2d$ S Ch2k+2 + C||€n||2 (318)
=171 ! !
N
T, = Z/ Mool < C/m?d:g + 5/5361:6 < O ]l |2, (3.19)
=17k ! !

Obviously, from the projection (2.2), we have
Ty = 0. (3.20)

We also have
N
T, =3 / VIOE ) + VT 1o

‘]:

_mgqj 1/25n] 1/2 + \/7£nj+l/2£q_]+1/2 \/757” 1/2£q] 1/2)
N

= Z(m(gqgn)j—lﬂ - m(gqgn)j__H/Q + \/ﬁg;j_;.l/zg;j_;.l/z
j=1

—VTOE ot ye T VTOES o€ e = VTOET o€l 1)
N

Z £:J+1/2£QJ+1/2 g:zrg 1/2£q3 1/2) 0. (3.21)



The above estimate of Ty used the periodic boundary condition for n, n", ¢ and ¢". About
the last term 75 of (3.17), we have.

— flj w(En — Ehnh)gn,xdx

EMZ

—}—ILL(ETL Ehnh)j+1/2§;j+1/2 - ,U(E'n - Ehnh)] 1/2611] 1/2)
N
= S [, B — B — 3 s(En — B) 1 ool
J= .7
N
=> f pE"(nh —n)&, dr + Z f] — E)né, dx
j=1
N
+ Z:I'MEJ-H/Q( n)jr1/26nlit1/2 + Z p(E" = E)ji1oniael€al iy
J:

Il
M=

( gn)gn AT + Z 1% ].4_1/2( fn)]+1/2 [gn]]-‘rl/Q

<
Il
_

M(Eh - E)nfn,xdﬂﬁ + Zlﬂ(E - E)j+1/2nj+1/2[€n]j+1/2
J

f UE" & pd — ZM Teryaniiel€al i)

<
Il
—_
<.

+
v
Mzb =

(_

.
Il

+

M’z

ME;L+1/2ﬁn j+1/2[€n] i+1/2 + Z f] :U“Ehnngn :L‘dx

(Z/ nén:cdl“+2u E)nl&,] ]+1/2> ZT& (3.22)

Next we estimate the terms T5; one by one.
First we make the a-priori assumption

lln —n"|| < h. (3.23)
The a-priori assumption implies that [|n"|[oc < C, and then ||Eg||o.c0 < C, [|E?|]0,00 < C

and ||E"[|o..o < C. We will justify this a-priori assumption later. Note that the upwind flux,
if E" <0, is Ehnh = E"(n")~; otherwise, it is Ehnh = E"(n")*. Integrating by parts, we
have

N
Tsy = _% Zlf :UEh(f2) dx — Z pE; +1/2§ng+1/2[§n]3+1/2
]:
N
- % Zlf Eh€2d$ e Z K J+1/2[ ]J+1/2 Z pk +1/2§ng+1/2[€n];+1/2
J:
N
- % 231‘[ /J“Ehgzdaj ) Z /J“|E |j+1/2[§n]J+1/2
J:

Using Young’s inequality, we have
N

Ty < Clinallt, +& Y ulB" 1/l 10
j=1
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therefore
1Y 1 al
To+T<g). / HEE dz + Cllnal ], = (5= 8) Y il E" i p2lnl} o
j=1“1j j=1

< C||&a]? + ChAFL (3.24)

Next, we have

N
- Z S, BE" 106 oda
- Z f[ ] 1/2)7771671 :cdx + Z f[ 1/27777/6” xd$

From the property of the projection, the last term of the above equality is equal to zero.
Noting that f £(ng —n")ds = O(h), from (2.3), (2.4) and the Schwartz inequality we
have

Tss < Ch?2 1 O, 1% (3.25)

Finally, we estimate Ts4. Integrating by parts, we have

N N
Tsy = Zl f_[j M(Eh - E)”ﬁn,xdf + Z M(Eh - E)j+1/2nj+1/2 [fn]j+1/2
]:

=1

N
; M((Eh - E)n):cgnd$ - Zl M(Eh - E)j+1/2nj+1/2 [fn]jﬂ/z
j=

|

I
M=
o

<
Il
—

+

<
Il
-

W(E" = E)j1j2mj4172(€n) 41/

(B = EM)n)o&ada

|
M=

Il
= =

(B, — — EMné,dx + 2 f, (E — EMn,é,dx

<
Il
—

|
.MZ

—_

B f[ (" —n)n&,dr + Z B f[ fo n' = n)ds)n&nde

=z |l

- Z o fl n = &n)nénd + Z < f[ fo — &n)ds)ng&nd
< C||nn||2 + Ol ?
+C Z B fI fom %”xgndx +C Z + f] fo fzds %nxfndx

< Cllmal? + Cll&all* < Ch*¥2 4 C|6 (3.26)

where C'is dependent on ||n,]].c and ||n]o.co-
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Then substituting (3.24)-(3.26) into (3.22) we have
Ty < Ch* 4 C)l6)2 (3.27)

We can now substitute (3.18)-(3.21), (3.27) into (3.17) to obtain

d
T Gall” +1I&IP < CR2* 4 CligalP (3.28)
Using the Gronwall’s inequality, we obtain

1
&l Lo oms22) + |I€al 2(0,m502) < CRFF2. (3.29)

From the above inequality (3.29) and the property of the projection (2.3), we get the error
estimate (3.12).

To complete the proof, let us verify the a-priori assumption (3.23). For k£ > 1, we can
consider i small enough so that Chh+z < %h, where C'is the constant in (3.12) determined by
the final time T'. Then if t* = sup{t : ||n(t) —n"(¢)|| < h}, we should have ||n(t*) —n"(t*)|| =
h by continuity if ¢* is finite. On the other hand, our proof implies that (3.12) holds for
t < t*, in particular ||n(t*) — n(t*)]] < ChF*z < sh. This is a contradiction if ¢* < T.
Hence t* > T" and the assumption (3.23) is correct.

Remark 3.2: If a continuous Galerkin finite element method is used to solve the Poisson
equation, for example the mixed finite element method: find (E", ®") € W;f“ x ZF such
that

(E" v) — (®",v,) =0, Yo € WFH

(Bl z) = (—<(n" —ny),2) Vze Zf
where Z} = {z € L*(I) : 2|5, € P*(I;)}, Wit = {v € C°() : v|;, € P*1(1;)}, then we
have (see [27])

(el < Clin—n"(], IE"loso < Bl + Clln —n"|] + Chl|E]|1,

||E — E"|+|E — E", < Ch** 4 C||n — n"|, (3.30)
[|E — E"|o00 < Ch* 4 C|In — n"|].

Here, £ = P"E — E" and P"E is the projection of E, see [27] for more details. See also the
earlier work in [12, 13] for the piecewise linear case.
From (3.30) we can easily get || E"|[p..o < C and ||E"|]p.o < C. Using Eh—EJ’»L_l/2 = O(h),

N
we can estimate the term ij u(E" — E?_I/Q)nn§n7mdx and using (3.30) we can treat the
=1

N N

term Y [, p(E—E")ny&,dx and Y [, w(E, — EX)n&,dx to obtain the same error estimate
j=1"" j=1""

(3.12).
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4 The high-field (HF) model

The high-field model (see [26]) is described by the following equation, plus the Poisson
electric field equation (3.2), with the periodic boundary condition

ni+J, =0, ze(0,1) (4.1)

where
J = Jhyp + Jvis>

and .
Jogp = —pnE + Tp()n(—pnkE +w),

Jvis = _T(n(e + 2M2E2))w + T,ME(,U/TLE>m

Here w = (unFE)|,—o is taken to be a constant. The unknown variables are the same as in
the DD model: the electron concentration n and the electric potential ¢. Since

—2(nE?), + E(nE), = —3nEE, — E’n,,
the equation (4.1) can be written as

ne + (—unE — TLL2E’/L2E - Tugwn — 31U EnE,), — (10 + Tp* E*)n,), = 0. (4.2)
£ £

Using E, = —£(n — ngq), equation (4.2) can be changed to

372 27
ng + (— ( Tg eEndn + pEn — T'u;wn) + Tg eEn2) — (70 + T4* E*)n,), = 0. (4.3)

Or, by setting C; = ™%, Cy = %26 = pC1, and O3 = 2= = w(C, we have the following HF
model

ng + (—(3CoEng + pE — C3)n + 2C5En?), — (10 + 7p* E*)ny), = 0. (4.4)

Let ¢ = /70 + Tp2E? n, = (\/70 + T2 E? n), — (\/70 + 7> E?),.n, we can rewrite the

equation (4.4) as the following system

ny + (—(3CoEng + uE — Cs)n + 2C,En® — /70 + T2 E2q), = 0, (4.5)

q= (V710 + TpPE? n), — (/710 + Tp2E?) 0.
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4.1 Weak form and the LDG Scheme

We multiply equations (4.5)-(4.6) by test functions v, w € V¥ respectively, formally
integrate by parts for all terms involving a spatial derivative to get the following weak form

ij nodr  + flj (3CyEng + pE — C3)nudx
—(3CyEngn + pEn — Csn)jy1/9v;

+1/2

—|—(3C’2Endn + ILLETL - C3n)j—1/2v;__1/2

— f[j 202En21)md$(3 + 202(E7L2)j+1/21)j_+1/2 — 202(En2)j_1/2’0;__1/2
+ [, V7O + TP E2quada
—(VTO + Tp2E?q) 1205 g + (VTO + T,LL2E2q)j_1/QU;__1/2 = 0. (4.7)

/ qudzx + / V1O + T E?nw,dr + / (V70 + Tu?E?) nwdz
1 I I
—(\/ 760 + ’7',U/2E2’n,)j+1/2wj_+1/2 + (\/ 70 + 7'/L2E2n)j_1/2w;__1/2 =0. (48)

Replacing the exact solutions n, ¢ in the above equations by their numerical approximations
n", ¢" in V¥ noticing that the numerical solutions n" and ¢" are not continuous on the
cell boundaries, then replacing terms on the cell boundaries by suitable numerical fluxes, we
obtain the LDG scheme:

flj nfodr  + flj(3C'2Ehnd + pE" — C3)nhv,dx
—(3C’2Ehnd + ,uEh - Cg)j+1/2ﬁ?+l/2’11]-_+1/2

+(3CyE g + pE" — C3)j—1/27%?—1/2”;?—1/2

— flj 20, EM(n") 2, dx + 202(Eh(nh)2)j+1/gv;+l/2 — 202(Eh(nh)2)j—1/2'11;__1/2

+ flj \/7'9 + T2 (EM)2¢h,dx

—(\/70 + T,LL2(Eh)2th)j+1/2’Uj_+1/2 + (/70 + ¢M2(Eh)2qh)j_1/2vj_1/2 = 0. (4.9)

/qhwdx+/ \/7'6’+7';1,2(Eh)2nhwxdx—l—/(\/TQ—I—T;L?(Eh)?)xnhwdx
I I I

J J

—(\/’7'9 + T/L2(Eh)2ﬁh)j+1/2w;+l/2 + (\/7'9 + Tﬂ2(Eh)27¢Lh)j_1/2wj_l/2 = 0. (410)
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The numerical electric field E” is solved as before. For convenience, we denote a" :=

V71O + Tp2(EM)2, b = 3CyE"ng + pE" — Cs in (4.9)-(4.10). The “hat” terms are the nu-
merical fluxes. We choose the alternate flux for a"a", a"¢", that is, a"n* = a"(n™)*, a"¢" =
a™(¢")~; the upwind flux for b"a", that is, if o > 0, bhal = b (n*)*, otherwise, bha" =

— 2 h]

Dh(nh) " the flux ()2 = (PPN @M 2 S P () )
’ 3 3
(if E" > 0, a = 1; otherwise o = —1).

—aln

4.2 FError estimate

For convenience of notations, we denote a := /70 + 7u?E?, b := 3CyEng + uFE — C3 in
the following analysis.

Theorem 4.1: Let n,q be the exact solution of the problem (4.5)-(4.6), which is suf-
ficiently smooth with bounded derivatives. Let n”, ¢" be the numerical solution of the
semi-discrete LDG scheme (4.9)-(4.10) and denote the corresponding numerical error by
ew = u —uy, (u=n,q). If the finite element space V}* is the piecewise polynomials of degree
k > 2, then for small enough A there holds the following error estimates

1
Hn — nhHLoo(O’T;[g) + Hq - qh||L2(O,T;L2) < Chk+2 (411)

where the constant C' depends on the final time 7', &, ||n|| Lo 0 7,1, |[72]]0,005 ||72d]]0,00, and
the bounds on the derivatives |a'| and |V/|.

Proof: Taking the difference of (4.7) and (4.9), and the difference of (4.8) and (4.10), we
have the error equation

flj (n —n")wdr + flj(bn — bhnh)v,dx
—((0n)j41/2 = (V"2 4172001410 + ((00) o172 = (O"R") 521 12) 01 1o
— ij 2Cy(En? — EM(n")?)v,dx
+2C5(En® — EhW)j-l-l/ij_—i-lm — 2Cy(En? — EhW)j—l/zv;r—l/z
+ [, (ag — a"¢")voda
—(aq = a"q")j11/207, 1 + (aq = a"q")jo1p20] 1)y = 0. (4.12)

/ (q - qh)Wd$ + / (cm - ahnh)wxd$ + / (axn — a;‘nh)wdﬁ

I; I I;

—(an — ahﬁh)j+1/2w]._+1/2 + (an — ahﬁh)j_l/Qw;’_l/z = 0. (4.13)

13



Taking v = §,, w = &, where &,, &, are defined as in the proof of Theorem 3.1. Then
summing (4.12) and (4.13) together, we have

f[j (&n — M) enda + flj (gq - nq)qux

(f]j(bhnh - bn)gn,xd$ + (bn - bhﬁh)j+1/2§;j+1/2 - (bn - bhﬁh)j—l/Qé}—:j_l/Q)
+ ([, 2C2(En® — E"(n")*)&p0dx

—2C5(En?® — Eh("h>2)j+1/2§;j+1/2 +2Cy(En® — Eh(”h>2)j—1/2§ij—1/z)

(fzj(ahqh — aq)&, dz + (aq — ahqh)j+1/2€;j+1/2 — (ag — ahﬁh)j—l/ﬁ:,j—uz

+ fI n)&, odx + fI n" — a,n)&,dx

+(an — ahﬂh)j+1/2§;j+1/2 — (an — a’h,ﬁ’h)j—l/2£;j—l/2> = (4.14)

i
=

Summing over j, we then write the above error equation as

= el + Il = Z / nmsnmz / nqsqu+ZT (4.15)

~ N
where T; = Y T};.
j=1
Next, we will estimate the right hand side of (4.15) term by term. First using the property
of the projection (2.3), the Schwartz inequality, and the Young inequality, we have

N

> / tminde < Cllnudl? + CllEal 2 < CH%2 4 il (4.16)
N
S / nad < Cllmgl? + ElIE,NIP < CH+2 4 2ljg, |2 (4.17)
——g

14



~ N N
Ty = 21 f (bhnh - bn)fn 2dx — Zl(bn - bhﬁh)j+1/2[€n]j+1/2
J= j:
N
= 2 [, V(0" —n)nad + Z S, " = b)n, od

<.
Il

_|_
MZH

N
O 1o (R = )26l jnse + 20 (0" = B)jpronisneléal iz

Il
—_

j =

N
= 231 f[j bh(nn - gn)&n,mdl’ —+ zjl b?+1/2( )]+1/2[£n]]+1/2

J= iz

N N
" Zl S, (0" = by odee + _Zl(bh = 0)j1/2n541 20601/

J= j=

N

N N
= (_ Zl flj bhgngn,xdx - Zl b?+1/2€z,j+1/2[§n]j+1/2)
J= j=
N
+ J;l b?+1/2ﬁ2,j+1/2 [€nlj+1/2
N
+ Z Ji, V' ad

Z fI — b)n&, dr + Z (" — b)js1/2m41/2[6n)j+1/2)

Jj=

= Zﬁ (4.18)

Now we estimate ﬁi one by one similarly as what we have done for T%; in the proof of
Theorem 3.1. First,

~ N o
T, =— f bh(fg)xdl’ — Z b?+1/2£n,j+1/2[£n]j+1/2

1
2

&MZ

N N "
=3 2 Ji, Vhéndr + 5 Z b1 jal&nlivnye — Zlb?+1/2§n7j+1/2[fn]j+1/2-
: ‘7:

Since we choose the flux "7 as the upwind flux, namely if b* < 0, 2" = n"~, otherwise,

" = n"*, we have

N N

~ 1 1

Ty = B E /I byénde — B § :‘b?+1/2‘[£”]§+1/2’
j=1 71 Jj=1

We now make the same a-priori assumption (3.23) as in the proof of Theorem 3.1, which
implies ||E" |0 < C and ||E"|p < C, and hence ||b"||g0 < C and ||b"||p 0 < C. Using
Young’s inequality,

Ty, < C||77n||rh + EZ| +1/2| fn]]+1/2
j=1
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So we have

Tu+To < Cl&l?+Clinli, - (~w)2]+mwwﬂn

Jj=1

N
< C\\€n||2 + O — (_ 8) Z |b]+1/2| gn Jj+1/2: (4-19>

J=1

- N
T3 = Z f[. bhnngn,xda:
j=1 "’

N N
= Zl S, O =B o) Nnbnade + Zl i, Vi1 € ada.
Jj= Jj=

The last term of the above equality is equal to zero from the property of the projection.
Also, since

E" Emmi/ % (na —n")ds = O(h),

Tj—1/2

and
nNg —Ngj-1/2 = O(h)7

we have
O = b1 o = (3Cona + p)(E" = Ej_1j5) + 3CoE}_ j5(ng — naj172) = O(h).

Using the inverse inequality, we get

N
£ 0, 08— yamads < U+ Clinl?

< C|&]|* + Ch2F+2.

So, we obtain N
Tiz < C|&|]* + Ch*F 2. (4.20)
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N
ffj (0" = b)n&nadx + 3 (b" = b)j11/2m541/2[6n]j41/2

Jj=1

((b" — b)n) Endx

e
S
|
M=

<
Il
—

<
Il
—

I
|

Mz M=
=

(" — b)j+1/2M511/2(6n]j+1/2 + Z(b —b)j+172541/2[6n) 4172

f[» ((bh — b)n),&ndx

J

A b)) néndx + Z f[ (b —b")n,&,dx

<.
Il
—

I
|
M=

Il
—

I
.MZQ
=

<
Il
-

Il
M=
%

: - £(3Cong + p)(n" — n)n&,dx + Z f[ 3Cs5(ng)e(E — EMné,dx

j=1
+ i f (3Cong + p)(E — EMn,&,dx
=10
N
= 21 Ji, £(B3Cana + 1) (0, — &a)nnda
=
N

Z fI 3Co(na)(fy £(nn — &n)ds)né,dx

N

+ Z J1,3Cena + p)( [y £(nn — &u)ds)nagda

< Cllnal* + Cllgal* < Ch* 2 + Ol (4.21)

where C'is dependent on |[n,]]0.c0, ||724]]0.00 and ||72]]0,00-
Substituting (4.19)-(4.21) into (4.18) we have

N
- 1
Ty < ChP*2 4 Cll&,|)* - (5 - 5) Z 10112 [Enl 412 (4.22)
7j=1
T, =) /I 2C5(En® = EMn"))&y o +2Cy ) (En® — E"(n)2);11 /20605112
=171 j=1
N
2022/ (E = EMn?ode +2C5 > (E = E")j1om?, 6l j1/2)
j=1
+(2C Z/ EMn® — ())& pd + 20y Z ia1/2(n” — (01)2) 541 2[E]j+1/2)
= To1 + Too. (4.23)
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Integrating by parts, we get

~ N N
Tn = —2C: ) Ji (B = EMn?),&udz — 20, (B~ E") 1720311 o lEnliy2
j= j=
N
+2C5 ;(E — E")jiandy ppl€aliee

= —20, éjfﬂ((E — EMn?) & dx

N N
=1 j=1"

We analyze the term Tgl similarly as T54 in the proof of Theorem 3.1 to have
Ty < Ch*¥2 4+ O[]

where the constant C' depends on ||n.||0.00 and ||n]]o,cc-
We would like to use the following expansions to estimate Tss.

n? — (n")? =2n(n —nh) — (n —nh)?
=2n(&n = 1) — (§n — M)’

5
= 2n§, — 2nn, — 5721 + 28 — 777% = Z:l Pi

7’L2 - (ﬁh)2 = 2n§n - 27”771 - (gn)2 + 257177]71 - (ﬁn)2 = sz
=1
Then

—_—

Toy = Z X + Z Y; + 20, Z 12 (( — (n)?)j+1/2[€nl 54172

where

N
X, =20,)" [ Elogdn
j=1 71

=20, Z +1/2¢m+1/2[§n]1+1/27

which will be estimated term by term later.

18
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Integrating by parts, we have

Xi+Y, = 20 Z fl EM"2n&,&, wdx + 20y Z 2E +1/2n3+1/2€ng+1/2[§n]3+1/2
= 20, Z Ji, (E"n)o&rdz — 2C; Z B jonge el e
+2C% Z 2F +1/2ng+1/2§n ir1/2lnliriye

— 20, Z [, (E"n),&2dx
j=1"

< Cll&alI? (4.26)

where the constant C' depends on ||n.]o,cc-
N
X2 = _202 Z f[. QEhWInfn,deC
j=1""

N N
= —402 Z ij (Ehn)j+1/277n§n,xdx + 402 Z ij((Ehn)j+1/2 — Ehn)nngn@c&
j=1 7=1

From the property of the projection, the first term of the above equality is zero. The last
term

N
40y ij((Ehn)jH/z - Ehn)ﬁnfn,xdﬁf
j=1

= 402 Z f[ ]-1—1/2 n]+1/2 )nngn de’ + 402 Z f[ ]-1-1/2 h)nngn,xdx

We use njy12 —n = O(h), |[E" 12 — EM = | [Z72 (nh — ng)ds| = O(h), the property of the
projection (2.3) and the inverse inequality (2.4) to get

N
16,50 / (B")j41 — E'n)inénadz < Ch?* 4 C|1Gl
- I;

Here, the constant C' also depends on ||n]p . Then
Xy < O 4 Oll&,|%. (4.27)

From (2.3) and Young’s inequality, we have

N

Yo =2C; ) (—2E"ni[Gi])je12 < Cllmal B, + Z (1E" [n[€a)*)j1/2

7j=1 7j=1

2
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N
< CRPFHT 4 Z |E™n[€a]?)11/2- (4.28)
Integrating by parts, we obtam

N
Xz +Y; =20, El f[j Eh(_gg)gn,wdx 205 Z ]+1/2(£n>§+1/2[£n]j+1/2
j=
= 202 Z f[ E" §3 dr — 202 Z g+1/2(€n)?+1/2[§n]j+1/2

N
= % Z f Ehggdx + 202 Z ]+1/2[§ ] j+1/2 — 2C2 Z ]+1/2(£n>§+1/2[5n]j+1/2
‘]:

< Cll&allocol €all* + CRT[Enllo,00l1€n1*
< Ch[allo,collall*. (4.29)
Using (2.3) and (2.4) we have

N
Xy =205 Z/ E" (26011 )€nadz < Ch™[nallocollénl I* < Cll&alI” (4.30)
Yy = 2022 141/2(2607n)j1/2[€n] 4172 < Ch7H Il lo.cel[€al[* < Cl6a [ (4.31)

X5 =20, Z/ EM(=n3)énedr < ChH 0ol lo.co([10a] P +116]17) < CR*24CI] . (4.32)
- I;

Cy ﬁ(—Ehmﬂmm €alys1/2

< Ch™H[nllo.00 Z B2 1720 |[€n] 5412
<Ch” 1||77n||Ooo(h||77n||rh +1€al1%)

< Ch*+2 4 C||£n||2 (4.33)

—

Next we estimate the last term 2C5 Z ]+1/2(( nM)? — (n")?)41/2[6n] 412 of (4.25).

e If we choose @ = @) +"h+3" ) since [n] =0, we get
_ TIN5 nht Lph— nh )2 phtph— 4 (ph—)2
(nh)2 _ (nh)2 _ ( er )2 _ () . +(n"7)

o 3(nh+)2—l—6nh+nh’—i—?»(nh’)2 N 4(nh+)2—l-4nh+nh’—i—4(nh’)2
- 12 12




Then

—

203 Z a2 (( — (n")?) 41208054172
Z i41/216n = T g+1/2[§n]a+1/2

C’
=2 Z j+1/2 fn j+1/2 — 2[77n]j+1/2[fn]?+1/2+[nn]§+1/2[€n]j+1/2)

< Ch™ 1Hﬁnl|o,ooH£n||2 + Ch™Hlmllocol 6al1” + Ch™H [mallo.co (Rl mal 7, + 11€al1*)
< CR72 4 ClJ&al P + Ch[nllo,co 1€l . (4.34)

Substituting (4.26)-(4.34) to (4.25), we have
N N
Ty < OW**! 4 Ol + Ch 7 [€allooo €l 1P + €D (1B [nl&n )1/ (4:35)
j=1

And then substituting (4.24) and (4.35) to (4.23) we have

N
Ty < CR* 4 Cll&ll* + Ch 7 Igalloool 16al1* + Z (1B [n]?) 172 (4.36)

e If we choose (nh)2 SN GAR i £ ks i S 0 aln”], since [n] = 0, we get

:
(") = (2 = —5l6n = + al — €
and
20, i (E"ali — &alln])s+12
_ 90, i (E*afn[En])j1/2 — 20 z bl
< ng [112) 4172 + Co z (EM[€al2) 412 — 2C, z (EM€a1)1/2
_ ﬁuEthnm/Q e i (1B [6)s1/2
< opn_ g i (B [E)s01/2
Then

Ty < CH** 4 Clléall + Ch™"|Iéallo ool Il
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N

N
Z B n[&]?) j+1/2 = G Z(|Eh|[§n]2)j+l/2- (4.37)

j=1

Finally we estimate the last term fg in (4.15). Since A" = n"*, ¢" = ¢"~, we have

N
T, = Z/ (/70 + Tp2(E")2q" — \/70 + T2 E?q)E,, dx

+ Y (V1O +72(EM2q" = /70 + 72 B2q) 11 al6n] 12

N
+ Z /1 (V70 + Tp2(ER)?2n" — \/70 + T2 E?n)¢, dx
=171

3 [ (AT AR E ) = (7O T B

N
+ > (VT + TP (BP0 — /70 + T2 EPn) 4 0[E) 12
j=1

5
~Y T (4.38)
i=1

We now estimate T3; one by one.

~ N
Ty = > fl‘(\/ﬂ‘) + Tp2(EM)2q" — /70 + T2 E2q)&,, wdx
g=1 "

— LI VBT — )

+Zf1 (V7O + T2 (EM)? — /70 + Tp2E?)g&,, oda

= ; flj \/7_9 + TP (ER)?(ng — §)énad

+ZL (V70 + T2 (E")? — \/70 + T E?) gy nda

— .Zlffj V1O + TR (ER) 20,6, wdx + (— .Zlffj V1O + T2 (B2, d)
j= j=

N
+ Z /1 (/70 + Tp2(EM)? — /76 + TP E?)qE, odr = Z T3y (4.39)
j=1+4 i=1
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Similarly,

N N
Ty = Z i VO + T2 (EM)20,E, wda 4 (— Z/I VO + T2 (EM)26,6, d)
j=1"1 j=1"71

N 3
T Z/ (V70 + 7p2(EM)? — /70 + T2 E?)né, .da = Z Tisi. (4.40)
= i=1

Tu = &0 (VT ET ) = (7T B
= (A T~ e
# 50 J ((V/7T FE) = (/7 B o
= T T E s + (= 3, (T T o)

N 3
+ Z/ (V710 + T2 (EM)?), — (/70 + T2 E?) )n,dx = Z Tyui- (4.41)
j=1"71j i=1
- N
Ty = ._1(\/79 + TpA(EM)2G" — /70 + T2 E2q) 1 o[l o
N
= ;(\/79 + T2 (EM)2(¢" = ) jry2(8al 412

N
+ X (VO + T2 (BR)? = /70 + T2 E?) a1 2060412
j=1

= S (T TEE R )y + (— é\/79+7u TP () 010)

=1

.

N 3

+ Z/ \/7'6 + T (Eh \/7'9 + T,qu ) [gn]>j+1/2 = Z fggi. (442)
j=1"71 i=1
N

J

N

Ty = Z (V70 + 72 (B2 () 4172 + ( Z (V70 + T2 (E")2EF[Eg])j11/2)
j=1 J=1
N
Z \/7'9 + T (Eh \/7'6 + T/L2E2) [gq])]—i—l/Z = Zngﬂ (443)

j=1 =1

23



We now estimate the terms Tgij (i=1,---,5,j=1,---,3) separately.

5 N N

2 3z = — ; fzj 1O+ T2 (ER)2E 6, pd — ; flj V7O + T2(EN)2E o
N

- Z 1, (VT4 TR (B8 e

ﬁ VT B s — 5/ TRACEPEL 61
— _%fl (/70 + T2 (EM)2E,8,) o d

z (V70 + T2 (EM)2E (€n])j1se — 20 (V/TO + T2 (EM)2EE[Eq]) 12

3—1

(/70 + Tp2(E")? a&n)jian T Z (V70 + T 2(EM)26,6) 1 1/2

<.
>_A

=1

I
M

<.
—_

=z |l

(V70 + i (EM)2E] [6n]) 412

.
Il
L

= (VO + T2 (EM2ES (6] a2 = 0. (4.44)

i=1

If we set a(E") = a" = \/70 + Tp2(E")?, a(E) = a = /70 + Tp2E?, we have a(E") —

(E]h 1/2) = g (BN Ejh 1/2): Where aly, is the mean value. Then

- N
Ty =), a(Eh>nq£n,mdx

<.
Il
—

N
(a (Eh)—a(E] 1/2))77q§nrdx Z a(E} = 1/2)77q£n:vd35

]:
N

(Eh_EJ}'L—1/2)77‘15"’3”6[3j Z a(E} j— 1/2)77q§nmd$

<
Il
_

Il Il
M= 'Mz
)
=

>

.
Il
_

Similar with the estimate of T53, we have
f311 < Ch? 2 1 Ol (4.45)

where the constant C' depends on the mean value ||a’,||o,00-
We use Young’s inequality and a similar estimate as for T 311 to the term T 331, obtaining

Tasr < ChP+2 4 2j,| . (4.46)
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(a(E") = a(E))génadr + g: ((a(E") = a(E))ql&a])j+1/2

M=
%

Taz + Taos = 2 i, 2
= = % S lE) ~ o)) e~ (0l alB)ale s

((a(E") = a(E))q[€a])j+1/2

((a(E) = a(E"))q)obndx

_|_

Il
—_

I
M=,

<
Il
—_
<

I
M=
= =

J

(a(E) — a(E"))quéndr + éflj(a(E) — a(EM))qénda

<
Il
_

Using a(E) — a(E") = dy(E — E"), where d; is the mean value, and a similar estimate as

for Ts,, we have N N
T3 + Taos < CW*M2 + C| |6, (4.47)

where the constant C' depends on ||a/;|[0,00, [|9]]0,00, a0 ||z ]]0,00-
Similarly, we have

Tyss + T foj a(E") — a(E)ngade + 5 (a(E") — alE)mfe, )01

> J, 0l) = Byt + 3 (0(E) = al)myls
Since
a(E) —a(E") =dap(E—-E") = %a bffy—l/z( h—n)ds
iy [T - 6)
and

(a(B) — a(E"), = dp(E, = BY) = Zd(n" —n) = Zalp(n, — &),
using Young inequality, we obtain
- ~ N
Tsg3 +T353 = ) ij fa'E(fx s Nnds)n E,dz

j=1

-2, ([T Gy
N
+ Zl flj capnnéde — Zl f[j cag€anyde
J= Jj=

< Ch* 2 4 O||&al” + gll&ql . (4.48)
From the property of the projection, we get
N
Ty + Ts1 = Z( (£ )Uq [€n])j+172 + Z SUMISITEE () (4.49)
j=1 J=1
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Using (2.3) and Young’s inequality, we have

Tyyy = Z / M) amnéadr < Ch#2 4+ 2], |2 (4.50)

where the constant C' depends on ||a(E").]|]o.0o-
Finally, we estimate the last term T343

Ty = Zf; (E") — a(E)) & dx

(Ex —

T

E,)né,dx

||
<.
I
I
o
G

ap(n — n")n,dx

<
Il
[
<.

| |
M=TM=
b =

5CLE(§ nn)nqux'

Using Young’s inequality and (2.3), we obtain

Tass < CH™F2 4 ClI6l I + 811,11 (4.51)
Adding all the results (4.44)-(4.51) together, we get

Ty < CR*2 4 Cll&al* + ]I (4.52)

Substituting (4.16)-(4.17), (4.22), (4.36) (or (4.37)) and (4.52) into (4.15), we get

2dt|l£nH2 + 1§17 < O+ Cllgal I + &l1&I1° + ORIl lo,oo [€al (4.53)

To deal with the last term of (4.53) caused by the nonlinearity of the equation we would
like to make another a-priori assumption that, for small enough h, there holds

€| < B2 (4.54)

From the above assumption and the inverse inequality, we have ||€,]|0..c < Ch, then we get
the following estimate

Nl + NIl < R 4 Ol (4.55)

Using Gronwall’s inequality, we have

1
&l oo os22) + ||€al 20,m502) < CRFF2. (4.56)

This, together with the property of the projection (2.3), yields the error estimate (4.11).
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To complete the proof, let us verify the a-priori assumption (3.23) and (4.54). Since
(3.23) can be deduced from (4.54) by (2.3) and the triangle inequality, we only need to
verify the a-priori assumption (4.54). For k > 2, we can consider h small enough so that
Chkts < 1h?, where C' is the constant in (4.11) determined by the final time 7. Then if
t* = sup{t : ||&,(¢)|| < h2}, we should have ||&,(¢*)|| = h? by continuity if ¢* is finite. On the
other hand, our proof implies that (4.11) holds for ¢ < ¢*, in particular ||&,(t)|| < ChFTz <
%h2. This is a contradiction if ¢* < T'. Hence t* > T and the assumption (4.54) is correct.

Remark 4.2: The error analysis of using continuous Galerkin finite element method to
solve the Poisson equation can be explained similarly as in Remark 3.2.

5 Numerical experiments for the DD and HF models

Different choices of bases for V,* do not alter the algorithm. We choose locally orthogonal
Legendre polynomial basis over I; = (x;_1/2, %j11/2),

1
Ax?

Uéj)($):1’ U§j)($):x_$j> Uéj)($):(x_$j)2_ﬁ jo

In our implementation, we use scaled Legendre polynomial basis over [—% %]

W) =1, PO =t WO=8-

where £ = . The numerical solution can then be written as

k

ul(z,t) = Zugl)(t)vl(j)(a?), for zel; (u=n,q).

=0

We use the third order total variation diminishing (TVD) Runge-Kutta method [28] for
the time discretization, until a steady state is reached for our steady state diode test case.

We simulate the DD and HF models with a length of 0.6um and a doping defined by
ng = 5% 107em™3 in [0,0.1] and in [0.5,0.6] and ng = 2 x 10cm™2 in [0.15,0.45], and
a smooth transition in between. The lattice temperature is taken as T, = 300°K. The
constants k = 0.138 x 107%, ¢ = 11.7x 8.85418, e = 0.1602, m = 0.26 x 0.9109 x 10~3'kg, and

the mobility ;1 = 0.0088 (1 4 142203 ) or = 0.75, in our units. The boundary conditions

1+ 143200
are given as follows: ¢ = ¢y = L - In(72) at the left boundary, with n; = 1.4 x 10"%m™?,

¢ = @ + Upias With the voltage drop Upias = 1.5 at the right boundary for the potential;
T = 300°K at both boundaries for the temperature; and n = 5x10'7em =3 at both boundaries
for the concentration.

Figure 5.1 plots the simulation results of DD and HF models. The top two figures
compare the simulation results for the DD model of u = u(ng) with g = 0.75. The bottom
two figures compare the results of DD model with HF model, u = p(ng). The codes run
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Figure 5.1: [0, 0.6] with 100 mesh cells. Left: density n (10'2em™3); right: electric field E (V/um).

stably and produce numerically convergent results during mesh refinement (mesh refinement
results not shown to save space), as can be anticipated from the theoretical results shown
in this paper. The numerical scheme is thus a reliable tool for the study of suitability of
various moment models such as DD and HF to describe the correct physics.

6 Concluding remarks and future work

In this paper we follow up on our earlier work in [1, 2] to analyze a unified local dis-
continuous Galerkin (LDG) solver for moment models in semiconductor device simulations,
including the DD and HF models, in which both the first derivative convection terms and
the second derivative diffusion terms exist. We obtain an error estimate O(h“%) when P*
elements (piecewise polynomials of degree k) are used in the LDG scheme for one dimensional
DD (k > 1) and HF (k > 2) models. A simulation is also performed to the two models. We
use expansions and a-priori assumptions to treat the inter-element jump terms which arise
from the discontinuous nature of the numerical method and the nonlinearity and coupling
of the models. The analysis in this paper is based on the smoothness of the solutions of the
underlying PDEs. It is a challenge to obtain stability and convergence which require less
regularity of the exact solution, which will be carried out in future work.
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