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ABSTRACT

We study the Wouthuysen-Field coupling at early universe with numerical
solutions of the integrodilerential equation describing the kinetics of photons
undergoing resonant scattering. The numEal solver is developed based on the
weighted essentially non-oscillatory (VENO) scheme for the Boltzmann-like in-
tegrodilerential equation. This method has perfectly passed the tests of analytic
solution and conservation property of the resonant scattering equation. We focus
on the time evolution of the Wouthuysen-Field (W-F) coupling in relation to
the 21 cm emission and absorption at the epoch of reionization. We especially
pay attention to the formation of the local Boltzmann distribution, & (' 'o)/kT
of photon frequency spectrum @und resonant frequency!, within width !,
ie. |! —1o] <!). We show that a local Boltzmann distribution will be formed
if photons with frequency ~ !y have undergone a thousand or more times of
scattering, which corresponds to the order of 20yrs for neutral hydrogen den-
sity of the concordance "CDM model. The time evolution of the shape and
width of the local Boltzmann distribution actually is independent of the details
of atomic recoil, photon sources, or initial conditions. However, the intensity of
photon Bux at the local Boltzmann distribution is substantially time-dependent.
The time scale of approaching the saturated intensity can be as long as about
10° yrs for typical parameters of the "CDM model. The intensity of the local
Boltzmann distribution at time less than 1@ yrs is signibcantly lower than that
of the saturation state. Therefore, it may not be always reasonable to assume
that the deviation of the spin temperature of 21 cm energy states from cosmic
background temperature is mainly due to the W-F couplingf Prst stars or their
emission/absorption regions evolved with a time scale equal to or less than Myrs.
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1. Introduction

It is generally believed that the physical state of the universe at the epoch of reionization
can be probed by detecting the redshifted 21 cm signals from the ionized and heated regions
around the Pbrst generation of stars (e.g. Furlanetto & Pritchard 2006). The emission and
absorption of 21 cm are caused by the deviation of the spin temperatufe of neutral hydro-
gen from the temperature of cosmic microwave background (CMB)yg at the considered
redshift z. Many calculations have been done on the 21 cm emission and absorption from
ionized halos of the brst stars (Chuzhoy et al. 2006; Cen 2006, Liu et al. 2007). A common
assumption of these calculations is that the deviations dfs from Tcyg are mainly due to
the Wouthuysen-Field (W-F) coupling (Wouthuysen, 1952; Field, 1958, 1959). That is, the
resonant scattering of Ly photons with neutral hydrogen atoms locks the color temperature
T, of the photon spectrum around the LY frequency to be equal to the kinetic temperature
of hydrogen gasl. Consequently, the spin degree of freedom is determined by the kinetic
temperature of hydrogen gag.

The W-F coupling is from the kinetics of photms undergoing resonant scattering, which
is described by a Boltzmann integrodi'erentid equation. All the above-mentioned calcula-
tions are based on time-independent solutioonf the resonant scattering kinetic equation
with Fokker-Planck approximation (Chen & Miralda-Escude, 2004; Hirata, 2006; Furlanetto
& Pritchard 2006; Chuzhoy & Shapiro 2006). This is equal to assume that the time scale
of the onset of the W-F coupling is less than all time scales related to the 21 cm emis-
sion/absorption. However, even in the brst paper of the W-F coupling, the problem of time
scale has been addressed as follows: OOne ctar fnom this fact that the photons (in a box),
after an inPnite number of scattering processes on gas atoms with kinetic temperattirewill
obtain a statistical distribution over the spectrum proportional to the Planck-radiation spec-
trum of temperature T. After a Pnite but large number of scattering processes the Planck
shape will be produced in a region around the initial frequencyO (Wouthuysen, 1952). That
is, the W-F coupling is onset only Oafter a bnite but large number of scatteringd. One
cannot assume that the time-independent sdlion is available for the W-F coupling if the
time-scales of the evolution of the brst stars and their emission/absorption regions are short.
A study on the time evolution of radiation spetrum due to resonant scattering is necessary.

This problem is especially important for the 21 cm signal from the prst stars, as the life
times of the Prst stars are short. The ionizednd heated regions around the prst stars are
strongly time-dependent (Cen 2006; Liu et al. 2007). The 21 cm emission/absortion regions
are located in a narrow shell just outside the ionized region. On the other hand, the speed of
the ionization-front (I-front) is rather high, even comparable to the speed of light. The time
scales of the formation and the evolution of the 21 cm regions can be estimated-~by/c,
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d being the thickness of the shells of 21 cm emission and absorption. The time-independent
solution would be proper only if Ly photons approach the time-independent state on a time
shorter than the time scale of the 21 cm region evolution.

Very few works have been done on the time dependent behavior of the W-F coupling.
There is the lack of a time dependent solutiorven for the Fokker-Planck approximation.
The existed time-dependent solvers (e.g. Meiksin, 2006) cannot pass the tests of analytical
solutions (Field, 1959). On the other hand, the WENO algorithm is found to be elective to
solve the Boltzmann equation (Carrillo et al. 2003) and radiative transfer (Qiu et al. 2006,
2007, 2008). In this paper, we will study the time-dependent behavior of the W-F coupling
with the WENO method for solving the integrodi'erential equation. We will also develop a
numerical solver in accordance with the term of resonant scattering.

The paper is organized as follows. Section 2 presents the basic equations of the res-
onant scattering of photons. Section 3 very Iy mentions the numerical solver of the
WENO scheme and its test with FieldOs analytic solutions, leaving the details of algorithmic
issues to the Appendix. Section 4 presents éhtime-dependent W-F coupling with a static
background. Section 5 shows the numericaksults of the W-F coupling in an expanding
background. Finally, conclusions are given isection 6, in which the application to the 21
cm problem is also addressed.

2. Basic equations
2.1. Radiative transfer equations with resonant scattering

Since we focus on the time-scales of the W-F coupling, we consider a homogeneous and
isotropically expanding inPnite medium consigg of neutral hydrogen with temperatureT.
The kinetics of photons in the frequency space described by the radiative transfer equation
with resonant scattering (Hummer &Rybicki, 1992; Rybicki & DellOantonio 1994)

#3(x, 1) CH#I(x,t) _
pm +2HJ (X,t)!—W vl
—ke$(x)I (x,t) + ke R(X,x)JI (X, t)dx + S(x,t) (1)

where J is the specibc intensity in terms of the photon number in units' dcm' 2. H(t) =

@(t)/a(t) is the Hubble parameter,a(t) being the cosmic factorvr = (2kg T/m)¥?2 is the
thermal velocity of hydrogen atom. The dimensionless frequengyis related to the frequency
I and the resonant frequency o by x = (! —!o)/#!p, and #!p = !ovy/c is the Doppler
broadening. S(t, x) is the source of photons. The parametet = %/# ! 5, and the intensity
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of the resonant absorptioris given by %= &en,f1,/m ¢c, wheren; is the number density
of neutral hydrogen HI at ground state,f;, = 0.416 is the oscillation strength. The cross
section at the line center is e
‘o= fo#!p) L 2
0 M-C 12( D) ( )

e

In eq.(1), $(x) is the proble of the absorption line at the resonant frequendy. If the proble
is dominated by Doppler broadening, we have

$(x) = %e! "2 3)
The redistribution function R(x, x") of eq.(1) gives the probability of a photon absorbed at
frequencyx’, and isotropically re-emitted at frequencyx. For coherent scattering, we have
(Field 1958; Hummer 1962; Basko 1981)

R(X,X) = %eZbX!+b2erfc[maXQX + b, [x" + b)], (4)

where the parametetb = h!o/mvrc=2.5x 10 4(10%T )¥?2 is due to the recoil of atoms. It
is in the range of 3x 10 2 - 3 x 10 4, if the temperature T is in the range of 1 K - 10 K.
The redistribution function is normalized as

!

R(x,x)dx = $(x). (5)

Therefore, we have
I ]

ke $(x)J(x,t)dx = kc. R(x,x)JI (X, t)dxdx . (6)

It means that the total number of photons absorbed by the termkc$(x)J(x,t) of eq.(1)
is equal to the total number of scattered photos. Therefore, with eq.(1), the number of
photons is conserved during scattering.

2.2. Rescaling the equations

We use the new time variablé debPned ag = cn;' ot, which is in units of the mean free
Right time of photons at resonant frequencyFor the concordance "CDM model, the number
density of hydrogen atoms isiy = 0.75x 1.88 x 10 "($,h?/0.02)(1 + z)® cm' 3, where the
factor 0.75 is from hydrogen abundance. Therefore, we have

" H " #." #
T Y2 107% 002

ﬁ 1+z $ph?

t=0.07%,1 ( yrs, (7)
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wherefy, = ny/ny is the fraction of neutral hydrogen.

We rescale the eq.(1) by the following new variables
J(x () =[a®)/aPI(xt), S(x()=[at)/a0)*S(xt). (8)
Thus, eq.(1) becomes

#3°(x, ()

# = —?(X)J (x, ()

R X)I(X,()dx +) % + S(x (), (9)

where the paramete) is the so-called Sobolev parametej. = (H/v k) = (8 &H/ 3A1,*3n;) =
(Hm! o/&e?n,f 1,), where* is the wavelength for Ly transition. )' ! is the number of scat-
tering of Hubble time. ) is simply related to the Gunn-Peterson optical deptl{cp by

0.25#1’2 $bh2# 1+z#3’2

Su 0.02 10

)!l: GP:3-7X 105h' 1fHI (10)

Around the brst stars, the numberf, actually is strongly dependent on time and position
(Liu et al. 2007). It is as small as 10° within the ionized sphere, and as high as 1 outside
the ionized sphere. Therefore, the parametérwould be in the range from 1 to 106.

The physical meaning of the terms on the right hand side of eq.(9) is clear. The brst
term is the absorption at the resonant frequency, the second term is the re-emission of
photons with frequencyx by scattering, and the third term describes the redshift of photons.
The time scale of a photon moving # in the frequency space is equal to

#(=)"#x (11)

Considering eq.(6), €q.(9) gives

d- ., .
g Jdx= sk (12)

!
This equation shows that the total number of photons J'dx is dependent only on the
sources, regardless of the parametérof the resonant scattering. Since numerical errors

accumulate over a long time(, could be huge, Eq.(12) is useful to check the reliability of a
numerical code.

We will useJ for J" and S for S" in sections below.
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3. Numerical method

We use the WENO scheme to solve the eq.(9). This algorithm has been given in Roy
et al. (2009). Some of the algorithmic details are given in the Appendix. We present a test
to show the good performance of our solver below.

Figure 1 plots both the analytical (Field, 1959) and WENO numerical solutions of
eq.(9) with parameters) = 0 and b= 0. It shows that the numerical solutions can follow the
analytical solution in all the time t and the frequencyx considered. This result is not trivial
if compared with the results of other numerical solvers, such as Meiksin (2006), which shows
a large deviation between the analytical and rmerical solutions. Therefore, our scheme is
more reliable.

!'=10000

Fig. 1.N Analytical (dashed) and WENO numerical (solid) solutions of eq.(9) with) = 0
and b= 0. The source is taken to beS = $(x) and initial condition J(x, 0) = 0.

4. Wouthuysen-Field coupling in a static background

To study the elect of atomic recoil, we brst solve the time evolution ofJ(x,() in a
static background, i.e. ) = 0. A typical time-dependent result is shown in Figure 2, in
which b = 0.03. The solution of Figure 2 is actually similar to that shown in Figure 1.
Figure 1 shows that a Rat plateau arounc = 0 is to be formed at( > 100, while Figure 2
shows a Boltzmann distribution within the range|x| < x(() when time ( > 100,

J(x, () =3(0,()e **=3(0,()e "M |x] < x((). (13)

This is the so-called OPlanck shape in a region around the initial frequency® (Wouthuysen,
1952). The expression eq.(13) has also been found by Field (1959). We will call this feature
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to be a local Boltzmann distribution with width x;.

J(x)

Fig. 2.N WENO numerical solutions of eq.(9) with) =0 and b=0.03. The source is taken
to be S = $(x) and initial condition J(x, 0) = 0.

Figure 3 plots the time-evolution ofJ(x, () with dilerent parameter b, and a zoom-in
Pgure at time ( = 10%. It shows that the integral  J(X, ()dx is b-independent. This is

consistent with the conservation of the photon number [eq.(12)]. This result shows again
that the WENO algorithm is robust.

Figure 3 shows that the basic features of the local Boltzmann distribution, i.e. their
width and intensity, is also b-independent. We can explain this point with WouthuysenOs
statement that the the condition of realizirg a local Boltzmann distribution is the Obnite but
large number of scattering@.. Although the redistribution function eq.(4) is b-dependent,
the probability of x photons undergoing a resonant scattering per unit time i(x). Thus,
at a given time (, the mean number ofN. for photons within |x| < x; is

|
X

N¢ ~ (x_1| | $(x)dx. (14)

0
Therefore,N. is b-independent.

We measure the local statistical equilibrium by the following quantity
B(() =1log J(0,() —logJ(1, (). (15)

If the local Boltzmann distribution within |x| < 1 is realized at time(, B(() should be equal
to 2b. In Figure 4, we present the relation oB(() vs. (. At ( = 0, the Gaussian sources
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()

Fig. 3.N WENO numerical solutions of eq.(9) with) = 0 and b = 0.03 (solid), 0.015
(dashed), 0.0079 (dot-dot-dashed) and 0.0025 (dot-dashed). The source is taken tdSbe
$(x) and initial condition J(x, 0) = 0. The right panel is a zoom-in of the dashed square of
the left panel.

S(x) = $(x) = € ¥’/ /& yields B(0) = 1. B(() approaches to B at ( > 10®. The numbers
B(() at ( = 10* are, respectively, 0609 forb= 0.030, 003020 forb = 0.015, and 001599
for b=0.0079. They are precisely consistent witelope= —2b of eq. (13). It indicates once
again that our algorithm is performing well. Therefore, the time scale of forming a local
Boltzmann distribution within |x| < 1 is about a thousand times of the mean free Right time
of resonant photons. This is the time scale of the onset of W-F coupling. Itlendependent.

5. Wouthuysen-Field coupling in an expanding background
5.1. Width of the local Boltzmann distribution

Considering an expanding background, i.e)) # 0, we solve eq.(9) by the WENO
algorithm. Figure 5 plots a solution with the same sourc& = $(x) and parameterb=0.03
as in Figure 2, but with ) = 10' 3. Similar to Figure 2, a local Boltzmann distribution with
width |x| < x, has formed when( > 10°. However, unlike in Figure 2, the widthx, does
not increase wher( > 10°. This property can also be explained in a similar way as eq.(14).
When) # 0, the time duration of photons staying in the frequency space from to x +# X
is proportional to # x/) [eq.(11)]. On the other hand, the rean probability of photons being

X|

scattered in a unit frequency space and a unit is % $(x)dx. Therefore, the width x;
0
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B()

Fig. 4.N B(() vs. ( for solutions of Figure 3 withb= 0.03 (solid), 0.015 (dashed), 0.0079
(dot-dot-dashed) and 0.0025 (dot-dashed).

of the local Boltzmann distribution should approximately determine the total number of

scattering per photon within that local Boltzmann region
1 b x
— $(x)dx ~ N.. (16)
X1 o

Thus, the width X, is, obviously, independent of . From Figure 5, the width is estimated as
X, = 1.9, corresponding toN. = 1.24 x 10°. This result is consistent with Figure 4.

The (-independence of the widthx, is also shown with Figure 6, in which we still use
) =10' 3, andJ(x, 0) = O initially. However, the source is taken to beS(x) = $(x—10). That
is, the source photons have frequency= 10, or ! = !4+ 10# !p. The resonant scattering
at ! o will occur when these photons have redshifted frointo !, which takes time of about
( =10/) ~ 10 Figure 6 shows that the whole distribution of] (x, () strongly evolves with
time, but the width of the local Boltzmann distribution around x = 0 is kept to be constant
X, ~ 2 from ( = 10% to 4 x 10¢, when the intensity of the photon Bux around , is saturated.
That is, from the formation of the local Boltzmann distribution to the saturated state, the
width x,; basically is time-independent. This is consistent with eq.(16).

Similar to Figure 3, Figure 5 also shows thahe width of the local Boltzmann distribu-
tion is b-independent. This is expected from eq.(16). The widtk, depends orn$(x) and ),
but not b. The number N of collisions or scattering needed to approach a local statistical
equilibrium distribution is b-independent.

From eq.(16), one can also expect that the width will be smaller for larggr. That is,



b10b

10° =
F 1000 F | =10000

10° =

J(X)

10'

1 =1000
10°

Fig. 5.N WENO numerical solutions of eq.(9) with) = 10' % and b= 0.03. The source is
taken to be S = $(x) and initial condition J(x, 0) = 0. The right panel is a zoom-in of the
dashed square of the left panel.

a local Boltzmann distribution can form only if) ' ! is large enough. This property is shown
with Figure 7, in which we use the same photon sour@&(x) and parameterb as in Figure 6,
but we take larger) . Figure 7 presents the results of =1 and 10 1. We see from Figure 7
that in the case of) = 1, there is no local Boltzmann distribution at any time. The resonant
scattering leads only to a valley aroundk = 0. It is because the strongest scattering is at
x = 0. The strong scattering will move photons with frequencyx = 0 to others x # 0.
However, the redshift lets photon moving fast. They are not undergoing enough number of
scattering to form a local statistical equilibrium distribution. For) = 10' %, it seems to show

a local Boltzmann distribution, but its width is very small at all time.

5.2. Photon source and W-F coupling

The (- and b-independencies of the shape and width of the local Boltzmann distribution
yield an important conclusion that for given parameterg and b, the formation and evolution
of the local Boltzmann distribution is independent of the photon sourceS(x, (). This is
because eq.(9) is linear af. Any sourceS(x, () can always be consideéed as a superposition
of many monochromatic sources around frequengy= x;, or S(x, () = ; S$(x —xi,(), S
is the intensity,of photon source$(x — x;, () with frequency x;. J(x, () can be decomposed
into J(x,() = ;Ji(x, (), whereJ;(x, () is the solution of eq.(9) with the sourca. Thus, if
the formation of the local Boltzmann distribution aroundx = 0 is independent of( and b, the
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Fig. 6.N WENO numerical solutions of eq.(9) with) = 10' 2 and b = 0.0079 (left), 0.015
(middle), 0.03 (right). The source is taken to beS = $(x — 10) and initial condition
J(x, 0) = 0. The bottom panels are the zoom-in of the dashed square of the top panels.

iy $ o
superpositionJ(x, () =  ; Ji(x, () should also show the same éal Boltzmann distribution
around x = 0.

As an example, Figure 8 presents a solution with the same parameters as in Figure 6,
but the source is given by
%

S(x, () = (10/x)?, 10<x< 15

. 17
0 otherwise (17)

Photons with frequencyx = 10 will arrive earlier at x = 0 with higher intensity, while x = 15
photons will arrive at x = 0 later with lower intensity. The RBux J(x, () of Figure 8 has very
dilerent shape from Figure 6, while the local Boltzmann distribution at—2 < x < 2 of
Figure 8 is exactly the same as that in Figure 6. Therefore, the W-F coupling is always
working regardless of the originaspectrum of the redshifted photons.
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Fig. 7.N WENO numerical solutions of eq.(9) with) = 1 (left) and ) = 10'?* (right).
Parameter b = 0.0079 (dot-dot-dashed), 0.015 (dashed), 0.03 (solid). The sourceSs=
$(x — 10) and initial condition J(x,0) = 0. The bottom panels are the zoom-in of the
dashed square of the top panels.

5.3. Intensity

From Pgures of§5.1 and 5.2, we see that the intensity of photon Rud at the local
Boltzmann distribution is strongly dependent on) and (. Figures 5 or 6 show that at early
time J is smaller than its saturation state, in whch the number of redshifted photons moving
in the range frequency—x; < x < x | is equal to the number of redshifted photons moving out
from that range. From bgure 6, we see that at the frequency range of the local Boltzmann
distribution the Bux is saturated at about ( = 4 x 10* with saturated Rux J ~ 10%, while
the intensity at ( = 10% is signibcantly lower than that of the saturated state.

Figure 9 is the same as Figure 6, but taking = 10' 2 and 10 *. We see from Figure 9
that for smaller ) , photons will cost larger( to approach its saturated state, as the speed in
x-space is smaller for largey [eq.(11)]. Figure 9 shows once again that the time-evolution
of the intensity is b-independent.
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Fig. 8.N WENO numerical solutions of eq.(9) with) = 10'3 and b = 0.0079 (dot-dot-
dashed), 0.015 (dashed), 0.03 (solid). The source is given by eq.(17). The right panel is a
zoom-in of the dashed square of left panel.

6. Conclusions and discussions
6.1. Summary

The onset of the W-F coupling, or the formation of local Boltzmann distribution is
similar to the process of approaching a statistadly thermal equilibrium state via collisions or
scatterings. The distribution of particles in the atistical equilibrium is independent of time,
initial distribution, and the details of collision. The equilibrium distribution is maintained by
the collisions between particles. A local Boltnann distribution is formed once the number
of resonant scattering is large enough. OncedHocal Boltzmann distribution is formed, the
features of the local Boltzmann distribution areindependent of time, photon source, initial
photon distribution, and etc.

In an expanding universe, photons are moving ithe frequency space with OspeedO given
by the redshift. The formation of the local Boltzmann distribution depends on the compe-
tition between the resonant scattering and theedshift. If photons have undergone enough
scattering during their path through the frequency space around the resonant frequency, a
local Boltzmann distribution will be formed. Otherwise local statistical equilibrium cannot
be approached.

In our work, we use the Gaussian proble eq.(3), but not the Voigt proble. Our major
results on the formation of local Boltzman distribution will not be substantially a'ected
by using the Voigt proble if the resonant lie proble is dominant by the Doppler thermal
broadening within the frequency rangéx| < x,. We found that the solution of eq.(9) with
rest background is not alectedoy Voigt proble if the ratio a between the natural and Doppler
broadening is equal to 10%. Thus, our result should be available whea < 10 3. The local
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2000 |-

Fig. 9.N WENO numerical solutions of eq.(9) with) = 10' 2 (left) and 10' * (right) with
sourceS(x) = $(x — 10) andb=0.0079 (dot-dot-dashed), 0.015 (dashed), 0.03 (solid). The
bottom panels are the zoom in of the dashed square of top panels.

thermal Boltzmann distribution with color temperature T is maintained by the scattering of
photons with atoms with kinetic temperatureT. For largea, the Doppler thermal broadening
will no longer be dominant. As a result, the loal fregency spectrum of photons will not be

locked to the kinetic temperatureT.

6.2. Applications to the 21 cm problem

A basic problem for the 21 cm signal fromlte ionized and heated region around Prst
stars is the conditions on which one can estimate the emission and absorption with the W-F
coupling, which forces the internal (spin-)degree of freedom to be determined by the thermal
motion of the atoms. The relative occupationof the two hyperbne-structure components
of the ground state depends only upon the shape of the spectrum near the'Liyequency.
Therefore, we need a local Boltzmann distribution of L'y photon with frequency width equal



b15b

to or larger than |'y —!o| > !5, = 1420 MHz, or
" #1/2

10t
X >0014 — . (18)

Thus, from Figure 7 and eq.(10) one can conclude that in regions wifh, < 10 4, where
) > 10 1, the W-F coupling will not work.

From egs.(7) and (10), we have

oy #ao" #112
T 10 0.25
— 11
t =0.26x 1Ch 10 1+ Su )( yrs. (19)

We know that the saturation, or time independent solution, can be used only when the time

( is larger than the time of photon moving over a frequency space frorx, to +Xx,. It is
about( = C)'1, where the constantC is in the range of 1 to 10 (Figures 6 and 9). Therefore,
eq.(19) yields that the time independent solution is available only if the time scale of the
evolution of the ionized sphere of brst stars is larger than about®19rs. This would be a
strong constraint on the 21 cm emission region, as such regions are very narrow, the time
scale of the evolution being comparable to $@r, or even less (Liu et al. 2007).

However, the time-independent solution of eq. (9) seems to be not necessary. What we
need for the 21 cm problem is that the frequency distributiod (X, () shows a Boltzmann-
like shape in the central part|x| ~ 0. The W-F coupling will be onset afterN. collisions,
or ( ~ 10, which corresponds to an order of $Oyrs for neutral hydrogen density of the
concordance "CDM model [eq.(7)].

Last but not least, the elect of the photon intensity would be serious. The coupling
coe%cient between LY photons and spin temperature is proportional to the intensityJ
(e.g. Furlanetto & Pritchard, 2006). The W-F coupling would generally be suppressed due
to the fact that the Rux at the resonant frequencyJ(x = 0) is always less than the [3ux
at other frequencies. In a saturated state tis suppression is small (Figure 6). However,
before approaching the saturated state, or theufly developed local Boltzmann distribution,
the intensity J generally is signipcantly less than itsadurated value. That is, although the
local Boltzmann distribution is formed at the time of the order of( ~ 10°, the intensity at
that time is still very low, not enough to produce the deviation ofTs from Tcyg Wwith the
W-F coupling. Therefore, it may not be always reasonable to assume that the deviation of
Ts from Tewg IS mainly due to the W-F coupling if brst stars or their emission/absorption
regions evolved with time scale equal to or less than Myrs.

The WENO algorithm revealed the time evolution of photons undergoing resonant
scattering, whose informatio is generally lost in the asymptotic solutions, or the time-
independent solution. Although time-indepedent solutions provide useful guidance, they
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do not show the conditions for the e%ciency of the W-F coupling at dilerent time. The
asymptotic solution probably is never reached for short life-time objects. It would be im-
possible to correctly estimate observable 21 cm signal from ionized and heated halos of prst
stars without a correct understanding of the time evolution of the W-F coupling.

This work is supported by the US NSRunder the grants AST-0506734 and AST-0507340.

A. Numerical algorithm
A.1. Computational domain and computational mesh

The computational domain in the case of static background s € [—15, 15]. The initial
condition is J(x, 0) = 0 and the boundary condition isJ(x,() = 0 at the boundaries. In
the case of expanding background (# 0), the computational domain is bigger, depending
on the value of the Sobolev parametey. The domain, denoted as Xes: , Xrignt ), IS chosen
such that J(Xiert , () ~ 0 and J(Xsgnt , () =~ 0. For example, the domain is taken to be
X € [-100Q 15] for the case o) =10'3.

The computational domain Kier: , Xright ) is discretized into a uniform mesh as following,
Xi:i#X, i:—N|-~-,N,—,

whereN = N; + N, and #X = (Xrgnt — Xiert )/N , is the mesh size. We also denot®” =
J(xi, ("), the approximate solution values at X, (").

A.2. The WENO algorithm: approximations to spatial derivatives

To calculate % we use the bfth order WENO method (Jiang and Shu, 1996). That is,

#J(x;, (" 1 . 3
% ~ ﬂ(ﬁiﬂlz — R 12) (A1)

where the numerical Buxf..+, , is obtained by the procedure given below. We use the upwind
Bux in the pfth order WENO approximation becase the wind direction is Pxed (negative).
First we denote

hy = J(xi, ("), i=-2-1,---,N+3 (A2)

wheren is Pxed. The numerical Bux from the WENO procedure is obtained by

.. _ (1) 4(2) = (3)
Hi+1/2 - +1Hi+1/2 + +2Hi+1/2 + +3ﬁi+1/2’ (AS)
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whereR™ _ are the three third order Ruxes on three di'erent stencils given by

1 5 1

A1) —
ﬁi+1/2 - _éhi! 1t éhl + §hi+1;
- 1 5 1
ﬁi(i)llz = éhi + éhi+1 - éhi+2,
- 11 7 1
3 —
Ry, = Ehi+1 — éhi+2 + §hi+3,
and the nonlinear weights+,, are given by,
ym . )I
+ = , = Ad
m &3 ) yl (’ + - |)2 ( )
¥

1=1
where, is a parameter to avoid the denominator to become zero and is taken as 10' é.
The linear weights), are given by
3
)1 - 1_01
and the smoothness indicators, are given by,

o= o )s= o5 (15)

"1 = i_z(hn 1—2hi + hiyg)? + %_(hi! 1 —4h +3hi.)?,
13 1
-2 = 1_2(hi — 2hiyg + hip)?+ Z(hi — his)?,

13 1
"3 < ]__2(hi+1 — 2hisz + hiyg)? + Z(3hi+l —4hisz + hisg)?.

A.3. Numerical integration: an O(N) algorithm
I

We need to numerically integrate  R(x,x)J(x,t)dx , denoted as
!
| (x) = % e+ Ferfe(max(x + b, [x + b|))J (X, t)dx, (AB)

with R(x,x") as in eq.(4). To evaluatel, = |(Xy), Vm = —Ni,---,N;, we apply the

rectangular rule, which is spectrally accuratéor smooth functions vanishing at boundaries,
|
" Xright . \ ., .
m = 3 erfc(max(Xm + b}, [ + b)) *FJ(x’, t)dx (A7)
Xleft

&

%#x erfc(max(Xm + b}, [xi + D)) ¥ I(x;, 1). (A8)
i=1 N,

Q
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Notice that this summation algorithm is very costly as it takesO(N) operations perm,
therefore the total procedure hag)(N?) operations overall. We use a grouping technique,
described below, so that the overall computational cost can be reduced @{N ), without
changing mathematically the algorithm and its accuracy.

The proposed scheme with ordeN computational elort is the following. Let Ny =
floor (%) and Ny, = floor (;22). The integration algorithm is designed for two casesm >
—Np and m < —Ny,.

In the case ofm > —Ny, or equivalently x,, + b> 0:

l !m'82\|2b!1
m = S#X( erfc(x; + b)e® "I (x;, )
i=!N|

& B
+erfc(|xm + b)) e 3(x, 1)

i=! m! Npp
&
+ erfc(x; + B)e® 7 I (x;, 1)) (A9)
i=m+1
= }# X(lym +erfe(|Xm + B)lom + 13m) (A10)

2

1. Evaluatelq, n,, 121 n, @and I3, n, respectively as

Nb!&\lzt,! 1
lig Ny = erfc(|x; + b))% J(x;, 1), (A11)
i=! N|
BNo
Loy Ny = 73 (x;, 1), (A12)
i= Nb! sz
& .
I3y N, = erfc(x; + b)e™ "7 J(xi, 1), (A13)
i=! Np+1

which leads toO(N) cost.
2. Dom= —Np+1,N,
Evaluate 11, lom, 13m respectively by
lim = Tom 1 — erfe((X m ny, + D)E> ™ M2 "B J (%) Ngps L) (Al14)
Lo 1+ €20 30 ) + € m v P30 e, 1) (A15)
lam = lami 1 — erfc(xm + B)E™ 7 I (xp, 1) (A16)

I 2,m



ENDDO
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It leads to O(1) cost perm, therefore O(N) computation overall.

In the case ofm < —Ny, or equivalently X, + b <0:

@L! 1

1 bx; + b?
S#X( erfc(|x; + b)e® 7 J(x;,1)

i=! N|

! m|82\12b! 1
+erfc(|xm + b)) I (x;, 1)
i=m

&

+ erfe(x; + b)e* %3 (x;, 1))

i=! m! Nopp

1
é# X(I 1,m + erfC(’Xm + bDl 2.m + |3’m)

1. Evaluatell,! Np! 1s |2,! Np! 1 and |3’! Np! 1 aS

' B! 2
|1’! Np! 1 = erfC(‘Xi + u)eZin+b2J(Xi,t),
i=1 N,
Nig, Nzb
o0 Nt 1 = 92bxi+b2~](xi,t),
i=1 Np! 1
&
|3’! Np! 1 = erfC(’Xi + b’)eZin+b2J(Xi,t),
i=Np+1! Nop

which leads toO(N) cost.

2. Dom= —Np— 2, —N;

Evaluate 11, 12m, 13m respectively by

lom = lom+r + GZmeerzJ(Xm,t) + @ mr Ny 1+b2J(X! m! Nop! 1, 1)

lsm = lamsr — erfe(Xi mi Ny 1+ bDGZbX" m" Nap” 1+b2~](X! m! Ngp! 1, L)

ENDDO

Again, it leads to O(1) cost perm, therefore O(N) computation overall.

lim = lims1 — erfc((Xm + b)) * I (X, 1)

(A17)

(A18)

(A19)

(A20)

(A21)

(A22)

(A23)
(A24)
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A.4. Time evolution

To evolve in time, we use the third-order TVD Runge Kutta time discretization (Shu
& Osher, 1988). For systems of ODEsg; = L(u), the third order Runge-Kutta method is

u® = UM+ # (L, (M),
WO = Tu e O (L, (" (),

1 2 1
o= Zun+ Zw® + @ ("+ = .
u 3u 3(u # (L(u“,( 2#())
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